Chapter 4

Study of an arbitrary-oriented crack in

bonded functionally graded strips

4.1 Mathematical study of an arbitrary-oriented
crack crossing the interface of bonded func-
tionally graded strips under thermo-mechanical

loading

4.1.1 Introduction

Functionally graded materials (FGMs) are becoming more and more important due
to the growing demand for composites and bonded materials in the modern tech-
nological era. This is because FGMs can reduce thermal and residual stresses and
exhibit strong wear resistance, reliability at high temperatures, and other proper-
ties. FGMs are two-phase particle composites where the volume fraction of the con-

stituents changes along the direction of thickness. FGMs with continuous mechanical
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properties about the interface have been devised and manufactured in engineering
over the years to increase the work reliability of composite interfaces and make ma-
terial properties well-matched at the interface. The ability of composite structures
to resist fracture can be improved with the use of these kinds of composite interfaces.
More studies must be done on the fracture behavior of these non-homogeneous mate-
rials to technically support material scientists, manufacturing and design engineers,
and others working on FGM development. The detailed examination of the driving
forces of the crack is crucial for the fracture analysis of FGMs. This shows how
effective the composition profile is at achieving the necessary thermo-mechanical

properties.

The majority of study [5, 20, 47, 52, 90] has been done for the cracks those
are vertical, parallel, and embedded in the interface or medium. In [102], the in-
teraction between partially insulated cracks was studied for various specific cases
of thermal, mechanical, and thermo-mechanical loadings using the mode I stress
magnification factor. This analysis involved three collinear cracks in a function-
ally graded medium. The article [30] evaluated the effects of thermal loading on
an interfacial crack in FGM strips by computing thermal stress intensity factors
(TSIFs). Additionally, the nature of this partially insulated crack is explored con-
cerning thermal resistance and material non-homogeneity factors. Inspection of the
transient behavior of three anti-plane collinear Griffith cracks in a FGM strip under
shear impact loading was the goal of [103]. The FGM strip has adhered between two
different elastic strips of identical thickness. Additionally, the possibility of crack
arrest for various fixed values of impact loads imposed at various surfaces, the loca-
tions of cracks’ axes, and the thickness of the strips of the composite material are
illustrated. In [48], the thermal fracture behavior of a vertical crack for a FGM-

coating structure was examined analytically. Analysis was done on how geometric
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parameters and non-homogeneity constants affected the TSIFs. The crack problem

for a FGM strip under thermal stresses is done in [37].

The studies mentioned above focused on the issue of cracks that are either
parallel or vertical to an interface or surface. These crack positions are very specific,
though. The crack can generally be in any direction [34]. Because of this, it’s crucial
to look into arbitrarily oriented crack problems in FGMs. But the arbitrary-oriented
crack problem in FGM strips, however, has not been extensively studied. For the
fundamental solution of a single as well as many angled cracks in an infinite func-
tionally graded plate, a general technique was developed in [99, 100] to calculate
the impact of the driving force parameters, namely SIFs and SERRs. In [16], the
heat conduction issue for an angled crack in an infinite functionally graded material
was examined. The nature of the crack is assumed to be partially insulated in the
investigation under a uniform heat flow. To analyze the impact of crack orientation
and its interaction with grading inhomogeneity, the temperature gradient, and heat
flow intensity factors were examined using the collocation technique. The identical
problem with a perfectly insulated crack has been covered in [110]. The crack is
located in an infinite functionally graded medium in each of these studies. However,
it is possible to find an arbitrary-oriented crack in more than one medium and FGM
strips. The impact of graded coatings on a thermally-induced oblique fracture lo-
cated in a homogenous substrate while subject to mechanical loading was taken into
account in [19]. The fracture problem of a crack in functionally graded strips in the
presence of mechanical loading was inspected in [47], in which the possibility of crack
passing through the interface of the said composite structure is also discussed along
with the study of SIF for different material non-homogeneity constants, normalized
crack length, and orientation angle. In [49], a similar issue was investigated for an

arbitrary-oriented crack. The idea of dislocation density functions has been applied
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to determine the unknowns in these studies.

The problem of a partially insulated crack in a composite structure made up
of two functionally graded strips is taken into consideration in the current work. The
crack is arbitrary-oriented and subjected to thermo-mechanical loading (see Figure
4.1.1). Fracture-related failure in FGMs can occur in a number of different ways
[34]. One of those is failure brought on by a crack that can cross the interface of the
chosen composite structure. It is noted in [63] that a crack in PSZ/superalloy FGMs
can propagate across the interface between various layers. Similar phenomena were
noted in the experiment of thermal shock performance of W/Cu FGM [69]. These
experiments demonstrate how crucial it is to take into account the problem in which
crack can go through the interface [47, 49]. But relatively few studies take into
account this kind of crack problem. As a result, it is anticipated in this study that
the crack may cross the interface of the aforementioned model. The thermal and
mechanical parametric functions are approximated by exponential functions under
the assumption that there is no interaction between the two. The heat conduction
and plane elasticity equations, when subjected to the proper boundary-continuity
conditions, are transformed into Fredholm type singular integral equations of the
first kind employing the superposition technique and integral transformation. The
temperature jump and displacements across the crack surfaces are the unknown
variables of the integral equations, and they can be approximated by a series of
Jacobi polynomials. The residue theorem and Schmidt method are used to obtain
the solution of the singular integral equation. This approach differs from the works
listed above in which the dislocation density functions are the unknown variables.
It is not necessary to consider singular integral equations’ unknown variables as
dislocation density functions when applying the Schmidt method. The benefit of

this approach is that by taking into account the initial few terms of the infinite series
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of Jacobi polynomials, it works satisfactorily. The expressions of SIFs obtained from
the Schmidt method help to determine mode I and mode II strain energy release rate
(SERR) at the crack tips. The significant aspect of the chapter is the investigation
of thermo-mechanical loading on driving force parameters that help to study the
nature of arbitrary-oriented crack when it crosses the interface of the considered
composite structure. A comparison between the current findings and those from
previous studies [47] for a specific example is also provided to support the validity
of the current study. An effort has been made to quantify the impact of the crack
insulation parameter, crack orientation angle, strip thickness, and non-homogeneity

parameters on mode I and mode II SIFs and SERRs in the vicinity of crack tips.

4.1.2 Mathematical formulation of the problem

4.1.2.1 Schematic description

Figure 4.1.1 depicts the schematic representation of the problem with the bonded
functionally graded strips. The upper and the lower FGM strips are indicated by
notations (I) and (II), respectively and their thickness is taken to be h; and ho,
respectively. The regions {0 < x < hy, —oo <y < oo} and {hy < x < hy+hy, —00 <
y < oo} in global coordinate system zoy are thought to be occupied by the FGM
strips (I) and (II). The origin o of the global coordinate system woy is placed at the
top surface of the upper FGM strip whereas the origin oy of the local coordinate
system xg00yo has coordinates (z.,y.) in the global coordinate system zoy. In the
local coordinate system g0y, an angled partially insulated crack of length (by—ag)

is oriented along the xg-axis. The angle between zy and x-axis is symbolized by 6.

In this study, two different loads are taken into account, a steady-state heat

flux @y applied in the a-direction and external mechanical loads applied to the crack
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Figure 4.1.1: Schematic diagram of the problem.

faces. A constant value of the Poisson’s ratio v is used throughout the investigation
due to the small variation range [28, 102]. The thermal and mechanical parametric
functions namely, heat conductivity coefficients k,,, shear moduli y, and thermal
expansion cocfficients «,, are approximated by an exponential function [16, 30, 48,

102] in the global coordinate system as

kn(x) = kone®™®, pn () = Lon€ ", an () = age™?, (4.1.1)

whereas the following relation is used to determine those in the local coordinate

system.

x Ze cos(f) —sin(6 z
] e ® O | , (4.1.2)

y Ye sin(f)  cos(0) | | vo
kn(?ﬁo,yo) _ k0n€6nmr+5mmo+5nwo7 (4.1.3)
/‘Ln(x(]a Z/o) = M077,e/8nxc+/6nlz0+/6n2y0, (414)

0 (To, Yo) = Qrgp e TeTAmTOT AR, (4.1.5)
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where 0,1 = 6, cos(6), Ona = —0,, sin(0), (4.1.6)
Bn1 = B cos(8), B2 = —Bnsin(d), (4.1.7)
Va1 = Yn €08(0), Y2 = —ynsin(f), (4.1.8)

On, Bn and 7, are the non-homogeneity parameters. Throughout the study, n = 1,2
correspond to strip (I) and strip (II), respectively and thermo-mechanical parametric
functions are continuous at the interface viz. ki(h1) = ka(h1), p1(h1) = p2(hy) and

ai(hy) = as(hy).

4.1.2.2 Governing equations and boundary conditions

The temperature and stress fields can be represented as the sum of two states using
the superposition approach. The first state corresponds to an uncracked compos-
ite structure whereas the second state represents a cracked composite structure.

In the first state, the components of temperature, heat flux, displacement, and

stress are denoted by 74" (z,y); g (z,y), au (2, 9); uh (2,9), 0l (2, y); olie(2,y),

aflé)y(:zr,y), aflly)y(x,y), respectively and in the second state those are denoted by

T,SQ)(xo,yO); ’512$)0($07y0)7 (Jr(gj)o(xo,yoﬁ 'u,(f)(xo,yo)7 UT(LZ)(SCO,yo); O—SL%C)OJCO(:EOvyO)a Ugv)oyo

(20, Yo), 07(,3,)0g,0(1’0,y0), respectively, where n = 1,2. Therefore, the total tempera-

ture T/ (z,y), heat flux ¢/ (z,y), ¢ (x,y), displacement ul(z,y), vl (2, y) and

nT

stress components o5, (2, y), o1, (2, y), or (x,y) in the zoy coordinate system can

be expressed as

T (w,y) = T (2, y) + T (w0, o), (4.1.9)

tot (. @, . (2)
g, (x,y Gna (T, cos(f) —sin(6 Gnao (Lo, Y

)| [ #en)| e ) ldheow]
do@y)| e (@y)|  [sin@)  cos(®) | |gi(zo. v0)
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ul( u) cos(f) —sin(6 u? (x Y
L [eos0) =) | o) | o
vkt sin(f)  cos() s )(xo,yo)
fl‘ﬁx (z,y) cos?(0) sin2(0) —sin(20)| |o$2 0 (0, yo) o ()
ot (ey) | = [ = B cos(20) | | onghyo (20 y0) | T |onsy(ey) | 5
ol (@) | |sin®(0) cos’(0)  sin(20) | {onun(zo.90) | |omn(e,y)
(4.1.12)
and those can be determined in the xyoyyy coordinate system by
T?i()t(x(]v Z/O) = T?’(L])(x? y) + Trgz) ('Z'Oa y0)7 (4113)
a0, 0) | | cos(0) sin(0)| | (z,y) o (%0, %0)
nao \L0> Yo o Qnz Yy Anzo\T0, Yo (4 1 14)
| @iy (%0, %0) —sin(0) cos(0) | |a% (z.y) Ghto (0. Yo)
u (20, yo) B ull (To,yo cos(f) —sin(0) uf?)(mo, Yo) (4.1.15)
v (20, Yo) v (z,y) sin(0) cos(d) | [ (z0,v0)
Ufffozo (z0,%0) cos®(f) sin® sin(20) anﬂ)x(x Y) 07(376)0960 (z0,%0)
oLt (20, 90) | = |25 ﬂ cos(26) | |ong(e,y) | + | ot (20, 90)
ot (@o.90) | [sin®(0) cos?(9) —sin(20) | |onay(@y)| | ovimn (w0, o)
(4.1.16)

The governing equation of heat conduction and corresponding boundary-continuity

conditions are as follows

%qim (,y) + a%,q;y/(ﬂfﬂ y') =0, (4.1.17)
@2 (0,y) = Qo, @& (hy + ha,y) = Qo, —co<y<oo (4.1.18)
T (hyy) = T (hyy), i (hyy) = gy (I, y), —o00<y<oo (4.1.19)
i (20, 0%) = iy (0, 07) = —k; Qo sin(0), ag < 9 < by,  (4.1.20)
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where q,,, = —k;, 0T}, /0", q,,, = —k;, 0T} /0y’, Qo is the heat flux corresponding
to perfect conduction case and k* is a heat conductivity index which vary between
0 to 1. k* = 0,1 correspond to perfect insulation and perfect conduction along
the crack surfaces. The notations having superscript (') will reduce to the variables
depending on states e.g., in the second state ¢, (z, %) is converted to qﬁf)(xo, yo) and
similarly for other notations. Equation (4.1.18) shows that heat flow is applied along
the z-direction to the strip’s top surface (I) and bottom surface (II), respectively.
The temperature and heat flux continuity conditions at the interface are represented
by equation (4.1.19). The equation (4.1.20) represents the partial insulation of the
crack surfaces under the assumption that the crack allows some heat flux Q* which
is only a certain percentage of the heat flux corresponding to the perfect conduction
case. Given below are the plane elasticity equation and corresponding boundary-

continuity conditions:

ST () + 5 O (1) =, (w.1.21)

a , ., g .

57 ey (@, y') + a—y/any,y, («',y) =0, (4.1.22)
a15:(0,y) = 0, a1%,(0,9) = 0, —co <y<oo (41.23)
oty (hy + ha,y) = 0, ot (b1 + ha,y) = 0, —oo <y <oo (4.1.24)
olaw(hi,y) = oo (hisy). oigy(hi,y) = ogg,(h1,y),  —oo <y <oo (41.25)
ul(hy,y) = u(hy,y), (b, y) = v (hy,y),  —oo <y <oo  (4.1.26)
Trnn (£0,07) = a0k (0,07) = p1 (o), ap < xo < by,  (4.1.27)
Ufg‘)yo (20,07) = C’Zgoy(, (20,07) = pa(z0), agp < Tg < by, (4.1.28)

where equations (4.1.23) and (4.1.24) show that the top surface of the strip (I) and
bottom surface of the strip (II) are stress-free. The stress and displacement conti-

nuity conditions at the interface are represented by equations (4.1.25) and (4.1.26),
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respectively. The mechanical loading conditions which have been applied to the
crack faces are shown by equations (4.1.27) and (4.1.28). Hooke’s law is used to

determine the relationship between displacement and stress components [102].
4.1.3 Solution of temperature field

4.1.3.1 Temperature field of the first state

Writing equation (4.1.17) for the considered uncracked composite structure and ap-
plying Fourier transforms in y, the temperature field for the first state is expressed

as
TV (z,y) / ZG 1) a)e? i (@) Y ey, (4.1.29)

. . . 1 .
where « is the variable related to Fourier transform, GiLj) (a) are unknown functions

in o and )\f}j)(a) (n=1,2;j = 1,2) are determined by

A (a) = —0n + (Z1]/0 + da? (4.1.30)

2

4.1.3.2 Temperature field of the second state

Writing equation (4.1.17) for the considered cracked composite structure and using
Fourier transforms in zg, the expressions of temperature field above and below the

cracks’ region are expressed as

L [0, G (s)eM mismogs oy, 0,

2 J—o0 7j=1"nj

T (20, y0) = (4.1.31)

> 2 2 s isw
% ffao Zj 1 GELJ)+2( )6 n]( Juo OdS Yo < 0./



Chapter 4.1. Mathematical study of an arbitrary-oriented crack... 89

where s is the Fourier transformed variable, ng)(s) are unknown functions of s and

,\22],)(5) (n=1,2;j = 1,2) are given by

—On2 + (— \/52 + 4( 92+79(5n1)

Ao () = ;

nj

(4.1.32)

The regularity condition [37] give G%) (s) =0 and G%)(s) = (0. Expressing the jump

of temperature across crack surfaces by
d(z0) = TP (20,07) = TP (20,07), n=1,2, (4.1.33)

and the application of inverse Fourier transform and continuity conditions at yo = 0

give

G (s) =W (s)®(s), GI(s) = WS (s)B(s), (4.1.34)
A () o Aui(s)

where IV(2)( )= , W (s)

)

A3 (s) — A2 (s) A8 (5) = A (s)

_ / &(x0) % dy.

4.1.3.3 Numerical solution of integral equation related to temperature

field

The boundary continuity conditions (4.1.18) and (4.1.19) are used to find the re-
maining unknowns obtained in the first and second states as well as the total tem-
perature field in the zoy coordinate system. These conditions give the following four

equations as

2

0 2D (@), Qo @) (o) 7
ZG Q)7 (a)eni = ) 27T ZG (8) Fips (8) Ltnj (5, @, )
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x O(s)ds, n=1,2,

2 2
(1) a)hy n
> 3G = L[S S G s, )60
j=1 n=1 j=1 n=1
2 2 @ 1 o 2 2
> U )G @A @ = [T S S 1k ()G () F )
j=1 n=1 0 j=1 n=1

X Ipj(s, a0, hy)@(s)ds,

where 1 = 0,25 = hy + ho. Ft(m)(s) and Iy;;(s, o, ) are mentioned in Appendix C.

Utilizing the above four equations, the unknown ng)(oz) can be written in matrix

form as
G% (@) G%(a) Gou(a, s)
G’(l) a G(l) o © [Gy19(a, s
13( ) :% 1112( ) +2i 212(@ ) O(s) ds. (4.1.35)
G| M G| T e | Gani(ans)
Gy ()] Gis(o)] |Gl s),

The condition (4.1.20) gives the following singular integral equation as

o k*Qosin(0 S, (z
/_OC Ni(s,m9) P(s)ds = /{:;Q(ioyog)) + & /f01( 0)7 ap < xo < by, (4.1.36)

where N, (s,z0) and S, (o) are given in equations (C.0.4)-(C.0.5). Expressing the

jump of temperature ¢(zq) as a series of Jacobi polynomial as

11 1
S Qok L P(2 2)(30)(1—1 )2, ap < xo < by,
log) = T ’ (4.1.37)

0, Ty < ag, by < X,

where jo = (zo — 25%) /(%5%). The Fourier transform of equation (4.1.37) gives
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=~ aos BrGrQo bo — ag
(D(S) = Z Tjk+1 (5 9 s (4138)
k=0
where B), = w, Gi = 2¢/m(—1)"" with T, J;, are the Gamma and Bessel

functions, respectively and ag, are the unknowns to be determined by using the

Schmidt method [77, 121].

4.1.4 Solution of stress field

4.1.4.1 Stress field of the first state

Solving equations (4.1.21) and (4.1.22) for the first state and applying Fourier trans-

form in y, the expressions of displacement components for the first state are given

by
(1) 1 ~ 0 (0 (@) = (@) ) D
W) =5 [ (D AD@ED (@@ + da,(2) Y B G D @) @ ) o

TJ—o0 j=1 j=1 dnj (@)

(1)

1 ey 1 .

vfj)(:v,y 2—/ (Z A(l) er(w)(o‘z—f—élozn(:r)zznf)é iG%)(a)eA;j)(a”) e Yo,
j=1 nj (&

where « is the Fourier variable, A(l)(a) are unknown functions in o to be de-

termined, E( )( ), 77”]( a), ((1)( ) a (o) are known functions given by equations

Y i

(C.0.6)-(C.0.9) of Appendix C and 77(a) (n =1,2;j = 1,2, ..., 4) are given by

nj

1
7M(a) =

(=B + (-1 VA2 ¥ B2 = difoaB,) . i3 (@) = 711 (@), 743(0) = 77 (),

wlr—*
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wheren =1,2; j=1,4, fo=+/(3—k)/(1+ k) and k = 3—4v, (3—4v)/(1 +v) for

plane strain and plane stress, respectively.

4.1.4.2 Stress field of the second state

Writing the equations (4.1.21) and (4.1.22) for the second state and applying Fourier

transforms in g, the expression of the displacement field above and below the cracks’

region are

. _

00 4 2 2 B (s
Ly O Ar,(zj)(S)Er(Lj)(s)e ng (9)Y0

(2 1 -
(2)( _ m1 8 -
u® (20, 10) = _ (4.1.40)
1 oo 4 A (2) E(z) n (5)310
27 J—o0 Zj 1 7LJ+4( ) nj ( )6 ’
(2) | i

+WG£A) (s)eXa (O | emiszods gy < 0,
. -

o 4 2)
% —0o0 Zj 1A( ( )6 n] (s)yo
+4a’*i§’<+<>“”a<2 (s)eMd (o | emissods, g, > 0,

(a0, ) = . e

) 2) 7, (8
% > ZJ ’ An_]+4 )e nj ( )yU

an (7042 s (2) ] 7725117
_}.%GQ)( )6)‘n22( )yo OdS, Yo < 07

where A(Q-) (s) are unknown functions in s to be determined, Ef?( ), N ( ), ( ( ), dfj (s)

are known functions of s given in Appendix C and T, ru (s) (n=1,2;7=1,2,3,4)

are determined by

9= [60,7 VB - (<1091 foBa)? 4 45 (5 + i + (=178 fon2) = Bua + (=1 fobi |

(4.1.42)



Chapter 4.1. Mathematical study of an arbitrary-oriented crack... 93

where ep; = (—1) for j = 1,2 and ep; = 1 for j = 3,4. Regularity conditions [37, 102]

give A(Q)( 5) =0, j = 3,4,5,6. Expressing the jump of the displacements as
Uy (z0) = u® (20, 07) — u®(20,07), ¥a(z0) = v (20, 07) — 0P (20,07), (4.1.43)

and stress continuity conditions at yo = 0 give

2

4
2) 2 2) 2)
ZXIEn]( )Af’l,)( ) ta 1Xt(kn1 ZXk:n] A7(1J+4( ) + a01Xt(kn2( ) k= 17 27
j=1 J=3

2
2 2 2 2 2 2
ST X2 () AT (5) + aon Xipny (5) = Tpa Z X2 ()AY 4 (5) + an Xipa(s), k= 3,4,

=1

which can be rewritten as

AR)(5) = am AL (s) + A (5)W1(s) + AS) () Wa(s), (4.1.44)
where X,S,LJ( ), Xt(k,)u( ) are given by equation (C.0.21) and Wy, (s) = [ty (xq)e™ 0 dy.

4.1.4.3 Numerical solution of integral equations related to stress field

The boundary continuity conditions (4.1.23)-(4.1.26) are used to calculate the un-
knowns obtained in the first and second states as well as the total stress field in the

xoy coordinate system and give the following equations:

4
1 1 2) 2
S A ) + 5 [ ADOLE (5.0

J=1

1 oo
= —ap Z [ngzw o, T,) + %/ [Lgizlj(s)lmj(s,a,mn)ds], k=1,2,n=1,2,

ZZ<—1>“+1[un<h1>AS>< )+ 5 [ AGELEL Dy (s.a,m)is]
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n 1 >
=am y_ D (-1) [Mn(hl)rggj(a,hl) +%/_w L) () Imy(s, a0 hn)ds |, k =1,2,3,4,

where F,(m)](a Tp), F,E,lgzlj(a,xn) L,(jzj( )s nglj(s) and I,;(s, o, x) are given in Ap-

pendix C. AW

«) can be expressed in terms of Wy(s) and Wy(s) utilizing equation
nj

(4.1.44) and above equations as

A(111)(04) Agln(a) Az (a, s) Az (a, s)
AD(q AW (o 1 [ Agpa(a, s Az, s
212)( ) = Q1 211)2( ) + % {()!01 212( ) @(S) + 312( ) \111(5)
As) () Ay (@) e Aoor (v, s) Az (v 5)
A (o) A%Q(a)_ | Azn(r,5) | | Assa(a, s) |
Api(a, s

\1/2(5)}ds.

A (a, s

(a,5)]
A, s)
(as)
(@ s)

Ao (ar, s

The following singular integral equations are obtained with the help of conditions

(4.1.27) and (4.1.28) as

> 2mpy (2
[ Ol 20)106) 4 Mo, ) Wa(o)ds = 2 | Ron ) + Rena()
—0 n\L0; L J

ag < Tg < b(], (4145)

o 2mps(x
/ (Ma1(s,20)W1(s) + Mpaa(s, o) Wa(s))ds = ,u(p;?—(()i)) + o1 | Rna(w0) + Rin2(20)
—o n (0, L

ag < Tg < by, (4146)

where M, (s, z0), Rnj(20) and Ry, j(x) are mentioned in equations (C.0.33)-(C.0.35)
given in Appendix C. The residue theory is used to solve the above integral equa-

tions. The unknown functions v; can be expressed as
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0o (3.3) . oL
- bor P, 1—795)2,
1/11(%) _ Zk,(] 0k L7 (]0> ( Jo)
0,
(e (33) !
° P, 1—449)2,
o) = > ko Cok By (Jo) ( Ja)?
0,

\

ag < xo < by,

(4.1.47)
g < Qg, bo < Zg.
ag < xg < by,

(4.1.48)

Ty < Qg, b() < Iy,

where unknowns bg, and coi are to be determined by using the Schmidt method

[77, 121].

4.1.5 Driving force parameters

The mode I and mode IT crack tip stress intensity factors (SIFs) are determined by

Ki® = lim +/2(ao — o) Ty o (0, 0), (4.1.49)
K = lim \/2(z0 = bo) 0755, (20, 0), (4.1.50)
Kij = lim /2(ag = o) 077, (70, 0): (4.1.51)
K7y = lim \/2(xg — bo) 015, (%0, 0), (4.1.52)
To—00
where n = 1,2 represent strip (I) and strip (II), respectively.
In terms of unknowns bg; and cqg, the crack tip SIFs can be expressed as
_252/1’71(@07 0) = k
Ko = 2200 N (1) By, 4.1.53
I N ;( )" cor Br, ( )
—252/,Ln(b0 O) >
Kb = 2000 N (e By, 4.1.54
I \/ﬁ kz; 0k PE ( )
—203tn(ag, 0
Ky = —2otinl00 0) > (=1 boi By, (4.1.55)

vl
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—203 44, (bo, 0
Kjy = 3M - ZbOkBk, (4.1.56)

where 0 = 03 = —2s/[(1 + k)|s|] and | = (by — ao)/2.
In terms of SIFs and local material parametric function, the mode 1 and mode II

crack tip strain energy release rates (SERRs) are evaluated by [98, 121]

n(k+1)

G§° = 870 (a0 0) (K§0)?, (4.1.57)

bo — % (Kb)?, (4.1.58)
Gl = g (K (41.59)
G = % (K%)2. (4.1.60)

4.1.6 Results and discussion

In this section of the chapter the influences of crack insulation, stiffness, heat con-
duction, thermal conductivity parameters, crack angle, and thickness of strips on
normalized mode I and mode II crack tip SIFs and SERRs are obtained for an angled
crack that goes from the strip (I) to strip (II) through the interface of functionally
graded composite in the presence of thermo-mechanical loading. As the expression
of SERR includes SIF and local material parametric function, so it contains more

pertinent information as compared to SIF.

For computational purpose, uniform mechanical loadings on the crack faces
are applied as pi(xg) = —o¢ and po(x9) = —op under the plane state condition.
To normalize mode I and mode II stress intensity factors and strain energy re-
lease rates, the normalizing factors are chosen as Ko = \/Z(O’O + Qoo 01!/ kor)

and Gy = w(k + 1)KZ/(84101), respectively. For simplicity, it is assumed that
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Figure 4.1.2: Schematics of the crack locations subjected to thermo -
mechanical loading when the crack goes through the interface from the
strip (I) to strip (II) for different values of normalized crack centre ¢q/h; of
the model under consideration.
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v = 0.3, (z.,y.) = (h1,0), normalized crack length (by — ag)/h; = 0.2, and ¢o/h1=
normalized crack centre in xg-direction i.e., (by + ag)/(2hy). Throughout the study
co/h1 ranges between —0.2 to 0.2. For the aforementioned values, Figure 4.1.2
demonstrates the schematic diagrams of the crack positions as the crack crosses the
interface from strip (I) to strip (II) for different values of ¢o/hy. It is clear from
the Figure 4.1.2 that for ¢y/h; = 0.1, the crack tip ag passes through the interface
whereas for ¢g/h; = —0.1, the crack tip by passes through the interface. Without loss
of generality k* = 0.6,0 = 54°, hy/hy = 1, 51/f2 = —1,01 /02 = —1, and 71 /7 = —1
are chosen. Even if one of those varies then the remaining parameters will have the

mentioned values.

4.1.6.1 Validation

Present result

—---- Guo and Noda [1]

KI/KU

0.4 0.6 0.8 1.0 1.2 1.4 1.6
Co / hl

Figure 4.1.3: Comparison between obtained and existing outcomes [47] of
normalized mode I crack tip SIFs as a function of normalized crack centre
co/hy for a vertical crack that crosses the interface of bonded FGM strips.

For validation purpose, some results obtained by the present method are
compared with the results given in [47], where the fracture problem of a vertical crack
crossing the interface of functionally graded layered structure has been studied for
mechanical loading. The present thermo-mechanical study can be reduced to the

mechanical one by removing the terms corresponding to temperature. For (z.,y.) =
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(0,0), 0 = 0° hi/hy = 1, B1/B2 = —1, p1(x0) = —00, p2(x9) = 0 and normalizing
factor for SIFs as Ko = 0¢v/(bo — ag)/2, Figure 4.1.3 shows that the two studies

coincide well.

4.1.6.2 Effect of crack insulation parameter
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Figure 4.1.4: Variations in normalized mode I and mode II crack tip SIF's
as a function of normalized crack centre ¢y/hy for different values of crack
insulation parameter k*.

In the Figures 4.1.4 and 4.1.5, the impact of crack insulation parameter k*
on driving force parameters are illustrated. For £* = 0.3,0.6, 0.9, it can be observed
from the Figures 4.1.4a and 4.1.4b that as the crack tip ag goes from the strip (I) to
strip (II), the normalized mode I and mode II SIFs at the crack tip ag decrease and

as it crosses the interface (c¢o/h; = 0.1) and propagating further in the strip (II),
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those are increased. Similar behavior is observed from Figures 4.1.4c¢ and 4.1.4d for

normalized mode I and mode II SIFs at the crack tip by when crack tip by goes from

strip (I) to strip (IT) crossing the interface (¢q/h; = —0.1).
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Figure 4.1.5: Variations in normalized mode I and mode II crack tip
SERRs as a function of normalized crack centre ¢y/hy for different values of

crack insulation parameter £*.

Further it can be concluded from Figures 4.1.4a and 4.1.4c that for k* =

0.3,0.6, 0.9, i.e., as k* increases, the normalized mode I crack tip SIFs increase in
strip (I) but as the crack tip reaches the strip (II) those decrease for increasing values
of k*. Whereas opposite nature is observed for normalized mode II crack tip SIF's
as shown from the Figures 4.1.4b and 4.1.4d, i.e., in the strip (I) as k* increases the

normalized mode IT crack tip SIFs decrease but in the strip (II) those increase with
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Figure 4.1.6: Variations in normalized mode I and mode II crack tip SIF's
as a function of normalized crack centre cq/h; for different values of crack

orientation angle 6.

the said opposite natures are observed.

k*. Due to the non-homogeneity of the FGM strips and applied mechanical loading

It is clear from Figure 4.1.5 that a similar impact of £* on normalized mode

I and mode IT SERRs are obtained when the crack goes through the interface. In
other words as the insulating nature of the crack surface decreases, the magnitudes
of driving force parameters viz. SIFs and SERRs increase in the strip (I) while those

decrease in the strip (II). The reverse nature are found for mode II SIFs and SERRs.
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Figure 4.1.7: Variations in normalized mode I and mode II crack tip
SERRs as a function of normalized crack centre ¢y/hy for different values of

crack orientation angle 6.

4.1.6.3 Effect of crack orientation angle

The influence of crack orientation angle ¢ on the driving force parameters SIFs

and SERRs are presented in Figures 4.1.6 and 4.1.7 which illustrate that in this

case as the crack tips ag and by reach the interface for ¢g/h; = 0.1 and —0.1,

respectively of the considered composite structure under thermo-mechanical loading.

The magnitudes of normalized mode I and mode II driving force parameters initially

decrease and after crossing the interface those are increased. Moreover, Figures

4.1.6a, 4.1.6¢, 4.1.7a and 4.1.7c demonstrate that for § = 30°, 54°, 72° the normalized

mode I driving force parameters viz., SIF and SERR initially increase and then

decrease in strip (I) while the opposite trend is observed in strip (II). However from
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the Figures 4.1.6b, 4.1.6d, 4.1.7b and 4.1.7d, it can be observed that in the strips (I)

and (II), the normalized mode II SIFs and SERRs show opposite nature to mode I

case in respective strips.

Hence, if the crack orientation angle changes from acute to obtuse and the

crack crosses the interface of the considered bonded structure, the mode I and mode

IT SIFs and SERRs are changed significantly.

4.1.6.4 Effect of strip thickness ratio
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Figure 4.1.8: Plots showing normalized mode I and mode II crack tip
SIFs as a function of normalized crack centre ¢y/hy for different values of

strips’ thickness ratio ho/h;.

Here, the consequence of the thickness of strips on SIFs and SERRs is

disserted. For he/hy = 0.5,1,2, the influence of thickness is studied as the crack
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Figure 4.1.9: Plots showing normalized mode I and mode II crack tip
SERRs as a function of normalized crack centre ¢y/hy for different values of
strips’ thickness ratio ho/h;.

crosses the interface under thermo-mechanical loading. Figures 4.1.8 and 4.1.9 show

that contrary to the previous cases, when the crack tips ag and by cross the interface

for ¢g/hy = 0.1 and —0.1, respectively the behavior of normalized crack tip SIFs

and SERRs for different values of strips’ thickness ratio remain same in both the

strips i.e., as ho/hy decreases the driving force parameters at the crack tips increase

in both the strips except for mode II crack tip SIFs. It can be seen from Figures

4.1.8b and 4.1.8d that for distinct values of strips’ thickness ratio, the mode II SIF

at the crack tips changes significantly. This shows that it is important to study the

behavior of SIFs along with SERRs.

In general it can be said that for the thin lower strip the magnitudes of
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driving force parameters are greater than those for the thick upper strip except for

mode IT crack tip SIFs.

4.1.6.5 Effect of stiffness parameter ratio

Figure 4.1.10 demonstrates that with varying stiffness parameter, the mode I and

mode II SIFs show complex behavior. However for ¢y/h; = 0.1 and —0.1 when crack

tips ag and by reach the interface the SIF's in most of the cases attain their extremum

values.
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Figure 4.1.10: Plots showing normalized mode I and mode II crack tip
SIFs as a function of normalized crack centre ¢q/hy for different values of
stiffness parameter ratio (1/5s.
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Figure 4.1.11: Plots showing normalized mode I and mode II crack tip
SERRs as a function of normalized crack centre ¢y/hy for different values of
stiffness parameter ratio (31/5s.

The behaviors of normalized mode I and mode II SERRs for the distinct

values of stiffness parameter ratio are presented in Figure 4.1.11. When the crack

crosses the interface from the upper strip to the lower strip and propagates further

the values of normalized SERRs at the crack tips attain their minimum at the

interface. Figure 4.1.11a illustrates that for increasing values of 31/, viz. 0.5,1.2,2,

the normalized mode I SERR at the crack tip ag decreases in both the strips whereas

Figure 4.1.11c shows that SERR at the crack tip by increases with increasing values

of 31/ B2 in strip (I) while the opposite behavior is observed for the strip (IT). Further,

from the Figures 4.1.11b and 4.1.11d, it is observed that for strip (I) mode IT SERRs

at the crack tips increase for compliant upper strip and stiffened lower strip.
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The above-mentioned discussion shows that the consideration of the stiff-
ness parameter is important factor to study the behavior of mode I and mode II
crack tip SIFs and SERRs for an arbitrary-oriented crack that crosses the interface

under thermo-mechanical loading.

4.1.6.6 Effect of heat conduction parameter ratio
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Figure 4.1.12: Influence of heat conduction parameter ratio d;/d; on
normalized mode I and mode II crack tip SIFs.

Figures 4.1.12 and 4.1.13 show the effect of heat conduction parameter
ratio d; /0y on mode I and mode II SERRs for the considered model. It can be noted
from the Figures 4.1.12a, 4.1.12¢, 4.1.13a and 4.1.13¢ that for increasing values of

01/ 09, the magnitudes of mode I crack tip SIFs and SERRs decrease in strip (I) while
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Figure 4.1.13: Influence of heat conduction parameter ratio 41/ on
normalized mode I and mode II crack tip SERRs.

those increase in case of strip (II) with the said ratio. The opposite nature is found

for mode II crack tip SIFs and SERRs.

Therefore the importance of the heat conduction parameter on driving force

parameters can not be ignored.

4.1.6.7 Effect of thermal expansion coefficient ratio

The effect of the thermal expansion coefficient ratio 71 /7 on the driving force pa-

rameters is contrary to the heat conduction parameter ratio d; /d, for both the strips

and for both mode I and IT as observed from Figures 4.1.14 and 4.1.15.
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Figure 4.1.14: Influence of thermal expansion coefficient ratio v; /v, on
normalized mode I and mode II crack tip SIFs.

4.1.7 Concluding remarks

The effects of various factors on the normalized mode I and mode II crack tip

SIFs and SERRs for an arbitrary-oriented crack that passes through the interface

of bonded finitely thick functionally graded strips under thermo-mechanical loading

have been discussed in this chapter. During the numerical calculation, a numerical

strategy known as the Schmidt method is chosen. The findings of this investigation

are also validated for a specific case. Followings are the findings of the present study:

1. The expressions of mode I and mode II crack tip SIFs and SERRs are obtained.

2. The pictorial representations of normalized mode I and mode II crack tip

SIF's and SERRs indicate that, under the effects of various parameters, their
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Figure 4.1.15: Influence of thermal expansion coefficient ratio v; /v, on
normalized mode I and mode II crack tip SERRs.
magnitudes initially decrease as the crack crosses the interface and then begin
to increase after crossing the interface, i.e., driving force parameters reach their
minimum at the interface.

3. As the angled crack crosses the interface, its insulating nature has a consider-
able impact on the driving force parameters viz., SIF and SERR. For mono-
tonic values of the crack insulating parameter, the crack tip SIFs and SERRs
for mode I behave differently from those of mode II.

4. The driving force parameters for both modes reach their extremum values with

the opposite trend inside the strips (I) and (II) as the crack orientation angle

shifts from acute to obtuse.
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5. The graphical displays of SIFs and SERRs at the crack tips under the impact of
strips’ thickness show that they have different characteristics from one another.
The behavior of crack tip SIFs is found to be complex for varying strips’
thicknesses. As a result, it is crucial to investigate the nature of the driving

force parameter SIF for the model under consideration.

6. The compliant and stiffened properties of upper and lower strips affect the

behavior of SIFs and SERRs.

7. The behavior of the driving force parameters is contrary in nature for both
the strips and for both the modes, as shown in graphical presentations of the
mode I and mode IT crack tip SIFs and SERRs under the influence of heat
conduction and thermal expansion coefficient ratios. Therefore, it is crucial to

consider how these characteristics affect SIFs and SERRs.

Kokoskokokoskokskokok ok
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4.2 Schmidt method to study the disturbance of
steady-state heat flows by an arbitrary-oriented

crack in bonded functionally graded strips

4.2.1 Introduction

To achieve the performance and reliability standards of contemporary engineering
domains, structural components constructed of non-homogeneous materials are re-
quired. Due to the composition, which combines a ceramic micro-crystalline coating
with a metallic substrate, composite materials like thermal barrier coating are now
employed to meet the demands of mechanical strength and thermal insulability. Ad-
ditionally, high heat, corrosion resistance, and mechanical toughness are needed for
gas turbine engine blades. Machine tools need high levels of toughness and wear
resistance in their gears and bearings. Composites created from different materials
arc employed to fulfill these needs. The non-homogencous materials created in this
manner have desired characteristics in their constituent parts. These characteristics
can also include a high degree of mechanical strength, toughness, thermal oxida-
tion resistance, and corrosion resistance. To increase the resilience of composite
constructions, the idea of functionally graded materials (FGMs) is utilized. The
thermal expansion coefficient can be changed in the preferred direction by utilizing

FGM features such as elastic modulus and Poisson’s ratio.

It is crucial to take structural reliability into account while creating FGM
structures, especially for high temperatures applications. Few studies [84, 103, 112,
119] have taken care of fracture difficulties in composites built of FGM materials
under the thermal influence. In [102], the interaction between three collinear Griffith

cracks in an infinite functionally graded media exposed to thermomechanical loading
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was examined. A fully insulated crack in a FGM strip was taken into consideration,
and the impact of the material’s non-homogeneity on temperature distribution and
stress intensity factors (SIFs) is explored in [88]. The SIF's for embedded and surface
cracks for a FGM strip under thermal or residual loads are discussed in [37]. The
steady-state heat conduction problem was investigated by [10, 11] for an interfacial
crack in different anisotropic materials. In [17], the steady-state heat flow problem
for a crack perpendicular to the graded interfacial zone in bonded media was dis-
cussed. In [18], the extension of this issue for a crack with an arbitrary orientation
under both vertical and horizontal heat flows was taken into consideration. It was
discussed in [16] how a heat conduction problem in an infinite FGM plane could be
impacted by a crack that could be randomly orientated and partially insulated. The
identical issue with a perfectly insulated crack was researched in [110]. In [103], the
anti-plane loading-induced transient behavior of three collinear cracks in a composite

structure made of FGM was investigated.

FGM layered structures, such as functionally graded coated substrate sys-
tems, are now commonly employed in engineering applications because of their ef-
fectiveness in avoiding heat penetration, wear, and corrosion. Due to the gradual
differences in their properties, FGM layered structures have the potential to improve
reliability and durability as compared to traditional discrete layered or coating sys-
tems [46, 47, 49]. Studying the fracture behavior of FGMs’ layered structure is
crucial since fracture is a significant mode of failure. In addition to the fracture
issues caused by vertical, embedding, and interfacial cracks, it is also feasible for
the crack’s tip to cross the FGM layered structure’s interface and spread into the

following layers [15, 63, 69].

To handle crack problems in FGMs, numerous researchers have used a

variety of numerical approaches, including the dislocation density function method,
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extended finite element method, and phase-field finite element method [70, 83, 102,
103, 108, 109]. Apart from these techniques, the Schmidt method is employed in
this investigation. The Schmidt method does not demand the same treatment of
singular integral equations’ unknown variables as dislocation density functions as
used in the aforementioned investigations. The benefit of the Schmidt approach is
that it works successfully by taking into account the first few terms of the infinite
series of Jacobi polynomials [77, 121]. The technique has a restriction if one takes
into account the series’ terms in large numbers as the resulting matrix is difficult to

handle.

In this study, an effort has been made to investigate the fracture issue of
crack that crosses the interface of the functionally graded layered structure. Consid-
eration is given to a randomly oriented partially insulated crack. According to Figure
4.2.1, the crack center is located at the interface of the joint of functionally graded
strips under the horizontal and vertical components of heat flow. A boundary value
problem is transformed into singular integral equations by using the superposition
method and integral transformation. The jump of temperature and displacements
over crack surfaces arec expressed as a series of Jacobi polynomials in the present
study to derive the analytical expressions of crack tip HFIFs and mode I and mode
IT TSIFs employing the Schmidt method. The thermal effect’s singularity indicates
that during the process of heat conduction, energy is concentrated around the crack.
Such energy intensification may have an adverse impact on heat dissipation. To sig-
nify the local energy accumulation it is important to study crack tip HFIFs and
TSIFs. The chapter’s unique feature is a graphical analysis of the heat flow distur-
bance brought on by an angled partially insulated crack that crosses the interface
of bonded FGM strips through HFIFs and TSIFs. Therefore, in contrast to earlier

studies [46, 47, 102, 103], in which the cracks are either parallel or vertical to the
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surface, this study takes into account an arbitrarily oriented crack. Additionally, the
angled crack is located at the interface of bonded FGM strips rather than an infinite
functionally graded medium [16, 110]. To verify the effectiveness and efficiency of
the method employed in this study, the obtained results are compared with existing
results [110] for a specific case. The HFIFs and TSIFs vs. crack orientation angle,
crack insulation parameter, strips’ width, and non-homogeneity parameters’ ratio
have been graphically depicted in the present study to show the impact of partially

insulated arbitrary orientated crack on both components of heat flow.

4.2.2 Mathematical formulation of the problem

4.2.2.1 Schematic description
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Figure 4.2.1: Schematic diagram of the problem.

Consider a composite structure that consists of two FGM strips of widths
wy and ws respectively. As shown in Figure 4.2.1, a crack of arbitrary orientation and

length 2a, is aligned along the x;—axis of the local coordinate system xi0,y;, with
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the center of the crack located at the origin of the global coordinate system xoy. The
crack axis forms an angle 6 with the x—axis of the global coordinate system. Steady-
state heat fluxes (), and @), are applied to the composite structure in the horizontal
and vertical directions, respectively. The notations (I) and (IT) designate the left
and right FGM strips, which occupy the regions {—w; < 2 <0, —00 <y < oo} and

{0 <z <wy,—00 <y < oo}, respectively.

Since the Poisson’s ratio has a small range of variation [37, 103], in this
study it will remain constant. The thermal thermal conductivity coefficients k,,
shear moduli pu, and thermal expansion coefficients «,, are calculated in the zoy

coordinate system by

kn(2) = kon exp(0,2), pn(x) = pon exp(Bnz), an(z) = aon exp(yn), (4.2.1)

and in the x101y; coordinate system those are expressed as

kn(:l:l’yl) = kOn eXp<5n1x1 + 5n2y1)7 (422)
Mn(xluyl) = Hon exp(ﬁnlxl + /\/jn2y1); (423)
an(T1, Y1) = Qon €XP(Vn1Z1 + Yn2¥1), (4.2.4)

where ¢, 5, and =, are the heat conductivity, stiffness and thermal conductivity
parameters, 0,1 = 0, c08(0), 0na = —,8in(0), fn1 = Bncos(0), Bne = —fnsin(h),
Yn1 = Yn c0s(0) and v,2 = —7, sin(f). Note that in this study n = 1,2 correspond to
strips (I) and (II), respectively. It is further assumed that both thermal and material

properties are continuous at the interface.
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4.2.2.2 Governing equations and boundary conditions

Employing the superposition approach, the following equations determine the tem-
perature 6, heat flux ¢, displacement (u,v) and stress component o in the zoy

coordinate system

Op(x,y) = 9(1>(£U y) + 02 (z1, 1), (4.2.5)
| e
Gz (X, 1 (7,1 cos(f) —sin(0 Gy (21,1
@y _ Y) ) 21( 1 Y1) | (426)
Gny (2, y) qny z,y) sin(6 cos(0) 417(134)1 (z1,91)
Un, (.I', y) COS - SlH ) U(n2) (.CL'] ) yl)
- : (4.2.7)
Un(fl:, y) SlIl COS ) U7(72) (331, yl)
O (T, Y) 07(111)1 (x,y) cos? sin?(#) — sin(260) J,(mrl (x1,11)
Onay(,9) | = | ohidy(z,9) | + sin@@)/z —sin(20)/2  cos(26) | |olhy (@1, 91)
C(,9) | ol y)] | sR0)  co(0)  sin(20) | | oilh (o)
(4.2.8)
where n = 1,2 and in this study superscript (1) denotes the bonded structure

without the crack which is named as State A and superscript (2) denotes the bonded
structure with a crack denoted by State B. The expressions of heat flux and stresses
in terms of temperature and displacements are given in [18, 103]. Equations (4.2.5)-
(4.2.8) can be expressed in the xj01y; coordinate system by using the relationship
between global and local coordinate systems as
x cos(f) —sin(0)| |z
= ( ) . (4.2.9)
Yy sin(f)  cos(0) | |
The steady state heat conduction equations along with the boundary conditions are

given by
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State A: ﬁq(l)(ac y) + 9w (z,y) =0 (4.2.10)
5 dna (& oy i (7 : 2.
State B: iq@) (r1,11) + iq@) (x1,11) =0 (4.2.11)
am_l nri ) ayl ny1 bl . L
ql:z:(_wlay) = Qq, (J2x(w279) = Qq, |y|< o0 (4213)

Gy (71, 0) = —kn (21, 0)[sin(0)Q, + cos(0)Q,] — he[bn(x1,07) — 0, (21,07)], |a1|< ao,

(4.2.14)

Equation (4.2.12) represents the continuity conditions of the temperature and heat

flux about the interface z = 0. Equation (4.2.13) indicates the heat flux applied at

the boundaries x = —w; and © = wy. The heat flux on the crack surface in the local

coordinate system is given by equation (4.2.14) where h, is the crack surface heat

conductance [18]. Note that h. = 0 indicates completely insulated crack and h. > 0

indicates partially insulated crack.

The thermo-elasticity equations together with the boundary conditions are given by

0 0
State A: %07(111)%(/[7 y) + a_yggr)u(ga y) =0,

0 0
(1) (1) _
axo-nzy(x7 y) + ayo-nyy<x7y) =0.
State B: 9 (2) _a (2) _
ate . axl Onayx, ($17y1) + ayl O-na:lyl (‘/L‘lﬂyl) -

0

awl nri1yi 83/1 nyiyi
0-13:1(07 y) = UZacz(Ov 9)7 O-la:y(oa y) = U?a:y(07 y)7
ul(oay) = UQ(O,?/), vl(oy) = UQ(an)a

Ulmm(_wly y) = 07 Ulmg/(_wla y) = 0;

U2mx(w27 y) = Oa JQI?y(w% y) = 07

0
—0o) (w1,91) + —o2) (z1,31) = 0.

0,

ly|< oo
ly|< oo
ly|< oo

ly|< oo

(4.2.15)
(4.2.16)
(4.2.17)
(4.2.18)

(4.2.19)
(4.2.20)
(4.2.21)

(4.2.22)
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Oy (21,0) =0, Ty (21,0) = 0, |z1]< ayp. (4.2.23)

Equations (4.2.19) and (4.2.20) represent the continuity of the displacements and
stresses at the interface © = 0. Equations (4.2.21) and (4.2.22) denote the traction
free conditions at the boundaries + = —w; and = w,. Equation (4.2.23) represents

that no tractions are applied at the crack surface.

4.2.3 Solution of temperature field
4.2.3.1 Temperature field of the State A

Employing Fourier transform to y in equation (4.2.10), the temperature field for

State A can be written as
0 (z,y / ZAW exp( )\( )( Yo —iay)da, (4.2.24)

where o stands for the variable related to Fourier transform, A(n]j) (ar) are unknown

functions of « and )\Sj) () are determined by

A(a) = [—6n+(—1)j /—572#4042} /2. n=12 j=12 (4.2.25)

4.2.3.2 Temperature field of the State B

Employing Fourier transform to x; in equation (4.2.11), the temperature field above

and below the cracks’ region can be given by
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L [ 52 A () expON) (s)yn — iszi)ds, gy > 0,
0 (ay,y0) = § 7T ’ (4.2.26)

o f Z] 1A7(12j+2 eXp()‘(Z)( )yl - ZSI’l)dS, Y1 < 07

where s is the Fourier transform variable, Afb J)(s) are unknown functions of s and

/\:j)(s) are determined by

Aff,-)(S)z[ On2 + (= \/5 + (s +ison )| /2. (4.2.27)

Regularity [37, 103] and continuity conditions of the temperature field at y; = 0 give

@)
Afl(s) = i}"ﬁ)gz‘lﬁ)@% AQ(s)=0, =23 (4.2.28)
n2

Expressing the jump of temperature across the crack surfaces by ¢(z1) as
d(x1) = 0P (21, 0%) — 0D (21,07), n=1,2, (4.2.29)

and by using the Inverse Fourier transform, Afj)(s) (j = 1,4) can be given by

AL =W )(s), A () = Wi (5)2(5), n=12 (4230)
where ®(s) = [° ¢(z1) exp(iszy)dz; and Wnk (s) are given in Appendix D.

4.2.3.3 Numerical solution of integral equation related to temperature

field

Utilizing the boundary conditions (4.2.12)-(4.2.13) the matrix form of the unknown

functions is expressed as
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X.A=Q+ /90 S O(s) ds, (4.2.31)
[ 40 (a) ] ' 0 ]
A (@) 0
where A = , Q= )
A (@) ~Q.0(a) [y (—wn)
AR ()] | —Qud(c)/ka(w) |

Wi (s)Ij(s, . 0) — WP (s)I1(s, ., 0)

S=i ka(0)W, () FEL () I (s, @, 0) = ka (0) W17 () FFYY ()11 (s, 0, 0)

~WD ()P (5)115(s, o, —wn)

i ~ Wi (s)F L) (5) I (s, 0, wn) |

[ 1 1 —1 —1
«_ k1 (0)AT (@) k1 (0)A(3 (o) —k2(0)A (@) —k2(0)A%,

MY (@) exp(=A (@wr) Al (@) exp(—Af (@)wy) 0 0

I 0 0 A (@) exp(ASY (@)ws) Ay (@) exp(AS

X is a non singular matrix, 6(«) indicates the dirac delta function and I,,;(s, o, x), FF(?(S)

are given by equations (D.0.2)-(D.0.4) of Appendix D. For simplicity rewrite Aka) (a)

AD@)] [ [ Ad(a,s))
Mg, J(a - (a5
A(@)| | Az(a) +/ AAs(a, s) B ds. .
Aéll)(a) Az(a) o | AA;z(a, 8)
_A%)(oz)_ _A4 (Oé) _AA4(()47 3)_

where A;(a) and AA;(a, s) are the elements corresponding to j™ row of the matrices

X _1.Q and X~ 1.8 , respectively. The boundary condition (4.2.14) gives
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/_OC K, (x1,s) ®(s) ds = =27 [sin(6)Q, + cos(8)Qy] + Ry (1), |z1]|< ao,

(4.2.33)

where K, (x1,$), R,(z1) are given in Appendix D.

To solve the integral equation (4.2.33) a numerical method is taken into consider-
ation because of the complex form of the kernel of the considered equation. The
Schmidt method is used in this chapter to determine the unknown function ¢(z1)

by expressing it as a series of Jacobi polynomials given by

w ; p(d) nuE
Zk Obk (%) 1_ (ﬁ) ) ’7"1‘< g,

07 ’1’1‘> g,

¢(z1) = (4.2.34)

11
where by is the unknown coefficient and Pk(2 2)( ) stands for Jacobi polynomial.

The application of Fourier transformation to the equation (4.2.34) gives

=Y = o B Jk+1 (sag) , (4.2.35)

k=0

where By, = Qfm

Gr = (=1)%* and I, J,, stand for the Gamma and Bessel
functions, respectively. Substituting equation (4.2.35) into equation (4.2.33) and

integrating with respect to x; from —ag to 1, equation (4.2.33) takes the form
> by Eni(z1) = S(a1), |21]< ao, (4.2.36)

where E,;(z1) and S,(z1) are given in Appendix D. The solution of the equa-

tion (4.2.36) for the unknown coefficient by, is determined by Schmidt method [77].



Chapter 4.2. Schmidt method to study the disturbance... 123

4.2.4 Solution of thermal stresses
4.2.4.1 Thermal stresses of the State A

The displacement components for the first state after solving equations (4.2.15) and

(4.2.16) with the help of Fourier transform in y are given by

(x,y) 27r/ ZBW C(l) (o) exp(ﬁ%)(a)m —iay)da

20 (2 () (1) ,
+ — /OO Z Uy () exp()\nj ()z —iay)da,

2 a( .
c / Z vf}li ) exp( )\(1]) ()z —ioy)da,

where « is the Fourier variable, B,(L'lj) (cv) are unknown functions in «, 0,97)( ) uﬂg (),

v(l)l(oz) are given by equations (D.0.9)-(D.0.12) in Appendix D and 77%)(04) are de-

tnj

termined by

7_(1)(

nj O[)

(=80 + (1Y Va2 + 32 = 4ifoan) . 75(0) = 717 (@), 7i3(@) = 74 (),

L\DIH

wheren =1,2; j=1,4, fo=+/(3—k)/(1 + k) and k =3 —4v, (3—4v)/(1 +v) for
plane strain and plane stress cases, respectively. The expressions of thermal stresses

for State A are determined by using the relation between stresses and displacements.

4.2.4.2 Thermal stresses of the State B

Employing Fourier transform in equations (4.2.17) and (4.2.18) the expressions of

displacement fields above and below the cracks’ region are as follows
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= [P0 B (5)C) () exp(r.? (s)yn — isa)ds

+201n(i1:111) f_ocoo U%(S) exp()\fl)(s)yl —isxy)ds, 1 > 0,

Ug)(fﬁlayl) =
(e’ 4 2 2 2 .
e [0 00 B ()0 (s) exp(rD (s)yr — is1)ds

4+ 2om(@1.41) f—ocoo uﬁf,)g(S) eXp()\fQ)(g)yl —isxy)ds, y <0,

= %0 B (s) exp(rD (s)yn — iswn)ds

(2) +2an(7xrl’y1) ffooo “t(rzz)l(s) eXP(AfB(S)Z/l —isxy)ds, y1 > 0,

Up, (.%’17 yl) =
[e%e) 4 2 2 .

% ffoo Zj:1 szj)+4(3> eXp<Tr(Lj)(5)y1 - 18331)658

2z [ 00 (s) exp(N (s)yr — isar)ds, v <0,

™

where s is the transformed variable, Bfé)(s) are unknown functions in s, Cfé)(s),

ug?J(s), Ut(z(s) are given by equations (D.0.13)-(D.0.16) in Appendix D and 77(3)(3)

are determined by

nj

o (s) = [ Bz + (— 17 foBt)? +4s (5 + 1Bar + (~LVifofha) — B + <—1>J‘foﬁm} /2,5=1.2,

() = [\/ (Baz + (=1)3%1 foB1)? + 4s (5 + Bt + (—1)7 foBus) — B + (—1)]’.;%64 /2, j =34,

nj

Analogous to the temperature field case, application of regularity conditions give

Bf?(s) =0, 7=3,4,5,6. Denoting the jump of the displacement components by

wl(w1> = ug)(:]’h O+> o ug)(‘/l;lﬁ 0_)a ’¢2(1’1) = (UT(LQ)('/I’Ila O+) - U7(L2)(w17 0_)
(4.2.37)

Utilizing Inverse Fourier transform in (4.2.37) and stress continuity condition at

y1 =0, Bg)(s) (j =1,2,7,8) can be determined by the matrix given as follows
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M.B=T+8,+ 8-, (4.2.38)
D(s) DY(s) —DZ(s) —D(s) B (s)
(2) (2) (2) (2) (2)
EY(s) E s) —FEZ(s) —FE/(s B S
WhCI‘C M: 7(12)() 2() n23() n;L() : B: n22() :
CD(s) CF(s) —CB(s) —CF(s) B (s)
1 1 ~1 ~1 BY(s)
4o (21,0)(D,5) (5) — D, (s)) 0 0
4o, (21,0 En() s —E;L(Q) s 0 0
| den(e 00 w() (2;<>> s . |
devy (1, 0) (uf)y (5) — ul2) (s)) U, (s) 0
day, (21,0) (v (5) — viny(5)) | 0] |0 (s)|
Uy(s) = VY1(21)e" ' dr,  and  Wo(s) = Py (1) e day,

M is a non singular matrix, Dﬁ?(s), E,(fj)(s), D;(YQ )(s) and E;(f )(3) are given in

Appendix D. Rewritting the unknowns Bff)

/(s) as

B (s) = BY) () + Bio (5)Va(s) + B (s)Wals), (4.2.39)

3ng

where B (2)

1Inj

(s), B (s) and B{?

, By 3nj () are the related to the matrices M—lr Mm—1ls,

and M1 .Sy respectively.

4.2.4.3 Numerical solution of integral equations related to stress field

The unknowns st) () can be expressed in terms of @, ¥; and Wy with the aid of

equations (4.2.19)-(4.2.22) and gives the following cight equations
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4

ZB Er(m)vj( ) exp(pﬂwn ng /

> 500 +3 5.0

X GHT(S)U( $)Snj(8, @, Prwn)ds — 4o (pwy, {Z mn] exp(pnu)n)\(lj)(a))

- / (GH.® () (s, @, ppwn) + GH. 2\ (8) o (s, v, pnwn))ds}, (4.2.40)
2 4 2

> S OB @ PEL o) = [ 3 | S50+ 3 500
n=1 j=1 j=1

X GHSBL](S)SM(S a,0)ds +4anozn ) (0 {ZFEm;)J

n=1

- / (GH.® ()11 (s, ,0) + GH.? () La(s, v, O))ds], (4.2.41)
ZZPn-}-lB mn] / an ZB +ZBn]+4 ] mn](s)
n=1 j=1

2

000+ 4 (0) Y el (o) - / TK2 (s >Inj<s,a,o>ds]

7j=1
(4.2.42)
1 2 2
where m,n = 1,2, p, = (~1)", FEL)) (@), FE\ (o). GHS) (s), GH,(s), JKS) (s),
JKn(jL)]( ) C’l,,QLZL]( ) uvt(}gn]( ) and S,,;(s, o, x) are given in Appendix D. Rewritting
(1) aq
B,j () as

B{(a) = Bj(a) + / h (BB;(a, s)Wy(s) + BBB;(a, s)Wy(s))ds, (4.2.43)
B{)(a) = Bjiala) + / OO(BBj+4(oz,s)‘111(s) + BBB;4(a,s)Uy(s))ds,  (4.2.44)

where j = 1,2,3.4, Bj(«a), BBj(a) and BBB;(«) are the coeflicients obtained by
solving above equations. The following singular integral equations [46] are obtained

after employing boundary condition (4.2.23)
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/ (N1 (21, 8) Ui(s) + Npia(21, 8) Va(s)] ds = Prp(21), 1| < a, (4.2.45)

o0

/ [N,Lgl(l'l,S) \Ijl(S) + N,LQQ(ZL'l, S) \IIQ(S)] ds = P27L($1), ‘ZE1‘< Qagp, (4246)

o0

where Npmi(21,5). Prn(z1) are given in Appendix D. To obtain the solution of the
integral equations (4.2.48) and (4.2.49), the unknown functions W, (s) and Wy(s) are

expressed as follows

oo (%%) T T 2 %
Ek:() cnkPk <ﬁ> 1- (ﬁ) ) ’/El’< aop,

0, ’x1’> o,

Yn(z1) = (4.2.47)

where ¢, (n = 1,2) are the unknown coefficients to be determined. Similar to
the temperature field case, these unknowns are determined by using the Schmidt

method.

4.2.5 Driving force parameters

After getting the values of by, and c,;, the values of heat flux and stresses can be
determined easily. Thus, the crack tip heat flux intensity factor (HFIF) is defined

as [111]

Kz = lim +/27(—x1 — ag)quy, (21,07), (4.2.48)

r1——aop
K = lim +/27(x1 — ag)qay, (z1,07). (4.2.49)
Tr1—ag

In terms of coefficients by, the expressions (4.2.48) and (4.2.49) can be found as
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_ Fo1 =
K % = — -0 b, B
H 27r\/a_ exp( 11a0) kzg k Dk,
K = exp(da1ap) bk B;y.
gy e L

(4.2.51)

The mode I and mode II crack tip thermal stress intensity factors (TSIFs) are given

by

K;* = lim 27 (=21 — o) 01y, (21,07),
Tr1——ag

K7 = lim +/27(x1 — ag)oay,y, (21, 0"),

Tr1—ao
a1 N
K/ = lm +/27(—x1 — ag)01z,y, (21,07),
r1——ag

]{?? = x}ii}}m 271’({1,’1 - a0)02ﬂ»’1y1 (xlﬁ 0+)7

which in terms of unknown coeflicients c,; are expressed as

_ 2401 exp(—p11a0)
K% =— o, B,
(1+k)my/ag kz:;

ao 2402 eXp(Mmao) - k
K = oy 2 (=1 e B

- 2101 eXP(—MnGo) =
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4.2.6 Results and discussion

(4.2.52)
(4.2.53)
(4.2.54)

(4.2.55)

(4.2.56)

(4.2.57)

(4.2.58)

(4.2.59)

This section of the chapter deals with the graphical investigation of crack tip HFIFs

and TSIFs vs. crack orientation angle, crack insulation parameter, the width of the
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FGM strips, and non-homogeneity parameters for distinct values of crack angle.

During numerical computation A, = h.ag/ko1 is chosen for simplicity, where
Ay is called Biot number that describes the degree of crack surface partial insulation
[7]. Kow = k1 Qur/a0, Koy = knnQyv/0, Kiz = Kijo = 4pmQey/(a0)?/(1 + k) and
Ky, = Ky = 4@01Qy\/W/ (1 4+ k) are considered as normalizing parameters.
In general A\, = 0.5, wy/wy = 1, 81/02 = 1, B1/P2 = 1, 11/72 = 1 and § = «/4
are taken for computation purpose. Even if one of those varies then the remaining
parameters will have the mentioned fixed values. Moreover, for horizontal heat flow,

Q. = Qo, Qy = 0 and for vertical heat flow @), = 0,Q, = Q) are considered.

4.2.6.1 Validation

To validate the present study obtained by using the Schmidt method, the results are
compared with the results obtained in [110] in which the dislocation density function

is introduced as an unknown variable. In [110] the heat transfer problem was studied

—0.2f ---- Tsai et al. [12] —— Present result
-04f
S
< -06
B
-0.81
10 —— Ku(-ap)/K,y —0— Kulag)/K,y
-3 -2 -1 0 1 2 3
&2/ag

Figure 4.2.2: Comparison between the acquired and existing findings
[110] of normalized crack tip HFIFs as a fuction of normalized heat
conduction parameter dy/ag for a perfectly insulating angled crack in an
infinite functionally graded medium.

for a perfectly insulated angled crack situated in an infinite FGM subject to uniform
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heat flux. For 6 = 54°, wy = wy >> ag and §; = dy = dy, Figure 4.2.2 shows close

proximity between the obtained results and the existing results.

4.2.6.2 Influence of crack orientation angle

06} 1 ~ K™ /Koy = Ki [Koy

K3 [Kox and K7 [Kox

Ki® /Koy and Ki /Koy

—_04f SSn, ] QOF scccegresnmp s S e
~ K™ /Koy = K3 [Kox ~~ Tty T =

0.0 0.1 0.2 03 0.4 0.5 0.0 0.1 0.2 0.3 0.4 0.5
o/n O/

(a) (b)

Figure 4.2.3: Variations in normalized crack tip HFIFs subjected to (a)
horizontal and (b) vertical heat flow for distinct values of normalized crack
orientation angle /.

In the Figures 4.2.3a and 4.2.3b, the effect of obliquity 6 on the crack tip
HFIFs are demonstrated for steady-state horizontal and vertical heat flows, respec-
tively. From the Figure 4.2.3a it is clear that under horizontal heat flow, Ky at
—ayp increases as the crack angle increases from 0 to 0.257 and after § = 0.257 it
decreases, while Ky at ag shows complex nature with the increment in 6. Similarly,
Figure 4.2.3b shows that the heat flux intensity factor at the crack tip —ayq initially
increases as the crack orientation angle # varies from 0 to 0.257 but after that it
decreases as 6 increases. However in this case also Ky at ay shows monotonic nature
for increasing values of 6. Under both components of heat flow, the magnitude of

Ky at the right crack tip is greater than that at the left crack tip.

Figures 4.2.4 and 4.2.5 show the variations of mode I and mode II crack

tip TSIFs for distinct values of # under steady-state heat flow components. From
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Figure 4.2.4: Variations in normalized mode I crack tip TSIFs subjected

to (a) horizontal and (b) vertical heat flow for distinct values of normalized

crack orientation angle /.
the comparison of Figures 4.2.4a and 4.2.4b, it is clear that the maximum value of
the normalized crack tip K7 is obtained for horizontal heat flow. This indicates that
the heat flow in the direction of material grading gives rise to the severe near-tip
condition. Moreover, the negative values of K; imply that there is a possibility of
crack surface contact. Figures 4.2.5a and 4.2.5b illustrate that the magnitude of

normalized K at the right crack tip is greater as compared to the left crack tip for

both components of heat flow.
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Figure 4.2.5: Variations in normalized mode II crack tip TSIFs subjected
to (a) horizontal and (b) vertical heat flow for distinct values of normalized
crack orientation angle /.

Therefore, the disturbance in heat flow in both directions is significantly
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affected as the crack orientation angle changes from acute to obtuse. Also, if both
the heat flow and material grading are in the same direction then the crack opening
mode causes much disturbance in the flow of heat. Thus it is important to consider

different values of € instead of only 6 = 0,7/2.

4.2.6.3 Influence of biot number
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Figure 4.2.6: Plots showing normalized crack tip HFIF's as a function of
biot number A, subjected to (a) horizontal and (b) vertical heat flow.

The behavior of HFIF at the crack tips —ag and ag under horizontal and
vertical heat flow for 6§ = 0,0.125m,0.257,0.3757, 0.5 is displayed through Figure
4.2.6. From Figure 4.2.6a it is noted that in the presence of horizontal heat flow
HFTF at the right crack tip initially increases as A, increases. After some fixed value
of )\, it started to decrease and for A increasing from 2 to 5 the variation in HFIF
becomes very small. This behavior is obtained for all distinct values of 0 except
0 = 0, at which the magnitude of HFIF diminishes whatsoever the value of Ay is
taken. However, for HFIF at the left crack tip, the opposite trend is observed.
Further, it can be observed from Figure 4.2.6a that under horizontal heat flow the
difference in magnitude of left and right crack tip HFIFs is small. Analogously, from
Figure 4.2.6Db it can be noted that under vertical heat flow the trend of HFIFs at the

crack tips is similar to that of horizontal heat flow as 6 varies. But under this flow,
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Figure 4.2.7: Plots showing normalized mode I crack tip TSIFs as a
function of biot number A, subjected to (a) horizontal and (b) vertical heat

flow.

the magnitude of HFTF diminishes for any value of A, for the crack angle 8 = 0.57.
The variation in the magnitude of HFIF at the left crack tip becomes smaller with

the change in crack obliquity. This is due to the effect of thermal conductivity on

the adjacent constituent of the left crack tip.
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Figure 4.2.8: Plots showing normalized mode II crack tip TSIFs as a
function of biot number A, subjected to (a) horizontal and (b) vertical heat

flow.

Figures 4.2.7 and 4.2.8 illustrate the effect of biot number on the normalized
mode I and II crack tips’ TSIFs under horizontal and vertical components of heat
flow for different values of 6. As the nature of the perfectly insulated crack (A, = 0)

changes to the partially insulated (\, > 0) one, the mode I crack tip TSIFs increase
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and become almost constant when A\, > 1 or 2. This shows that for large values of
Ay, the variation in the crack tip TSIF's is almost negligible. However, when steady-
state heat flows horizontally the behavior of Kj;(—ag) as a function of ), is similar
to Ki(—ap) as 0 varies whereas for Kr(ag) it is opposite in nature. Figure 4.2.8b
indicates that an interesting behavior is obtained for normalized K;(—ag) under
vertical heat flow. As biot number increases from 0 to 1, the magnitude of K;(—aq)
decreases as the crack angle increases from 0 but after 8 = 0.257, K;;(—ao) increases
with the increase in A\,. For A\, > 1, the change in TSIFs at the left crack tip remains
negligible for all values of §. The variation of Kj;(ag) under vertical heat flow is

similar to that of K;(ag) under horizontal heat flow.

4.2.6.4 Influence of width ratio

The effect of strips’” width on the crack tip HFIF's is illustrated by Figure 4.2.9.
It can be observed from Figure 4.2.9a that under horizontal heat flow as the ratio
of the strips’ width wy/w; increases the magnitude of HFIF at the crack tip —aq

increases while at the crack tip ag it decreases. Moreover, the trend of HFIF is the
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Figure 4.2.9: Influence of width ratio wy/w; on normalized crack tip
HFIFs subjected to (a) horizontal and (b) vertical heat flow.

same for all 8 at both crack tips except for § = 0. For the crack angle 6§ = 0, the
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magnitude of HFIFs is zero for any value of width ratio. The nature of crack tip
HFIFs under vertical heat flow is the same as observed for horizontal heat flow as
seen from Figure 4.2.9b except for § = 0.57 for which HFIF diminishes. From the
above discussion, it can be concluded that for wider strip (I) the magnitude of HFIF
decreases for the left crack tip, while it increases for the right crack tip. Similarly,
as the width of the strip (II) increases the intensity of heat flux increases at the left
crack tip but decreases at the right crack tip. In other words wide strips are more

effective in dissipating the heat in the near-tip region.

KIaU/KIX osf 000 ===-- Kfao/Kly KIHU/K/y
o5f I .
5 - > - -o-®-—=="""" o——-----= *———----= - ---=-== .
¥ _ . ¥ oof E—————.—————
:‘EZ 0.0f o= . - - > === u;\ e at=t =t ST g======== e P EEEEEEH] 3
ST e == ———
° - 3
s e c
i ~t - r -—_/-—/)’__. 1
X -05F &=* 1 % -05
- <
G o :
X _qof Fortl e INC N -
-15¢ il el 7(] 4 ['0' =0 -= 6=0.1251 ~ =025 = 6=03757 =+ 6=0.5 7(]
: ; ; : . . —15Ls
0 1 2 3 4 5 0 1 2 3 4 5
wa/wy o
(a) (b)

Figure 4.2.10: Influence of width ratio ws/w; on normalized mode I
crack tip TSIFs subjected to (a) horizontal and (b) vertical heat flow.

Figure 4.2.10 demonstrates the impact of strips’ width on normalized K;
in the vicinity of the crack tip. It is seen from Figure 4.2.10a that under horizontal
heat flow as the width of the strip (I) increases mode I TSIF at ag increases but as
soon as the width of the strip (II) started to increase, mode I TSIF at ay decreases
and shows small variation as the width increases further. The normalized K at the
crack tip —ag increases as the wy/w; increases or in other words as the width of the

strip (I) decreases.

From the Figure 4.2.10b it can be said that when the heat flows vertically,

the mode I TSIF at both crack tips increases as the width ratio ws/w; increases
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Figure 4.2.11: Influence of width ratio wy/w; on normalized mode II
crack tip TSIFs subjected to (a) horizontal and (b) vertical heat flow.

for 8 = 0,0.1257,0.257,0.3757,0.57. One can observe from Figure 4.2.11a that for
horizontal heat flow as the width ratio increases or width of the strip (I) decreases,
K11(—ap) increases whereas Kpy(ag) decreases for distinct values of . For normalized
Ky, Figure 4.2.11b depicts that at the right crack tip the magnitude decreases with
the increase in wq/w; for almost all values of §. However, for different values of the

crack angle the behavior of Kj(—ayg) is different.

4.2.6.5 Influence of nonhomogenity parameter ratios

Figures 4.2.12 to 4.2.18 demonstrate the impact of non-homogeneity parameters on
the crack tip field intensity factors due to horizontal and vertical steady-state heat
flow. From Figure 4.2.12a it is seen that under horizontal heat flow as d2/9; increases
from 0 to 1 the magnitude of HFIF at —a( decreases but as soon as the said ratio
increases further from the value 1 the magnitude increases. However, the opposite
trend is observed for HFIF at the crack tip ao.  Similarly, from Figure 4.2.12b,
it is easy to observe that under vertical heat flow, the behavior of HFIF at both

crack tips is the same as due to horizontal heat flow. Thus, it can be said that
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Figure 4.2.12: Effect on normalized crack tip HFIFs of heat conduction
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Figure 4.2.13: Effect on normalized mode I crack tip TSIFs of heat
conduction parameter ratio d/d; subjected to (a) horizontal and (b)
vertical heat flow.

the heat dissipation is facilitated as the heat conductivity parameter of the material

increases.

The result is displayed in Figures 4.2.13 and 4.2.14 manifest that as the
heat conductivity of strip (I) increases the magnitude of normalized mode I TSIF
at both crack tips changes significantly for both components of heat flow. For
0 =0,0.1257,0.257,0.3757, 0.57, K;; show monotonic behavior as the value of heat
conduction parameter ratio increases. Further, it is found in Figures 4.2.13 and
4.2.14 that for varying values of heat conduction parameter the trend of both modes

I and IT TSIFs are different from each other. Therefore, thermoelastic singular
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Figure 4.2.14: Effect on normalized mode II crack tip TSIFs of heat
conduction parameter ratio d/d; subjected to (a) horizontal and (b)
vertical heat flow.

behavior for both opening and shearing mode is strongly affected by the heat con-

ductivity parameter of the material. The demeanor of crack tip TSIFs under the
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Figure 4.2.15: Impact of stiffness parameter ratio S5/f; on normalized
mode I crack tip TSIFs subjected to (a) horizontal and (b) vertical heat

flow.

horizontal and vertical components of heat flow is presented through Figures 4.2.15

and 4.2.16.

Figure 4.2.15a shows that when the crack obliquity varies from 0 to 0.5,
the intensity of K (ag) decreases as the stiffness of strip (II) increases under steady-
state horizontal heat flow. Similarly for compliant strip (I), the mode I TSIF at

the crack tip —ag becomes more intensified. Figure 4.2.15b shows that analogous
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Figure 4.2.17: Impact of thermal expansion coefficient ratio 7, /v; on

normalized mode I crack tip TSIFs subjected to (a) horizontal and (b)

vertical heat flow.
behavior is obtained for mode I crack tip TSIFs under vertical heat flow. From
Figure 4.2.16 it can be concluded that for increasing stiffness parameter ratio /51,
the mode II crack tip TSIFs show similar behavior to mode I TSIFs. It is observed
from Figures 4.2.17 and 4.2.18 that as the ratio of thermal expansion coefficient
72/ increases the absolute value of crack tip TSIFs increase for different values of
6 except for K 7(—ag) under horizontal flow of heat component. Figure 4.2.18a shows

that as the value of 75/71 increases the monotonic behavior of K;;(—ag) changes for

different 6.
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Figure 4.2.18: Impact of thermal expansion coefficient ratio v, /v; on
normalized mode II crack tip TSIFs subjected to (a) horizontal and (b)

vertical heat flow.

4.2.7 Concluding remarks

This chapter focuses on the investigation of disturbances in steady-state heat flows
brought on by an arbitrarily oriented crack crossing the interface. The centre of
the crack is located at the interface of two bonded functionally graded strips. The

findings of this study are as follows:

1. The Schmidt method is used to determine the analytical forms of the heat flux
intensity factor, as well as the mode I and mode II thermal stress intensity

factors close to the crack tips.

2. The crack’s orientation angle affects the crack tip field intensity factors, and
for both the horizontal and vertical components of steady-state heat flow, the
field intensity factors at one crack tip differ from other. Furthermore, when
the direction of heat flow and material grading is same, the extremum value

of the crack tip K7 is obtained.

3. The intensities of the horizontal and vertical components of heat flow change

monotonically when the crack’s nature changes from completely insulated to
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partially insulated. Further, the negative values of K give rise to the possi-

bility of crack-surface contact.

4. The pictorial presentations of crack tip HFIFs under the impact of strips’ width
conclude that for the strip in which the tip of crack is located, the HFIF at
that tip increases as the width of the said strip decreases. For different values

of 6, the width of the strips has a significant impact on the mode I and mode

II crack tip TSIFs.

5. The field intensity factors for horizontal and vertical heat flows exhibit an
incremental-decremental nature with changes in the non-homogeneity of the

FGM strips.
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