Chapter 3

MDS codes based on

orthogonality of quasigroups

A Latin square corresponding to set with cardinality n, is an n x n array arranged
in such a manner that each symbol occurs exactly once in each row and column. It
is known that a binary quasigroup is an algebraic equivalent of a Latin squares. In
[33, 34], Dénes and Keedwell defined mutually orthogonal Latin squares (MOLS)
as a set in which every pair of distinct Latin squares is orthogonal. In general,
superimposition of k£ Latin squares yields a k-dimensional hypercube (also known
as k-hypercube). It is an n X n x -+ x n (k-times) array with n* ordered tuples
containing entries from a set with n symbols. Further in 1998, Mullen and Whittle
[79] classified a k-hypercube as type-j if any j elements out of the & coordinates are
fixed, and each of n-symbols appears n*~7=! times in that subarray. In particular,
a Latin square is a 2-dimensional hypercube of type-1. This work led to observe
orthogonality of k-hypercubes. A k sized set with k-hypercubes is said to be k-
orthogonal if, when superimposed, each of the n* ordered k-tuples occur exactly
once. A set of m(> k) k-hypercubes is called mutually k-orthogonal if its every
k sized subset is k-orthogonal. In 2012, Ethier and Mullen [46] defined that for
2 < j <k, a jsized set of k-hypercubes is said to be j-orthogonal if, superimposed
each of the n’ ordered j-tuples occurs exactly n*~7 times. For more literature on
Latin squares, the reader may refer a good survey [31, 33-35]. In 1998, Couselo
et al. [29] defined a recursive MDS codes of dimension 2 and 3 using quasigroup.
In 2001, Abashin [1] proposed a linear complete recursive codes with dimension 2
and 3 using the k-orthogonality of quasigroup.

The code K is said to be complete k-recursive code [29] if there exists a map
f:QF = @, where k < n and @ is a finite set, such that

K= {(uo,ul, - ,un_l) S Qn D Uik = f(u,, R ,ui+k_1), 0<i1<n— k—l}
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48 3.1.  Recursive derivatives and orthogonality of quasigroups

Thus, K is denoted as K(n|f). There are some generic constructions for linear
recursive maximum distance separable (MDS) codes and their related parameters
are discussed in [1, 29]. More broadly, there are other classes of error-correcting
codes like almost MDS codes, near MDS codes, Linear complimentary dual (LCD)
MDS codes and self-dual MDS codes have been described in [19, 54, 82, 129]. In
[74], Krotov proposed the 4-ary MDS code with distance 2 based on the n-ary
quasigroups of order 4. In conclusion, design of these classes of error-correcting
codes are of practical importance as there is always a need for optimization in
terms of channel bandwidth and error correction capacity.

In this chapter, we work towards the extended invertibility and orthogonality
of k-ary operations. We propose a novel construction of MDS codes using extended
invertibility of k-ary operations and the orthogonality of quasigroups.

This chapter is divided into several sections: In Section 3.1, we discuss some
basics of orthogonality and recursive derivatives of a quasigroup. Additionally, we
discuss the definition of recursive codes. In Section 3.2, we define the notion of
extended-i-invertibility of a k-ary operation and we provide various methods for
constructing the orthogonal system of k-ary operations over ()2. In Section 3.3,
we propose a class of recursive MDS codes of dimensions 2 and 3 based on the
mutually strong k-orthogonality of the system of k-ary operations over Q*. We
also include some examples to support our theory along with the enumeration of

such codes using SageMath.

3.1 Recursive derivatives and orthogonality of
quasigroups

Definition 3.1.1. [89] Consider a non-empty set () and let g be a k-ary operation
defined over @Q such that for each k-tuple (ay,...,a;_1,ait1,...,ax, aps1) € QF, if
there exists a unique ‘z’ for the equation

glay, ... a1, &, Q41 ..., 05) = Qgy1, (3.1)

then ¢ is said to be i-invertible operation.

It follows that (@, g) is a k-ary quasigroup if g is an i-invertible operation for
each i € {1,2,...,k}. Let [lg, 1 < i < k be the i inverse operation of g. Then,
the following identities in algebra (Q, ¢,/ ¢) holds:

g (:1:1, e @y, g(x1, . k), Tig1, - ,xk) = 2

[l]g (mlw . 7~ri—1ag(fcl7 s ,.Tk),l'i+1, s 7xk) = T
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Definition 3.1.2. [14] For 1 <1 < k, an [-tuple (Gy,..., ;) of different k-ary
operations over an n-sized set () is called an orthogonal system if the system of [-
equations {G;(x1, ..., z) = a;}._, has exactly n*~! solutions for any (s, ..., ) €
Q'. In particular if [ = k, such a k-tuple (G1,. .., G}) of different k-ary operations
is orthogonal if the system {G;(z1,..., o) = a;}+_, has a unique solution for each
(ay,...,ax) € QF.

Definition 3.1.3. [14] A set {G1, G, ...,Gy} of k-ary operations is said to be
k-orthogonal, if for k& < m, if every k-tuple (G;,,G,,,...,G,, ) of distinct k-ary
operations is orthogonal.

Definition 3.1.4. [46] A set w = {G},...,G,} of distinct k-ary operations over
@ is said to be k-strong orthogonal if the set {ej, eq, ... e, G1,Gay ..., G} is

k-orthogonal, where e;(xq, o, ..., 2) = @y, for 1 <i < k.

Theorem 3.1.5. [83] (The Singleton Bound) For any [n, k, dy]-code, the distance
dy <n—k+1. Codes in which the distance dg =n —k+ 1, are called maximum
n—=k

distance separable (MDS) codes. An MDS code can correct up to LTJ errors.

For a k-ary operation g over ), the recursive derivatives of g at x = (21,2, ..., 2x)

€ Q*are defined as:

dog(x) =g(x1, 2. .., 28),

)
dlg(x) =g (x% L3y ooy Ty dog(‘r)) )
g

d*g(z) = (;L'3,;L'4, o ,:L'k,dog(;c),dlg(x)) ,
d"g(z) =g (:/U,€7 d’g(x),d g(), ... ,dk_zg(x)) ,
d*g(x) = g (dg(x), d'g(x),...,d* 2g(x),d" ' g(z)). (3.2)

Using above notion, a complete k-recursive [2k + 1, k| code K over @ is:
K(2k+1)|g) = {(ml, ..., dg,dg, ... ,dkg) € Q%H} .

Here, in the right side of the equality d'g denotes d'g(x) as described in (3.2) for

0<i<k.

Definition 3.1.6. [29] A k-ary quasigroup operation g over () is said to be recur-
sively t-differentiable for t € N, if (@, d’g) forms k-ary quasigroups for 0 < i < k,
where d'g are described in (3.2).

Proposition 3.1.7. [29] For any k-ary quasigroup (Q, g), the code K ((k+ 1) | d°g)
= {(:171, o ak,dYg) € QFF1) s an MDS code.
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Definition 3.1.8. [80] A polynomial g € Fy[z1,. .., ] is said to be a permutation
polynomial over F, if the equation g(z1,...,2;) = « has exactly ¢*~! solutions in

IE‘Z for every a € F,.

As a consequence, a linear polynomial g(z1,...,25) = @121 + -+ - + a2y is a
permutation polynomial of F, if and only if (ay,...,ax) # (0,...,0). Following
Definition 3.1.2, since multivariate polynomials in F,[zy,. .., z;] are k-ary opera-
tions, a set of [ such polynomials {gi, ..., g} with 1 <1 <k forms an orthogonal
system if the system of l-equations g;(x1,...,2x) = ;, @ = 1,...,1 has exactly
¢"~! solutions in F, for each I-tuple (a,. .., o) in F..

Theorem 3.1.9. [46] Consider a set of r-linear polynomials g;(x1,...,z5) =

;121 + @222 + - + a;pxy, for 1 < ¢ < 1 over Fy. Then, the set of r-tuple
(g1, ...,9r) forms a set of mutually strong k-orthogonal system of order q and di-
mension k if and only if every square sub-matriz of the r x k matriv M = (a; ;)
1s invertible.

Theorem 3.1.10. [46] Consider a set of r-linear polynomials g;(xy,...,xx) =
;121 + 2%y + - + aipxp, for 1 < i < r oand r > k over F,. Then, the set
of r-tuple (g1, ..., g,) forms a set of mutually k-orthogonal system of order q and
dimension k if and only if every k rows of the r x k matriz M = (a; ;) are linearly

independent.
As an application to Theorem 5 of [29], it is easy to observe the following:

Theorem 3.1.11. Consider a k-recursive code K(n | Gy, Gy, ..., Gy) over Fy in
which Gi(x1, ..., &n k) = @101 + A2,T2 + -+ + @y g iZnk for 1 < i < k. Let
M = (a;;)rxi be the coefficient matriz as defined in Theorem 3.1.9. If every sub-
matriz of M is invertible, then KC is an MDS [n,n—k|-code i.e., if (G; : 1 < i <k)

forms a mutually strong k-orthogonal system.

For detailed theory on quasigroups and MDS codes, reader may refer (see,
[83, 116])

3.2 Orthogonal system of k-ary operations

Definition 3.2.1. Let g and h be i-invertible k-ary operations over ). Let GG, a
k-ary operation over (Q?, be defined as

G((ala a2), (a3, a4), ceey (a2k—1, a2k)) = (Q(Gh as, . .. ,a2k—1), h(az, Agy ... 7a2k))-
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Then G is said to be extended-i-invertible operation if each tuple (a1, aq, .. ., asi_o,
A2it1, - - -5 Aok, Aok 1, okro) € Q?F determines a unique (z,y) € Q? such that
G((ar,a2), ..., (2, y), ..., (azk—1,a2k)) = (G2k41, G2kt2)- (3.4)
h
it

Thus the extended-i-invertibility is an extension of two i-invertible operations,
which can be further extended too. This extension provide new algebraic proper-
ties to explore and an application of these can be observed in various fields like
coding theory and cryptography. We explore properties in constructing new family
of MDS code.

Note. Throughout the chapter ng) means ng)(xj, Tjt2,. .., Tjtop—2) for my, zo, . ..
xor € Q and j € {1,2}.

Theorem 3.2.2. Let g; be ani-invertible k-ary operation over Q) fori=1,2,... k.
Then the k-tuple (G1,Ga, ..., Gy) defined by:

Gl(mla .. '7952/6) = (91(9517953’ e 71'21671)791(1'279547 .. 'ax2k)) = (Ggl)aG?)) 5
G2(:1:17 .. '7I2k) = (92(G§1)7a737x57 .. 7x2k—1)792(G§_2)7x47x67 .. '7:1:2]6)) = (Ggl)ngQ)) 5

Ga(wr, o) = (93(GLY, G, s, o 1), 0(GE, G, o) ) = (G5, GE) 5

Gk(l'l, e 1)2'2]9) (gk(G§l)7G ..... GEC )17332]9 1) gk(Gl 7Gé2),.. .,Gg_)l,:pzk)) = (GS),GS)).
(3.5)

is an orthogonal system of k-ary operations over QQ*.

Proof. Let (ol a{? alV o, alV, a®) € (Q*)F be fixed. Consider the system

{Gi(flfl,l’g, S Tgy) = (Gil), G,?)) (a (1),a£2))} . On substituting the values of
i=1

(Gz(.l), G§2))1<,<k 1 in the last equality of (3.5), we obtain
Gr(z1,...,@2) = ((:L,(Cl)7 a,(f)) Gk(agl), a?), aél), a(2> a,(ql)l, agc )1, Tokh—1,L2k)- (3.6)

Since gy is k-invertible, we obtain a unique solution for (wor_1, o), i.e., (say
(bog—1,bar)). Therefore Gy is an extended-k-invertible operation. Again, on sub-
stituting (o1, 22x) as (bog_1,box) and the values of (Gg”,G?))lgsk,z into the
(k — 1) equality of (3.5), we obtain

Gr—1(z1, ..., Top—2,bop_1,bo1) = (gk—1(a§1), . ,a;(cl_)g, Tog—3), gk—1(a§2), . ,a,(f_)g, l'2k—2))

= (al(cl)l’ “191)
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As before, using the (k — 1)-invertibility of gr_1, we obtain a unique solution for
(Tok_3, Tok_2), i.e.,(say (bak_3,box_2)). Therefore Gy_1 is also extended-(k—1)-invertible.
Proceeding in same manner till the first equality of (3.5), we have

Gi(z1,...,w21) = (g1(w1,03,b5,. .., bog—1), 91(x2, b4, b, . .., Do) = (ail),aﬁz))- (3.7)

Finally we obtain a unique solution (x1,z3) = (b1, b2) using l-invertibility of g;. As a

conclusion, (G1,G?,...,Gy) is an orthogonal system of k-ary operations over Q2. [

It should be noted that instead of taking two coordinate-evaluations, the result
can be easily extended for further coordinates.

Example 3.2.3. In Theorem 3.2.2, consider () = Zg, g1, g» and g3 be 3-ary oper-
ations over Zg which are defined as g (a1, as, az) = 2a1 + 3as + 3as, g2(ay, as, az) =
6a; 4+ az+6as and gs(ay, as, az) = 3a; +3az+5as. Then the 3-tuple (G, G, G3) as
defined in (3.2.2) as G;(x1, ..., x¢) = (gi(21, 3, x5), gi(22, 24, 6)), for ¢ € {1,2,3}.
One can see that g, g» and g3 are 1, 2 and 3-invertible 3-ary operations over Zg re-
spectively. So, G; is extended-i-invertible operation over Z2 for each i € {1,2,3}
respectively. Here the matrix M, as defined in Theorem 3.1.10, corresponding
2 33
to the system (g1,¢92,93) is |3 1 6| and det(M) = 1 (mod9) # 0. This

6 3 5
means (g1, g2, g3) is mutually 3-orthogonal system over Zg and hence the tuple

(G4, Gy, Gi3) is also a 3-orthogonal system over Z3.

Theorem 3.2.4. Let g; be an (k — i + 1)-invertible k-ary operation over @ for
i=1,2,... k. Then the k-tuple (G1,Gs,...,Gy) defined by:

Gi(z1,...,221) = (g1(21,23, ..., 22p—1), 91 (w2, %4, . .., Tok)) = (051)7052))
Ga(x1,...,295) = (92(90179037---7W2k—37Ggl))792($27$4,--~,$2k—27052>)> = (0(21)7052)>

G3(z1,...,295) = (93(90179037---79021%57Ggl)7G(21))793(93279047--77w2k747G52),Géz))) = (G§1)7G§2))

Gr@r,vam) = (ar(er, GV, 680 60, LG k(e 60,680 6P, 6))) = (61 6)

is an orthogonal system of k-ary operations over ()*.

Intuitively, we can observe that the above results are also valid for arbitrary
positions of GEJ s in recursive definition of (G4, ...,GE). We prove this result in
the following Theorem:
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Theorem 3.2.5. Let o and 7 be permutations of {1,3,...,2k—1} and {2,4, ... ,2k}
respectively. Let g; and h; be 0(2i—1) and 7(2i)-invertible k-ary operations respec-

tively over @ for each i € {1,2,...,k}. Then the k-tuple (G, G, ..., Gy) defined

by:

Gi(z1,...,291) = (g1(21,23,. .., Togp—1), h1 (w2, 24, ..., T2k)) = (Ggl)vGEQ)) ;

= (Gél),Géz)> ;

1) L@ .
Gix1,-- o) = (951,93, y2k—1), by (Y2, 94, -+ yar)) = (G; )70; )) , for 3<5 <k, (38)

where Yo(1) = Ggl)z Yo(3) = Gg1)7 s Yo (25-3) = G§'1_)1;' Yn(2) = G§2)7 Yr(a) = Gg2)7 ceey
Yr(2j—2) = G;Z_)l; and yp = x¢ for L & {o(1),0(3),...,0(2) — 3),7(2),7(4),...,
(25 — 2)}. Then the k-tuple (G1,Gs, ..., Gy) is an orthogonal system of k-ary

operations over .

Proof. Let (a\",a!?,a{"”,a{?, ... ,a,(cl), a,(f)) € (Q?)* be fixed. Consider the follow-
ing system of k-ary operations over Q*:

k
{Gilar,. o a2) = (61, 6P) = (@0 } (3.9)

i=1

On substituting the values of (G,(»l), G(?))léigk_l into the last equality of (3.8), we

1

get

Gk(%, ce >$2k) = (gk(yla Yz, oo >y2k—1), hk(y% Z 7y2k)) = (Cl;(:), a](f))v

1 1 1 2 2
where Yo(1) = ag )7 Yo(3) = CL; )7 <oy Yo (2k—3) = a]E;217 Yr(2) = ag )7 Yr(a) = ag )7 DRI

Yr(2k—2) = a;(f_)l- Since Yo(2k-1) = To(2k—1) Yn(2k) = Lr(2k) and gy and hy, are o(2k —
1) and 7 (2k)-invertible operations, we obtain a unique solution for (z,(2k—1), Tx(2k)),
ie., (say (bo(2k—1), br(2k))). Again, on substituting the values of (%4 (2k—1); Tr(2r))
and (G", G?)1<ich_s into the (k — 1) equality, we have

kal(rlv R} bﬂ'(2k)7 sy ba(?kfl)v s 71'2]@) = (gkfl(ylvy?n s 7y2k71)’ hk(y27 Yds e 7y2k)) = (a/;‘;]f17a](§27)1>7

where Yo(1) = a§1)>ya(3) = aél), < Yo(2k—5) = aS_)Q; Yr(2) = a§2)>y7r(4) = ag)v ce
Yr(2k—4) = al”, and Yo(2k—1) = bo2k—1)s Yr(2k) = br(2k)- SINCE Yo(2k—3) = To(2k—3),
Yr(2h-2) = Zr(2k—2) and gy_1 and hy,_; are o(2k — 3) and 7(2k — 2)-invertible
operations, we obtain a unique solution for ¥, (2r—3) = by(2k—3); Tr(2k—4) = br(2k—1)-
On continuing the same process, finally we obtain unique solution for (2,1, Zx(2))-

Therefore, (3.9) has a unique solution, implying ((i1,...,Gy) is an orthogonal
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system of k-ary operations over Q2. O

The next result is an immediate consequence of Theorem 3.2.5, considering a
particular case when g; = go = -+ = gx(=¢g) and hy = hg = - -+ = hy(= h), where
g and h are k-ary quasigroup operations.

Corollary 3.2.6. Let o and w be permutations of {1,3,...,2k — 1} and {2,4, ..., 2k}
respectively. Let (Q, g1) and (Q, g2) be k-ary quasigroups. Let the system of k-tuple
(G1,...,Gy) be defined as:

Gi(w1,...,29) = (91(z1, @3, - - ., T2p—1), 92(@2, T4, . . ., Tag)) = (G51)7G§2)) ;

= (Gél),G(;)> ;

1) L@ :
Gj(z1,...,wok) = (91(y1, 3, - - Y2k—1), 92(Y2, Y4, - - -, Y2k)) = (G§ )7G; )> , for 3<j <k, (3.10)

where Yo (1) = G, Yo(3) = al,. .. Yo (2j—3) = G§1_)1; Yr(2) = a®, Yr(1) = aP. .,
Yr(2j—2) = G;Z_)l; and y, = xp for £ & {o(1),0(3),...,0(25 — 3),7(2),7(4),...
, (25 —2)}. Then the k-tuple (G, G, ..., Gy) is an orthogonal system of k-ary

operations over Q°.

Theorem 3.2.7. Let the k-tuple (g1, g2, - - -, gr) be a collection of 1-invertible k-ary
operations over ). Then the k-tuple (G, Ga, ..., Gg) of k-ary operations defined

as:

Gi(z1, @2, ..., o) = (g1(®1, 23, ..., Tak—1),91 (T2, T4, ..., Tog) = (Ggl)ﬂ?)) ;
GZ(II7IQ7"' 7x2k) = (92(I3a157"'7I2k—17G51))792(x471‘67'"7IZk7G52))) = <G(21)7G22)) )

G3($1a X2, 7$2k) = (93(:1:5’ L7y T2k—1, Ggl)v Gél))’ 93(:1:6’ T8 -+ T2k G§2)7 Gé2))> = (Gz(),l)v GQ(I,2)> 3

Gk(mla Z2,. .. 7:172/6) = (gk(‘r2k—17 Gg_l)’ Gél)v s 7G561_)1)a gk(x2k’ G§2)a PR 7G](CQ_)1)) = (G](Cl)v Ggf)) .

(3.11)

is an orthogonal system of k-ary operations over Q.

Proof. Let (a\V,a'? a{” P, ... 7a§€1),a§€2)) € (Q** be fixed. Consider the sys-
tem {G,-(:I:l7 Loy ..., o) = (Gz(-l), GZ(-Z)) = (az(-l), az(-z))}l_C X and substitute the values
of (G, G?)1<i<k_1 into the last equality of (3.11),l;ve obtain

Gr(z1,22,...,29) = (gk(wzk-l,agl),aémw.7ag_)l)7gk(wzk7a§2)7a§2)7-~-7a§f_)1)) = (ag)7a§f)>-
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Since the gy is 1-invertible, and G is extended-k-invertible operation, we get a
unique solution (og_1, T ), i.e., (say (bax—1,box)). Continuing in similar way as
before, at last using the 1-invertibility of g;, we have

Gi(x1,2,bs, ..., bog—1,bar) = (g1(x1,b3,bs5, ..., bag—1),91(x2, b4, bg, ..., bax)) = (aﬁl),a?))

and finally we get a unique solution of (z1,x2) = (by,b2). As a conclusion, the
k-tuple (G4, Gy, ..., G}) is an orthogonal system of k-ary operations over Q?. [

Example 3.2.8. In Theorem 3.2.7, consider ) = Zg, and the l-ary operations
g1, 92 and g3 be g1(ay, as, az) = a1 + 3az + 3as, g2(ar + az + az) = 2a; + 6a; + 3as
and g3(ai,as,a3) = bay + 6as + 6az. Then the 3-tuple (G, (G5, (i3), defined in
(3.11), where Gi(z1,...,26) = (gi(x1, 23, 25), gi(x2, x4, 26)) for i € {1,2,3}. It
is easy to observe that g¢;,g9» and g3 are l-invertible 3-ary operations over Zg.
So, it can be readily perceived that G; are extended-i-invertible 3-ary operations
over Z32 respectively. Here the coefficient matrix M, as defined in Theorem 3.1.10,
1 3 3
corresponding to the system (g1, g2, g3) is |3 2 0| and det(M) =7 (mod 9) # 0.

6 3 8
This means (g1, g2, g3) is mutually 3-orthogonal system over Zg and hence the tuple

(G4, Gy, G3) is a 3-orthogonal system over Z3.

As a generalization to the above Theorems, we now do not restrict to the
position of i-invertibility of any k-ary operation. Additionally, the underlying k-
ary operations can also be distinct. Using these criterion, we now derive some
more results.

In this direction, recall from Definition 3.1.3 that the set {G1, G, ..., Gri1}
of k-ary operations is said to be k-orthogonal, if every k-tuple (G;,,G,,,...,G,,)
of distinct k-ary operations from {Gy,Gs,. .., Gri1} is orthogonal.

Motivated by this, note that in Corollary 3.2.6 we proved that the k-tuple
(Gy,...,Gy) is an orthogonal system of k-ary operations over Q%. We now extend
a particular version of Corollary 3.2.6 to a (k+1)-tuple (G1,. .., Gk, Gg41) system

in the following result:

Theorem 3.2.9. Let (Q, g1) and (Q, g2) be k-ary quasigroups, then a (k+1)-tuple
(G1,Ga,...,Gry1) defined as:

Gl(ajla oo aka) = (91(1'171'37 ey w2k—1)ag2($2a Tgy .-y $2k)) = (G§1)7 G§2)> ’

G2(I17 o 7:1:2]6) = (gl(xh L3y v, L2k—3, Ggl))vg2(x27 Lgy-eey T2k—2, G§2))) = (G§1)7 G;Q)) )

G3($17"- 7:1:2]6) = gl(xlv---7x2k—57G:([1)7Gél))792($27---7$2/€—47G52)7G22))) = (Ggl)aGgQ))7
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Gr(1,. .. wox) = (gl(thg”,GS)...,Ggljl),gg(xz,c:?),eg"’),...,Gf)l)) - (G;”,G;Q’) ,
Gk+1 (9517 ceey l'gk) = (gl (Ggl)a Gél)a RN Gél))ng(GEQ)J GgQ)J RN G§CZ))> = (Gl(c{;zla G]E?l) .
is a k-orthogonal system of k-ary operations over (Q*.

Proof. 1t suffices to show that every k-subsystem of (G, Gs, ..., Gry1) is orthog-
onal. A general k-subsystem is given by:

{G,-(a:l, C Xog) = (GE”, ng)) = (az(-l), agz))} (3.12)
i€{1,2,0. k+11\j
where j € {1,2,... k, k+1}.
Firstly, when 7 = 1 have the following k-subsystem:
k+1
(Guon o) = (6,62 = (ah o)) 313

=2

Since Grp1(21,...,20) = (a;(ﬁllp affll) and (g1(z1,...,T-1), G2(@2,...,Tox)) =

(Ggl), GSQ)), it follows that (g1 (g1 (21, .. ., T2k-1), aél), . ,a,(cl)), g2(ga(za, .. ., Top), af)

: ,al(f))) = (al(ﬁlJz17 afizl). Hence Gy (x1, ..., T9) is given as

(gl(zlv sy 51:2]@—1)792(1:27 e 7$2k)) = ([1]91((1](:-217 aél)v e 7a§<;1))7[1] 92(04](@2_217 aé2)7 R a](f)))

— (af,a?) (3.14)

for some (a{”,a{?) € Q2, where (Q,V g1) and (@, go) are 1-inverses of the k-ary
quasigroups (@, ¢1) and (@), g2) respectively. Substituting these values in Ggl) and
ng), we arrive at the k£ + 1 system:

{Gi(xl, T (Gz('l)a Gz('Z)) _ (a;l), a§2)> }k+1

i=1

In particular the subsystem for 1 < ¢ < k has a unique solution z; = by, 25 =
by, ..., T = by over @ using Corollary 3.2.6. Now in order to show (3.13) satisfies

this solution, it remains to verify this for last equality, i.e.

Gl(clﬁzl(bla bz, ..., bop—1) = 91(G§1>(b17537 . -7b2k71)7G§1)(b17b37 ooy bag)y -701(3)(51,537 ooy bag—1)),
Gl (B2, bas - bar) = g2(GY (b, b, o), G5 (b, b, bok), - G (b, b b))

and using (3.14), it implies

G (br,bs, e bog 1) = e (Pgn(al)y, a8, oalD), a8, all) = all)),

Ggi)_l(bg, ba, ..., bay) = 92([1]92(0/,({:2_21, agz), . ,ag)),a?, . ,ag)) = agl.

I
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So, we have x1 = by,29 = by,..., 29, = by as the unique solution of the k-
subsystem (3.13), which establishes its orthogonality.

Next, consider the k-subsystem by assuming j € {2,3,...,k + 1} in (3.13).
Note that

Gj(l‘h s 793216) = (gl (1‘17.1?37 s 7I2(k7j)+17a§1>7 RN 5 >1) 92 (I27[L’47 cee 7I2(k7j+1)7a§2)7 s 70,;2_)1)) .

By substituting the values of Gy for t € {1,2,...,k}\j in the equation G, (z1,...,za)

1 2 1 2
= (G/(Hzl’ Gl(c—i)-Q) = (al(c—zlﬂal(ﬂ—i)-l) we get

1 1) oV 1 ),a ) (1)) (1)
1 ceey

1
gilay’ as s a5y, gi(2n, @s, . ,l’g(k_j)_._l,ag ), . ,a;_ NOTeP =54,
2) (2 2 2 2 2 2 2
92(a§ )7 Cl; )7 R 5 )1,92((1}27 Lay ooy L2k—j41)5 ag )7 s ,Cl; )1)7 ag_gla . ag; )) - ag;.?.l
Using j-invertibility of g; and g¢,, we have
91 ($17$37 e 7$2(k—j)+17a§1)7 . -va;1—)1> =l g, ( % aél)’ T ;1)1’ SJZP ;217 . wdg)) - ag'l)’
for some ( 51), af)) € Q% As the system
1) A© m @)\
{Gi(l'l,...,l’gk) = (Gi , G, ) = (ai , a; )} X
1=

has unique solution xy = by, x5 = ba, ..., o = boy, over (), it remains to verify this

for the last equality i.e.,Gk_;,_l(bl,...,bgk) = (Gk;_zl(b17b37"'7b2k—1)7G§C_21(b27b47'"7b2k))

and

G (b, bop1) = a1 (a<11>,..., alt, 0l g (a<11>,..., M) afl) ) a ;21,...,%&1)), ;21,..‘,(&))
—‘121-21’

2t ) = (57, a2 (a2 20 2
—agci)l

Finally, we conclude that (3.12) has a unique solution over ) for each j, thus the
result holds. |

As a consequence, an immediate generalization of above Theorem 3.2.9 can be

stated as the following result.

Theorem 3.2.10. Let (Q,qg1) and (Q, g2) be two k-ary quasigroups of order n,
where o and 7 be permutations of {1,3,...,2k — 1} and {2,4, ..., 2k} respectively.
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Let the (k4 1)-tuple (Gy,...,Gry1) be defined as:

Gi(z1,...,x2k) = (91 (T1, 23, ..., T2k-1) , 92 (T2, T4, ..., T2k)) = (G(ll),G(lz)> ;

2
Ga(z1,...,72%) = (0 (wl-,---,%(1)—27G§1)7%(1)+2»---,wzk—l) , 92 (wz-,----,ﬂﬁwu)—z,G(l ) Tr(2)b2se s lzk))

Gji(@rs. o z26) = (91 (Y1, Y35 - -+, Y2w—1) 5, 92 (Y2, Y, - -+, Y2i)) = (G;1)7G§2)> s for 3<j<k+1,

(3.15)

where Y1y = G§-1_)1; Yo(3) = G§-1_)2, s Ye(2j-3) = aV; Yr(2) = Gf_)l, Yn(1) =
G§'2_)27 s Yn(2j-2) = G?); and Ye = Te fOT 4 g {U(l)v 0(3)7 s 70-(2.7 - 3)77T(2)7 s
7(4),7m(2j—2)}. Then the (k+1)-tuple (G1,Gs,...,Gyi1) is a k-orthogonal system

of k-ary operations over Q*.

Proof. To show that every k-subsystem of (G, G, ...,Ggy1) is orthogonal. A

general k-subsystem is given by:

Gi(x1,...,T9) = G(I),G@) = am,a@) } 3.16
(G )= @00 =@} (316)
where j € {1,2,... k, k+1}.
Firstly, when j = 1 have the following k-subsystem:
k+1
{Gi(wl, o) = (05.“, G§2>) - (ag“, a§2>)} (3.17)
i=2
S G _ _(,(H (2
mce k:—l-l(xla"'aka) (gl(y17y37"'7y2k—1)7g2(y27y47"‘7y2k)) (ak+17ak+1)7
where ya(l) = a](gl)7yo’(3) = aggl_)l? s 7y0’(2k—3) = aél); yﬂ'(?) = ag)vyﬂ'@) = ak2_17 cee
_ (2 d _ _
Yr(2k—2) = Qg ~ ANl (yo(2k—1)>y7r(2k)) = (91($1,$37~-.,$2k—1),92($2,9€4,.-.,xzk)) =
G1(z1, ..., xo). Tt follows that
91(11/17 Yz, - .- >g1($1, LTI >$2k—1), e >y2k—1) = (1&217 and
U(Qk—l);hr position
922, Y, - Go2(T2, T, o T, k) = Ay
W(Zk)‘h‘;osition
Hence G1(21,xa, ..., o) = (g1(x1, 23, ..., Xo_1), g2 (@2, T4, ..., Tox)) is given as
91(301, L3y vy ka—l) =lo (-1l 91(y1, Yss - - ,a;(:ll, cee 7y2k—1) = a§1)7 and
92($27 Tyy - - ,$2k) —[m(2k)] 92(1/27 Y45 - - 7611(3217 e 7y2k) = af).

So, for some (al",a\?) € @2, where (Q,7@*11 g} and (Q,¥)] 4,) are o and =
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inverses of the k-ary quasigroups (@, ¢1) and (Q, g2) respectively.

Substituting the values of (Ggl),G?)) in Gg(z1,...,29), we get the unique
solution for (z,k-1), Tr2k)) 88 (bo2k—1), b)) € Q* due to the o(2k — 1) and
7(2k) invertibility of the quasigroups g; and g, respectively. For i € {k — 1,k —
2,...,2}, we substitute (G§1)7G§2)) = (a§1)7a§2)) and the unique set of new val-
ues (ba(Zk—1)> bw(zk))7 (%(%—3); bﬂ'(2k—2))7 ) (b0(2i+1)7 bﬂ'(2i+2)) from (Gﬂ G;(f)), )
(Gz(_llr)l, Ggi)l) respectively, and we get

Gi(flfl, cee 7x2k‘) = (gl(yh Y3y .. >y2k—1)792(y27 Ygy . 792k)) = (a’z('l)a a’z('Z))7

where = - =W R € o,

Yo(2i-1) Lo(2i-1)) Yo(2i-3) a1 "5 Yo (2i-5) A " Yo(2i-7) as ;.- Yo(2k-3))

= g(2k—3) aNd Yg(2k—1) = bo(2k—1). Similarly, yr(2i) = Tr(2i)> Yr(2i—2) = al?, Yn(2i—5) =
2 2 1 1

0 Ynan2) = 0y Ye(an) = baony and Yoy = ar Yoy = 0 Yntai) =

a’gl)a yw(?) = ag)p yﬂ'(4) = argz)Qa s 7y71'(2i—2) = CL§2). Sil’lCe (g17 92) is (0(22_ 1)7 W(QZ))_

invertible operations, leads to a unique solution (Zy(2i—1y, Zr(2i)) = (bo(2i-1, br(2i))-

Finally, in equality Gy(z1, s, ..., z) = (G, GP) = (a{V, a!?), we replace
(To@3), Tr(a)) = (bo(3), br(@); (To(5), Tn(6) = (bo(s), bn(6))i- -+ 5 (To(@h-1), Tr(2n)) =
(bo(26-1), br(2k))- Since, (g1, 92) are (o(1), 7(2))-invertible operations respectively.
So, we obtain a unique solution (z,1y, Zx(2)) = (bo(1), br(2))- S0, the system

{Gi($17...,5€2k) = (G,(-l),GEQ)) _ (a?)’a?)) }k+1

=2

is orthogonal.
In order to complete the proof, it suffices to show that for 2 < j < k + 1, the
system

{Gi(azl, C Xog) = (Gz(»l), G§2)> = (az(»l), az@ (3.18)

) }ie{l,Z ,,,,, k+13\j

is orthogonal. For that aim, consider the system of equations
k+1
{Gi(xla mQ; ... 7'7"216) = ((1/2(,1)7 (LEZ))}

i=1,i#]j

for some 2 < 7 < k + 1. We have

Gk+1($1> L2, .- >x2k) = (5]1(?/1» Yss - - >y2k—1)792(y27 Ygs - - aka)) = (a;(cllp affll),

where Yo(2k—1) = aﬁl), Yo (2k—3) = aé”, <o Yo (26—2543) = a§‘21>ya(2k—2j—1) = a§1_)1, ceey

, _ 1), _ (2 _ (2 , N ) I ) _ (2
Yo(1) = g, Yn(2k) = A1 "5 Yr(2k—2) = Qo "5 - - - Yn(2k—25) = Aj1{1 Yr(2k—2j+4) = 515 - -,
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Yr(2) = a,(f) and (Yo (2(k—j)+1)s Yr(2(k—j)+2)) = (G;l), G§2)). From the equalities
91(2/17 e 791(151,51?37 e 73321%1)7 S ,yzk) = ag.?.p and
C)
g2(y2> ce 792(:1:27 Tyy..- 7172/6)7 ce ,ka) = Qi

it follows that

(1 - 1
G = ECEDIg (g1 oo gyin)-2 0 Yook anyias - Yakot) € @, and

2 [n(2(k—j 2

G§ ) =2k +2) 92(1127 e Yr(2(k—j)+2)—25 a](ﬁ)_1>y7r(2(k—j)+2)+2> e aka) €q
Since y; € @ for all t. Hence, we have (G§~1), G;Q)) (a; W g ) for some ( 51), a§-2)) €
Q.
There are two cases we need to consider:
Case For j = k. We have (G\", G?) = (a\", a!?) and the system

{Germn. . aa) = (0.6 = @ o))

has a unique solution by, bs, ..., b, according to Theorem 3.2.5, we compute

Gk+1(b17 e Jka) = (91(y17937 L 7y2k—1)792(y27 Ya, ... 7’!/2k))

where Yo(2k—1) = Ggl)v Yo(2k-3) = G(l)v s Yo(3) = G](Cl_)lv Yo(1) = GS) and Yr(2k) =
2 2 2
Gg)vyW(Qk—Q):Gg)>"'?y7r() Gl(c)l?yﬂ Gl(c)>

1 o 1
3/0(1) == Gg )(bh b37 cee 7b2k—1) :[ W gl(yh cee 7y0(1)—3> a](ﬁ)-p y0(1)+17 e 7y2k—1)
Yr(2) = GgQ) (627 b47 cee 7b2k) =) 92(y27 s Yn(2)-25 a](i)_lv Yr(2)+25 - - - 7y2k)

The last equation implies (g1(y1, .-, Yor—1), 92(Y2, .., y2x)) = (a,ill,a,ill) i.e.,

Gri1(by ... boy) = (a,(:ll, a,(jzl) hence by, by, ..., by, is the unique solution of the
system

k+1
{Gi(wlam%"wak) = (G§1)7G§2)) ( W (2))}

AR =1tk

So, the k-tuple (G; |i=1,...,k— 1,k + 1) is orthogonal system of k-ary opera-
tions on Q2.
a; ), ] ) of (G;l), G§~2)) in the equation
(G}, G, obtaining (G}, Gi) = (g1(y1, Y -+, Yak—1), g2(y2, ya, - -, yar)) where
Yo(2k—1) = To(2k—1)s Yo (2(k—j)—1) = aﬁ-” and Yo (26—-3) = a§1)>ya(2k—5) = aé”, o Yo(1) =
WD and SR _ o _ O

k—1 Yr(2k) = Tm(2k), Yr(2(k—j)) = ;" and Yr(2k-2) = A1 ", Yr(2k—4) = Qg "5 .-+,
Yr(1) = a,(c |- Since (g1,¢2) are o(2k — 1) and 7(2k) invertible operations (being

Case For j < k. We replace the value of (

quasigroups), we obtain a unique (Zq(2k-1y; Tnyy.) = (bo(26-1), Or(28))-
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Proceeding in the same way, from Gy_1(z1, ..., 22%) = (91(y1, Y3, - - - s Y21-1), 92 (Y2,
Ygs - - ,yzk)) = (a;(gl_)l, a;(f_)l) where Yo(2k—1) = To(2k—1) = ba(2k—1)a Yo(2k—3) = To(2k—3) =
bok—3, -, Yo2(k—j)—-1) = a§1)7 Yo(1) = a§1) Yr(2k) = Tr(2k) = Or(2k), Yn(2k—2) = Tr(2k—2) =
bok—2s - s Yn(20k—j)—2) = a§-2)7 Yr(2) = a?). We compute the values (24 (2k—3), Tr(26—2)) =

(bok—3, bag—2) since, (g1, go) is 0(2k — 3) and 7(2k — 2) invertible respectively. Con-
tinuing, we can compute the values (Zo(2k-1), Tr(2k)) = (b2k—1,b2k); - - -5 (To2j41),
Tr(2j+2) = (Do(2j41), Un(2j42))-
Fori = j—1,...,1, we substitute and obtain a new set of values in the equation
for Gi = (Ggl)v GEQ)) and we obtain Gi(x‘h s 717216) = (gl (ylv Ys, - - >y2k—1)7 92(3427 Y4,
) (2
.- >Z/2k)) = (az( )7 az( )) where Yo(2i—1) = Lo (2i—1)) Yo (2(i—k)+1) = bo(2(i—k)+1)> < Yo() =
1
bo(1), Yr(2i) = Tr(2i)s Yr(2(i—k)+2) = Or(2(i=k)42)s - - - Yr(2) = br(2) a0d Y1) = a§ ), Yo(2) =
b ‘ _ @ _ 2 —_ (2 ‘ — ¥ B
2 sy Yo(20-3) = @1, Yx2) = A1 5 Yna) = Ao "5y Yn(2i—2) = G- ecause
(91, 92) is 0(2i—1) and m(21) invertible operation, this leads to a unique (zy(2—1), Tr(2i))
= (bo(2i-1), br(20))-
Finally, in the equation G;(xy,...,Ty) = (G§~1), G§~2)) = (agl),af)) we replace
(To(1), Tr2) = (bo1), br2)); (To@): Tr) = (Do), bn@); -5 (To(2h—1): Tr(2k)) =
(bo(2k-1y; br2ry). Because of (gi,92) be (0(2j — 1),7(27)) invertible operation,

we obtain a unique solution (z4(2j-1), Zr(2j)) = (bo(2j-1): br(2j))- We compute
Grralbr o, bax) = (G, G = (o ). 92 )
+1(01, 02, ..., 02k k10 YUkt gu\Yi, - -y Y2k-1), 92\Y2, - - -, Y2k

where Yo(2k—1) = Gﬁ” (bb e >b2k—1)7 Yo(2k—3) = Ggl)(bla cee ,bzk—l), s Yo) =
G;(cl)(bh cee >b2k—1)§ Yr(2k) = G§2)(bg, ce 752k)7 ) G;(f) (527 e ,ka) , and
Yo @k—)—1) = Gi (b1, ..., boy) =7CE==D] g, <y1, . ~7yJ(Z(k—j)—Byaéﬁlyyn@(kfj)-&-l)v e 7y2k—1) ;

Yer(2(k—j)) = Gi(b1,. .., bar) == g, (y27 e Yn(2(k—5)—2)5 ai(izlay'rr(Z(k—j)+27 . »,yzk) .

The last equality implies (g1 (y1, - - -, Yok—1), 92(Y2, - - -, y2x)) = (a,(clll, a,(izl) ie.,

1 2
Grr1(br, ... bog) = (al(c—glv al(cl1)
. Hence, by, ..., by is the unique solution of the system

k+1
{Gi('mla Lo, ... >x2k‘) — (Gz(l), GZ(Z)) = (a(l), az(2)>}

! i=1,i£k

So, the k-tuple (G; |i=1,...5—1,7+1,...,k+ 1) is k-orthogonal system of k-

ary operations over Q2. |

Now let us consider more generalized case in which we do not restrict to the

existence of only two quasigroups, instead we can have all distinct quasigroups in
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each equation of G; for 1 <i <k + 1.

Theorem 3.2.11. Let (Q,gli)) and (Q7g§i)) be quasigroups over @ for 1 < i <
k+1. Then a (k+ 1)-tuple (G1,Ga,...,Gri1) defined as:

Gi(z1,...,x9) = (99) (90179037-~793219—1)79§1) (W279U47---7932k)) = (GE”,G?)) ,
Ga(z1,...,x95) = (952) (W17W37--v7932k—37G(11)) 79é2) (93279047--'790%—27(?52))) = (Gé”,Gé”) ,

Gt v20) = (59 (1100 2205, G0, GE) 9 (0, O, 62 ) = (40,662,

Gh(x,... xo) = (g§’“> (Il,Ggl),Gg” ...,ngl) ,g$h) (xz,G§2),G§2),...,G,(f_)l)) - (G,(C”,Gf)),

Grpaon, o) = (o7 (610,680, 60) ol (6,68, 6 = (6], 62,

is a k-orthogonal system of k-ary operations over (Q?.

Theorem 3.2.12. Let (Q, g;) be a k-ary quasigroup over Q fori € {1,2,... k+1}.
Then, the (k + 1)-tuple (G1,Ga, ..., Gri1) defined as:

Gi(z1,®2, ..., x2k) = (91 (x1,23, ..., T2k_1), 91 (T2, %4, ..., T2p)) = <G51)7G§2)) ,
GQ(ZEl,.IQ, cee 7:172/6) = (92 (£3,£5, cee 7$2k—17G§_1)) » 92 (14"%6’ cee 7$2k70§2))) = (Gél)’ Gé2)) )

G3(z1,x2,...,T0k) = (gg (15, . ,x2k_1,G§1), Gg)) , g3 (xa, e, Tk, ng), G;Q))) = (G:())l), G:())Q)) ,

Gr(z1,m2,...,21) = (gk ($2k—1,G§1)7 e 7G§Cl_)1) s 9k (ng,G?)y e ~7G§f_)1)) = (GS),G,(CQ))

Crpi(z1, 22, ..., Tok) = (gk+1 (G§1>,...,G§j)) et (G?),,...,,Gf))) - (Gﬁl,a,@l)

is a k-orthogonal system of k-ary operations over (Q*.

3.3 MDS code

Now we construct linear recursive codes over rings for dimension 2 and 3 utilizing
Theorem 3.2.12. Expanding the work of [29], we provide the conditions under
which these codes achieve singleton bound i.e., they become MDS codes. For
better understanding we give some examples and enumerate such codes using
SageMath.

Theorem 3.3.1. Let () be a commutative ring. For some fixed ay,as,as and
as € Q, suppose (Q, g1) and (Q, g2) be two binary quasigroups where g1(y1,y2) =
a1y1 + asys and go(y1,v2) = asyy + asys. Consider a 2-recursive code over Q*

as K(5 | G1,Ga, G3) = {((w1,22), (w3, 24), (G, G, (G, G, (GS, G} €
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(Q%)°, where Giwr(w1, 32, w5, 04) = (dgr(21,23), d'ga(wa, 24)) = (G}, G2,) for
0 <i<2. On evaluation, we obtain

(G, G) = (@1 + aazs, aava + aawa);
(G, GY)) = ((mas)ws + (ar + ad)ws, (aza0)ws + (az + a3)za);
(G5, GP) = (a2 + amad)ar + (2a1a3 + ad)ws, (3 + azad)ws + (20204 + a?)as).

Then K is an MDS code of dimension 2 over Q* if and only if (G1, Ga, G3) is a sys-
tem of binary strong-orthogonal operations over Q* equivalently ay, as, as, a4, (a; +

a?), (2a; +a?), (az +a?), (2a2 + a3) are units in Q.

Proof. We construct the coefficient matrices

ax as %) ay
My =1 aas ai+ad |, My=| asay a + a;
a? +aja 2aya3 + a’ az + axal 2azay + a?

The set K forms an MDS code for dimension 2 over ()? if every square submatrix
of M; and M, must be invertible this yields the conditions a; # 0,ay # 0, a3 #
0,a4 #0, (a1 + a3) #0,2a; + a3 # 0, (ag + a3) # 0,2as + a3 # 0. O

Theorem 3.3.2. Let Q be a commutative ring and for some fized ay,as,a3,a4,a5,a6 €

Q, suppose (Q,q1) and (Q, g2) be two binary quasigroups where g1(y1,y2,y3) =
a1y1 + asys + asys and go(y1, Y2, y3) = asyr + agyz + agys. Consider a 3-recursive

code over Q% as:

K(7 | G1,Ga2,G3,Ga) = {(z1,22), (x3,24), (w5, 6), (G, G, (GS, G, (G, G, (G, Gy € (@)

where Giy1(21, T2, T3, T4, Ts, T) = ((difh(l’h333,$5),di92(5172,l’47336)) = (G&)DGZ@O

for 0 <1 < 3. On evaluation, we obtain

(Ggl), GEQ)) = (alxl + azx3z + asxs, asxo + agxy + a6x6) ;

(1) ~(2)) _ 2 2 )

Gy ’',G57 ) = ((a1as)x1 + (a1 + azas)z3 + (a3 + a5)ws, (agaz)rz + (a2 + asag)zs + (as + ag)ze | ;

(Gél)7 GgQ)) = ((amg + alag)xl + (a% + ajas + aga%)a:g + (a1 + 2a3as + ag)xs, (agaq + aga%)xg
2 2 3
+ (a1 + a2ag + asap)wa + (a2 + 2a4a6 + %‘)336);

(Gfll)7 G£12)> = <a% + 2a1asas + alag)xl + (2a1a3 + 2a§a§ + alag + agag)xg + (2a1a5 + a% + 3a3a§ + a%)xs,

(a% + 2asa4a6 + aga%)xg + (2a2a4 + 2(14210,(23 + aga% + a4ag)x4 + (2a2a6 + a?l + 3a4a% + aé)xg).

Then, K is an MDS code of dimension 3 over Q* if and only if (G1, Ga, G3, Gy4) is
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a system of 3-ary strong-orthogonal operations over Q? equivalently the following

are units of Q:

® ai,as,as o ai+ajas + aza? o 2a,a5 + 3aza? + ai + a}
. ~ o af + asas + (403 * 2asa6 + 3asa} + af + ag
a2, Gy, 0 ay 906 40 906 40 ay Qg
2 3 2 2 2
e a1 + asas e ay + 2aqazas — a: e 2aqa3 + 2a35a5 + a1a: + asa
1 3 3 5 5
2 3 2 2 2
® s + ayag e a5 + 2asa4a6 — @ o 2a0a4 + 2aja6 + asa; + aga
2 i 1 6 6
o a3+ a? o aja?+ a3 — aiap o 2a%a5 + 2aya3a? — aya3 — a3as
o ay+ al o alal+ a2 — axad o —2daaz + ala? — 3ayaias + aj
® 2aia5 — a2 e a; + 2azas + a? o —2a2ay + aa? — 3asaag + at
3 5 2 20§ 1 4
o 2aqa5 — a2 o ay + 2a4a6 + al o 2a2ag + 2asa4a2 — asa? — a2ag.
1 6 2 6 10y
2 2_ 9
® a3 — 4105 ® 10y — G305 — A1G3
2 2 o
® ay; — Q206 ® (205 — Ayae — Q204

Example 3.3.3. Consider Q = Fy2 = Fy(a), the number of MDS codes of length
5, dimension 2 and distance 4 over ? as described in Theorem 3.3.1 is 36. The

list of possible values of (a1, az) and (az, a4) are given by

{(a,a), (1), (a+1a+1), (a+11), (L,a), (La+1)}
In particular, one of such codes is described by assuming a; = as = a, a3 = a4y = 1
in Theorem 3.3.1.

Example 3.3.4. Consider ) = Fy3 = Fy(a), the number of MDS codes of length
7, dimension 3 and distance 5 over Q% as described in Theorem 3.3.2 is 900. The
list of possible values of (ay, as, as) and (ag, a4, ag) are given by

{(a, @ ® +a), (o, @+, 0?2 +1), (, @ +a+1,1),

(a, 1,(12)7 (a2 a, « —|—o¢—|—1)7 (a2,a+1, 1)7

(02, 0? + o, ), (2,1, a* + a), (a+1,a,1),

(a—l—l +a+1l,a +a) (a—l—la—l—la—l—a—l—l) (a+1717a2+1),
(a2+a, a, a2) (a +a, a? a—l—l), (a2+a a? +1, 1)
(a2+a,1,a) (a +a+1, a—|—1a—|—1) (a +a+1,a’+aq, 1),
(a2+a+l7a +1 a) (a —l—a—l—lla—l—l) (a +1, o?, )7
(a2+1 a+1 a) (a +1, %+ a+1, a—l—l) (a +1,1, o2 —l—oz—l—l)7
(1, a, a), (1, a?, a?), (La+1,a+1),

(1, 042—|—oz7oz2—|—0z)7 (1 +a+1l,a —I—a—l—l) (17a2+1, a2+1)}
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In particular, one of such code can be described by assuming a; = ay = «a,

as =0a?, a; = a5 = a®> + a and ag = a® + 1 in Theorem 3.3.2.

Example 3.3.5. Consider ) = Fy1 = Fy(«), the number of MDS codes, built as
per the illustrated construction using Theorem 3.3.2, having length 7, dimension
3 and distance 5 over ()% is 876096. In particular, two such codes can be described

using Theorem 3.3.2 with parameters

((11, ag, as, a4, as, aG) = (aa «, a27 062, o+ 17 a+ 1)7

2 2 3 3
(a1, as,as, aq, a5, a6) = (, 0, 0,0 + o+ 1,0° + o + 1).



