Chapter 2

A high order numerical method for the

variable- order time-fractional

reaction-subdiffusion equation

In this chapter, we have designed a new high order numerical approximation for the
variable-order Caputo derivative of order (0 < a(x,t) < 1). Later, this approxima-
tion is used to obtain the numerical solution of the variable-order time-fractional
reaction subdiffusion equation (VO-TFRDE). The structure of this chapter is out-
lined as follows. In Sect. 2.1 we have given the formulation of the proposed problem
and [-123 approximation of the variable-order Caputo derivative. A fully discrete
scheme for the problem is constructed, and its matrix representation is given in Sect.
2.2. The stability of the proposed numerical scheme is discussed in Sect. 2.3. The
numerical results and discussion with different cases are covered in Sect. 2.4, and

Sect. 2.5 concludes the chapter.
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2.1 Introduction

In this chapter, we present a high order new numerical approximation for variable
order Caputo fractional derivative of order 0 < «a(x,t) < 1, by using the idea of inter-
polation. Then, by using this approximation, a numerical scheme is presented by us-
ing finite difference approach for variable order time-fractional reaction-subdiffusion
equation (VO-TFRSDE).

2.1.1 Formulation of the problem

Consider the following variable-order time-fractional reaction-subdiffusion equation

[56, 184]:
Yt (X7 t) = RLDé;a(X7t) ("ilyxx(}g t) - sz(X, t)) + f(X7 t) (2]‘)
with initial and boundary conditions respectively

y(x,0) = ¢(x), (2.2)

y(0,t) = to(t), y(L.t) = ¥r(t). (2.3)

The Riemann-Liouville integration of order a(x,t) > 0 for the function f(x,t) is

defined as [13]

1 t
—a(xt) _ _ gyelxe)-ig , 2.4
RLDa,t f(Xv t) FO&(X, t) /a (t S) (Xv S)dS ( )
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Performing Riemann-Liouville integration in time in (2.1), we get
Do Ty (1) = Ry (%, 8) = Ray (6, 8) + Doy (xv) (25)
Now, using the property [13]

reDe alxt) (RLDO‘(Xt)f(x t)) f(x,t) — Zm: [RLDgi(X’t)_j)f(x,t)]

Jj=1

t=a
(t _ a)a(x,t)—j
Fax,t) —j+1)

(2.6)

Here, (m — 1) < a(x,t) < m. The relation between the Riemann-Liouville and

Caputo derivative for the function f(x,t) is given by [13]

._.

m—

Da(x,t)f t) — a(xt)f fk t— k—a(x,t).
RLYa,t (Xv ) + ot I k?—|-1 —OZ(X t)) (X7 a)( (l)

Taking m = 1, the relationship takes the form

1

D“(“f t) = oDV (xt) f —
RL ( X, ) Cta,t (Xv )+F(1—(I(X,t))

f(x,a)(t —a)™0™Y. (2.8)
Using the relation (2.6) and (2.8) in equ. (2.5), we get
D5y 8) = Ry, 8) = may(x.8) + mu Doy (1), (2.9)

Thus, the problem (2.1) has been changed to the following

DSy (%, 1) = Ky (X, t) — Ray(x, t) + g(x, t) (2.10)
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with boundaries

y(x,0) = ¢(x), (2.11)
y(0,t) = ¥o(t), y(L.t) = r(t), (2.12)
where
g(X, t) = RLDO—,S_O[(X"C))f(th) = F(l o ;(X t)) /0 (t f_();’)zzx,t) d77-

Here CD& ix’t) represent the variable order Caputo differential operator (VOCDO)
with order a(x,t), where (0 < a(x,t) < 1). The VOCDO is defined as

1 t
N m—a(x,t)—1,,m
alx fo (t—s) Yy (x,s)ds, m—1<a(x,t) <m,
CDU,(t Dy (x, 1) I'(m — a(x,t))

ym(X7t)7 Oé(X, n) =mec N

(2.13)

Moreover, the primary contributions of this chapter can be summarized in the fol-

lowing points:

e We have transformed our model (2.1) to (2.10) by using the properties of

Riemann-Liouville derivative.

e We have extended the idea of Mokhtari and Mostajeran [185] to develope
the numerical approximation of the variable-order Caputo derivative of order

0<a(xt) <1,

e A difference scheme is proposed for solving variable-order time-fractional reaction-

subdiffusion equation. The scheme is proved to be unconditionally stable.
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e Computational algorithm is provided for better understanding of our numerical

scheme.

e The proposed numerical scheme is validated on two numerical examples. The
obtained numerical results are highly accurate and have higher order of con-

vergence.

2.1.2 Formulation of L-123 approximation for the variable-

order Caputo derivative

In this section, we present the 1.-123 approximation for the variable order Caputo
fractional derivative of order a(x,t) € (0,1), which is motivated by the idea of
Mokhtari and Mostajeran [185]. Let 7 be the step size in time such that t, = k7

for any integer k> 0. Let t;,1 = (thg1 + tr)/2,

1
Buf (35 ) = =(Flo, 00) = o tim)), (2.14)
1
52600 t0) = (B (s by y) — 8uF (B y), (2.15)
1
B tiy) = S5 (0uF (0 b)) = 206 (e ty)) + B tyg)). (2.16)

Let Py ;f(x, t) represent the linear interpolating polynomial of f(x, t) on every small

interval [t;_1,t;]. (1 <j <k), we get

Pt ) = £, 1) ) (2.17)
The linear interpolation error is given by
f// )
f(x.t) — Py f(x,t) = M(t —t;1)(t —t,), (2.18)

2
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where t € [t;_1,t;], & € (tj-1,t;), (1 <j <k).

Let P, ;f(x,t) denote the quadratic interpolating polynomial for the function of
f(x,t) by using three points (t;_o, f(x,,t;_2)), (t;—1,f(x,,t;-1)), (t;,f(x.,t;)), and
constraining the outcome onto a subinterval [t;_, t;] using the formula for (2 < j <

k), we have

(t—t )t —t))

t—t, o)t —t
Poif(x,t) =F(x,, t;_0) 52 () BT jg( i =t
t—t;_1)(t—t;_
- f(X,‘,tj)( : 12)T(2 i=2), (2.19)
The quadratic interpolation error is given by
" X?G
f(x,t) — Poyf(x,t) = %(t —tjo)(t —t_1)(t —t;), (2.20)

t € [tj1, b, 05 € (t-2,%), (2<j<h)

Let Ps ;f(x,t) denote the Lagrange’s cubic interpolation polynomial for the func-
tion f(x,t) using four points (t;_,,f(x,,t;—,)), n = 3,2,1,0, 7 > 3 and taking a

constraint of the result for the interval [t;_1,t;], (2 < j < k), we have

(t; —t)(t =t 1)t —tj2) (t—t)(t—t 1)t —t;3)

,Pg"jf(X, t) = f(XL, tjfg) +

673 273
f(X,,, tj_g) + (tj _ t)(t _;;3—3)(t — tj_2)f(X,‘, tj_1)+
t—t,_3)(t —t;,_1)(t —t,;_
( J 3)( 67_33 1)( J 2)f(xb,tj)

1 )
= Py if(x,t) + E(t —t;)(t —t;1)(t — tj,g)dff(x“tj_%). (2.21)
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Taking the first derivative, we get

1
(Pasfx. ) = 8uf(rityy) + 02 (ki £ ) (& = 1) + 500, £)5F (x5 3),

1
2

(2.22)

where (,Dj(t) = 3t2 - Qt(tj_z + tj—l + tj) + tjtj—l + tjtj_g + tj_gtj_l. The error in
the cubic interpolation is given by
f(4) (Xv gj)

f(X7 t) - Pg)jf(X, t) = TPE':()(t - tj—b)

Let f(x,t) € C,%f ([0, L] x [0, tg]), the Caputo fractional derivative of order «(x,,tx) €

(0,1) is defined as

1 B f(x, )

C ya(x.,t) 2

DECE (1) — B 2.24

o Py (X, )’t_tk F(l _ a(X“ tk:)) /O (tk _ S)a(xL,tk) S, ( )
k

_ ! Z/t o D Flxus)  po (20m)

F(]. - O{(X“tk)) = tk — S)Q(Xhtk) .

The basic idea behind L[-123 approximation is that, we use the linear interpola-
tion Py ;f(x,t) to approximate f(x, t) in the first sub-interval [to, t1], and quadratic
interpolation P, ;f(x,t) in the second sub-interval [ti,t,] and cubic interpolation

P5 ;f(x,t) in the intervals [t;_q,t,] for j > 3. Noticing,

6T3—o¢(xhtk) (x0.58)
—_— 3 2.26
1 —Oé(XL,tk)ﬁk_] ’ ( )

t;
[ o ee = sy -
t

j—1
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where

1

'270‘()(”131@)
2 — a(x,, tg)

)

alx 1 . —alx ol
ﬁj( rtk) — _<6((] + 1)1 (x0,tk) + 2]1 ( L-,tk)) .
1
— P 1)3altk) _ i3-axt) S 0.
@ ala )6 alm w0 Y j ), 5>

(2.27)

Then the numerical approach of the order a(x,t) derivative of the variable order

Caputo fractional for the function f(x, t) is provided by:

k

1 t f'(x,, )
O Pt 1)) / _ M) 2.98
oMt (X, )‘t—tk F(l — a(xb,tk)) ; 1 (tk — S)a(xL,tk) S ( )

1 © o ,
“ T —alx,th)) (/ (b — ) U (Py 4 (x, 5)) ds
L 1 to

t2
+/ (tx — s)_"(x“t’“)(Pg,gf(x, 5))/d5

t1

+ Z; /tf (tk — 8)_‘1(Xt.tk)(75’3,jf(x, 3))/ds> (2.29)

ti-1

1 t1 t2
= 6 f . t t. — —Ol(Xutk)d / t. — —a(x,,tg)
1"(1 _ Oé(Xz,,tk)) ( t (le %) /tg ( k S) s+ ., ( k S)

koo,
(0+f(x,, t%) + 621 (s — tg))ds + Z/ (tg — )70 (5 f(x,, tj_%)
j=3 V-1

1 .
+ 62,1 (s — tj_%)) + ggoj(s)(Sffj_gds) (2.30)
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= 5 . ‘ t. — _a(xbrtk)d
F(l—axmtk (Zt X,]1/2/1(k °) ’

k .
36 ) / (b4 — 5)"= (s — £, _y)ds
=2

ti—1

k .
1 v —olx
+ 5(5§’f(xu tjg))/ (tr — )7 "t’“)%‘(s)d8>' (2.31)
i=3 -1
In accordance with [186], Dy (i) g (x,t) is the traditional L1 operator and is gener-
ated from an estimate of f(x,t) using piecewise linear interpolation on each subin-
terval [t;_1,t;], (1 < j < k) defined by

Tl—a(xL,tk) k

DGR (¢ g — alxti) s f(x, t 92.32
S T T atn s & M OOy 5

7ol tr) =, ams ) aus
_ “t a(x,,tg a X, k)
INOES a(XL,tk))< %or Bk Z @i = )

J=1

f(x,,t5) — af ™ f(x,, t0)>, (2.33)

with

a;y(xL RIS (] + 1)1 ax,ty) jl—a(xL,tk), 0< ] < k— 1’

and the Lagrange interpolation approximation of f(x, t) on each tiny interval [t;_1, t;],
(1 < j < k) yields the L1-2 operator, which is indicated by ]D)g(x“t’“)f(x, t).
7_2—04(X,,,tk)

k
Da(xutk)f t — Da(xutk)f t € bu(xf»tk)
t (Xv ) b=t t (Xv ) — F(? _ &(Xb,tk)) Z k—j

52 (x,,t5-1) (2.34)

with

ba(x o) (] 4 1)2—a(xL,tk) _ jQ—Ot(XL,tk) (J + 1)1—a(xL,tk) +j1—a(x,,,tk)
i - (2 — a(x,, t1)) - 2

, 72 0.
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Now we define

7_5 a(xL tk)

Da(xb,tk)f t — ]D)C!(Xb,tk f t
v (X’ ) t=ty v (X ) F(Q -« XL,‘l:;C

Zﬁa(m tk)53f X“ J_,)
(2.35)

Oz(XL,tk)

The operator ]D) is the [.-123 operator for the variable-order Caputo derivative
(VOCD) OCDS(XL’t’“)f(x, t). The new L-123 formula (2.35) for VOCD can be rewritten

as

Dy *f(x, 1)

Tl—a(xL,tk) k (x.88)
= S5 (%, T
o T T2 —ammog) \ 2% 0f B ty)

j=1

) = Bef(x,, )

1
2

k
+ 3 et 0 (1
j=2

k
+ Z 6:£};"’tk)(5tf(xb7 tj_%) — 25tf(XL, tj_%) + 5tf(XL, tj_g))>

(2.36)

Tl—a(xL,tk) k

= A a(x,,tx)
TR el w) & ety (237)

Foxety)

k—1
— O‘(Xutk)f t E a(XL t) a(x,,ty)
F(Q — O{(Xb,tk)) (fyo X“ k j:l ’)/k ] ! ’Yk J )

f(x,, t;) — 70 (x,, t0)> (2.38)

where, for k =1, 73“(“” =1;

for k = 27 78‘()(:,7151@) _ ag(Xl"tk)+bg(XL’tk) c (1’ 15)7 ,}/?(Xutk) _ aﬁll(xutlc)_bg‘(xmtk) c (_05’ 1)’
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for k = 3,
.
Qo)) platum) | glatnn) =0,
et = 8 platun) | platun) et _pglebund) g (2:39)
05D 4 4 ) =

Here, 7" e (1,11/6), 1\*®™) e (=7/6,1), and 14" ¢ (0,1).

For k > 4,
)
(o) g pletum)) | glatum)) g _ g
glotet)) | plateot) _ plalat) o glatut) _ gglaba)) g _ g
i g@Cetn))  platae) _ plalat) | glatut)) _ gglatu)  glatet),
l .

2<I<k-3,

al(a(xwtk)) + bl(a(xutk)) . bl(g(lxutk)) _ QBI(fgx“t’“)) + /Bl(iléX“tk))7 l=k—2,

glotem) _platun) | globumd) p g

\

(2.40)

The properties of coefficient ﬁ;’(x“tk) defined in (2.27) is given below.

Lemma 2.1.1 ([185]). For any a(x,,tx) (0 < a(x,, t;) < 1), we have

L gleten) >0 5 <o
2. ﬁj(-a(x“t’“)) is strictly monotonically decreasing for j =0,1,2,...,k — 1.
Lemma 2.1.2 ([185]). For any a(x,,tx) (0 < a(x,,tx) < 1), and ’yj(a(x"tk)) 0<ji<
k — 1,k > 4) defined in (2.40), it holds

1. ,.y(()a(xutk)) > |,.y§0‘(xutk))|;
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2. 470t > 0, # 1

3. ’yéa(xl,,tk)) > ,yéa(xwtk)) > > ,y](cfi(lxl,,tk)).

- )

(a(xustr)) (a(xustr)),

4. > Y

5. Shbfe) — g

Proof. Similar to as given in [185]. O
Theorem 2.1.1. Suppose f(x,t) € O ([0, L] x[0, t;]). For any a, HB)S(XL’tk)f(X,t)|t=tk
is defined in (2.36). Let R(f(x,, tx)) denote the truncation error, then

|R(F(x,, t2))| = § DI (x £)|s—y, — DI (x, t)|s—¢,. Then we have

Lt - .
ax, t) A2t max £ (x,t), (2.41)

f L)y S
|R( (X tl))l 2F(3 _ a(thk)) to<t<t;

O/(XL, tk) 1 1" —a(x,tk)—1 A +3
< _ LsLk <
RGeS 5o, 50) (—12 Joax [f(x, )| = 1) At

(s )
3(1 — afx,,tr))(2 —alx, te)) \ 2 3—a(x, tk)

max |f" (x, t)|At3_a("“t’“)>, (2.42)

to<t<ta

CY(XL’ tk‘) 7oz(x t ,)71 " 3
< . )k
|R(|(X“tk))| F( ( » k)) <12(tk tl) ()21'32{1 “ (X,t)lAt

1 1
- _ —O/(Xutk)—l 4
+ 8(tk t) Joax It (x,t)|At
(L L2 10a(x,, tr) + a(x,, tr)°
2 12 PL(a(x,,tr) — )

L

max |f4(x,t)\At4—a<X~tk>>, k>3 (2.43)

to<t<ty
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Proof. Similar to given in [185]. O

2.2 Construction of numerical scheme for variable-
order time-fractional reaction-subdiffusion equa-

tion

Consider the rectangular domain Q(x,t) = [0, L] x [0, 7] is discretized by using
uniform mesh with step length Ay = L/M and 7 = T /N in spatial and time
direction respectively. x, = th,t = 0,1... M stands for the space grid points, and
ty = k7,k = 0,1...N for the time grid points. The numerical solution at the any

grid point (x,,tx) can be written as
OCD?(X“tk)f(Xv t)’t:tk = RlyXX(XM tk) - ’%2y(xw tk) + gf (2'44)

where g¥ = g(x,,t;) and the boundaries are y* = ¢(x,),i = 0,1,2... M; yk =
VYo(tr); i, = Yr(tr), k = 1,2,...,N. The central difference method can be used to

approximate the second-order spatial derivative as

y{X; 7t _QyXut +yXi*7t =
Yaox (%0, T1) = (i1, %) (h2 B £y ’“)+O(h§). (2.45)

Now, using the L-123 approximation (2.37) to approximate the Caputo derivative
of variable order in (2.44).

TN R e Vi~ 2F vk, _
" D At It — i) = gy |2 | eyl ]
Ly j=0 X

(2.46)
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—a(x,,tk) k—1
T a(x,tr) k a(x,,tg) (Xutk) (XL tr), 0
F(2 —a(XL,tk)) [7 yL ;(7k J—1 fy )yL 7 yl,]
yk+1 2 2
= K1 ;LQ - (hg K1+ HQ)yL + K“lyz 1h + gL (247)
k—1 yk
y o tk) ( Zé(? tlk) a(xL tk))yL + ’Ya(XL tk)y?> _ N(thk) (Hl ;Z-gl
j=1 *
2
gt ra)y, + myf_lhi> + g, )9,
(2.48)
here
(2 — alx, tr))
w(x,, ty) = EE (2.49)
o) A 00
Then the designed scheme 2.48 can be written as,
k k
) Yi 2 : Yi—
yr = n(x,tr) ("01 hzl - (ﬁ/‘él + Koy, h21>
k—1
Xum ( (05 — Al )yd + t’“)y?> +plx,t)gl. (2.50)
7j=1
Writing above scheme 2.50 in matrix form, we get
k—1
VR = [ (RS = AR )Y 9 Y° 4 BG-
j=1

(2.51)
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Where Y* = [uf, ub, ... u5,,]7 and G* = [g¥, 45, ... 795\4—1]T-
w(x1,tr) 0 e 0
0 Xo,t 0
B— plxa ) (2.52)
0 0 (X1, tr) | MM
2:‘11 K1 i
2t T 0 !
K1 2K1 K1
®om Tt '
o K1 2:‘%1
E = 0 —33 g TR 0 : (2.53)
2K
0 0 0 AL
h2
L X 4 {M-1xM-1}

2.3 Stability of the numerical scheme

Theorem 2.3.1. [187] The numerical scheme (2.50) is unconditionally stable. i.e.

1€5]12 < 11€°lo- (2.54)

Proof. Suppose Y," be the approximate solution of numerical scheme and y," be the

exact solution. The error in the numerical scheme is denoted by €* = y,* —Y,*. This
error will also satisfy the difference scheme (2.51)
k-1
¢ + BEE" = a<x |20 (RS = G A (2.55)

J=1
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Since E is a symmetric matrix, thus there exist an orthogonal matrix ¢) such that
E=Q7AQ, (2.56)

where the transposed version of matrix @ is @7, and A = diag(A, Mo, -+, A—1)
is a diagonal matrix with eigen values of E. Using (2.56) and left multiplying both
side of (2.55) by @ we get,

k-1

Q&* +BQQTAQE" = ?(’;Lfl’“) — X“tk))Qfa_i_ yabae) oo |

Oé(x tk

J=1

(2.57)

Let Q¢F = k. As @ is unitary, it follows that ||¢¥||; = [|€¥ ||, thus the theorem will

be proven if we state that

1€ 12 < [1€°]o, (2.58)

for each i,i =1,2,..., M — 1 in (2.57), we obtain

k—1
(1+ pu(x, tx)A,) EF z‘(’; tlk) O‘(XL tk))gj + WQ(XL tk)go

OC(XL tk)
J=1

(2.59)

From (2.59), we now demonstrate that the following inequality applies for each

instance of ¢,0 =1,2,..., M — 1,

&1 < 181, (2.60)
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for k = 1, we clearly have
(1 —+ :U'(Xu tl)AL) 1 = 6_0' (261)
8] = ) (262)
‘ 11+ pu(x, )]
we have
L <1 (2.63)
’1+ILL(XL,t1)>\L’ - .
= &1 < 1€)). (2.64)
Now, suppose the inequality as below is true for j =0,1,2,..., k—1
&7 < 1€7). (2.65)
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Consequently, using mathematical induction, we arrive at the following conclusion

for j = k.
- 1
€| = PYER)
(1 + /’L(Xw tk))\L) Yo 7
1
<

(14 g, t) A, ) g o)

1

(L e, ) M) S )

1

which means

& < &), k=0,1,...,N.

Result (2.70) implies that

I1€¥ ]2 < 11€°]lo, & =0,1,...

N.

k—1

Dé(XL tk)

(f}/k —j—1
=1
k—1

a(x,ty)

(7k —j—1
i=1
k—1

Oé(XL,tk)

(f}/k —j—1
i=1

a(x,,tk) ‘50| ’
(T + p(x,te)A) v "

The system is therefore unconditionally stable.

Oz(XL tk)

’)/k]

O‘(XL »tk)
k—j

)

)

N ax, tk))g] + ,)/a(XL tk)gO

€]+ |

€+ |

(2.66)

Oz(X, tk)

€%,
(2.67)

Ol(XL »tk)

%]
(2.68)

(2.69)

(2.70)

(2.71)
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The algorithm for solving by the proposed numerical scheme (2.51) is given below.

Algorithm 1: Assessment of the VO-TFRSDE numerical solution (2.1)-(2.3)
Input: The domain Q@ =1[0,L] x [0,7], M, hy=L/M, N, 71=T/N,

initial condition ¢(x), boundary conditions vy(t), 1 (t) and
a(x,, ti) € (0,1)
Output: The numerical solution at each discretization point (x,, tg)

for Numerical solution of by difference scheme do
Step-1.1 Consider the step length in time and space variables

ty=kr, k=0,1,....N, x,=thy, t=0,1,..., M.

Step-1.2 Convert the problem (2.1)-(2.3) into the problem (2.10)-(2.12) by
using the transformation (2.6)-(2.8).

Step-1.3 Apply L-123 approximation (2.36) to discretized the VOCD in
time and the central difference scheme in spatial direction.

Step-1.4 Use the boundary conditions y(0, ti) = to(t), and
y(L,t) = 1 (ts) to calculate the value of yO and yy,, respectively.

Step-1.5 Calculate the numerical solution y*, k > 1, by using the
difference scheme (2.50).

Step-1.6 Repeat step (1.4) and (1.5) and use all the values of y* at each

previous time levels till we get the discrete solution of at cach discretised

points (x,, ty).

end
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2.4 Numerical results

In this section, we give the numerical example of the VO-TFRSDE to demonstrate the
effectiveness of the numerical scheme. The accuracy of the proposed scheme for both cases

is demonstrated by the following error norms

1/2
(Zf\il hly(x;, T) — Y(Xi:T)P) / , Lo Norm

ly =Yl = (2.72)

mazo<i<n|y(xi, T) = Y(x3,T)|, Loc Norm,

where y(x,t) and Y(x,t) are exact and numerical solutions of the FDEs.

2.4.1 Numerical examples for the VO-TFRSDE

Example 2.1. Consider the VO-TFRSDE with homogeneous boundary conditions,

DI Py(,8) = s, 1) + Ray(x,8) +(x,8), (58) €0,1] x [0,1],  (273)

y(x,0) = 10x3(1 — x), x€0,1], (2.74)

y(0.£) = y(1,£) =0, t€o,1]. (2.75)
here we have k1 = 1, k9 = —1, where the source function

t2—a(x,t) tl—a(xﬁc)
B-axt) T2-axt)

f(x,t) = 20x%(1 — x) (r ) —20(t + 1)%(1 — 3x)+

10x2(1 — x)(t + 1)2.
(2.76)



Chapter 2. A high order numerical method... o1

9
25 %10 - T

—6— a(x,t)=e™Y300
—*— a(x,t)=(2+sin(xt))/400
a(x,H=(1+2xt)/300

2k

Max. Absolute Error

FIGURE 2.1: MAE of Ex. 2.1 for different «(x,t), 7 = 1/40, hy = 1/50.

The exact solution of VO-TFRSDE in Ex. 2.1 is,

y(x,t) = 10x*(1 — x)(t + 1) (2.77)

The outcomes of Ex. 2.1 are as follows:

e Figure 2.1 represents the maximum absolute error (MAE) at time t = 1 for distinct
a(x,t), when (hy,7) = (1/50,1/40). It can be observe that the MAE reached
accuracy upto 107 on a very small grid point in x and t directions. The temporal

order of convergence is reaches upto 3rd order (see Table 2.1).

e Figure 2.2 represents the maximum absolute error (MAE) at time t = 1 for distinct
a(x,t), when h2 = 7 i.e. (hy,7) = (1/16,1/256). In this case the accuracy reaches
upto 107'2. The spatial order of convergence reaches upto 6th order in this case

(see Table 2.2).
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FIGURE 2.2: MAE of Ex. 2.1 for different a(x,t), hye? =71

TABLE 2.1: Ls error and Ly, error of Ex. 2.1 at time t = 1 when hy = 1/50.

Scheme (2.51) Scheme (2.51)

a(x,t) T

Lo Error

Order

Ly Error

Order

1/4

—xt

300

1/8

1/16
1/32
1/64
1/128

4.413e-07
5.132e-08
6.205¢-09
7.633e-10
9.472e-11
1.183e-11

3.104
3.048
3.023
3.010
3.001

6.287e-07
7.311e-08
8.840e-09
1.087e-09
1.349e-10
1.685e-11

3.104
3.048
3.023
3.010
3.001

1/4
2 + sin(xt)

1/8
400 /

1/16
1/32
1/64
1/128

1.464e-06
1.701e-07
2.057e-08
2.530e-09
3.139e-10
3.391e-11

3.104
3.048
3.023
3.011
3.004

2.094e-06
2.434e-07
2.943e-08
3.620e-09
4.491e-10
9.593e-11

3.014
3.048
3.023
3.011
3.005
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a(x,t)

Scheme (2.51)

Scheme (2.51)

Ly Error

Order

Lo Error

Order

1+ 2xt
300

1/4
1/8
1/16
1/32
1/64

1.652¢-06
1.921e-07
2.321e-08
2.855e-09
3.541e-10

3.104
3.048
3.023
3.011

2.374¢-06
2.759e-07
3.335¢-08
4.102e-09
5.087e-10

3.104
3.048
3.023
3.011

X+t

1/4
1/8
1/16
1/32
1/64

3.495e-05
9.098e-06
1.145e-06
1.470e-07
1.951e-08

1.941
2.990
2.960
2.914

5.140e-05
1.304e-05
1.639¢-06
2.105e-07
2.792e-08

1.978
2.991
2.961
2.914

0.25 + 0.75 sin(xt)

1/4
1/8
1/16
1/32
1/64

7.834e-05
1.017e-05
1.235e-06
1.558e-07
2.011e-08

2.944
3.041
2.987
2.953

1.124e-04
1.458e-05
1.770e-06
2.231e-07
2.880e-08

2.946
3.042
2.987
2.953
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TABLE 2.2: Ly error and Lo error of Ex. 2.1 for different a(x,t) at time t = 1
when h2 = 7.

Scheme (2.51) Scheme (2.51)
a(x,t) h Ly Error  Order Lo, Error Order
1/4  6.489¢-09 - 9.193e-09 -
—xt
6300 1/8 9.570e-11 6.083 1.356e-10  6.083

1/16 1.471e-12 6.023 2.088¢-12  6.020

1/4 2145008 -  2.976e-08 -
%‘;(Xt) 1/8 3.173¢-10 6.079 4.479-10 6.053
1/16 4.896e-12 6.018 7.004e-12  5.998
1/4 2417e08 -  3.310e-08 -
1;;)“ 1/8 3.581le-10 6.077 5.115¢-10 6.015
1/16 5.514e-12  6.020 7.894e-12  6.017
1/4 122306 -  1.754e-06 -
X;t 1/8 1.984e-08 5.946 2.838¢-08 5.949

1/16 3.689e-10 5.748 5.271e-10  5.750

1/4  1.314¢-06 - 1.874e-06 -
0.25 +0.75sin(xt) 1/8 2.043e-08 6.007 2.910e-08 6.008
1/16 3.513e-10 5.861 5.004e-10 5.861

Example 2.2. Consider the VO-TFRSDE

oDy (x £) = Kiyax(X,t) + moy(x, t) + f(x,t), (x.t) € [0,1] x [0,1], (2.78)
y(x,0) =x(1 —x), x€[0,1], (2.79)

y(0,t) =y(1,t) =0, t€][0,1]. (2.80)
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where the source function is

6t3—oz(x,t)

f(x,t) =x(1— X)m

+26% + x(1 — x)t3 + x(1 — x)t>. (2.81)

The exact solution of VO-TFRSDE in Ex. 2.2 is given by,

y(x,t) = x(1 — x)t3. (2.82)

The outcomes of Ex. 2.2 are as follows:

e Figure 2.3 represents the maximum absolute error (MAE) at time t = 1 for distinct
a(x,t), when (hy,7) = (1/50,1/40). Tt can be observe that the MAE reached
accuracy upto 107! on a very small grid point in x and t directions. The temporal

order of convergence is reaches upto 4th order (see Table 2.3).

e Figure 2.4 represents the maximum absolute error (MAE) at time t = 1 for distinct
a(x,t), when h2 = 7 i.e. (hy,7) = (1/16,1/256). In this case the accuracy reaches
upto 1073, The spatial order of convergence reaches upto 8th order in this case

(see Table 2.4).
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x10™M

if —6— a(x,ty=e™/300
—*— a(x,1).=(2+sin(xt))/400
d a(x,t)=(1+2xt)/300

Max. Absolute Error
P

0 0.2 0.4 0.6 0.8 1
X

FIGURE 2.3: MAE of Ex. 2.2 for different a(x,t), 7 = 1/40, hy = 1/50.

x107"8

—O— a(x,t)=e ™300
—%—— ax,)=(2+sin(xt))/400
a(x,t)=(1+2xt)/300

Max. Absolute Error
D

X

FIGURE 2.4: MAE of Ex. 2.2 for different a(x,t), h2 = 7.
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TABLE 2.3: Lo error and Lo, error of Ex. 2.2 at time t = 1 when hy = 1/50.

Scheme (2.51) Scheme (2.51)

a(x,t) T Ly Error  Order Lo Error Order

1/4 8.640e-08 -  1.121e-07 -

—Xt

300

1/8  4.469e-09 4.273  6.299¢-09 4.273
1/16 2.588e-10 4.110 3.648e-10 4.110
1/32 1.562¢-11 4.050 2.202¢-11  4.050
1/64 9.616e-13 4.021 1.355e-12 4.021

1/4  2.592e-07 - 3.651e-07 -
2 + sin(xt)

100 1/8 1.340e-08 4.273 1.888e-08 4.273

1/16 7.758e-10 4.110 1.093e-09 4.110
1/32 4.682e-11 4.050 6.596e-11  4.050
1/64 2.878e-12 4.024 4.054e-12 4.024

1/4  2.799e-07 - 3.955¢-07 -
1+ 2xt
300

1/8 1.446e-08 4.274 2.044e-08 4.274
1/16 8.372e-10 4.110 1.183e-09 4.110
1/32 5.052e-11 4.050 7.138e-11  4.050
1/64 3.105e-12  4.024 4.387e-12  4.024

1/4 4.364e-06 - 7.186e-06 -
X+t

1/8 9.133e-07 2.256 1.300e-06 2.466
1/16 4.942e-08 4.208 7.028¢-08 4.209
1/32 2.989¢-09 4.047 7.028¢-08 4.029
1/64 1.913e-10 3.966 2.720e-10 3.966

1/4 9.866e-06 -  1.485¢-05 -
0.25+0.75sin(xt) 1/8 9.381e-07 3.394 1.334¢-06 3.476
1/16 5.230e-08 4.164 7.433e-08 4.165
1/32 3.1740-09 4.042 4.511c-07 4.042
1/64 2.015e-10 3.977 2.864e-10 3.977
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TABLE 2.4: Lo errors and L error of Ex. 2.2 at time t = 1 when hi =T.

Scheme (2.51) Scheme (2.51)
alx,t) h Ly Error  Order Lo Error Order
1/4  2.694e-10 - 3.769e-10 -
6353 1/8 970213 8117 1.360e-12 8.114
1/16 3.316e-15 8.192 4.902e-15 8.116
1/4  8.084e-10 - 1.137e-09 -
%%(Xt) 1/8 2.908e-12 8.118 4.094e-12  8.117
1/16 1.136e-14 8.000 1.604e-14 7.995
1/4 8.725e-10 -  1.224e-09 -
L _:;O%Xt 1/8 3.138e-12 8.119 4.409e-12 8.117
1/16 1.195e-14 8.038 1.682e-14 8.034
14 5276e-08 - 7492008 -
x ;“ v 1/8 1.944e-10 8.084 2.760e-10 8.084

1/16 8.614e-13 7.818 1.223e-12 7.817

1/4 5564¢-08 -  7.919¢-08 -
0.25+0.75sin(xt) 1/8 2.046e-10 8.086 2.910e-10 8.088
1/16 8.719c-13 7.874 1.240c-12 7.874

2.5 Conclusion

In this chapter, we have proposed a higher order numerical scheme for VO-TFRSDE by
using L-123 approximation in time. The proposed scheme is tested on two numerical exam-
ples for various a(x,t). The numerical results shown in Figures 2.1-2.4 and data presented

in Tables 2.1-2.4 are observed to be highly accurate with higher order of convergence. The



Chapter 2. A high order numerical method... 99

scheme reaches very high accuracy even on a very small number of grid points for some
numerical examples. For the proposed numerical scheme, theoretical unconditional sta-
bility is shown. Several other variable-order time-fractional non-linear problems can be
solved using the proposed numerical schemes, which is one of our objectives and a topic

for further research.
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