Chapter 2

Numerical solution of two-dimensional nonlinear
fractional order reaction-advection-diffusion

equation by using collocation method

2.1 Introduction

Fractional diffusion equations are used in many fields. Researchers are paying at-
tention on fractional calculus due to its increasing applications. it is not easy to
find the analytical solution of fractional diffusion equation especially for nonlinear
cases, so it is required to find the numerical solution of the problems. In the last
few years, many numerical methods have been developed such as Agarwal and EI-
Sayed [46] have used Non-standard finite difference collocation technique for solving
diffusion equation of fractional order, Molla and Nova [47] have obtained the ap-
proximate solution of two-dimensional diffusion equation of fractional order, Zhang
and Sun [48] have developed the ADI technique to solve two- dimensional time frac-
tional sub-diffusion equation, Yang et al. [49] have attained numerical solution of
two-dimensional diffusion equation of fractional order, Liu et al. [50] have discussed
finite volume method for solving diffusion equation of fractional order, Meerschaert
et al.[51] have solved two-dimensional dispersion equation of fractional order using
finite difference scheme, Jaiswal et al. [52] have solved nonlinear PDE for porous
media.
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The main objective of this chapter is to find the approximate solutions of the fol-

lowing two-dimensional nonlinear time fractional order reaction-advection-diffusion

equation (FRADE) given by

Dpu(ey )=V [utey 0 {ist + 350 }] —o(5h + 3—3

)+ k(. 0) + g(@ ),
(2.1)
where 0 < a<1l,and O0<ux,y,t <1

and the following multi-term time-fractional diffuson equation (MT-TFDE) as
a —
> di 5D ulz.y.t) = Vu(z,y,1) + g(z,y,1),0 < i < 1, (22)
i=1

where u(x,y,t) denotes the concentration of the solute, k is reaction coefficient,
g(x,y,t) is forcing term, v is the velocity representing the speed of movement, d;’s
are some constant and ¢, j are the unit vectors in the positive x and y directions
respectively. If a = 1, the model is called the integer order two-dimensional nonlin-
ear reaction-advection-diffusion equation (RADE). Here, we shall use the spectral
collocation method to find the approximate solutions to the problems. The spectral
method was investigated by Steven Orszag, which is similar to the finite element
method. The difference is that in the spectral method, the basis function used is
non-zero on the whole domain, while in the finite element, method function used,
which is non-zero on the sub-domain. The spectral method has nice error properties
as compared to the finite element method. The spectral collocation method is used
to find the numerical solution of partial differential equations, ordinary differential
equations, and eigenvalue problems related to differential equations. Here, the solu-
tion is written in combination with Lucas polynomial as ) ¢; jx¢i¢;¢x, where ¢’s are
the polynomial vector and ¢; j; are coefficients which have to be determined. In the

collocation method, the residual is collocated at certain collocation points together
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with prescribed conditions. The mathematical models (2.1) and model (2.2) are

solved using the following initial and boundary conditions given by

u(z,y,0) = pi(z,y), 0<azy<l,

u(0,y,1) = p2(y,1), 0<yt<1,

u(l,y,t) = ps(y, 1), 0<yt<1, (2.3)
u(x,0,t) = ps(x,t), 0<x,t<1,

u(x,1,t) = ps(x,t). 0<zxt<l.

Here Lucas operational matrix (OM) is used to find the residual of the problem de-
scribed in Eq.(2.1)- Eq.(2.2). OM method is better than the other methods because
it has a sparse matrix, which reduces the computational time and increases the ac-
curacy of the numerical solution. Also, OM method is simple to execute. Many
OM methods have been developed in recent years to find approximate solutions to
various problems. Bhrawy et al. [53] have developed Jacobi OM to obtain the nu-
merical solution of the diffusion-wave equation of fractional order, Doha et al. [54]
have found the approximate solution of fractional order IVP applying Chebyshev
OM, Dehgan et al.[55] have solved telegraph equation of fractional order with the
help of variational iteration method, Singh et al. [56] have obtained the approxi-
mate solution of two-dimensional fractional transport equation using Legendre OM,
Saadatmandi and Dehghan [57] have discussed OM approach to deal with differen-
tial equation of fractional order, Elhameed and Youssri [58] construct Lucas OM for
solving fractional differential equation, Tohidi et al. [59] have used OM of Bernoulli
polynomial to obtain the approximate solution of generalized pantograph equation,
Das [60] has solved diffusion equation of fractional order using variational iteration

method, Das et al. [61] approximated the reaction-diffusion equation of fractional
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order, Vishal et al. [62] have used homotopy analytical method to solve time frac-
tional nonlinear Swift Hohenberg equation, Kumar et al. [63] have used OM to find

numerical solution of two-dimensional reaction-diffusion equation.

2.1.1 Approximation of function

Consider the function g(z,y,t) defined in L*([0, 1] x [0, 1] x [0, 1]), then g(z,y,t) can

be expressed in combination of Lucas polynomial as

g(@,y,t) == Z Z > uigLi(t)Li() Li(y) = ¢(8) Ui(z, y),

where w(xaiw = qb(x) ® ¢(y) and d)(t) - [Lo(t)7L1(t)7L2(t>7 T ,Ln(t)]T, Uijk are
unknown coefficients and U is (n+1) x (n+1)? dimensional unknown matrix defined

as

Ull u12 e e ul(n+1)2
qu u22 .. e U n 2
U — 20t (2.4)
Uiyl Umt2)2 00 Ungl)(nd1)?

(n+1)x(n+1)2

2.2 OM of derivative in terms of Lucas polynomi-

als

According to [58], the derivative of the vector ¢(t) is given by
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where M) = (mﬁj)) is the Lucas OM of order (n+ 1) x (n+ 1) whose elements are

given by

i(—l)i_g_l,if i>j and (i + j) is odd,
m{ =
ij

0, elsewhere,

and derivative of order k of ¢(t) is given as

d“(t)
dtk

= Mo(t) = (MW) o(t),

where k is a positive integer.

Now fractional derivative of order a of ¢(t) is

(Dfo(t) =t " MWg(t), 0<a <1,

(2.6)

(2.7)

where M(O‘):(m(a)) is Lucas OM of order (n+1) x (n+ 1), which is lower triangular

1,3

matrix and it is given as

na([a],0) na(fal,al) 0

na(iao) e na(ivi)

Na(n,0) Na(n,1) Na(n,2) -+ nNaln,n)

(2.8)
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The elements (mg;) are given explicitly by

na(i7j>a lf /L Z (oﬂand 2237

0, elsewhere,

where b rige ‘
e s CVTCEDL
7704 Z)j = i— —9
k=[a] (5H)! (%)' I'(l—a+k)
(itk)even
(j+k)even

2.3 Numerical method to solve two-dimensional

fractional order diffusion model

Let us consider the following form of nonlinear Model 2.1 as

Pu(z,y.t) Pu(z,y,t) du(z,y,t) du(z,y,t)

oDiu(z,y,t) = @< cu(z,y,t), g(x,y, t)>,

ox2 oz e a0y
(2.10)
and also the form of MT-TFDE Model 2.2 as
q
¢ D OPu(z,y,t) OPu(x,y,t)
;di 0D u(r,y,t) = w( TR ,g(x,y,t)>, (2.11)

where 0 < a < 1,
under the given initial and boundary conditions (2.3).

To approximate u(z,y,t) with Lucas polynomial, let us consider

u(z,y,t) = ¢" () Uy(z,y).
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The differentiation of order S(positive integer) of ¢(z,y) w.r.t. x and y are given as

dP(z,y) _ d°(6(z) ® ¢(y))
dxP daP ’
p T
= L9 o 410,

= (MPg(x)) @ (I6(y)), (2.12)
= (MP @ I)(8(z) ® o(y),

= MPy(z,y),

and

dPY(z,y)  d°(o(x) @ 9(y))

dys dyP ’

= (Ip(x)) @ (MPo(y)), (2.13)

where I is an identity matrix of order (n + 1) x (n + 1) and M? = (M? ® I),

M = (I MP).

The derivative of u(x,y,t) of order § (positive integer) w.r.t. x and y are given as
Pu(z,y,t) _ 0°

o = ¢ (OUP(,y),

&)
= ¢T(t)U%w(x,y), (2.14)

= " (UM P(x,y),
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OPu(w,y,t) _ 0°

g = gt DUYEY),

&)
- ¢T(t>U§—yﬁ¢<x, 0, (2.15)

= o" (UM P(x,y),

and derivative of u(z,y,t) of order o, 0 < a < 1 w.r.t. t is given as

*u(x,y,t) 0%
ol @¢ OUY(x,y),

> g
~ (gem0) vt
= (t"M@(t)" Uv(,y)

=177 (1)(M*) U(z,y).

12

(2.16)

The Residual of the Model (2.1) is obtained by using Eqgs.(2.12)-(2.16) as

R(e,y,t) = 6" (M) Ut(x,y)
— 0(&" OUMI (), 6 (UM (w,y), 6" (VUMD (), 6" (UMDY, 1), g(w,9.1)).

(2.17)

with the prescribed conditions

oT () UY(x,y) = pi(,y),
oT(UP(0,y) = pa(y, 1),
oT(UY(1,y) = ps(y, 1), (2.18)
oT(UY(x,0)) = pa(,1),
o' (O UY(x,1) = ps(a,1).
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By choosing the collocation points as x; = y;, = t; = 2272;11, we may collocate the

residual at (n — 1) X (n — 1) X n points, so that the residual is zero.

R(zi,yjte) =0, 1<i<n—-1,1<j<n-11<k<n. (2.19)

Now collocating Eq.(2.19), we obtain (n + 1)? 4 4n? algebraic equations as

IA

IA
S
+
—

¢ (OUY(xs,y5) = pr(wi, ), 1 l<j<n+1
o' (t)U¥(0,y;) = p2(y;, th),
o (t)UY(L,y5) = p3(y;, te),
¢ (t)U(i,0)) = pa(wi, tr),

¢" (te)Urp(4,1) = ps(i, t),

n

—_
IN
<
IA
S
—_
IN
o
IA

(2.20)

— —
A IA
> <
A INA
S S
— Jn—
IN A
= >
IA INA
S 3

,_
IA
VAN
S
—
IA
o~
IN
S

From Egs.(2.19) and (2.20), total (n + 1)* algebraic equations are obtained, which
can be solved by well-known Newton’s method. Similarly, the residual of Model
(2.2) is obtained by collocating (n — 1) x (n — 1) X n points and solved by Newton’s

method.

2.4 Numerical examples

This section discusses the accuracy, efficiency, and performance of the concerned nu-
merical technique. For this purpose, the concerned method is applied to some prob-
lems that have already been solved analytically/ numerically by other researchers.
A comparison has been made of the results obtained by the proposed scheme with

the existing results through the absolute errors (AE) defined by

En (i, y;,tk) = [u(@i, yj, te) — @@, 5, tk)], 0 < 2y, y5,t <1 (2.21)
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where @(x;, y;, t) and u(x;, y;,t;) are approximate and exact solutions, respectively

at (ZEZ', yj, tk) .

Example 2.1 Consider a two-dimensional FDE as

2 2
Doy t) = 2 u(z,y,t) | Oulz,yt) (3U(x,y,t) Ou(z,y,t)

5 T o )+g(x,y,t),

0x? Oy?
(2.22)
with
tlfa
)=e" (1+ =
g(z,y,t) =e ( TTao a)) :

under the following conditions

u(z,y,0) = ey,

w(0,y,t) =t +y,

u(l,y,t) =e(t+y), (2.23)

u(x,0,t) = et,

u(z, 1,t) = e"(t + 1),

having the exact solution as u(x,y,t) = (t + y)e*. The AEs of Example 2.1 for
a = 0.4 and a = 0.8 are shown in tabular forms. From Table 2.1 and Table 2.2,
it is clear that the numerical solution of the Example 2.1 by the proposed method
is almost equal to exact solution for small values of n. The absolute error can be
reduced with the increase in n, which shows higher convergence rate of the proposed

scheme as compared to other existing methods.
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TABLE 2.1: The absolute errors for n = 8 and n = 10 with o« = 0.4 at t = 0.5 for

Example 2.1
(x,y) Es(x,y,0.5) Eyo(z,y,0.5)
(0.1,0.1) 1.06509 x 10719 1.53988 x 10713
(0.2,0.2) 4.11712 x 10710 5.96634 x 10~13
(0.3,0.3) 9.25109 x 1010 1.34692 x 10~'2
(0.4,0.4) 1.64009 x 10~  2.39120 x 10~12
(0.5,0.5) 2.53065 x 107%  3.70126 x 10~12
(0.6,0.6) 3.56142 x 10~%  5.21760 x 10~'2
(0.7,0.7)  4.67059 x 107%  6.87717 x 10712
(0.8,0.8) 5.87935 x 107  8.64508 x 10712
(0.9,0.9) 6.09956 x 107 9.84990 x 10712

TABLE 2.2: The absolute errors for n = 8 and n = 10 with o« = 0.8 at t = 0.5 for

0.9,0.9

5.84315 x 1079

9.55636 x 10712

Example 2.1
(x,y) Eg(z,y,0.5) FEyo(x,y,0.5)
(0.1,0.1) 5.41911 x 107 7.74936 x 10~
(0.2,0.2) 2.23101 x 1071 3.20965 x 10713
(0.3,0.3) 5.52441 x 10710 8.02469 x 10713
(0.4,0.4) 1.08100 x 1079  1.57407 x 1072
(0.5,0.5) 1.83223 x 1079 2.67963 x 1072
(0.6,0.6) 2.81421 x 1079 4.12514 x 10712
(0.7,0.7) 3.98735 x 1079  5.88463 x 1072
(0.8,0.8) 5.36519 x 1079 7.91944 x 1072

( )
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Example 2.2 Consider the nonlinear diffusion equation given by

ou(z,y,t)

gy = VZu(z,y,t) + u*(1 — u), (2.24)

under initial and boundary conditions

u(z,y,0) = |1+ exp

w(0,y,t) = |1+ exp

u(z,1,t) = |1+ exp

u(z,0,t) = |1+ exp

(G
(
u(l,y,t) = |1 —|—€xp(
(
(

i

\/6

.

% %)}_ (2.25)
+ == -

)]

-1
whose analytical solution is u(x,y,t) = [1 + exp (\% + \/ié — %)] i

TABLE 2.3: The absolute errors for n = 8 and n = 10 at ¢ = 0.5 for Example 2.2

(Slf,y) ES(x7y705> ElO(xvyu 05)

3.15237 x 10712 1.26565 x 10~
1.11112 x 10712 4.62963 x 10~
2.45729 x 107 1.04083 x 10713
4.23398 x 10~'*  1.80300 x 10713

7.84176 x 1071 3.31957 x 10713
8.75495 x 10711 3.66429 x 10713
8.59888 x 10711 3.59268 x 10713

( )
( )
( )
( )
(0.5,0.5) 6.16443 x 1011 2.62845 x 10~13
( )
( )
( )
( ) 712742 x 10711 3.41727 x 10713
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The above Table 2.3 shows the AE between analytical results and numerical results.
It is seen that for the nonlinear problem, the AE between exact solution and ap-
proximate solution is of order 107'2 and 10~ for n = 8 and n = 10, respectively

which can be decreased on increasing the value of n.

Example 2.3 Consider the time fractional two-dimensional nonlinear diffusion equa-

tion given as

cDYOu(w,y,t) = Vau(z,y,t) +u*(2,y,t) + g(z,y,t), (2.26)

where

g(fE;Z/at) =

TABLE 2.4: The absolute errors for n = 8 and n = 10 at ¢t = 0.5 for Example 2.3

e (rﬁl) et a) - (t+ x)) ,

(x,y) Es(x,y,0.5) E1o(z,y,0.5)
(0.1,0.1) 1.48230 x 1010 2.14273 x 10~13
(0.2,0.2) 571009 x 10-10  8.33666 x 10~
(0.3,0.3) 1.27240 x 1079 1.86429 x 10712
(0.4,0.4) 2.22245 x 10°%  3.26139 x 1012
(0.5,0.5) 3.35403 x 107%  4.93916 x 10~12
(0.6,0.6) 4.56775 x 1099 6.75149 x 10~'2
(0.7,0.7)  5.71915 x 1079  8.53184 x 10712
(0.8,0.8) 6.74699 x 107 1.01736 x 10~ !
(0.9,0.9) 6.53286 x 107 1.11613 x 1011

whose initial and boundary conditions can be obtained from the exact solution as in

Example 2.1. The above equation has the analytical solution as u(z,y,t) = e¥(t+x).
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Table 2.4 shows the AE between analytical and numerical solutions.

Example 2.4 Consider the following MT-TFDE as

di oD u(w, y,t) + do 5D} u(w,y,t) = Vu(z,y,t) + g(x,y, 1), (2.27)

The approximate solution of the above mentioned two-dimensional MT-TFDE can
be determined for d; = 1,dy = 0.35,a7 = 0.60 and as = 0.40 for the suitable choice
of g(z,y,t) such that its exact solution is u(x,y,t) = t sinz siny and the initial
and boundary conditions can be obtained from the analytical solution.

The AEs for different choices of x and y are depicted in Table 2.5. From the above,
one can analyze that the approximate results obtained by the presented approach is

in nice agreement with the exact results.

TABLE 2.5: The absolute errors for n = 8 and n = 10 at ¢t = 0.5 for Example 2.4

(z,y) Es(z,y,0.5) FEyo(x,y,0.5)
(0.1,0.1)  2.93013 x 10~ 3.30437 x 1014
(0.2,0.2) 9.09550 x 107" 1.31839 x 10713
(0.3,0.3) 2.07445 x 10719 3.01988 x 10713
(0.4,0.4) 3.76958 x 1071% 5.48950 x 10713
(0.5,0.5) 6.04058 x 10719 8.81170 x 10713
(0.6,0.6) 8.94985 x 10719 1.30523 x 10712
(0.7,0.7)  1.24676 x 10~ 1.82449 x 102
(0.8,0.8) 1.67331 x 1079 2.43866 x 102
(0.9,0.9) 1.77749 x 107%  2.93099 x 10~12
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Example 2.5 Considering ¢ = 2, the Model (2.2) is reduced in the following MT-
TFDE as

di oD u(w,y,t) + do gD u(z, y,t) = Vu(z, y,t) + g(z,y, ). (2.28)

The approximate solution of the above MT-TFDE is obtained by using the proposed
method for d; = 1, ds = 1, ay = 0.15 and ay = 0.95 for the proper choice of g(x,y, t)
so that its analytical solution is given as u(x,y,t) = sinz siny (3 +¢*>+t+1) with
the initial and boundary conditions obtained from the exact solution.

The errors between the existing analytical and the approximate solution by using
the proposed approach are obtained for various values of x, y and t = 0.5, which
are incorporated in Table 2.6. From the above results one can say that he approach
introduced in this chapter produces excellent approximate results of the problems.
Hence this approach is considered as the best tool to deal with such types of prob-
lems.

TABLE 2.6: The absolute errors for n = 8 and n = 10 at ¢ = 0.5 for Example 2.5

(x,y) Eg(z,y,0.5) FEyo(x,y,0.5)
(0.1,0.1) 8.37133 x 10~ 1.20706 x 10~13
(0.2,0.2) 3.33924 x 10-10  4.81115 x 10-13
(0.3,0.3) 7.60437 x 10719 1.10353 x 10712
(0.4,0.4) 1.38476 x 107 2.00995 x 10~12
(0.5,0.5) 2.22477 x 107%  3.23391 x 10712
(0.6,0.6) 3.30622 x 10~%  4.80371 x 10~12
(0.7,0.7)  4.62109 x 107  6.73306 x 10~12
(0.8,0.8) 6.22444 x 10 9.01579 x 1072
(0.9,0.9) 6.63281 x 107 1.07920 x 10~
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2.5 Solution of the problem

In this section, the solute concentration of the considered two-dimensional FRADE
Model (2.1) is calculated by applying the proposed method for various values of «

and k for n = 2 under the following initial and boundary conditions.

dT(0)CY(zsy) =2 +y, 1<i<n+1, 1<j<n+1,

O (L) OMyy(Ly;) =¢, 1<j<n, 1<k<n,
T 1 .
oT(t)OMM(2,,0) =1, 1<i<n, 1<k<n,

T 1 _ ,
) (tk)C’Myw(:ci, 1)=1, 1<i<n, 1<k<n.

The variations of the solute concentration versus x and y are determined for different
fractional and integer values of . The variations in the solute concentration are also
exhibited graphically for conservative and non-conservative cases. The effects of the
solute profile for two-dimensional FRADE are shown in Fig. 2.1 for different values
of a. On increasing the values of «, the concentration decreases with the presence
of sink term. The variations of solute concentration for the integer order (o = 1)
two-dimensional RADE are shown through Fig. 2.2 for both the conservative and
non-conservative cases. It is observed that the concentration will be higher and
lower than that of the conservative system (k = 0) due to the presence of source

(k =1) and sink (k = —1) terms, respectively, which are physically relevant.
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u(x.y.0.5)

FI1GURE 2.1: Plots of solute profile vs.  and y for non-conservative system with
sink term (k = —1) for various values of a.

u(x,y,0.5)

FiGURE 2.2: Plots of solute profile vs. z and y for conservative and non-
conservative systems for a=1 at t=0.5.
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2.6 Conclusion

The present chapter establishes a method to find the approximate solution of a two-
dimensional nonlinear time-fractional diffusion equation. The Lucas polynomial
and OM of the Lucas polynomial are used to find the solutions to the problems
considered. Using the spectral collocation method, we used the Kronecker product
property of Lucas polynomials to approximate the solution. In this approach, we
apply the spectral collocation method to ensure that the residuals, as well as the
initial and boundary conditions of the mathematical model, are collocated at specific
collocation points. This process leads to a system of nonlinear algebraic equations,
which we then solve using Newton’s method. The efficiency of the proposed scheme
is shown through absolute error when applied to a few existing problems. The
accuracy can be improved by increasing the terms of polynomials. The author is
confident that the method can be applied to find the approximate solutions of other

types of two-dimensional multi-term fractional order PDEs.
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