Chapter 7

Non-Monotone Trust-Region
Methods for Set Optimization with
Finitely many Vector-Valued

functions as Set-Valued mapping

7.1 Introduction

The need for non-monotone trust region methods (NTRM) arise because of the known
disadvantage of the conventional trust region method (TRM) which compels the objec-
tive function to monotonically decrease at every iteration. This requirement might be
very restrictive and may hamper the chances and speed of convergence. Non-monotone
schemes relaxes this enforcement over the objective functions by allowing for steps
that may lead to increment in function values in some iterations. By doing this, non-
monotone scheme can improve the probability and speed of convergence of monotone
trust-region scheme. In the conventional literature on single and multi-objective op-
timization, there exist two type of non-monotone TRMs: max-type and average-type.
Their main difference lie in the definition of reduction ratio and step-acceptance criteria.
Max-type NTRM checks whether the current function value is smaller than maximum
functions values over the previous M iterations, where M is a user defined parameter.
On the other hand, average type compares the current function value to the average
of the function values from all past iterations. Therefore, Max-type NTRM generates
the sequence of maximum over function values, whereas Average NTRM generates the
sequence of average over function values. In comparison, TRM generates a sequence of
current function values.

Numerous studies have utilized non-monotone adjustments to trust region methods

for both single-objective and multi-objective optimization problems. Deng et al. were



the first to implement such a modification for single-objective optimization. Since
then, many other studies have followed, further exploring the performance of NMTR
for single objective optimization, for instance, sun [171], Chen et al. [29], Ahookhosh et
al. [2], Macial et al. [135], Mo et al. [140] etc. Non-monotone trust region schemes
have also been successfully implemented for multi-objective optimization problems.
For example, [154] enhanced the trust region method by developing a non-monotone
version, demonstrating significant improvements in number of iterations, computation
time, and the number of subproblems that needed to be solved for multi-objective
problems. Following this, Ding et al. [42] built upon [154] by developing an adaptive
non-monotone trust-region method to tackle a specific type of multi-objective non-linear
bi-level optimization (MNBLO) problem. They achieved this by taking the convex
combination of the current iteration’s function value and the maximum over the function
values from previous iterations. Additionally, Ghalavand et al. [61] expanded the max-
based adaptive method from [42], which was limited to MNBLO problems, to any
general multi-objective scenario. They also investigated the average-type adaptation of

the adaptive trust region method.

7.2 Motivation

In monotone TRM, the step acceptance criteria is restricted to accept only those
steps that reduces the function values compared to the immediate previous itera-
tion. This limitation is quite stringent, as evidenced by observations in both single-
objective [2,140] and multi-objective optimization [61,154]. Such a restriction may
limit the potential for convergence and could also slow down the convergence rate. For
the case of single and multi objective optimization, researchers have developed non-
monotone modifications of TRM which have been shown to be significantly better than
TRM for various types of objective functions. Following this trend, we should expect
similar performance gains for the case of set optimization as well. However, in the
literature, because of the challenges and difficulties in set optimization, NMTR for set
optimization have not been developed yet. This motivates us to implement and study
the performance of Max-NTRM and Avg-NTRM for set optimization.

7.3 Contributions

In this chapter, we present two new variants of non-monotone trust region methods:
the max-type non-monotone trust region method (Max-NTRM) and the average-type
non-monotone trust region method (Avg-NTRM), designed for discrete non-convex un-

constrained set optimization problems (SOP). These two schemes lead to their own step
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acceptance criterion (based on their defined reduction ratios) where Max-NTRM con-
siders the maximum over functions values from the last M iterations, and Avg-NTRM
takes an exponentially weighted moving average of function values till the current iter-

ation. The main contributions of this chapter can be summarized as follows:

(i) We introduce non-monotone Max-NTRM and Avg-NTRM algorithms aimed at
identifying critical points for a specific type of set optimization problem. We

demonstrate the well-definedness of each algorithm step.

(ii) We establish the global convergence of the two proposed methods to provide

theoretical guarantees.

(iii) We conduct numerical experiments on 20 example set optimization problems to
compare the performance of Max-NTRM and Avg-NTRM against the monotone
TRM method given Chapter 6.

(iv) We generate a performance profile for the three methods using the profiling
methodology outlined in [43], focusing on four performance metrics: convergence

rate, number of iterations, computation time, and average step size.

v) Based on the analysis of the performance profile, we observe that Max-NTRM
y

generally excels across all metrics. However, Avg-NTRM also demonstrates very

strong performance and, in cases where it does not outperform TRM, remains

very competitive.

7.4 Non-monotone trust-region method for set optimization

In this section, we propose Max-NTRM and Avg-NTRM non-monotone trust region
methods for set optimization using the (monotone) trust region method, given in 6, as
the basis. Since our schemes are refinement of TRM, most of the standard steps such
as calculation of partition P,,, the choice of a* from that P, etc. are similar. The
main modification happens in the step of reduction ratio calculation using which we
show that our proposed method performs better than TRM. As a quick recap, we, in
Chapter 6 proved that their trust region algorithm for SOP generates a sequence of
iterates {z;} that finally converges to the critical point of the SOP. Their necessary
condition of criticality states that if a point xj is a critical point of (SOP%), then
0(xy) = 0. The function 6 : R® — R is defined by

O(z) = min ©O,(a,s), (7.1)

(a,s)€EPyxB
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where, O, : P, x B — R, for any given x € R", is given by
O.(a,s) = max {A_g (Vf9(x) s+ sV % (x)s), A_g(Vf9(z) s)}. (7.2)

Here, P, is the partition set at x and B = {s € R" : [|s]| < Quax} With Q. as the

maximum allowed trust-region step-size. At every iteration k, an a* = (a’f, ak, ... ,aﬁk)

is selected from the partition set Py by solving

(a*, sk) € argmin max {A_g (Vf%(xx) s+ 15" V2 f% (xp)s) , Ak (V% (zi)s) },

((I,S)EPk XBk jE[UJk]

(7.3)

such that 0(zy) = O,,(a*, s). Then, using a”, the corresponding vector optimization
problem is defined as
(%z) min f*(z), d* € P, . (VOP g (2))

Z'ER"
The possible step s inside the trust-region By is computed using the model function
~ ak

m® and its corresponding subproblem given by

min t )
subject to A_g <Vf“§(xk)Ts + %STVQfaf (xk)s> —t<0, j=1,2,...,wp,

A <Vfa?(xk)Ts) <0, j=1,2, .., wp,

sl < €.

Ve

Using Theorem 7.5.2, the authors show that step s of (VOP .« (xx)), if accepted, is also
k
the accepted step for (SOP%) at x;. For monotone TRM, the reduction ratios pzj , for

all a;? € ay, and j € [wg], used in the step acceptance criterion are given by

af actual function reduction _A,K(faé? (g + sx) — fa§ (71)) (7.5)
P = predicted reduction A_K(m“?(()) — ma?(sk)) ' '

Here, only the function values at the current iteration f‘l? (z) is utilised to make a
decision about the computed step sy.

In this paper, we modify these reduction ratios so that it takes into account not
just the function values from current iteration but also from previous iterations. Based
on the way in which such information from previous iterations is combined gives rise
to Max-NTRM and Avg-NTRM schemes. For Max-NTRM, drawing motivation from
Sun’s [171] and Ramirez et al’s [154] methods for single-objective and multi-objective

k
optimization, respectively, we define the reduction ratios pzj , for all a? € a and j € [wy],
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as

ak A fG? (Qf + 5 ) - (faé?ﬂ"(m Jr ))T‘G m
o= —— e A ) (76)
A_g(my (0) —my (sk))

where, for all i € [p],

;) e ko k-1 k- _
maxo<g<n, " (Tr—q) ifa®=a"*t,--. ,=a"%--- =a

fi’r(xli,r(k)) =

Jor(z) otherwise.

Here, Ny, = min{N;_; + 1,N } is the number of previous iterations over which the
maximum of the function values is calculated. Ny = 0, and N is the largest value
Ny, can take i.e. the maximum number of past iterations we can look back. The
above means that, when the set a* of the current and last N iterations are same,
we take the maximum of their function values over the last NV, iterations to calculate
the set of reduction ratios p,’. If any a” from previous N iterations is different,
then, the algorithm reduces to the case of monotone TRM where we simply take the

k k
current function values to calculate pZJ. Note that, for Max-NTRM, pZ’ > 0, means

A (£ (@ + s1) = (£ (@00 repm) < 0 and £ (zx + s1) <ac (F7 (@0 1)) el
i.e., for acceptance, s, does not need to be along the descent direction of f“éﬂ at xy like
TRM. This allows a non-monotonic freedom to the function values so that they can
increase for some iterations if necessary. Thus, —A,K(f“? (xp+sK)— (fa?7r($lj,r(k)))r€[m])
is the non-monotone reduction of the actual vector-valued function faf due to the step
s, and the predicted reduction A_g(m% (0) — m® (s;,)) is the same as in Chapter 6.

Before we move forward, for clarity of notations, we define the following

Fzigy) = {fi(l’li(k))}ie[p} = {(fi’r(xzi»r(k)))re[m]}Z,E[p]
= {(F" (@), F2 (@iew), - - fi’m(ﬂizi,m(k)))},-e[p] . (7.8)

This maximum-based non-monotone scheme, however, can be disadvantageous in some
cases. For example, when objective values at the current iteration are very good,
it would be more sensible to utilise them, however, Max-NTRM completely ignores
them to instead consider the maximum objective values over past iterations [2]. To
address this particular issue, in the literature, various average-based non-monotone
schemes have been proposed which, instead of the maximum, considers a weighted
average of the function values from previous iterations. Therefore, motivated by Mo et
al.’s [140] and Ghalavand et al’s [61] average-based NTRM schemes for single-objective
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and multi-objective cases, respectively, we define the Avg-NTRM for set optimization

. . k
who’s reduction ratios p% are defined as

E=A g (Y (e + s) — (G
A (m®(0) — m™ (sy,))

where, for all i € [p],

' Pk —1k—1 (b7 4+ Lgiriy if a* = ak_1> A R a’
cir = | O o (@) (7.10)
Fim (2) otherwise,
where,
1 k=0
dx =

Hk—1qk—1 + 1 k > 17

for pu € [fmin, fmax), With fimin € [0,1) and fimax € [fimin, 1). In other words, when the
set a® of the current and all previous iterations are same, we take the average of their
k

function values to calculate ratios pZJ . If any of the a* from all previous iterations is
different, then, the algorithm reduces to monotone TRM which simply considers the
current function values. For Avg-NTRM, when step s;, is accepted, we get the condition

k ak
that f% (SBk + Sk;) <K (ij

T

)re[m}~

Therefore, Max-NTRM and Avg-NTRM, only needs the sequence {f*(z;i())} and
{C4%}, respectively, to be monotonic, thus allowing the sequence {f*(zx)} to be non-
monotonic. For the special case of N = 0, fxiy) = f'(xx) and the reduction ratio
of Max-NTRM reduces to (7.5). Similarly, for y;, = 0 for each k, Ci = fi(x;,) and the
reduction ratio of Avg-NTRM reduces to (7.5). Based on the two reduction ratios (7.6)
or (7.9), we propose the Max-NTRM and Avg-NTRM algorithms which are given in
Algorithm 4 and Algorithm 5, respectively. The trust region radius update rule and
stopping criterion for these two algorithms is same as that of monotone TRM algorithm
of Chapter 6. The algorithm is stopped when it finds a point of criticality. As per
Chapter 6, a critical point our considered (SOP%) is characterized by the optimal
values 0(xy) (in the image space) and s(xy) (in the variable space) of the subproblem
(7.4), which are defined as

0(zr) = min max {A,K <Vfa§ (z1) s+ %STV2f“? (xk)s) AN <Vfa§ (xk)Ts>}

SEBy, j€[wy]

(7.11)
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and

s(zg) = argmin max {A_K (Vf“§ (z) s+ %STVQfa? (mk)s> AN (Vfa? (:Ek)TS>} .

sEB, je[wk]

(7.12)

Next, similar to the Proposition 3.2 of Chapter 6, we show the interdependence

between reduction ratios and accepted step criterion in the following proposition.

Proposition 7.4.1 Let z; be a noncritical point of (SOPL). Then, for any j € [wy],
k
a non-monotone trust region step sy satisfies f:] (Tk + Sk) <K (f“?”’(xl;(k)))re[m} (Maz-

k
a]-r

NTRM) or f,?j (2 4 s) <K (CF7 (xk))repm) (Avg-NTRM) if and only if pzj > 0.

Proof: Let s, satisfy [% (z), + sp) <x (fa?’r(xlj,r(k)))re[m} (Max-NTRM) or f% (z; +
a]?,r a¥ a®.r
si) <k (Cprepm) (Avg-NTRM). Then, A_x(f,” (zx + sx) — (f" (@pr))refm)) < 0
ak al? T
(Max-NTRM) or A_g(f,” (e +58) = (C" 7 )repm)) < 0 (Avg-NTRM). As sy, is identified
by solving (7.4), we get
o o T
max A_sc(my (s1)) < max { A (my (1)), A (VA (@) i) }
j€[wr] J€wr]

< max {A_K(mz?(on, A x(V f;j?(xk)TO)} —0,

JE€we]

k

i.e., A_g(my (s;)) < 0. Thus,

k ak ak ak

A g (my? (0) = my (s) = A (my? (0)) = Ay (my (s1)) = 0. (7.13)

ak ak
For a noncritical point zy, from Corollary 6.6.1, we get A_g(m,’ (0) —m,’ (s)) > 0.

Thus,

k

ai A (f (e + s1) — (f (@ g9))refm)
P = P 2 >
A_g(my’ (0) —my’ (si))

0 (Max-NTRM) (7.14)

akr

A 5 (i + s1) = (CFVregm) >0 (Ave-NTRM) . (7.15)

A (my? (0) —my (s1))

ak
Conversely, suppose p,” > 0. Then, A_g (9 (i + sp) — (f“?”(xlj,r(k)))re[m]) < 0 (Max-
(ll? ‘s
NTRM) or A_x(f% (x5 + si) — (C" remm)) < 0 (Avg-NTRM), and hence 79 (s +
ak r
Sk) <K (fa?’r(l’lj,r(k))re[m] (MaX—NTRM) or fa;?(l‘k—i—sk) <K (ij )re[m] (Avg—NTRM). ]
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Algorithm 4 Max-NTRM algorithm for solving (SOPY%)

1: Initialization and Inputs
Inputs to problem (SOPY): ff:R* - R™ i=1,2,...,p
Initialize parameters: iteration counter k£ = 0, initial point x¢, initial trust region
radius g, maximum trust region radius Qax, threshold parameters n;, n2 € (0, 1),
fractions 1,72 € (0,1) to shrink the trust region radius, tolerance value e for
stopping criterion, number of past iterations to consider for max calculation Ny =

0, and upper bound N.

2: Find minimal elements
Calculate My = Min(F'(xg), K) = {r1,72, .- ., Tw, }-
Calculate the partition set P, = P, = I, < I, X --- X [,,wk.
Compute pp = |Py| and wg, = |[Min(F (zg), K)|.

3: Selection of an ‘a®’ from P,

Choose an element a* = (af,af, ..., af ) € Py as per

(a*,sx) € argmin max {A_x (V% (zr) s + 35TV (2)s) , A_x (Vf¥ (xx)"s) }.

(a,s) € Pj, x By, JEIwWk]

4: Definition of Model function
k

For all j € [wg], calculate the model functions mzf as
ak ~ak ak
my’ (s) =V f V(ar) s + 1sTV2f Y(xe)s, sl < Q.
5: Step computation
Calculate (t, si) by solving subproblem (3.11) as in Algorithm 3 of Chapter 6.

6: Stopping criterion
If |tx] < €, terminate the algorithm and output z; as a critical point of (SOPY,).
Else, go to next step.

7: Reduction ratio Compute reduction ratio as per (7.6):

v A (P @kt s = (0 @) et ) ,
oy = — . - for all j € [wg].
A_k(my’ (0) —my (sk))

8: Step acceptance criterion
k
If pz’ > for all j € [wg], then successful step. Set zp1 = x + si.
R

Else If pzj < 1 for at least one j, then unsuccessful step. Set xy41 = k.

9: Update trust region radius
Select

ak a
(72 %, Q4], if g <p,’ Vje[w and 31 € [wy] such that P}j < 12 (Successful)
ak
Qpy1 € § (Q, 00), if no < p,’ Vj€ wi, (Very successful)
[71Q%, ¥22%], if 31 € [wyg] such that pzf < 1 (Unsuccessful).

10: Update Ny and go to next iteration
Set Njpy1 = min{ Ny + 1, N}.
Set k = k + 1 and go to Step 2:.
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Algorithm 5 Average-NTRM algorithm for solving (SOPY)

1: Initialization and Inputs
Inputs to problem (SOPLY): fi:R* - R™ i=1,2,...,p
Initialize parameters: iteration counter £ = 0, initial point xq, initial trust region
radius o, maximum trust region radius Q,.x, threshold parameters n;, 72 € (0,1),
fractions 1,72 € (0,1) to shrink the trust region radius, tolerance value e for
stopping criterion, (C’é’T)Te[m] = (f"" (x0))repm) Y i € [p], qo = 1, and take 0 <
Hmin < fmax < 1, po € [Hmim Umax}'

2: Find minimal elements
Calculate My, = Min(F(x), K) = {r1,r2, ..., Tw, }-
Calculate the partition set P, = P, = I,, X I, X --- X I, -
Compute p, = |FP| and wy, = |Min(F(zy), K)|.

3: Selection of an ‘a®’ from P,

Choose an element a* = (a},a%, ..., al ) € P, as per

(CL"J7 Sk) S ( algggnr; jl’}fgl[ai(] {A,I( (Vfaj (-Tk)TS + %STVQf(lj (’L'k)S) , A,K (vfuj (xk)TS)} )
a,s)€ Py, X By, W
4: Definition of Model function
k

For all j € [ws], calculate the model functions m;’ as
ak cak a
mig (s) = V% (@) s + 3TV @)s, il < Q.

5: Step computation
Calculate (g, sx) by solving subproblem (3.11) as in Algorithm 3 of Chapter 6.

6: Stopping criterion
If |tx] < €, terminate the algorithm and output z; as a critical point of (SOPL.).

Else, go to next step.

7: Reduction ratio

Compute reduction ratio as per (7.9):

v A (1@ ) = (CF )

o T A a0 —mB ()

8: Step acceptance criterion
’
If pZJ >y for all j € [wg], then successful step. Set 11 = x) + Sk.
k
Else If pZJ < m for at least one j, then unsuccessful step. Set xp11 = xp.
9: Update trust region radius
Select

ak ak
(72, Q%] ifmy <p? Vjé€w and 31 € [wy] such that p,j < 12 (Successful)
llk
Q1 € § (Q, 00), if no < p,? Vj€ w, (Very successful)

[v12%, 72Q%], if 31 € [wy] such that pzf < 11 (Unsuccessful).

10: Go to next iteration
Set k = k + 1 and go to Step 2:.
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7.4.1 Well-definedness of Algorithm 4 and Algorithm 5

The well-definedness of our proposed algorithms depends on their respective Step 3:,
Step 5:, Step 6:, Step 7:, and Step 8:. Among them, Step 3:, Step 5:, and Step 6: are
same as those in TRM algorithm, whose well-definedness is already given in subsection
3.6 of Chapter 6. For Step 7: and Step 8:, the well-definedness is presented next.

Step 7: calculates the respective reduction ratios of the two algorithms. With s, as
the solution of subproblem (7.4), we get the predicted reduction term A_ K(mzf (0) —
mZ? (sg)) in the denominator of reduction ratio to be positive. Also, for s to be ac-
cepted, we have f% (zy + sp) <x (fa?’r(fﬁlj,r(k)))re[m] (MAX-NTRM) or f% (24 + 1) <k
(Ca§ repm) (Avg-NTRM). This, thus, creates an interdependence between reduction
ratios pZ‘l; and the step acceptance criteria as shown in Proposition 7.4.1. This interde-
pendence causes Step 7: of Max-NTRM and Avg-NTRM to be analogous to the step
acceptance criterion of the conventional Max-NTRM and Avg-NTRM, respectively.
Thus, the choice of pZ? for both Algorithms is well-defined.

Step 8: checks whether the computed step s; can be accepted or not. From Corol-
lary 7.5.2 (presented later) and Proposition 7.4.1 tellskus that if there exists a step s
(obtained from solving (VOP . (z1))) that satisfies p,’ > 0 for all j € [wy], then this
step can be accepted for (SOPY) and we get f'(zy, + si) <x (f*" (2pprr)))repm) (Max-
NTRM) or f{(zx + sk) <k (C"")repm (Avg-NTRM) for all i € [p]. Thus, Step 8: is
well-defined.

Finally, Theorem 7.1 shows that Algorithm 4 and Algorithm 5 generates the se-
quence {zj} in such a way that F(zj441)) =% F(xix)) and {(C’;ﬁl)re[m]}ie[p] =<k
{(C}")repm) Yicy), respectively. This is in line with the core idea of conventional max-
type and avg-type non-monotone trust-region methods, i.e., the sequence of maximum
of function values from past iterations or the sequence of average of function values from

past iterations decrease monotonically. Therefore, Algorithm 4 and 5 are well-defined.

7.5 Global convergence analysis

In this section, we prove that both Max-NTRM and Avg-NTRM converge to a critical
point for (SOPY). For this, we first make a few assumptions on the considered set-
valued function F' = {f'};c. These assumptions are very common in single and

multi-objective non-monotone trust-region schemes.

Assumption 7.5.1 Function f' is continuously differentiable for all i € [p].
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Assumption 7.5.2 Hessian of function f*, for all i € [p|, is uniformly bounded. This

means that there exists a IC; such that
V2 ()| < K.

Assumption 7.5.3 There exists a constant vector My whose every coordinate is posi-

tive real number, such that
s'V2fi(x)s <k Mi||s||* for all i € [p].

Assumption 7.5.4 Level set of function F, L. = {x € R" : F(z) =% F(xg)}, is
bounded.

Assumption 7.5.5 Function f', for all i € [p], is bounded below.

Assumption 7.5.6 There exist K3 > 0 such that, for all i € [p],

IV (@) < Ks.

Next, we present a series of lemmas, corollaries, and theorems which ultimately lead
to the convergence proof of our algorithms. We present Lemma 7.1, to be used in Corol-
lary 7.5.1, to show a bound on the sufficient decrease of the model function ma". Next,
we present Lemma 7.2, followed by Corollary 7.5.1 of Chapter 6 which will be useful
later. Then, in Theorem 7.1, we show that the sequence of function values generated
by the two algorithms are monotonically decreasing. Next, we present a Corollary 7.5.2
that connects the accepted step of (VOP,x(x;)) to accepted step of (SOPL). Next,
Theorem 7.2 ensures that the algorithms always generate a successful step after finite
number of unsuccessful steps. Next, in Lemma 7.5.1, we show that the sequence of
functions generated by the two algorithms admits a limit. Finally, in Theorem 7.3, we
show that the sequence of iterates generated by the two algorithms converge to critical

point of (SOPL).

Now, we present a lemma which will be later used in Corollary 7.5.1 to show the
sufficient decrease of the model m® for our considered (VOP 4 (z)) in terms of the
optimal value 0(xy) of the subproblem (7.4). This corollary will then be used for proving

the global convergence of our algorithms.
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Lemma 7.1 For an iteration k € N, let x be a non-critical point for (VOP . (zk)).
Further, let f* € C*(R",R™), and let V f'(x) be positive definite for all i € [p]. Ad-
ditionally, set T = —A_g(—M) > 0, where M fulfills (7.5.3). Then, sy, obtained by
solving subproblem (7.4), satisfies

jfg[gﬁ{A—K(fa?(xk))TSk)} < =T 0zl (7.16)
lskl]* < Tolf(xk)], (7.17)

where 'y =1 and I'y = =

Proof: Since zj is a non-critical point of (VOP,«(z)), from Theorem 6.3, we have
sk = s(xx) # 0 and O(x) # 0. Then, from assumption that V2 fi(x) is positive definite

for all i € [p|] and using Definition 7.1, we have
0 <x 54 V2fi(21)s for all i € [p]
— 0 <x 5, VA% (a:k)sk for all j € [w ]
= V% (1) s <K Vfa?(xk) Sk + _Sk FVE [ 7 (1) s for all j € [wy]

1
= A g (V% () 1) < A_ge (V5 (a1) 50 + 5 57V2F5 (ax)sp,) for all j € [wy]

2
— max{A (V" (o) s} < max (A (VS () s+ SV ()5
< ]rg[%ic{A (Vf“?(xk.)Tsk + %siVQf“?(xk)sk), A_K(Vf“lf
(@) s} = b,
Now, since 6(z)) < 0 at non-critical point x, we have 0(xy) = —|0(xy)|, which proves

the first part (7.16).
For the second part (7.17), the Lagrangian of problem (7.4) is given by

L((Tla Sk)v (Alv )‘2)) =T+ Z )‘jl(A—K(v]m;c (xk) Sk + _Sk Ave f (xk)3k> - Tl)) + Z /\5
(@95 s -+ 0 (12 5, 718)

with AL = (AL AL...,AL ), A2 = (A2,A2,...,02 ) € R™ and A* € R. The Karush-

) wp ? W

Kuhn-Tucker conditions for problem (7.4) are given by

Wk x k Dk k

> NA_K(V 5 (@r) s )repm) + (55 V2F (@) sk)repm) + D AA_ (V% ()T
j=1 J=1
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Sk)re[ }) + N\sp, = 0, (7.19)

Z)\l—l Zv_land ALAZ > 0,5 € [wy,

1
A_K(Vf“jf(:vk) Sk + éskV f Jr(a:k)sk))re[m]) -1 <0,j € [wgl,

k(Y% () Tsk) — 71 0,5 € [wil
A;(A_K((Vfaécr(l'k) Sk + _Sk VQf Jr(mk)Tsk)re[m]) — 7'1) == O,j S [wk],

N(A_k((V f“?,r(xk)%k)re[ ) =) =0,j € [w,

lsel® 2 s (lsell® _ S 5
_ > 7.20
5 > A 5 5 =0, A* > 0. (7.20)

Here, we have two cases based on whether or not the trust-region constraint is ac-
tive. When active, the constraint of trust-region in the Lagrangian function disappears.
When inactive i.e. ||sg|| < €%, the same result can be obtained by using complementary

conditions, where the Lagrangian reduces to

L((r1,s1), ML AD) = 71+ > AA K (Vf% () s + —sk AV (a)sk) — )+ YN
j=1 j=1
(A (V%5 (1) s1) — 1)) =71 (7.21)
Next, from (7.19) and A\*> = 0, we obtain
ZA? K (V5 (1) $)refm)) ZAl k((Vf5e
() " sk)remm + (s v2f 5 (1) Sk )refm))- (7.22)

Then, using (7.21), (7.22), and property ((vii)) of (6.4.1), we have that
S ‘ 1 ‘
= Z N (A (Vfo (xx) T s1) + g(sgvzfa” (@k) Sk )refm])

_ Z )\]1 x(V f% r(:ck) sp+ 5L V2 f ”(xk)sk)re[m])

<STNA L <<_—skv2f Jr(msk) ) e PRI << (Vs 1)'
)3 Te[m] — relm

(7.23)

Now, from Assumption 7.5.3, we can have
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— (38 V21 (21) k) refm) < —M || si]|?
A (—(58 V21 (@)t )rem)) < Acge (=M1, (7.24)

and using (7.24), we obtain
1
21 < = § MNA_g(—M)|sl® = 5A,K(—zw)nsky\? < 0. (7.25)

Finally, taking T'= —A_g(—M), we have, from (7.25), that

1 1
—dn 2 = Ak (=M)lsi]” = ST llskll”
= 41| > T si|*
4
— el < iml.
This proves (7.17). O

Next, we present an auxiliary lemma that will be used later to prove the convergence

properties of the algorithms.

Lemma 7.2 Suppose that Assumption 7.5.2 holds. Then, for each j € [wg], we have

k

A (F% i+ 1) — £ () + A (my (0) — my? (s1))] < O

Proof: Using Taylor series expansion of the function fa? around xy, for each j € |wy],

we have

k k

|~ A (% (i + 1)) — 9 () + A g (—my (0) +my (s5)]

= \ - AfK((faf(xk) + V9 () s + —sk SV FU(E)s) — 4 (an)) + A_g (V5 (24) s
sg V2[5 () 1)

= ‘ - A—K(Vfaé?(l’k) Sk + Sk P V21 (€)sk) + A_g (V5 () s + —SkV £ (i) )

= H(Vfa?(%)TSkﬂL—SkVQf (wr)s) — (V9 (a) T Sk+—8kv2f 7(&)sk)

1
S ARG | (7.20

where & = zy + Usy, with o € (0,1), and sy, is the solution of Subproblem (7.4) at xy.
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Now, invoking Cauchy-Schwarz inequality and Assumption 7.5.2, we have the proof as

[~ A (f (e + s1)) — 9 (20)) + A_K(—mZ?(t)) + mf($k>)|
1 k k
=5 (HVQf“J' Olsell? + V2 f (xk)HHSkHQ) < Killsell* = Ollsel*.

OJ
Next, using Lemma 7.1, we present a corollary that will be useful later for proving

convergence.

Corollary 7.5.1 Suppose that Assumption 7.5.2, Assumption 7.5.6, Theorem 6.4, Lemma
7.1 and Corollary 6.6.1 hold. Then, if x; is a non-critical point and s is a solution of

the subproblem 7.4, there exists a positive constant B such that, for all j € |wy],

a¥ ak I'y|0 Iy|0
Al 0) = (s 2 5 PP i L0000,

2
sl (7.27)

with Ty = 1. (7.27) does not hold when xy is a critical point (for more details, see
Chapter 6).

Proof: From (7.16) of Lemma 7.1, we have

Ak (% (x) s) < —T10(xi)| ¥ j € [y
— — A_g(f% (xr) " sk) = Th|0(zp)| ¥ § € [wil- (7.28)

Thus, using Corollary 6.6.1 and (7.28), we can obtain (7.27). O

Next, we present a theorem showing that the sequence of function values generated
by the two algorithms, F(z;4)) for Max-NTRM or {(C};"),eim} for Avg-NTRM, is

monotonically decreasing.

Theorem 7.1 Let {x} be the sequence generated by Algorithm 4 (Maz-NTRM) or
Algorithm 5 (Avg-NTRM). Then, {(f*" (xiir@)))rem)} OF {(C} ) repm}, respectively, for

all i € [pl, is a non-increasing sequence, i.e., for all k,
(fi’r(xli,r(k_;’_l)))re[m} <K (fi’r<ﬂ7li,r(k))>re[m] (for Algorithm 4), (7.29)
and

(" (@rr))reiml Zx (Cly)retm) S (CF repm) (for Algorithm 5). (7.30)
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Proof: We show the proof for the two algorithms separately. First, for Max-NTRM,

simply from the definition of function (f*"(i.rx)))repm), We have

(" @r)rem =i (" (@rir(e)))regm for all i € [p]. (7.31)

For Algorithm 4, the generated sequence {x;} contains only successful iterates. So, for

xr to be a successful iterate, we must have, from Step 8: of Algorithm 4, that

A (£t s = G nry)ecim) .
_ _ . > >0 for all j € [wy]. (7.32)

A_ge(my (0) — my (s)

Applying property (ii) of Lemma 6.4.1 to the inequality (7.32), we obtain, for the case
when a* = ¥ with k > k¥’ > k — N, that

ak k
J

(Tp41) =k Og}g@k(f "(Th—q))repm) = (f9r

f (I'lj,r(k)))re[m], (733)

for all j € [wy]. For the case when a* # a*’ for some k > k' > k — Ny, we again have
from (7.31), for all j € [wy], that

fa§ (-TkJrl) =k fa? (-Tk) = (fa?’T(xlj,r(k)))re[m}. (734)

Thus, from (7.33), we have

F(IL’Z(k ) { (l’z”(k ))re[m]}ie[p]

1% (k)

(f"
(f* (e k)))repm) el + K by Proposition 2.1 in [18]
(
)

N

{
{
g33 {7 (@h41) ) rem) e + K

C{(f" (Thr1))repm bicw) + K

= Flap) + K. (7.35)

fa (xlﬂ )) }]G[wk] + K

k

—
~

Similarly, from (7.34), we have

(7.31) .
C AU (@r))repm tiep + K
C {(f%" (1))refm il + K by Proposition 2.1 in [18]
ak T
S AU (@rar) rem i) + K
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- {(fi’r(xk—l-l))re[m]}ie[p] + K
i (7.36)

Thus, combining (7.35) and (7.36), we have

(F7 (@rs)rem) Zxc F2 (@16 i) for all i € [p]. (7.37)

Now, using (7.37) and the fact that Ny = min{N; + 1, N}, we have, for all i € [p],

(fi’r(arzif(ml)))re[m]:( max fi’r($k+1—b)>

0<b<m(k-+1) rem]

jK( max fi’r(l’kﬂb))

0<b<mi(k)+1 rem

_ ( max (k){fi’r(xk+1)),fi’r($k(bl))})

0<b—1<m relm]

_ <max{fi’r(l’k+1))v max fi’r(“”’“’)})

0<b<m(k)

= (max{f"" (zx1)), [ (@0 w)}) yepm
(7.37) .
=k (f""(Twrk)))repm)- (7.38)

re[m)]

Finally, using (7.38), we have

F(zywy) = {(f*" (i) rem Yiew) S {7 (@i @) remm) Yiew) + K S F(@ig)) + K.
Therefore, F(zi+1)) 3% F(zix)) for all k and {F(z;4))} is a non-increasing sequence.

Next, we consider Avg-NTRM and prove (7.30) for Algorithm 5. Note here that, for
Max-NTRM, the values of f“§ (213 (k)) gets updated only in the case of successful iterate.
Otherwise, it remain the same because of the max operation. However, for Avg-NTRM,
the values of C;? gets updated even when the current iterate is unsuccessful. Therefore,

for Avg-NTRM, we first divide the sequence of iterations into two sets:
I={k:p% >mn,Vj€ |w} and I = {k : 3 € [wy], p% < m}. (7.39)

I, represents the set of indices of successful iterations and I the set of indices of
k
unsuccessful iterations. Then, for £ € I, from the definition of pZJ, Corollary 7.5.1,

ok
and the fact that p,’ > n; for each j € [wy], we have

k ak, 0 ) 0
_ AiK(f(lj (g;k + Sk) _ (Ck] )re[m]) > méﬂ min {M’ Qk} > 0. (7.40)
2 |lskll [EAipel

r
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Applying property (ii) of Lemma (6.4.1) to (7.40), we can write, for the case when
a¥ = a* for all k¥’ such that k > k' > 0, we have

a’? s /"kalqkfl ak/” 1 ak_? a]?7r
(f g (karl))Te[m] =K Qe (ij—l)re[m} + i(f J’T(wk)>T€[m] = (Ck] )re[m]> (7'41)

and for the case when a* # ¥ for any &’ such that k > k&’ > 0, we have

k k akr

(faj,r<xk+l))r€[m} <K (faj’r(xk))re[m] = (Ck] )re[m]- (742)

Now, from both (7.41) and (7.42), we have

; akr
{(C ) rem Yiew) € (CL )remm) ek
- {(fa§’r($k+1))re[m}}ie[p] + K
C F(rp)+ K (7.43)

Thus, from (7.43), we have, for all i € [p], that
(fi’r(xk+1))r6[m} =<K (Clic’r)ré[m}' (7'44)

Next, from the Definition 7.10 of (C’;’T)Te[m], for all i € [p], we can write

i, ir ir MEqk i,r 1 7,7
(Ck )re[m} - (Ck+1)re[m] = (Ck )re[m] - (_<Ck; )re[m] + _(f ($k+1))r€[m])
qk+1 qr+1
1

= (G e = (7 (@) rep) € nt(K) (7.45)

and

,7 1.7 /"L q i,?" 1 1.7
(Cri)remm) — (" (@pg1))repm) = (ﬂ<ck Jrem) + —(f" ($k+1))re[m]) (7.46)

Te+1 qr+1
— (" (@r11))refm]
—q b @7 .
— Z:—i—f((Ck )re[m] - (f ($k+1))re[m]) € lnt(K). (7.47)

Combining (7.45) and (7.46), we get

F(zrs1) = {(f*" (@r41))repm tiew) <% {(City)remm tiew <% {(C )repmi Yiep)-  (7-48)

Also note that if p = 0, from Definition 7.10 of (C,i’T)re[m], we have the equality
F(wi1) = {(fif)repm Ve = {(CR ) retm il (7.49)
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Therefore, for pup > 0 and ¢, > 1, first assembling (7.48) and (7.49), then applying

property (viii) of Lemma 6.4.1, we can obtain
F(ae1) = {(filDrem) Yiew 2k {(Cri)remmtiewm =% {(Cy reim ticw-  (7.50)

Next, we consider the unsuccessful case of k € I. Here, since x;1 = xi, we have
a’?ﬂ‘ ak,r i,T 7;77"
(fix1)retm) = (fi" repm), and Fion = {(fia)repml biew) = {(fy")repm Yiel) = Fr- Now,
to prove that (7.50) holds when k € I, we have two subcases to consider: k —1 € I
and k£ —1 € I,.

Case 1: For k — 1 € I, according to (7.48), we have F(zy) = {(f" )reim]) biepl =%
{(CY")reimy Yiep) for all i € [p]. Then, from (7.45) and using (f;7})repm) = (fr )rem), We

have, for all ¢ € [p], that

i 1 (f" (Tg1) rem) + (7 (Trg1))repm
(F7 @) i) = mee e
+

ek (F (k) rem) (P (Tg1) ) rem)

B qi+1

. Mka(OI?T)T‘E[m] + (fi’T(ﬁkH))re[m]
k+1

=

= (Cliil)re[m}
. Mka(OI?T>rE[m] + (fi7r<xk+1))re[m]

k+1
_ ,LLka(CZJT)re[m] + (fl’r<xk))r€[m}

qk+1
B 1k (Cy )reim) + (CF )repm)
qr+1

<

= (C,i’r)re[m]. (7.51)

Therefore, we have F(z1) = {(f*" (2541))rem) Yiep) = {(Cil1)repmi Yiep) = {(CF reim Yiew)-

Case 2: For k — 1 € I, suppose that K ={j' : 1 < j <k, k—j € I,}. If K = ¢,
from the unsuccessful case of Step 8: in Algorithm 5, we have, for all i € [p] and for all
p €{0,1,2,..., k}, that

(7 @)rctm) = (F" (g reim) = (£ (@1) i)

ak.r a®,r a®,r .
because (f“"(20))refm) = (f* " (Tr—p))refm) = (f*" (Tr+1))rem)), for all j € [wy].
As a consequence, from Definition 7.10 of (C;’T)Te[m], we get, for all i € [p], that

(Oliil)re[m] = (Ol?r)re[m] = (f]iil)re[m]
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akr al?r

akr .
because (CkJrl) €[m] — (C(Ig]7 )Te[m} = (fkil )re[m]a for all J € [wk] (752)
Next, for K # ¢, setting v = min{j" : j' € K}, we get, for all i € [p], that

(fi’r Drem) = ( Iir)re (fk+1)r€[m] for all p" € {0, 1 ,v—1}
as (fk W )Te (fk )Te (ka Jreim) for all p" € {0,1,2,...,0—1}.  (7.53)

From Definition 7.10 of {(C,i’r)re[m]},;e[p], we have for all i € [p] that

Mka(Ci’T)re[ ]+ (fi’r(xkﬂ))re[m]

v—2 1

H,uk k- v+1(ck w1 rE[m] + ZHMk -7 fk iJre[m] + (fk+1) (754)

=0 j=0

Since k—v € I;, we must have, from (7.48), that {(f,ifvﬂ)re[m]}ze w 2k (O v+1)r€[m]}z€[p
Next, using (7.52) and (7.54), we have, for all ¢ € [p], that

C]k+1(fi’r($k+1))re[m] (7.55)

v—2 1

H,Uk §dk—v+1 +ZH#I<: -+ 1)( fk+1)7“€[m]

=0 j5=0

v—2 @

H,uk k- v+1(fk v41 re[m] _I'ZHMk -7 fk j re[m])

Jj=0 1=0 7=0
+ (fi7r(xk+1))r€[m]
=K ,quk(C;’T)re[m} + (fi7r($k+1))r€[m] = qk+1 (C]if_l)re[m]- (756)

Hence, we have {(f""(zy11))repm biep =k {(C’,i’_:l)}ie[p}, and along the similar lines of
(7.51), we have

{(fi’r($k+1))re[m}}ie[p] < {(Cliil)}ie[lﬂ] ji: {(Cliil)}ie[ﬂ for all k € Ir,i € [p]. (7.57)
When py, # 0, from (7.57), we get

{7 (i) rem e =i {C) ety 20 A(C) e for all k € byi € [pl, - (7.58)

and when p;, = 0, from Definition 7.10 of (C’,i’r)ie[p] and k € I, we have, for all i € [p],
that

(f}iil)re[m} = (Cllc’:—l)re[m} = (f]i’r)re[m}'
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Therefore, from (7.58), we can conclude that {(fy") }iep <k {(Cy") Viepy when k —1 €
I5. Thus, (7.50) and (7.30) holds for all & € I. This completes the proof. O

Next, we present a corollary that ensures that, for a chosen a* that satisfies (7.3), an
accepted step for the objective function of (VOP i (xy)) is also an accepted step for the
objective functions Fy, = {f }icpp of (SOPY).

Corollary 7.5.2 If a non-monotone trust region step s of Algorithm 4 or Algorithm 5
~ k k ak

at . is accepted for the objective function f&* = (fit, fi2, ..., £ )T of (VOPu(x1)),

then sy, is also accepted for the objective function Fy, of (SOPL) at .

Proof: For Algorithm (4), using (7.35) and (7.36), we get
Flapn) =% Flzw), (7.59)

from which the conclusion follows for Algorithm 4. Similarly, for Algorithm 5, using
(7.43), we get

F(z1) <5 {(CF ) repm Vet (7.60)

from which the same conclusion follows for Algorithm 5. 0J

The following theorem ensures that for a sequence {x;} generated by Algorithm 4
or Algorithm 5, number of unsuccessful steps is always finite and eventually we will

definitely see a successful step.

Theorem 7.2 Let {x;} be the sequence generated by Algorithm 4 or Algorithm 5. Sup-
pose Assumption 7.5.1-7.5.6 hold true, and |0(xy)| > € > 0. Then, for any k, there is

a non-negative p > 0 such that xy1, is a successful iterate.

Proof: We prove this theorem by contradiction. Let us assume that there exists a k

such that x4, is unsuccessful iterate for any arbitrary p. Then,

k+p
1

31 € [wg] such that pz+p

<m, forp=0,1,2,..., (7.61)
Thus, from the unsuccessful case in Step 8: and Step 9: of Algorithm 4, we have
Tpip = Tp, p=0,1,2,... (7.62)
and
pll}rgo Qpeyp — 0. (7.63)
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Next, from Lemma 7.1, intermediate step (4.11) in Chapter 6 to prove Corollary 7.5.1,
and |0(z)| > €, we get

lsill2 < Tal6(a)], (7.64)
and, for all j € [wWip),
oo tP aktP BLO(rp)| . {Flle(wk“’)’ }
A w(m™ (0 —mY (s > ———————minq ————— ()
by (0) =iy (skep)) 2 50 sl 7
> gw min{ lrl‘ﬂxk—i_p?l an—HJ}
T3 10(2ksp)|2 L3 10(zks) |2/
Tyeb Tye2
> pThex min{ l162 ,Qk+p}- (7.65)
2 FQ F22]C1

From Lemma 7.2 and (7.65), for all j € [wy.,|, we have that

k+p a’?+P
—A_k(fY (@prp + Sprp) — fY (k) -1
aktp aktP
A_g(myly, (0) —myly, (Skip))
a;ﬁp Rt Jht
< —A_k(=myly (Skip)) = Aok (fY9 (@hrp + Spap) — [ (Thrp))
= aktP
~k(0=m" " (si4p))
a§+p e ot
< A—K(mk+p (8k1p)) = Do ([ (Thtp + Skap) — [ (Thtp))
— k+p
A_g(0) = A_g(m®  (Sp4p))
2
gFF; min{ IF;%,QR}

For the same argument Lemma 7.2 and (7.65), for all j € [wgy,], we also have that

k+p

k+p ak
A_g(f% (Tpgp + Skap) — [ (Thgp))
aktP aktP + 1
A_g(myl, (0) = my’, (Skep))
alﬁ_p k+p alﬁLp
< A—K(_mkﬂrp (5k+p)) + A—K(faj ($k+p + 3k+p) — f% ($k+p))
- Ak (0= m% " (514,))
aéﬁp St okt
< Ak (=myly, (Skap)) + Ak (9 (Thap + Skrp) — f9 (Thap))
>~ k+p
Ak (0) = A_ge(m® " (s14p))
a;?er ot 5P
_ —A_x(—myy, (skp)) = Ax ([ (@itp + Spap) = [ (Thtyp))
- k+p
A_g(m® (Sk4p))
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<A%@£VWW:NH—§VV“@ k)

= k+p

A_K<maj (sk-i-p))
A k(580 VAU (k) sk + 55 VAU (E)sk) < Olllssvl)” (7.67)
= k+p 3 ' .
A_k(0) = A_g(m®  (sk4p)) 3t T = min{FF;fIé’Qk}

From (7.66) and (7.67), we have

k+p

aE+P a”
k([ @hp + Siap) — Y (@1p)) | <||Sk+p||)2
k+p k+p — 1
a; BI e
A (my, (0) = my, (skip)) Cive m{rlé )

For sufficiently large p, from (7.63) and ||sx4p|| < Qg4p, we have, for all j € [wi,p), that

aktP . a§+p
fim —2ox U @t ) 2 Y @) g (7.68)
—00 a”
: A_g (0 —my, (Sk4p))

Here, considering only Algorithm 4, we recall the relation (7.31), to get, for all j €

[Wk+p]7

(F5" @rp) o) =i (F5 (15 o)) et
— (" (@rsp)) e — (F° fip(xmp»)re[m] €K
= A (P @et) et = (57 @) retn) < 0
LemmBB AT A (£ @y + Skp) — (fr (@1 (k4p))repm))

— (" (@t + $04p) = (F () )rel)) < 0

alﬁ-p a’ﬁ—p
A (fY (Tpap + Skip) — (fr (xl;?(ker)))re[m])
Lemma 6.4.1 ((vii)) ktp k+p

< A @ary + ha) — P @) (7.60)

From (7.69), we can conclude for all j € [wy4,] that

A (S (e + Skap) — PO @ repm)) .~ Dok (FS T @hgp + Stap) — (P57 (@17 et i)

aktr < aktP
Ak (0—=my, (Sk4p)) Ak (0=my, (Sk+p))
(7.70)

Therefore, according to (7.68), (7.70) and n; € (0,1), when p is sufficiently large, we
k+P

have pk ", = m and that contradicts (7.61). This concludes that for any k, there is a

non-negative p > 0 such that ., is successful iterate. Next, considering Algorithm 5,

237



we recall the relation (7.30) to similarly have

k+p aktr

(f97 (Trrp) repm) <K (O )rem) for all j € [wryp). (7.71)

Then, it follows from (7.71) that, for all j € [wy4,)],

P a?tp e e
A g (f (Thap + Skap) — (Ck+’p )re[m]) < A K(fY (Thap + Skap) — (f97 (xk+p))re[m])-
(7.72)
From (7.72), we have, for all j € [wiiyp),
ak+p akﬂ?
—A_ (% (prJrSHZZ; (%97 (Trtp) )reim)) (7.73)
Ak (0= m, (s4y)
ak al?tp

Ak (0 = m ™ (5147))

Therefore, according to (7.72), (7.73) and n; € (0,1), when p is sufficiently large we
aiﬁ—p
have p;’, > m1. This again contradicts (7.61) and we conclude that for any k, there is

a non-negative p > 0 such that xj, is successful iterate. [

In the following lemma, we show that the sequence {F(zyx))} or {(C}")repm) ticy)
converges to a limit as k — oo, and hence the sequence {x;} generated by Algorithm
4 or 5 is bounded.

Lemma 7.5.1 Let {x}} be a sequence generated by Algorithm 4 or Algorithm 5. Sup-
pose that Assumption 7.5.4 holds. Then ((f""(zjirk)))rem)) oF ((C;’T))Te[m] converges

to a limit when k — oo.

Proof: From Assumption 7.5.4, the level set L. of F' is bounded. First we consider
Algorithm 4. Here, by mathematical induction, we prove that if z,; € L., then z, 4, €
L. forall p =1,2,... k. For this, by Definition 7.7, we have {(fi’r(xli,r(o)))re[m]}ie[p] =
Fo = {(f""(20))rem) tiep), for all i € [p]. Additionally, since {x} is a successful iterate,
(7.37) also holds. Then, using these, and (7.29) of Theorem 7.1, we have, for all i € [p]
and for all k, that

(f]iil)re[m} =K (fiyr(xli”(k-l-l)))re[m} =K (fi’r(xli”(k)))ré[m} =K fz(l'()) (775)
This can be further expressed as

Fierr = {(fET ) repm Yiew) =% {(F @r ) repml el =% L (20)rem) ticp)
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= F(zo) = F. (7.76)

This shows that the sequence {z;} is contained in £.. Now, from Theorem 7.1 and
(7.76), we have that F'(xy), i.e., {(f*"(@1r (k1)) )rem) Ficlp 1S DON-increasing sequence
and bounded. Therefore, {F'(z;))} admits a limit as k — oo.

Next, we consider Algorithm 5. Similar to above, by mathematical induction, we
again prove that if x,, € L., then z,4; € L, for all p’ = 1,2,... k. For this, by
Definition 7.10, we have {(C5")repm Vicl = L(f*" (%0))rem bicp) = Fo. Additionally,
since {xy} is a successful iterate, (7.44) holds. Then, using these and (7.30) of Theorem

7.1, we have

Fry = {(fli’-fr—l)re[m]}ie[p} =K {(C]iil)re[m]}ie[p} =K {(C;i’r)re[m}}ie[p} =K {fi(xO)}iG[p] = Fp.
(7.77)

Here again the sequence {z;} is contained in L.. Since, from Theorem 7.1 and (7.77),
we have that the sequence {(C}"),em }ic[p is non-increasing and bounded, we conclude
that {(C}")}iepp admits a limit as k& — oo. O

Finally, in the next theorem, we show that the sequence {x;} produced by the two

algorithms converges to a critical point of (SOP%.).

Theorem 7.3 Let {zx} be a sequence of reqular iterative points for F generated by
Algorithm 4 or Algorithm 5. Suppose that Assumption 7.5.1-Assumption 7.5.6 hold.

Then, we have
(i) liminfy o |0(zx)| = 0.
(ii) every limiting point of {xy} is a critical point for (SOP.).

Proof: First, we consider Algorithm 4. We can have two cases: (a) we have finite
number of successful iterations followed by unsuccessful iterations for large k, (b) we
have infinite number of successful iterations. In the first case, suppose ky is the index
of the last successful iterate. At this point, if |6(zg,+1)| is still greater than e, then this
means that, from Lemma 7.2, we can find another successful iterate at an iteration with
index larger than ky. This is in direct contradiction with the statement of the first case
and, thus, first case never holds. For the second case, we prove (i) by contradiction.
Let us assume that there exists a constant e > 0 and M C {0, 1,2, ...} such that for
all k e M

10(21,)] > . (7.78)
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First, we need to prove that

lim Q = 0. (7.79)

k—o0

For this, we consider the set of successful iterations I; and the set of unsuccessful
iteration I from (7.39). First, we show that (7.79) holds for k € I, i.e.

lim € =0. (7.80)

k—oo, kel

From Lemma 7.2, it is clear that [; is an infinite set. Then, from Lemma 7.1, Lemma
7.5.1 and (7.78), we have

Tye2 Tye2
A (m®(0) = m% (si)) > -5 m{—sz} Vielwl,  (7.81)
2K,

ak
and, from the definition of p,’, (7.81) and Lemma 6.4.1 (vii), we have

[ye2 . Iye2
AfK(fa;T(xl;.'(k)))re[m}) - AfK(fa§($k + Sk)) > mp : T 10 {11—:Qk}

o2 T2K,
(7.82)
[ye2 I3
= Ak (% (ax + 51)) < A_g(F5 (21) )refm) — MmP—— min {1— Qk} .
o2 T2K,
(7.83)

Then, applying A_f to the inequality (7.37) and taking limit as & — oo and k € [; on
both sides of (7.82), we obtain (7.79).

Next, for k € I, if it is a finite set, it can be shown from (7.80) that (7.79) holds.
Thus, I is an infinite set. We define K = {d; : k = 1,2,...} as a subset of I, where

d1 = min{d’ . d/ S Iz},
and
dk+1 :min{dlélg:d'—l Gll,d/—l >dk}, Vik>1.

For k > 1, according to the definition of dj, we have d, — 1 € I. As per Case 2 of Step
9: of Algorithm 4, we have

Qdk S 72Qdk—1‘
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According to the definition of dy,1, an h can be found which satisfies
dp +h <dgy1 —1 and di + h € Is. (784)

Let an integer hy be the maximum that satisfies (7.84). Thus, as per Case 2 of Step 9:
of Algorithm 4, we have

Qa1 < Qaprn < Qap < 74Qa—1, h=0,1,..., hg,
and consequently
Qapinpt1 < Qapon < 72Qa -1, h=0,1,.... . (7.85)
Finally, since dy, + hy, + 1 and dj, — 1 lie in [y, from (7.80) and (7.85) we get that
kﬂ)l(ijr}cel2 Q= 0. (7.86)

Thus, combining (7.80) and (7.86), we get (7.79). Next, from Lemma 7.2 and (7.81),

we have for all j € [wy]

—A K (@t ) — [ ) - Olllsll)* (7.87)

ak ak
A—K(ka (0) —m,/ (Sk)) §F11ﬂ62 mm{ p162 Qk}

Then, from (7.79), (7.87) and ||sx|| < %, we have for all j € [wy]

lim A (f (xh + s1) — fa (1)) 1

9% A e(mi (0) — my? (s1))

ak
Further, from the definition of p,” of Algorithm 4 and (7.31), we get, for all j,

i (f7 (w + se) — (f% " (@) refm))
Asc(0—mp (s ))
— A (5 (xx + 1) — ( o

A (0 —m (s1))

Tz (k) ) refm))

Therefore, for k sufficiently large, we have

k

Pl >, J € [wl,
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which shows that ;1 > € for sufficiently large k. This leads to the contradiction for
(7.79), which shows that the assumption (7.78) is false and (i) is proved.

Next, for the second part of this theorem, from (i), we have

kh_}rgo inf |0(x)| = 0. (7.88)

Since the sequence {xy} belongs to L., which is bounded, {z}} is also bounded and has
an accumulation point z* with {x }rem a subsequence of {xy} converging to z*. From
part (b) of Theorem 6.3, §(zy) is a continuous function on the set of regular point for
(SOPY). Thus, from (7.88), we have §(z*) = 0. Hence, from part (b) of Theorem 6.3,
z* is a critical point for (SOPY).

Next, for Algorithm 5, we can prove this same result by following similar approach

as used in case of Algorithm 4. O

7.6 Numerical Analysis.

In this section, we compare the performance of TRM, with our proposed methods
Max-NTRM and Avg-NTRM by running experiments on 20 set optimization problems.
These problems are defined in Appendix 12. For each problem, we randomly sample
100 initial points from a box region S of the form [z, zy|, where zp = [L, L, ..., L],
zy = [U,U,...,U] and run the three algorithms from the same initial points. Since the
initial points, and consequently the optimization problem, are constrained within the
box S, we need the next step to remain within the box as well i.e. x; < x} + s < Ty
xy. Therefore, similar to [62], instead of solving the original subproblem (3.11), we

solve the following:
min t
subject to A_g (Vfaf(xk)Ts + %STVQf“Jk'(xk)s> —t<0, j=1,2,...,wy,
A_K (Vfaéc (xk)Ts> —t S O, j = 1, 2, vy, WE, (789)

sl < €%

L — 2 < s < Ty — Tp. J

In order to compare the methods, we follow the performance profiling proposed by
Dolan and More [43] for a set of solvers S (TRM, Max-NTRM, Avg-NTRM) on a set of
Problems P (20 problems in our paper). The performance ratio r, ; of algorithm s € S

for solving problem p € P is defined as:

tps
min{t,s: s € S}’

Tps =
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where £, is a metric of interest (e.g. number of successful convergence, number of
iterations, CPU time, step size etc.) obtained by running algorithm s on problem p.
For a problem p, the best performing (or winning) algorithm s will have r, ; = 1, and
the rest will have r,, > 1. Using r,,, we can obtain the performance profile p, for

algorithm s by computing the cummulative distribution function (CDF) of 7,4, i.e.
()= P € Pirye <7
s(7) = s ST
ST ZL

In other words, ps(7) is the probability that the performance ratio r, s of algorithm
s lies in [1,7]. At 7 = 1, the value ps(1) gives the probability of algorithm s being
the best performing algorithms, i.e. for how many problems, out of total | P| problems,
algorithms s was the winner. For example, p,(1) = 0.7 means algorithm s is the best
performing for 70 percent of the problems. However, for better judgement about the
algorithms, we should also look at larger values of 7 where better performing algorithms

should have higher values of p,(7).

For running the experiments, we use Matlab on a system having Apple M2 chip
with 8 CPU cores and 8 GB of RAM. For each problem, we run the algorithms for 100
initial points and compute ¢, over these points (either by taking mean over all 100
points or over a specific subset of points). All the parameters associated with different
algorithms are given in Table 7.1. Maximum allowed number of iterations (itpax) is
set to 100 for all problems. A point for which an algorithms converges in less than
itmax iterations is called a convergent point for that algorithm, otherwise its called a

non-convergent point. For Avg-NTRM, u;, = 0.5 is fixed for all iterations k.

Table 7.1: Parameters of different algorithms used in all the experiments.

; Iterations (Convergent) - ; CPU time(convergent) - ; Reciprocal of Step-Size (Convergent)
oo oo = o . x@/: -
0.8 4 /) 0.8 e booco oo 08t -/
/o pe ‘
——;—"——1/ - o - - B o~
06 = 06 i __ 06}/
& S © A =
< Pl < e < o
04f." 04F ¢ 04r |
02l ———TRM 02 ———TRM 02l ———TRM
| Max-NTRM Max-NTRM | Max-NTRM
— & —Avg-NTRM I — & —-Avg-NTRM I —© - Avg-NTRM
0 0 0
1 15 2 25 1 15 2 25 1 15 2 25
T T T
(a) No of iterations (b) CPU time (c) Step size

Figure 7.1: Performance profile of TRM, Max-NTRM and Avg-NTRM using three
metrics: (a) no. of iterations to converge, (b) CPU time taken to converge, and (c)
average step-size taken every iteration. For these plots, we consider only the case of
conditioning on convergent point, i.e. the metrics are reported over only those initial
points for which all three algorithms converged.
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Table 7.2: Performance comparison of TRM, Max-NTRM (denoted as Max) and
Avg-NTRM (denoted as Avg) for 20 set optimization problems using three metrics: (1)
No. Non-convergent: no of initial points for which an algorithm failed to converge
within 100 iterations, (2) Iterations (All): average number of iterations taken by an
algorithm (averaged over all 100 initials points), (3) Iterations (Convergent): average
number of iterations taken by an algorithm (averaged over only convergent points). For
each metric, the best performing algorithm’s value is marked in bold. Each problem
is identified with a name, dimension n in argument space, and dimension m in image
space. T means higher values are better, and | means lower values are better.

Type of SOP No. Non-convergent | Iterations (All) | Iterations (Convergent) |

Name n,m | TRM Max Avg TRM Max Avg | TRM Max Avg

ZDT1 [194] 2,2 15 10 12 20.55 17.78 19.24 | 6.38 7.28 8.07
5,2 2 0 7 26.52 112 29.71 | 23.01 11.27 24.40

8,2 12 0 15 38.03 18.82 3921 | 27.14 16.0 27.05

10,2 17 0 9 48.14 24.05 4191 | 36.09 21.38 32.62

ZDT4 [194] 10,2 0 0 0 6.34 3.69 5.79 6.34 3.69 5.79
DTLZ1 [37 6,4 33 14 14 41.86 26.04 25.89 | 12.18 9.31 9.36
DTLZ3 [37 0,4 45 38 37 5882 64.7 64.93 | 4.53 4.12 4.09
DTLZ5 [37 3,3 49 16 32 51.8 23.19 3744 | 3.55 3.38 5.77
5,3 30 8 8 333  16.82 13.13| 3.12  5.09 3.88

7,5 28 12 15 29.85 16.73 20.19 | 244 2.89 4.95

Ex.4.3, [93] 2,4 70 2 32 74.22 2548 50.06 | 13.96 17.25 19.57

Hil [87] 2,2 40 33 33 55.04 5273 51.23 | 15.5 21.54 15.59
DGOL1 [44] 1,2 93 91 92 93.11 91.21 92.08 | 2.25 1.50 1.37
DGO2 [44 1,2 2 2 2 6.44 536 6.13 6.38 5.31 6.07
JOS1a [98 50,2 26 27 26 30.75 3136 309 6.45 5.97 6.65
FDSa [56] 2,3 97 97 97 97.09 9722 97.12 2.5 9.0 4.0
Rosenbrock [176] 4,3 79 27 26 82.18 32.86 33.63 | 15.78 9.94 9.42
Brown and Dennis [147] 4,5 9 27 0 16.27 541  5.12 798  4.36 4.51
Trigonometric [147] 4,4 5 3 3 511  3.44 346 | 3.02 3.17 3.18

Das and Dennis [36] 9,2 75 76 78 85.71 8721 88.56 | 34.87 29.12 38.12

08 No. Non-convergent ] 1 _CPUtime(Al)
07 > 0-00-0-54 ) 08 o oo
50 0-0-6 0-6 0 0.8 ° o -
0.6 ° . 7 - -
— - / 0.6 - e
© , © / © ——
Eost, , Los — E -
< , < K 3 -
. s 04| -
0.4 -~ i . S et
y ‘ . .-
ST ———TRM 04rf omm=o ——-TRM 02t ——~TRM
03r Max-NTRM [ Max-NTRM ‘ Max-NTRM
K ~ & - Avg-NTRM i/ —&~Avg-NTRM — & - Avg-NTRM
02 0. 0
1 15 2 25 1 15 2 25 1 15 2 25
(a) No. of non-convergence (b) Tterations (c) CPU time

Figure 7.2: Performance profile of TRM, Max-NTRM and Avg-NTRM using three
metrics: (a) no of non-convergent points, (b) no. of iterations to converge, (¢) CPU
time taken to converge. For these plots, we report the metrics using all the initial points
(convergent and non-convergent).

In terms of possibility of convergence, Figure 7.2(a) shows the performance profile of

the three algorithms in terms of the probability of non-convergence (failure to converge)
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Table 7.3: Performance comparison of TRM, Max-NTRM (denoted as Max) and
Avg-NTRM (denoted as Avg) for 20 set optimization problems using three metrics:
(1) Step Size (Convergent): average step size taken by an algorithms (averaged over
only convergent points) (2) CPU Time (All): time taken by an algorithm (averaged
over all 100 initials points), and (3) CPU Time (Convergent): time taken by an
algorithm (averaged over only convergent points). For each metric, the best performing
algorithm’s value is marked in bold. Each problem is identified with a name, dimension
n in argument space, and dimension m in image space. T means higher values are
better, and | means lower values are better.

Type of SOP Step Size (Convergent) 1 CPU Time (All) | CPU Time (Convergent) |
Name n,m | TRM Max Avg TRM Max Avg TRM Max Avg
ZDT1 [194] 2,2 | 0.401 0.323 0.312 323.16  264.27  305.52 88.44  100.14 11548

5,2 | 0.264 0.284 0.214 42358 150.20  492.32 364.97  151.22  392.22
8,2 | 0.282 0.247 0.212 1773.97 358.39 1857.00 | 1304.90 307.14 1256.54
10,2 | 0.239 0.197 0.151 1363.05 668.05 1196.84 | 993.27 595.37 924.38

ZDT4 [194] 10,2 | 0.490 0.565 0.526 780.97 17234 73794 780.96 172.34 737.94
DTLZ1 (37 6,4 | 0413 0.416 0.391 1327.82 78296  808.35 348.68 270.14 283.14
DTLZ3 |37 5,4 | 0.507 0475 0.487 2159.92 241549 2615.04 153.01  139.94 146.90
DTLZ5 [37 3,3 | 0.233 0.214 0.215 817.94  359.25  538.37 47.65 52.15 71.65

5,3 | 0.282 0.286 0.281 918.04  366.48 336.41 80.53 107.29 96.43
7,5 | 0.403 0.368 0.372 2723.23 721.12 1741.04 | 217.89 125.65 400.02

Ex.4.3, [93] 2,4 | 0.361 0.634 0.398 1343.72 589.82  887.89 244.88 401.05 345.05
Hil [87] 2,2 1 0.059 0.053 0.057 629.40 69298 61099 | 16245 261.92 174.51
DGOL1 [44] 1,2 | 0322 0.324 0.323 1615.88 897.09 1740.80 33.76 15.90 27.18
DGO2 [44 1,2 | 0.741 0.843 0.773 44.90 43.23 46.96 44.89 43.23 46.96
JOS1a [98 50,2 | 1.773 1.893 1.879 7710.54 8824.40 7828.85 | 1556.60 1616.37 1603.77
FDSa [56] 2,3 | 0.059 0.049 0.053 1237.73  1631.00 1197.97 | 32.71 130.31 48.13
Rosenbrock [176] 4,3 | 0237 0.344 0.260 1408.58 568.57  617.57 263.71  170.67 171.54

Brown and Dennis [147] 4,5 | 1.998 2.673 2.617 424.84 146.96  144.79 203.20 118.62 129.64
Trigonometric [147] 4,4 1 0.155 0.154 0.153 135.19  88.63 93.25 81.27 85.02 89.27
Das and Dennis [36] 5,2 | 2.367 3.019 2.564 1063.78 1074.27 1152.04 | 42049 354.26 482.39

within ¢, = 100 iterations. We observe that both non-monotone methods are better
than TRM by a large margin, with Max-NTRM performing the best. The problem-wise
values of the no. of non-convergent points used to plot the performance profile in Figure
7.2(a) are given in Table 7.2.

In Figure 7.1, we consider the case of conditioning on only the convergent points,
so that we focus only on the aspect of speed of convergence. We look into speed of
convergence with respect to three metrics: no of iterations in Figure 7.1(a), CPU time
in Figure 7.1(b), and average step size in 7.1(c). We report these metrics over only
those initial points for which all three algorithms converged. This case focuses purely
on speed of convergence by conditioning on the event of convergent points, thus ignoring
the effect of an algorithm not converging to the solution. The problem-wise values of
the concerned metric are given in Table 7.2 and Table 7.3. In Figure 7.1(a), we see that
TRM and Avg-NTRM are comparable to each other but Max-NTRM converges the
fastest. It can also be seen that Avg-NTRM has more probability of convergence than
TRM for 7, less than equal to 1.75 (approx.). But, for r, ; being less than around 1.5,

245



TRM has more probability than Avg-NTRM. For higher values of 7, TRM converges
more than Avg-TRM. From Figure 7.1(b), we observe that TRM and Avg-NTRM are
competitive but Max-NTRM takes less time than the other two methods.

In Figure 7.1(c), we show the performance profile based on the average size of the
step taken by the three algorithms in an iteration. Compared to the metrics of no. of
non-convergent points, iterations, and CPU time, for which lower values indicate bet-
ter performance, step-size metric is opposite: higher values mean better performance.

Since, for performance profiling in [43], the metric ¢, ; should have lower value for better

1

———— as the performance metric. We compute the
step-size

performance, we take the t,, =
step size in terms of /s norm of the difference between the current and next iterate, i.e.
step-size = ||xg+1 — xk||. The average step-size is calculated by first averaging over all
iterations for each initial point and then averaging over the initial points. The problem-
wise values of the average step-size used to plot the performance profile in Figure 7.1(c)
are given in Table 7.3. From the figure, we see that TRM and Avg-NTRM are compara-
ble to each other but Max-NTRM takes largest step-size among them. Therefore, from
Figure 7.1(a), Figure 7.1(b), and Figure 7.1(c), we see that the three algorithms have a
consistent behaviour, which confirm that Max-NTRM is the best performing algorithm

with TRM and Avg-NTRM being comparable in terms of speed of convergence.

Next, in Figure 7.2, we consider the case when the metric is reported over all initial
points (convergent and non-convergent). Here, for non-convergent points, we simply
assign ity = 100 as the no. of iterations (as those many iterations were wasted by the
algorithm on that point), and the total time spent on those it,,,x = 100 iterations as the
CPU time. These can be seen as penalty for failing to converge. Number of iterations
is presented in Figure 7.2(b), where we see that Max-NTRM and Avg-NTRM both
perform better than TRM by a large gap. Between Max-NTRM and Avg-NTRM, Max-
NTRM converges faster by taking fewer iterations. CPU time is presented in Figure
7.2(c), where we find that both non-monotone schemes are far better than TRM, with
Max-NTRM outperforming the others by a large margin.

Finally, if we look at the performance of the three algorithms for each problem,
then, from Table 7.2, we observe that, in terms of possibility of convergence, non-
monotone schemes are far better than TRM for all problems except ‘Das and Dennis’,
where TRM is slightly better. On the other hand, if we focus purely on speed of
convergence, then based on the metrics of Iterations (Convergent), Max-NTRM is better
for ZDT1(n = 5,8,10,m = 2), ZDT4, DTLZ5, DGO2, Brown and Dennis, Das and
Dennis; Avg-NTRM is better for DGO1, and Rosenbrock; and, TRM is better for ZDT1
(n = 2,m = 2), DTLZ5 ((n,m) = (5,3),(7,5)), and FDSa. In terms of CPU time
(Convergent), Max-NTRM is better for ZDT1 (n = 5,8,10,m = 2), ZDT4, DTLZI1,
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DTLZ5 (n = 7,m = 5). TRM is better for ZDT1 (n = 2,m = 2), DTLZ5 (n = 3, m = 3,
n =5m = 3), Ex 4.3 [23], Hil, JOSla, FDSa, Trigonometric. Finally, in terms of the
step-size, from Table 7.3, we see that Max-NTRM and Avg-NTRM take larger steps
than TRM for ZDT1 (n = 5,m = 2), ZDT4, DTLZ1, DTLZ5 (n = 5,m = 3), Ex 4.3,
DGO2, JOS1a, Rosenbrock, Brown and Dennis, Das and Dennis, Hil, DGOL.

Figures 7.3 depicts the critical point frontiers for Hil, JOSla, and DD1 problems.

We observe that all the three algorithms converge to similar critical frontier. Overall, we
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Figure 7.3: Critical point frontiers obtained for Hil, JOS1, DD1 for TRM, Max-
NTRM, and Avg-NTRM

find that NTRM is very beneficial for many examples. However, there can be problems
e.g., DTLZ3, where TRM performs better. Therefore, Max-NTRM and Avg-NTRM is
not a complete replacement for TRM, rather all three algorithms are important and

they should be used as alternatives to each other for different kinds of problems.

7.7 Conclusion and future directions

In this article, we have studied two non-monotone trust-region methods, called for Max-
NTRM and Avg-NTRM, to find critical point for (SOP% ). For this, we have modified
the trust-region scheme given in Chapter 6 based on non-monotone strategies of Rami-
raz et al. [155] and Ghalavand et al. [61] from multi-objective optimization literature.
The main modifications have been carried out in the step acceptance criteria by relax-
ing the strict monotonic decrement requirement of the monotone trust region scheme
of Chapter 6. Instead of just considering the function values of current iteration as in
the case of monotone TRM, we have taken into account the maximum over successive
function values from last few iterations for Max-NTRM (Definition 7.7) and exponen-
tially weighted moving average of successive function values upto current iteration for
Avg-NTRM (Definition 7.10). These modifications have resulted in defining two new
reduction ratios (Definition 7.6 and Definition 7.9) for Algorithm 4 and Algorithm 5,
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respectively. The well-definedness of these algorithms has been discussed in Subsection
7.4.1. Under some appropriate assumptions, the convergence analysis (Section 7.5) of
two proposed methods have also been discussed. In convergence analysis of Algorithm

4 and Algorithm 5, we have derived the following

(i) At k-th iterate, the solution s, of subproblem (7.4) satisfies certain relations that

lower bounds the sufficient decrease of model m®" (Corollary 7.5.1).

(ii) The sequence of maximum over previous successive function values {(f*" (.- 1))
rejm] biclp] and weighted moving average of previous successive function values
with current function values {(C}") cpm)) }ielp decreases monotonically at every

iteration and finally admit a limit as k — oo (Lemma 7.5.1).

(iii) A step will be eventually accepted after only finite number of unsuccessful itera-

tions along with a reduction in trust region radius (Theorem 7.2).

(iv) The global convergence of regular iterative sequence {xy} generated by Algorithm
4 or Algorithm 5 converges to a critical point for (SOP".) under bounded level

set assumption (Theorem 7.3).

Finally, the numerical experiments performed for some well-known and newly defined
20 test problems exhibited the robustness, efficiency and advantages of the proposed
non-monotone trust region scheme over monotone trust region method using the per-
formance profile with respect to four performance metrics: probability of convergence,

speed of convergence, execution time and average step-size.

Kookoskokokok sk okokkok
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