PREFACE

The subject “coupled thermoelasticity” explores the mutual interactions between the
thermal and mechanical fields in elastic materials subjected to thermomechanical load-
ing effects. The theory of coupled thermoelasticity, therefore, provides a framework for
understanding how temperature changes influence the mechanical behavior of solids and
structures and vice versa. It is particularly important in engineering, materials science,
and geophysics, where accurate predictions of the thermal and mechanical responses
of materials and structures are essential. Constitutive equations in thermoelasticity
describe the relationship between stress, strain, and temperature. These equations in-
corporate material properties such as thermal expansion coefficient, elastic moduli, and
thermal conductivity. The first studies on the topic were conducted using the concept
of "uncoupled theory of thermoelasticity," which made the simplistic assumption that
the impact of strain and stresses on the temperature field could be avoided. The heat
conduction equation for uncoupled thermoelasticity turns out impractical without the
inclusion of an elasticity element. This is because the mechanical loading of an elas-
tic body results in strain, which in turn affects the temperature field. Furthermore,
the conventional heat conduction equation of this uncoupled theory is a parabolic type
partial differential equation that yields an infinite thermal wave transmission velocity,
hence contradicting observed physical facts. Therefore, there has been a significant
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the fields of science and technology. Biot (1956) made a significant advancement in
the field by introducing the concept of coupled thermoelasticity. Nevertheless, despite
a successful elimination of the first drawback of the uncoupled theory, the presence of
a parabolic-type partial differential equation for heat conduction still persists, hence
giving rise to the infinite velocity of the thermal wave. Research interest in this area,
therefore, concentrated towards the modification of Biot’s theory. In recent years, there
has been introduced an increasing variety of generalized models in the field of thermoe-
lasticity. The primary objective of these models is to fit mathematical models in a
realistic way to explain various practical problems.

At its core, generalized Thermoelasticity incorporates additional parameters and
considerations, offering a more realistic depiction of material response. The versatility
of generalized thermoelasticity is reflected in its diverse range of applications. From
the microscopic scale of nanostructured materials to the macroscopic scale of seismic
events, these theories find relevance in understanding the coupled thermal and mechan-
ical responses. Applications of this field extend to fields such as biomedical engineering,
aerospace, materials science, and beyond. In structural engineering, generalized ther-
moelasticity offers wide applications to analyze the impact of temperature changes on
the performance of materials. Meanwhile, in biomedical applications, it plays a vital
role in understanding the thermal and mechanical responses of biological tissues during
therapeutic interventions and diagnostic procedures. Out of some generalized cou-
pled thermoelastic theories, five models are well studied namely, Lord-Shulman model
(1967), Green-Lindsay model (1972), Green-Naghdi models (1991a; 1992; 1993), dual-
phase lag (Tzou (1995b)) and Three-phase lag model (RoyChoudhuri (2007a)), which
are extensively used in modeling and simulation of physical phenomena. The Lord-
Shulman model (LS) is based on Cattaneo-Vernotte heat conduction model, and it in-
volves one thermal relaxation time parameter in heat flux related constitutive equation.

Green-Lindsay model (also called as temperature rate-dependent model) is based on en-
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tropy balance inequality, and here two relaxation time parameters are introduced in the
constitutive equations that include the temperature rate terms in addition. Further, in
1990-95 Green and Naghdi advocated an alternate form of generalized thermoelasticity
theory by introducing new constitutive variable, thermal displacement in Fourier’s law.
Tzou independently introduced the dual phase-lag heat conduction model, which is a
modification of Fourier’s law by considering time delay terms in temperature gradient
and heat flux. This model explains the non-equilibrium thermodynamic transition and
impact of microscopic structure in heat conduction process by macroscopic formulation.
Later on, Chandrasekhariah (1998) developed the thermoelasticity theory based on this
dual phase-lag heat conduction model. Yu et al. (2018) have introduced a modification
to the Green-Lindsay thermoelastic model. This modification involves the inclusion
of a strain-rate component, which effectively removes the discontinuity in the displace-
ment field, as reported by several researchers in Green-Lindsay model. The constitutive
equations in strain rate-dependent thermoelasticity involve terms that couple the strain
rate, temperature rate change, and stress. These equations take into account the fact
that the material response depends not only on temperature changes but also on how
quickly the deformation is applied. The effect of strain rate on thermoelasticity is an
important consideration in understanding the material behavior under different loading
conditions. The response of a material to mechanical deformation and temperature
changes can be influenced by the rate at which the deformation occurs. Higher strain
rates can result in a more rapid conversion of mechanical work into heat due to the
thermal inertia of the material. Faster strain rates can lead to higher temperature rises
within the material due to the conversion of mechanical energy into heat. In some
materials, especially polymers or certain metals, high strain rates can induce phase
changes that affect the overall thermoelastic behavior. For example, phase transitions
such as melting or solidification can be influenced by the rate of deformation. However,

the strain rate can also influence failure mechanisms in a material. For instance, at
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high strain rates, failure modes such as dynamic fracture or fragmentation may become
more prevalent, impacting the overall thermoelastic behavior in a significant way. Un-
derstanding the interplay between strain rate and thermoelasticity is crucial in various
engineering applications, such as impact analysis, crash simulations, and high-speed
machining, where materials experience rapid and dynamic loading conditions.

The theory of Green and Naghdi is divided into three parts that can describe a
wider class of problems of coupled thermoelasticity. These three parts of their theory
correspond to three different models, which are subsequently called as GN-I (Green and
Naghdi (1991a)), GN-II (Green and Naghdi (1992)) and GN-III (Green and Naghdi
(1993)) models. Out of the three theories developed by Green and Naghdi, the GN-
I model is equivalent to the CTE model when one considers the linearized form of
this model. The temperature and the gradient of temperature are considered as the
independent thermal variables in the theories of Green and Naghdi. For GN-II and
GN-IIT models, thermal displacement has a great role. In GN-II model, it has been
deduced that there is no energy dissipation and this model has been investigated to
predict the finite propagation of thermal signals. Therefore, this theory is referred to
as the thermoelasticity theory without energy dissipation. Moreover, the temperature,
the gradient of the temperature, and the gradient of thermal displacement are taken as
the independent thermal variables in the GN-III model. This model includes both GN-I
and GN-IT as limiting cases. The exponential decay of solutions has been obtained in
this case. However, this theory is reported to predict the instantaneous propagation of
thermal waves and has the same drawback as the conventional theory. To overcome the
apparent shortcoming inherent in this GN-III model, the concept of a thermal relaxation
parameter is introduced in the heat conduction law of the GN-III model by Quintanilla
(2019), who introduced a totally innovative theory of thermoelasticity which is known
as the Moore-Gibson-Thompson thermoelasticity theory or QMGT theory.

The QMGT and MGL generalized thermoelasticity theories have been introduced
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very recently and yet to get attention. From a mathematical perspective, these theories
are as simple as LS and GL models, which are developed to overcome the apparent
drawback of Biot’s theory. The present study is focused on identifying some important
aspects of these theories and aims to explore the responses of various types of heat
sources and thermomechanical loading in thermoelastic media under these models. The
work is carried out to understand the significance of applying these two thermoelasticity
theories to investigate the thermoelastic interactions due to heat sources and hence
attempts are also made to compare the results of these theories with the corresponding
results found in existing literature. This thesis is divided into three parts on this
basis. The first part discusses MGL model, which includes Chapters 2-4, whereas the
second part (Chapter 5) is based on application of the model in the study of skin tissue
under thermal ablation under MGL thermoelasticity theory. Further, Chapter 6, the
last part of the thesis, includes a detailed study of a thermoelastic problem under the
Quintanilla-Moore-Gibson thermoelasticity model in the presence of continuous line
heat source. Therefore, this work aims to understand the nature of physical fields when
the conventional theory is altered using either modified heat conduction law or other
reformed constitutive relations.

The outline of the thesis is as follows:

Chapter 1 provides an introduction to the subject related to the thesis. This
work provides an overview of the historical progression of the thermoelasticity theory,
followed by a comprehensive review of relevant publications in the field. Finally, it ends
up with the objective of the thesis.

Chapters 2-5 emphasize the features of the recently developed generalized ther-
moelasticity theory by Yu et al. (2018). This theory is referred to as modified Green-
Lindsay (MGL) theory. With the help of extended thermodynamics, authors have
established this thermoelastic model by including the strain-rate and temperature-rate

terms in the constitutive relations. This model is also an attempt to remove the dis-
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continuity in the displacement field under temperature rate-dependent thermoelasticity
theory as reported by several researchers. This theory is also referred to as the strain
and temperature rate-dependent thermoelasticity theory. Chapter 2 investigates the
MGL model in a detailed way to understand the nature of coupling effects of thermoe-
lastic interactions on a linear, homogeneous and isotropic unbounded elastic medium
with a cylindrical cavity when the boundary is subjected to thermal shock. To study
this problem, we merge the governing equations of the strain and temperature-rate
dependent theory of thermoelasticity with two other generalized thermoelasticity the-
ories (namely GL and LS theories) by unified governing equations. In order to solve
the problem, we apply the Laplace transform technique to the governing equations.
We execute inverse Laplace transform by using short-time approximation method and
obtain the expressions for displacement, temperature and stress fields. We enumerate
the point of discontinuity and analyse the solution of the field variables separately in
the context of three models. We observe that the analytical results for different field
variables predicted by MGL model show an infinite speed of disturbance.

Chapter 3, consisting of two subchapters, further deals with the study of MGL
theory by considering two different problems of thermoelastic interactions due to the
presence of different heat sources and provides the analytical as well as numerical
results of the problems. A detailed analysis of the results predicted by this model
is presented. Subchapter 3.1 investigates the effect of line heat source on a linear,
homogeneous and isotropic unbounded elastic medium, which is situated at its center
(origin). The main motive here is to investigate a detailed analysis of the modified
Green Lindsay Model in the presence of thermal line heat source by finding short-time
approximated solutions of the field variables. A significant disagreement is observed
in the prediction by the present MGL thermoelastic theory as compared to the other
existing theories. Subchapter 3.2 further attempts to investigate the MGL theory and

solves a thermoelastic problem where an unbounded medium with a cylindrical cavity
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is exposed to an external moving heat source along the radial direction in the absence
of body force. The inner boundary of cavity is maintained at constant temperature in
the absence of traction force along the radial direction on inner surface. This problem is
solved using Laplace transformation and the final results for field variables are obtained
numerically using Stehfest method (1970) for inversion of Laplace transforms. The
predictions are analyzed via graphical results to mark the effects of the relaxation time
parameters, which is characteristic of the present generalized thermoelasticity theory.
A prominent impact of these parameters is observed in all the physical fields, i.e.,
displacement, temperature and stress fields. The observations for MGL model are
compared graphically with the outcomes of LS and GL models to notice the differences
in results. Further, the impact of velocity of heat source is examined.

The aim of Chapter 4 is to develop a mathematical model to investigate the
stresses and temperature that are induced layer-by-layer within the triple-layered skin
tissue during a thermal loading by employing the Modified Green-Lindsay thermoelastic
model. The present problem is formulated in a unified way to derive the governing
equations and constitutive relations under the MGL model and DPL thermoelastic
model that involves two phase-lag times. We apply Laplace transform technique and
then we adopt Stehfest algorithm (1970) to calculate the temperature, displacement and
thermal stress distributions in the skin tissue. The MGL model predicts significantly
different temperature and thermal stress distribution in tissues in comparison to DPL
heat conduction model.

In Chapter 5, we establish the boundary integral equations formulation for the
homogenous isotropic thermoelastic medium having mixed type of thermal and me-
chanical boundary conditions in the context of strain and temperature rate-dependent
thermoelasticity theory (MGL theory). The formulation of boundary integral equations
(BIE) plays important role to solve coupled thermoelastic problems numerically, espe-

cially when analytical solution of the problem is difficult to obtain. To derive the BIE
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formulation, firstly some important results on this new thermoelasticity theory are es-
tablished in this chapter. We obtain the fundamental solutions in the Laplace transform
domain when the body is subjected to two different situations: one is for concentrated
heat source and another for body force in a particular direction. Accordingly, we obtain
a reciprocal relation between the field variables for these two systems of causes. Further,
the integral equation formulation of field variables is carried out in terms of boundary
conditions by using this reciprocity relation. Lastly, we illustrate the implementation
of our BIE formulation and discuss the aspects of numerical implementation through
boundary element method.

The goal of Chapter 6 is to investigate the dynamics of the solutions for another
new thermoelasticity theory, namely the QMGT (2019) theory for linear, isotropic,
elastic, and unbounded medium due to the presence of continuous line heat source. In
this chapter, we enumerate the points of discontinuity, velocity of thermal and elastic
disturbances and analyse the dependency of field variables on various physical param-
eters under QMGT theory. The finite speed predictions for elastic as well as thermal
disturbances by the present thermoelastic model is identified analytically. Furthermore,
the damping nature of elastic and thermal waves are also shown analytically. The re-
sults of present case are compared with the corresponding results of other thermoelastic
models (LS, GL, MGL and GN). We observe that in QMGT model, displacement field
exhibits continuity. However, temperature and stress components suffer infinite singu-
larity at the position of heat source and discontinuity at both the wavefronts (thermal
and elastic). The analytical results are verified with the numerical results of the present
problem for a suitable material and it has been shown with graphical results that the
field variables have no effect after thermal wavefront, which verifies the correctness of
our analytical results and reveals that QMGT model show finite domain of influence of
the disturbance at any particular time. Similarity and dissimilarity in prediction of this

model with other existing models (LS, GL, MGL and GN) are highlighted in detail.
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Chapter 7 covers a comprehensive analysis of the current study by highlighting
the significant points of investigation. Further, it concludes with an exploration of

possibilities for future research within the relevant disciplines.
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