Chapter 3

Existence and Controllability
Results of Fractional

Integro-Differential Equations

3.1 Introduction

After the explanation of the significance of the fractional derivative in Chapters 1
and 2, we begin with our first problem under consideration. In particular, this chap-
ter looks into the existence of mild solutions and controllability results for a family
of fractional functional integro-differential equations along with nonlocal conditions
x(0) + g(x) = xo, where g is a function from some function space to X. In general,
g could be nonlinear or an integral. It reduces to the local condition x(0) = x¢ if
g := 0. However, the increasing utilization of FC underscores the necessity for a ro-
bust theory akin to ordinary calculus. The last few decades have witnessed substan-

tial advancements in understanding the existence, uniqueness, stability, regularity,
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controllability, and other qualitative behaviors of various FDEs. This progress, ac-
companied by the development of new analytical techniques modified for fractional
operators, has extended classical criteria and enhanced our understanding of FC ap-
plications across diverse fields. Some researchers worked in this field and discussed

the existence and uniqueness of mild solutions of FDEs [2, 6, 90] and cited theirs in.

On the other hand, some physical models require the behavior of a system at
a point to depend on the values of the function over a range of points rather than
just at a single point. This broader context is necessary to accurately describe phe-
nomena such as long-range interactions, memory effects, and fractal or anomalous
behavior. In such cases, nonlocal conditions are essential for capturing the complex
dynamics of the system and providing a more realistic representation of its behavior.
In 1991, Byszewski was the first to investigate the existence and uniqueness results
for the evolution equation with nonlocal conditions in the context of Banach space
[70, 71]. Consequently, the nonlocal conditions are significantly useful for the sys-
tems of FC, as they often require information from a wider range of points, driving
their incorporation and application in such systems [91, 92, 93]. These conditions
refer to initial or boundary conditions in a mathematical or physical system that
depend on the entire history or behavior of the system rather than just its immediate
surroundings or current state. They can be found in various scientific and engineer-
ing fields, and they are used when factors outside its immediate vicinity influence
the behavior of a system. Further, they have diverse applications in fields like peri-
dynamics, population dynamics, fluid mechanics, quantum mechanics, petroleum
exploitation, thermodynamics, elasticity, wave propagation, etc. [94, 95, 96, 97, 98].
Nonlocal conditions play a crucial role in peridynamics, a theory describing material
behavior, including deformation, fracture, and damage. Unlike local models, peri-

dynamics considers influences beyond immediate neighbors, essential for accurately
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representing material behavior, especially in severe deformation or damage scenarios

[99).

Inspired by the above-discussed results, in the chapter, we investigate the exis-
tence and uniqueness of mild solutions for the following fractional integro-differential

equations:

/

CDix(1) = Ax(1)

+ (62 (m () x(pa(1)), - X (1)), Hx(pia (1)), €T, (31)

x(0) +g(x) =xo, %0 € X,

where § D stands for the Caputo operator of order n € (0,1), J = [0,T], and X
is a Banach space. The delay terms pu; : J — J are continuous functions satisfying
the conditions 0 < p;(¢) < ¢, (i=1,2,...,n,n+1), n € N. Moreover, the function
f:Jx X" — X is a continuous function. Further, {A(t)};>0 is a family of
closed linear operators defined on the domain D(A), where D(A) is dense in X.

Additionally, the integral operator H is defined by

Hx(t) = / h(t, Xt (p)) ).

where h : A x X — X is nonlinear continuous function such that A = {(¢,p) : 0 <

x<t<T}.

We also discuss the concept of controllability, which is a fundamental concept
in mathematical control theory. Controllability analysis for a dynamical system in-
volves investigating whether it is possible to manipulate the system’s state to reach
any desired state within a given time frame using an admissible control. Incor-

porating fractional derivatives with control systems offers enhanced flexibility and
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versatility compared to ordinary control systems by capturing memory and hered-
itary effects, enabling better modeling of complex dynamics and improving system
robustness. Additionally, fractional controllers exhibit superior performance in han-
dling non-integer order behaviors, leading to improved control accuracy and stabil-
ity in various applications [100, 101]. In recent years numerous researchers have
studied controllability problems for various kinds of fractional dynamical systems
[102, 103, 104, 105]. In 2009, Balacharan and Park investigated the controllabil-
ity of a fractional nonlinear autonomous integro-differential equation with both lo-
cal and nonlocal conditions using fixed-point theorems and semi-group theory [73].
Later, Qin et al. [74] examined the controllability of a fractional impulsive integro-
differential system with nonlocal conditions by means of a piecewise continuous
control function and fixed-point theory. Further in [6], authors studied the exis-
tence of mild solutions and the controllability of a class of fractional nonlinear and
non-autonomous integro-differential equations with delay using resolvent operators,
fixed-point theory, and the Kuratowski measure of noncompactness. Building on
the previous findings, we combined delay functions and nonlocal conditions in our

problem to expand the scope of our results and progress further in this direction.

We consider the following fractional control system:

/

§ Dix(t) = A(t)x(t) + Gu(t)

(2 () x(p2(8)), - Xt (D), Hx(praia (1)), t € T, (32)

x(0) +g(x) =x0, %0 € X,

\

where G € BL (U, X). We note that U is a Banach space and u(-) is a control

function in a Banach space of admissible control functions L? (J, U).

We aim to go deeper into the study of nonautonomous systems and establish
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additional results beyond what has been achieved thus far. First, we extend the au-
tonomous integro-differential equations of fractional order to nonautonomous frac-
tional integro-differential equations. We prove the existence and uniqueness of a mild
solution for the problem (3.1) under suitable assumptions on the operator f. Addi-
tionally, we investigate the controllability result of the problem (3.2). We use the FC
technique, theory of nonlinear analysis, resolvent operator theory, and fixed-point

techniques to prove these conclusions.

The structure of this chapter is in the following manner: To begin, in Section
3.2, we discuss fundamental definitions that are mandatory to establish the main
results of our study. Section 3.3 establishes the existence and uniqueness of mild
solutions of the problem (3.1). We explore the controllability result for the control
system (3.2) in Section 3.4. In Section 3.5, we discuss a few examples illustrating
the applicability of the proposed results. At the end, the conclusion is provided in

Section 3.6.

3.2 Preliminary Results

In this section, we discuss the definition of mild solution for the considered problem

(3.1) and the Hélder’s inequality.

Lemma 3.1. (Holder’s Inequality) [12, 106] Let p,q > 1 with 1 < p,q < oo and

1 1
—+==1. Then, forf, € LP (J,U) and fy € L?(J, X), we have f,f, € L' (J, X) and
p q

the following inequality holds

1ffall e < lIfallr lIfell 2o
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Definition 3.2. (Mild Solution) [6, 73] A function x € C'(J, X) is said to be a
mild solution of the system (3.1) for every u € L*(J,U) if it satisfies the following

integral equation:

(1) = Ry(£,0)((0) ~ 6) + > / Ry(t.p)(t — p) !

X [f(p,x(pa(p), x(p2(p)); - X(pn(p))s HX(ptn11(p))) Jdp. (3.3)

3.3 Existence and Uniqueness Results

In this section, we discuss the existence and uniqueness of mild solutions for the

system (3.1) under different set of assumptions on f.

Theorem 3.3. Suppose that the following conditions hold:

(Hy) The resolvent operator R, (t, p) is compact for t,p > 0.

(Hy) The function f : J x X" — X s continuous and there exist non-negative
Lebesgue integrable function k; € LV3(J,R,), (i=1.2...,n,n+1), 0< B <7

such that for any x; € X, (1,2,...,n,n+1),

n+1
[F(tx1, %0, X xns) | €D k(@) xll?, 0<y < 1.
=1

(Hs) The function h: A x X — X is continuous, and ||h(t,p,x)| < ||x]|".

(Hy) The function g is continuous, and there exists a constant ¢ > 0 such that

lgtal < c.

Then, the system (3.1) has a mild solution.
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Proof. Define an operator ® : C' (J, X) — C (J, X)

Bx(1) = Ry(1.0) (0~ 60) + g | Raltp)(t =)

X [f(p,x(ua(p)), x(p2(p)), - - -, X(kn (D)), HX(pims1(p))) ] dp. (3.4)

Our aim is to prove that the system (3.1) has a mild solution. For this, we have to
show that the operator (3.4) has a fixed-point. For the sake of clarity, the proof is

divided into the following steps.

Step 1: First, we aim to demonstrate the continuity of the mapping ® : C' (J, X) —
C (J,X). For this, consider a sequence {x,, }men C C (J, X) with x,, converging to
x € C(J,X). There exists a positive integer r (r > 1) such that ||x,,|| < r for all m.

Define the set B, as follows:
B, = {x e C(J,X): x| < r}.

Since for each ¢ € J, we have 0 < p;(t) < t; (i = 1,2,...,n,n+ 1). Thus, for

Xm, X € By, we get

(% (123 (8)) = x (11 (8))]| < [3m — x|| = 0 as m — oco.
So, by the continuity of h, we have

h(t,P,Xm(MnH(t))) — h<t7pvx(ﬂn+1(t))) as m — o0,
Again, by the continuity of f, we obtain

f(t, Xm(ﬂl(t))-/ Xm(/LQ(t)L cee axm(:un(t))a ,H*T/m(ﬂn(t)))
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- f(t>X(M1(t))>X(M2(t))s s ax(ﬂ'n(t))>%x(ﬂn+l(t))) as m — o9,

for any ¢ € J uniformly. That is, for any € > 0, there exists a natural number ny € N

such that for any m > ng, t € J, we have

Hf<taXm(/ﬁl(t))vxmr(lh(t))v o X (i (1)), %xm(un(t»)

- f(t’ X(:ul(t))ﬂ X(/u2(t))ﬂ s ?X<Mn(t))7 HX(Mn—&-l(t))) H
< I(n+1)e

= Tprn 2

. .
where P* = Ogr;g);T HRn(t,p)H. Hence, for any m > ng, t € J, we have

1 [ 1
H(I)Xm - (I)XH = ”Rn(tv 0) (XO - g(xm)) - R’r/(tv 0) (XO - g(x)) H + m/(; (t—p)

X Hf(p Xm(/J’l(p))f XTTL(MQ(p))f s 7X’"L(Mﬂ(p))vHXTn(MTL+1(p)))

— £(p.x(u1(p)), x(p2(p)), - - - s x(ttn (), Hx (41 (P))) || R (2, p)]|| dp

< P||axm) — (9| + % / (t - pyrt

X |F (D2 X (11 (D)) %o (12(P)) - -+ Xan (i (9))s HXen (41 (P))

— £ (p. x(pa(p)), x(p12(p)), - - -, x(t1n(p)), HxX (0 11(p))) || dp

. P T(n+1) e
< — —

<P

€

B(%) — 809 + 5

Since g is continuous, then for any ¢ > 0 there exists a mg € N such that
€

laten) — g0 < 5z V> mo.

Now, late us take m* = max{myg, no}. Then, for any m > m*, we have H<I>xm—<I>xH <

e. Consequently, ¢ : C' (J, X) — C (J, X) is continuous.
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Step 2: Let us demonstrate that the operator ® : C'(J, X) — C(J, X) is com-
pletely continuous. For this, first we show that the set K = {®x(¢) : x(-) € B} is
relatively compact. Clearly, the set K is compact for ¢ = 0. Now, for ¢ € (0,77, we

choose ¢ such that 0 < ( < ¢, and x € B,, we define the operator ®. as follows:

t—C
Bex(t) = Ryf1,0) o~ £0) + gL [ (= p R
X [f(p, x(pa(p), x(p2(p)); - - - (i (D)), HX(ptn11(p))) | dp
= Ry(1.0)(ra — £(0) + QA1)

where

t—¢
Q(t.¢) = / (t = )" 'Ry (C. p)

X F(p,x(ua(p)), x(p2(p)), - - s X(in (p)), Hx(pim41(p)) ) dp.

Clearly, Q(t,() is bounded in B, since R, (¢, () is compact and g is bounded in the
set By. Therefore, the set Bf = {Q(t,¢) : x(-) € B,} is relatively compact. Moreover,

for each x € B,

1 t
Px — Pex|| < —— t—p)" | Ry(t,
oo ex] < s [ (= Ryt

< |[f (2. x(1a(p))s x(p2(p)), - - X (1t (0), Hx (111 (p))) || dp

n

P* t B
< / (t—p)" Z ki(p) %[ + knt1 () [ HXp41 | dp
I'(n) Ji—¢ =1

< %/t;(t —p) (iz::ki(p) +Tkn+1(p)>dp

p* 1_5 1-8 i n
< I n—B i 1
~ I'(n) (nﬁ) ¢ ;Ilkzllw + Tknsall

—0 as ¢ =0 since n—pF > 0.
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For 0 < t < T, the set K = {®x(t) : x(-) € B,} is arbitrarily close to a relatively
compact set By = {Q(t,¢) : x(-) € B, }. Therefore, for ¢ € J, the set K = {®x(¢) :

x(+) € B,} is relatively compact.

Step 3: Finally, we show that the set K = {®x() : x(-) € B,} is a family of
equicontinuous functions on J. To prove this, let #, t, € J such that ¢ < #. Then,

we get

H@X(tg) - @X(tl)H
< IR (2, 0) (%0 — g(x(£2))) — Ryp(t1,0) (x0 — g(x(11))) ||
-+Hf%5142<@—-pWWax@,p>

x [f(p, (11 (), x(p2(p)); - - X(pa(p)), HX(ptn11(p))) | dp

[ 1
_W/o (ti = p)" " Ry(ts, p)

[ (D K0 Xt 91 Hsi () |
< [[Ry(t2,0) (x0 — 8(x(%2))) = Ry(1,0) (x0 — g(x(t1))) |
e [ = o Ryt - 1= R 0]
[ () K0 Xt ) Hni () |
+Hféyéab—pW1RA%p)

X [f(pax(ﬂl(p))ax(ﬂ2<p)>a-~-7X(Mn(p))v?{X(Nn+l(p)))]de

L+ L+
Now, by using the hypothesis (H;), we have I} — 0 as t; — t,. Further,

I = Hﬁ /Otl [(tz = )" Ry(ta,p) — (i — p)" Ry (t, )
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< [F(p X1 (). X(112(p)), - X(11a()), Hx(um(p)))]dp”
1

<
_F(
X

) / [“2 =P Ryl p) = (0 = p>"‘1R7,<t1,p>}
(i ki (P)[[xi]|” + ki1 (MHHxW) dp

P (1-p\"" - - R
<t o) P8 ) (el ¢ Tl )

—0 as H — 1.

Clearly, Is — 0 as t; — t,. Consequently, H<I>x(t2) — <I>x(t1)H — 0 as t — t.
Hence, the set K is equicontinuous. Therefore, ® : C' (J, X) — C (J, X) is completely

continuous as an application of the Arzela-Ascoli theorem.

Step 4: For 0 < A < 1, let x = A®x. Then, we have

(O = [Raft.0) 0~ £60) | + / (t — o)™ [ R (. p)|

X || (2 x(ua(p)), x(p2(p)); - - - Xt (), HX(ptn41(p))) || dp

* o 1-8
<Pl +9) + s (3=5) T

x < ZHkiHL% +T||k’n,+1HLé> = M say.
i—1

Hence, there exists a M, > M such that ||x|| # M,. Let K, = {x € C (J, X) : ||x]| <
M.}. Then, there is no point x € 9K, such that x = A®x for A € (0,1). It follows
from Lemma 1.3 that ® has a fixed-point x € K, which is the mild solution of the

problem (3.1). O

Theorem 3.4. Suppose that the following conditions hold:

(K1) The function f : J x X" — X is continuous and there exist non-negative

Lebesgue integrable function 1;(t) € LYP(J,R,), (i =1,2,...,n,n+1), 0 <
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B < n such that

||f(t7xl;x27 e 7Xn7xn+1) - f(t Yi,¥Y2,- .. aYmYn+1) H
n+1

= Z'i(’f)HXi —vill, Vxi,y; € X.

i=1

(K3) There exists a non-negative Lebesque integrable function 1*(t) € LY5(J,R,)

such that
Ih(t, p,x) =h(t,p.y)[ =T @)lx =yl ¥V x,y; € X.
(K3) There exists a positive constant L such that
lg) =gl < Llx=yll, Vxi, yi € X,

t
and let M = sup/ I*(s)ds such that
0

teJ

pros 2 (L2 s inl.nl M|l 1 b =p<1
F(n) 77_,8 - il g n+1 L =p .

Then, the system (3.1) has a unique mild solution.

Proof. Let ® be the function defined in Theorem 3.3. Then, for all x,y € X and

t € J, we obtain:

[©x — @y|| < Ry (£,0)(x0 — £() = Ry(t.0) (x0 — &(y)]|

1 ! n—1
+ W/O (t—p) HRn(ta p)ll

|| (2 x(ua(p)), x(p2(p))s - - - - X(ptn (), HX(ptn41(p)))
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— £(p,y(11(p)), y(12(p)), - - - Y (1 (p)), Hy (i1 (p))) || dp

< Pllele) — g0l + s | (6= 0" 12' b=yl

+ o1 ()| Hx(ptn 41 (p) — Hy (pns1 (p))dp ||
% 1-8 n
o ) M [ O SIS [EE

+ |||n+1||L%HHX(Mn+1( p)) — Hy(pns1(p H}

Thus, we have

7)* 1 — 1-8 n
o ] < Lyl + o (225) T [(Z I3 )l =i

+ aall 3 [ (i (p)) = Hy (s (p M

Again,

[ (bt 1(p)) = Hy (s ()|

/ ||h t S, 2(fin41(s )) - h(t,s,y(ﬂnﬂ(s)))Hds
< [ ¥l = vlas

< Mlx—yl.
This implies

| Hx(ptnsa () — My (pnsa ()] < Mx—yl|.
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So, by the equations (3.5) and (3.6), we get

. P (1 —ﬂ)lﬁ -8
Ox — By|| < P*LIx —y| + —Z)
[x=0y] < P*Lix vl F(n)(n—ﬁ

; [(Z I3 ) =31+ Ml ]

P (1-8\""
LA —f|—5) 177
F +F(n)(n—ﬁ)

x{(zluunﬁ # Ml b 1=

< pllx =yl

<

Therefore, the operator @ is a contraction mapping. Consequently, ® has a unique
fixed-point by the Banach contraction mapping principle, leading to the conclusion

that system (3.1) has a unique mild solution. O

3.4 Controllability Result

We established the existence and uniqueness of mild solutions for the equation (3.1)
in the preceding Section 3.3. In this section, we introduce another crucial concept
known as controllability. The proof of the controllability results for the control
system (3.2) is presented here utilizing the theory of FC, semigroup theory, and the
generalized contraction theorem. Before proceeding further, let’s define the following

definitions:

Definition 3.5. (Mild Solution) [6, 73] A function x € C (J, X) is said to be a

mild solution of the control system (3.2) for every u € L?(J,U) if it satisfies the
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following integral equation:

x(1) = Ry (1,0) (x(0) — g(x)) + ﬁ / Ry(t. p)(t — p)!

x [Gu(p) + f(p,x(u1(p)), x(p2(p)), - - -, X(kim (D)), HX(pim41(p))) Jdp.  (3.7)

Definition 3.6. [6, 73] The control system (3.2) is said to be controllable over the
interval J if, V xg,x; € X, there exists a control function u € L? (J,U) such that the

solution x(-) of (3.2) satisfies x(0) + g(x) = x¢ and x(T") = x;.

Theorem 3.7. Consider the following conditions hold:

(Ry) Supposef : Jx X" — X is continuous with max Hf(t,O7 - ,O)H =P forP >

t,eJ

0, and there exist non-negative constants P;s (i =1,2,...,n,n+ 1) such that

Hf(t7X17X2? .. 7Xn7Xn+1) - f(t7y17y27 s 7Yn7Yn+1) H
n+1

< ZP@'HXi - y@'|
i=1

s VXZ',yZ' c X.

(Ry) The bounded linear operator Z : L*(J,U) — X given by

t
Zu :_/0 (t = p)""Ry(T, p) Gu(p) dp,

has an induced operator Z=' with values in L*(J,U)/KerZ. Further, there

exist positive constants ci, ca, such that ||G|| < ¢; and HZ~_1|| < ¢,.

(R3) Forallx;,y; € X (i=1,2,...,n,n+1),3 Q1,Qs > 0 such that

[t p.%) = h(t, 2,y < Qullxk=ll, and max [[h(t,p,0)[| = .
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(R4) The mapping g is continuous and there exist positive constants my,mg > 0,

such that

S eI, and ||g(x) = g)|| < mafx =yl

(R5) Set P* = max |[Ry(t,p)] and

P*(HXOH + ml) + VP*C1C2[||X1H + P*|Ixol| + ’YP*Nz] + PNy < ¢,

for some ( > 0, where

T

Ny = CZR‘ + Pop1T(Q1C+ Qo) +P, 7= m

i=1

(Rs) Setq = P*m2+7p*<zpi+7)n+1TQ1> <C1C2’y77*+1> be such that 0 < q < 1.

i=1

Then, the control system (3.2) is controllable over the interval J.
Proof. Suppose that S = C' (J, X), and S¢ = {x € S : x(0)+g(x) = xo, and ||x(#)|| <
( for t € J}.

Let ® : S — S¢ be an operator defined by

¢u@w—RAam@o—gu»+f%51;Rxmmu—nw*gé*
1 t 1
X [xl —Ry(T,0)x0 — m/o R, (T, p)(t —p)
X(“%ﬂm@»ﬂm@»~wﬂM@»HWMH@M)@yWW
1 ¢ 1
+ﬁ547%wmu—m

X(N%MM@»%M@»~wﬂ%@»HﬂMﬂ@m)@~
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According to the hypothesis (H3), for an arbitrary function x(-) we choose the control

u(t) =271 |x; — R, ( T()xo— /72 (T, p)(t — p)"*

< [f(p,x(u1(p)), x(p2(p)), - - - - X(kn (D)), HX(ptmg1 (p))) | dp | -

Using the above control, we prove the operator ® has a fixed-point. This fixed-point
is then a solution of the control system (3.2). Clearly, (®x)(T") = x;, which mcans
that the control u steeps the system (3.2) from the initial state xy to x; in time T’
provided we can obtain a fixed-point of the operator ®. First, we show that the

operator ® maps S¢ into itself.

[Ru()] = [ R4 (2,0) (x(0) — g(9) |

s [ R G o+ [ 0]
1t - |
507 [ = IRy

LX) a0 50 ) Horis 1)
—f(p,0,0,...,0)|| + Hf(p,o,o,...,o)H}dp]dn

b [ p R

X {Hf(p, x(pa(p)). x(k2(p)), - - X(ttn(p))s Hx(ptn41()))

Tn
< P*xo —g(x) | + NCET le\| +Pxo
T oL
+ mp {Czpz + Pu1T(Q1¢ + ) +73H

™
o 1)73 {cgp + P T(Q1¢ + Qo) +7>]
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< P*(lIxoll + m1) + P crca | [xall + P7llxol| +vP Ao | + 7PNy

<

Therefore, ® maps S¢ to S¢. Next, we show that ® is a contractive function on S.

For this, let x,y € S¢, we have,

H(I)x(t) - @y(t)”
= || Ry (2,0)(x(0) — g(x)) — Ry(t,0)(x(0) —g(y))|

1 t ot . 1 T .
g 0 IR 06Z i [ R

[f(p, (412(2)), <(p2(P)), - Xt (), Hx{ptmia (2))

X

—f(p,y(111(p)), y(p2(p)), - - -, y(1an (), Hy(unﬂ(p)))} Hdpdn

1/ -1
+ o / (t — Y[Ryt p)|

X [f(p, x(p1(p)); x(112(p)), - - (i (p)), HX (11 (p)))

oy (). y(palp). ,ymn(p)),ﬂy(unH(p)))] Hdp

< Prmaf[x — v
Tn . TN . n | )
+ F(T] i 1)7) ClCQWP [;Pz +P7l+1TQ1] Hx yH
TN . n | )
e e Ll DOL R A [P

< {P*mg +P* ( ZR; + Pn+1TQ1> (’YP*C1C2 + 1)} ||x — yH
i=1

< affx =yl
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This implies that

12x(8) = 2y(D)]] < [x— v

Therefore, the operator @ is a contraction mapping on S¢. By the generalized Banach
contraction principle, we conclude that the control system (3.2) has a mild solution

that satisfies x(T') = x;. Thus, the control system (3.2) is controllable on .J.

O
3.5 Applications
In this section, we give two illustrative examples of our proposed results.
Example 3.1. Let’s consider the following fractional differential equations:
( tgi w(v.pi(t)) _ p—z(v.pa(t))
C M B e'sint e e
0 Dtx(U7 t) - a(U7 t)XUU(U7 t) + / @-'17(")vlﬂ ) T @*m(“:lﬂ )
et cost
+ , tanh (x(v, ,ug(t)))
et [t
+?/ ptsin (x(v, ptns1(p)))dp, (3.8)
0
x(v,0) +g(x(v, 1)) = po(v), ¢ € L?[0,1]
x(0,¢) =x(1,t) =0, (v,t)€[0,1] x [0,1].
\

Consider the Banach space X = L?[0, 1], consisting of square integrable func-

tions. Let a : [0, 1] x [0,1] — [0, 1] be a continuous function.

Define a linear operator A(t) by A(t)z = a(v, t)x,, with the domain D(A) =
H?(0,1)NH}(0,1). Then, the family of bounded linear operators {A(t)}:>0 generates

an evolution system R, (¢, p) < k for k > 0 and p < ¢, as discussed in the references
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herein [107, 2]. Let x(t) = x(-,t). Then, the system (3.8) can be transformed into

the following abstract form:

( etsint e®(t) _ o—z(pi(t))

§ Dix(t) = A(t)x(t) +

elcost

t er(ui(t)) 4 e—z(p1(t))

tanh (x(u2(t)))

+e_/0’ t p sin (x(,un+1(p)))dp; t e [0,1],

+

13

x(0) + g(x) = %o, X0 € X.

Let R, (¢, p) be a compact resolvent operator for ¢,p > 0, and let g be a continuous
function satisfving ||g(x)|| < ¢ for ¢ > 0. It is evident that f : J x X" — X and

h: A x X — X are continuous functions, and

Hh(t7 D, X(Mn+1(p))) H < HX(MnH(t))Hl/Q.

Further, for any x;,y; € X, (1 =1,2,...,n,n+ 1), we get

etsint e<mi®) _ e=x(u(t)  eleogt et [t )
1 (D) 1 o) tanh (x(12(1))) + 7 /0 tp sin (i (p)) dp
elsin t 12 e'cost 12 €' 1/2 1
< I O+ L )7+ S a2, for 7 = L
t o3 t t t t
ThuS, we have kl = — 7k2 = ¥7kn+l = %7 and k’L = 07 for i = 374 RENLE

Clearly, k; € LY? (J,R.) where 0 < 3 < 7.

So, all the hypotheses of Theorem 3.3 are satisfied, and it follows that there

exists a mild solution for the system (3.9), and consequently for (3.8).
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Example 3.2. Let’s examine the subsequent fractional functional differential equa-

tions:

§ DIx(1) = A(t)x() +Gu(t) + 15 x(m (D) + CfgotX(uz(t))
1+ ot Atp X(pni1(p))dp, t€[0,1], (3.10)

x(0) 4 sinx = 0.
Let X = U = L?[0,1]. Suppose the linear operator Z : L*(J,U) — X defined by

Zu :ﬁ/o (t—p)""R,(T, p) Gu(p) dp,

is bounded, and it has an induced operator Z~' that takes values in L? (J,U) /KerZ

and there exist constants c;, ¢, > 0 such that ||G]| < ¢;, and |27 < c,.

If we compare equation (3.10) with the equation (3.2), we get

f(t’x<ﬂl(t))v X(MQ(t))v T ’X(:un(t))a /HX(FLn+1(t)))

t2 cost

=17 x(p1 (1)) + WX(N@@)) +

t
/ £ p x(nsa(p))dp,
0

1+4+e?
where

B 1
14t

Hx(pns (1) / "4 b x(tss (0))dp.

For all x,y € X, we get

[ (2, . x(nr1 (£))) = D (t, 2,y (b (0)) || < [x(ttnsa () = y(pnsa (8)) |-

and max Hh(t,p,())H = 0. Thus, we have Q; =1, and Q, = 0.
(t,p)eA
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Clearly, f is continuous, and for all x;,y; € X, (i = 1,2,...,n,n+ 1), t € J,we

have

ok t) )|
< [IxCaa(8)) — y(a ()] + —

X (ra(0) = y(12(8))|

+ |‘x(un+1(t)) - Y(MTLJrl(t))

7

. 1
and Ifng}( Hf(t,O, e ,O)H = 0. So, we obtain Py = Py = 1,Py = 100° and P = 0.
Let g(x) = sinx, then it is clear that g(x) is a continuous function from C'(J, X) to

itself with max ||sinx|| = m; =1, and H sinx — sinyH < ||x —y||, this implies that
xeC(J,X)

m2:1.

Let for some { >0

P*C C 20173* 2017)*
prp T2 | + ¢ ¢ <,
I'(n+1) 1000(n+1)] * 1000(n + 1)
and
201P* crcoy P
q="P"+ 100T'(n + 1) (100F(7] 1) + ) orsome 0<q<

Thus, all the conditions of Theorem 3.7 are satisfies; consequently, the system (3.10)

is controllable.

3.6 Conclusion

In this chapter, we investigate a class of nonautonomous fractional integro-differential
equations with delay. The existence and uniqueness of mild solutions to the frac-
tional integro-differential equations (3.1) are established using the theory of resolvent

operators and fixed-point theorems under the various set of assumptions on f. To
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achieve the controllability of the control system (3.2), the theory of resolvent oper-
ators and the Banach fixed-point theorem are employed. Finally, two instances are

given to show the efficacy of the proposed outcomes.

ookok ok kockokoskok ok



