Chapter 1

Introduction

Integral transform played an important role to solve the problems of partial dif-
ferential equations, wavelets, signal processing, physics, electronics, mathematical
sciences and other areas of engineering. With the help of integral transform and
its inversion formula, many applications are possible in mathematical sciences and
other areas. Solutions of partial-differential equations can be obtained in the form
of integral representation by exploiting integral transform theory. In each integral
transform, there are specific types of kernel, which played the leading role to know

the nature of the solution of a given problem.

Fourier transform is an integral representation of the absolutely integrable function
and complex exponential type kernel. The Hankel transform which integral repre-
sentation is the product of absolutely integrable function and the Bessel function
of the first kind. The aforesaid transform is useful to find the solution of infinite
cylindrical boundary value problems. FExploiting the Fourier transform technique
the theory of pseudo-differential operators was developed and obtained many obser-

vations by many mathematicians.
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Pseudo-differential operators are the generalization of partial differential operators
and it played a significant role in the problems of partial differential equations, nu-
merical analysis and quantum physics. In 1965, Kohn and Nirenberg [32] developed
the calculus of pseudo-differential operators and its various properties. Hormander
[26] extended the theory of pseudo-differential operators in elliptic partial-differential
operators. Later on, Grushin [22], Zaidman [82], Fefferman [17], Illner [30], Kato
[31], Nagase [43], Treves [72], Kumano-go [34], Taylor [70], Wong [81] and others
made a proper foundation of pseudo-differential operators and studied various prop-

erties by using the Fourier transform technique.

For the Hankel transform concern, many authors studied various important prop-
erties of pseudo-differential operators associated with a certain class of symbols
involving the Bessel operator. In 1995, the pseudo-differential operators associated
with the Bessel operator were developed by Pathak and Pandey [52] and found its
various properties. Later on, Pathak and Pandey [53] defined Sobolev-type spaces
associated with the Bessel operator and studied many important properties of the
Hankel potential operators. In the same year, Pathak and Upadhyay [56] inves-
tigated product and commutators for the pseudo-differential operators associated
with a homogeneous symbol class by taking the Hankel transform technique. Fur-
ther, Pathak and Pandey [54] defined the minimal and maximal pseudo-differential
operators associated with the Bessel operator and studied its various properties. In
2001, Pathak and Upadhyay [57] proved the LF-boundedness of pseudo-differential
operators involving the Bessel operator and applied this theory in Sobolev-type
spaces. In 2006, Upadhyay [78] derived the LP-norm inequality of the product of

pseudo-differential operators involving the Hankel transform.



Chapter 1. Introduction 3

The Weinstein transform is the generalization of Fourier and Hankel transforms
which kernel is the product of complex exponential function and normalized Bessel
function of the first kind. The Weinstein transform has a rich calculus and is appli-
cable in many areas of mathematical sciences. Many authors exploited the theory of
the Weinstein transform and found many interesting results. Othmani and Trimeche
[49] established real Paley-Wiener Theorems for the Weinstein transform associated
with the Weinstein operator, Mohammed and Ghribi [42] discussed the properties
of the Sobolev space of exponential type, Mejjaoli and Salem [40] found new results
on the continuous Weinstein wavelet transform by taking Weinstein transform tech-
nique, Salem [64] established Hardy-Littlewood-Sobolev-type inequalities associated
with the Weinstein operator, Saoudi and Nefzi [68] considered the boundedness and
compactness of localization operators associated with the Weinstein-Winger trans-

form and found many important observations.

Therefore, our main objective in this thesis is to study various properties of pseudo-

differential operators associated with the Weinstein transform.

1.1 The Fourier Transform
From [62, 81], definitions and properties of the Fourier transform are discussed.
Definition 1.1.1. The Fourier transform of ¢ € L'(R") is defined by

(Fo)(&) = (27‘(‘)_3/ e_m’@gb(x)dx, ¢ eR”, (1.1.1)

n

where <$,5> = zlgl +---+ xn&n'
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If € L'(R™) and F¢ € L*(R™), then the inversion formula of the Fourier transform

is defined by

b(z) = (27)°% / EF) e, ae. § R (1.1.2)

Definition 1.1.2. Let ¢ € L'(R") and ¢ € L*(R™). Then the convolution of ¢,
is given by

(@) (x) = - oz —y)(y)dy, xeR" (1.1.3)
Properties of the Fourier transform
1. If $ € L'(R™), then the function F is continuous on R™ and
1F oy < (|6l 22 em)-

2. Riemann-Lebesgue Lemma: Let ¢ € L'(R"). Then

(i) F¢ is a continuous function on R”,

(if) Limngj o0 (F9)(§) = 0,
(iii) ¢p — ¢ in LY(R™) implies F¢y, — F¢ uniformly on R™.

3. Let ¢,1 € L*(R"), then ¢ ¢ € L'(R") and we have
Fop ) = (2m)2 F(¢) F (). (1.1.4)

4. Let p,q,r € [1,00] such that 1%4— % — 1 = 1. Then for all ¢ € LP(R") and
Y € L1(R™), the function ¢ * ¢ belongs to L"(R™) and

16 *w Y| zr@e) < @] Lo@m) [190]] Lamny.- (1.1.5)
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1.2 The Hankel Transform

From Haimo [23], Pathak and Dixit [51], definitions and properties of the Hankel
transform are discussed.

For fixed pu > 0 we define

d o d
o(z) = 2u12D(+1/2)
and
§(x) = 2720 (4 1/2)2 21T, o (), (1.2.1)

where J,_1/2(x) is the Bessel function of order p —1/2.
We denote by L2(0,00), the space of all real-valued measurable functions ¢ defined

on (0,00) with norm

00 1/p
||¢\|Lg<o,oo>=( / r¢<x>|pda<x>) l<p<s (1.22)

H¢||Lgo(0,oo) = eSSSUPxe(o,oo)|¢(I)|- (1.2.3)

Definition 1.2.1. The Hankel transform of ¢ € L1 (0, 00) is defined by
1)) = [ aot)iola), €€ (0.0 (1.24)
0
where the Bessel function j is defined in (1.2.1).

If ¢ € L1(0,00) and h,¢ € LL(0,00), then the inversion formula of the Hankel

transform is

o(x) = / " () (h,$)(©)do (€). (1.2.5)
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Let A(z,y, z) be the area of triangle with sides z,y, z if such triangle exists. Set

2952 [T (4 +1/2))°

Ponie @) T A, 2)] " (1.2.6)

D(z,y,z) =

if A exists and zero otherwise.

In form of integral representation of the basic function is given by

D(a.) = [ itatiiluiC0do ) (12,7
Therefore, we have

| DG, 2)do(e) = itat)itot) (128)

for D(x,y,2) > 0 and D(z,y, z) is symmetric in x, y, z.

Setting ¢ = 0 in (1.2.8), then we obtain
/OOOD(x,y,z)da(z) = 1. (1.2.9)
Definition 1.2.2. Let ¢ € L1(0,00). Then translation of ¢(z) is defined by
(1:0)(y / o(2)D(z,y, z)do(z), 0<x,y< oo. (1.2.10)

Definition 1.2.3. Let ¢, € L1(0,00). Then the Hankel convolution of ¢, is

() () = / ()W) y)do(y), 0< 1 < oo, (L.2.11)
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Properties of the Hankel transform

1. Let ¢, € LL(0,00). Then
Bl ) (2) = (@)@ () (2), 0 <z < oo (1219)

2. Let p,q,r € [1,00] such that ]13 + é — % = 1. Then for all ¢ € L2(0,00) and

Y € L1(0,00), the function ¢p#1 belongs to L. (0, 00) and

741 Ly 0.00) < 9l 220,00)[1¥]]22 (0,00) - (1.2.13)

1.3 The Schwartz Space and Weinstein Operator

In this section, the definition of Schwartz space and other related results are discussed
by using the theory of Weinstein transform. Later on, from [10, 42, 46, 68, 73],

definitions and the properties of the Weinstein operator are given.

Definition 1.3.1. By S*(]Ri“), we denote the set of all rapidly decreasing functions
¢ € C2(R") such that

sup |(1+ |z]|)2DP¢(z)| < o0, ¥ q € Ny, NIt

n+1
z€RY

S.(R7*) is called the Schwartz space and it forms a vector space over the field of

complex numbers.

The topology on S,(RM*') is defined by the seminorms 7,;, (¢,1) € N x N, given by

Ta(¢) = sup |(1+[|z[]*)"Di¢ (). (1.3.1)
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The L2 (R:™') - norm of a Lebesgue measurable function ¢ is defined by

1
ol = ([, 1000 Vi tspen (32
+
91| oo 1y = €855UPLegnir ()] < o0, (1.3.3)
and

dg () = Agz2tda, (1.3.4)

where
Ay = ! (1.3.5)

(27)220T(a + 1)’

and dz is the Lebesgue measure on R/,

Lemma 1.3.2. The Schwartz space S.(R}*') is a subspace of LE(RY™), for all

p€[l,00 and o > —1.

Theorem 1.3.3. Let p € [1,00) and o > —L. Then the Schwartz space S, (R is

dense in LP (R,

The Weinstein operator on R’ for (n + 1) variables is defined by

n+1 2
2 1 1
Aa,n,x = 0 2 o 0 = An + La7 o> ——, (136)
= O Tni1 OTnya 2
where
A, = Z 92’ (1.3.7)
Jj=1 J

is the Laplacian operator on R" of the first n variables and

0? 20+1 0

L, =
2 Y
Oz, 4 Tpt1 OTpiq

(1.3.8)
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is the Bessel operator on (0, 00) for the last variable.
For all x € C™'| the system

Pu(g) = —2u(z) for 1<k<n

2
Oz

Lou(z) = =&, u(x), a>—1/2 (1.3.9)

u(0) =1, z24-(0) =0, 24(0) = —i& for 1<k<n

) amn+l ) 8_:1019
has a unique solution which is denoted by W, (z,&) and

/

Wa(w,€) = e ) J o (@narbnrn),  VE € CHH! (1.3.10)

where @ = (2, 2p11), € = (€ ,&u41) and J, the normalized Bessel function of index

. > —1)* 2k
Ja(a:>:r(a+1)k§k! r(( +)k+1)(§) . VzeC.

The system (1.3.9) is equivalent to the system

Ay pu(z) = (An + La)u(x) = —|&)Pu(z), a>—1/2
u(0) =1, 24 (0) =0, 24(0) = —i& for 1<k<n

7 0Tp+1 ’ Oz

The integral representation of J, is

Jo(z€) = %/O (1— 123 cos(x€t)dt, o> —%. (1.3.11)

Using the Euler’s formula and properties of the definite integral (1.3.11) can be

written as

T _ F(Oj—l— 1) ' 42 a—% ixgt _1
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Properties of J,(x¢)

LV2eREEC, |J.(26)] < ellm@llal,

2.VeeR EeCandv €N,

jé—yyja(xé“)‘ < |z|reltm@lal
3.VzeR, |[J.(x€)| <1, if and only if € € R,
Proposition 1.3.4. For all (z,&) € CH x C™, we have

/

1 Wol(§ @) = Wa(,€) = e € o (zns1&asn).
2. Wa(=z,8) = Wal(z, =¢) = €i<x/’£/>ja(xn+1§n+1>‘
3. W,(0,&) = 1.

4.V veNgt,

Dé’Wa(x,f)‘ < ||| ell=litmdiel,

5.V (2,8) € RYT x RY [Wo(2,€)] < 1.

1.4 The Weinstein Transform

In this section, from [10, 42, 68, 76, 77|, definitions and properties of the Weinstein
transform are discussed. Later on, definition and various properties of the Weinstein

convolution are given.

Definition 1.4.1. The Weinstein transform of ¢ € L1 (R}*") is defined by

o

(Fat)(€) = / e ) Jo (@) (@) dpa(x), €€ R (1.4.1)

n+1
R+

where dy, () is the measure on R given by (1.3.4).
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Let ¢ € LL(R"™) such that F,¢ € L} (R%*"), then inversion formula of the Wein-

stein transform is

¢(z) = /R " ) (@n1bnin) (Fad)(E)dpal€), ae. € € R (1.4.2)

Properties of the Weinstein transform

Proposition 1.4.2. 1. If ¢ € LL(R"™Y), then the function F,¢ is continuous on
R and

[Fadll g ntry < N9l g @rtr)-

2. Let ¢ € S.(RY™) and k € Ny, then

[Fa(Bana®(©) = (=DFIEII* (Fai) (€), (1.4.3)

and

(A ne(Fad)l(§) = Fal(=1)" 28] (€)- (1.4.4)

Proposition 1.4.3. Let ¢ and ¢ be in LL(RT™). Then we have

/R L Fad)@U©da(©) = | SOFNOda(E).  (1:45)

n+1
R+

Theorem 1.4.4. The Weinstein transform F, is a topological isomorphism from

S.(RTY) onto itself and
F o o(&) = Fap(=€), forall &R (1.4.6)
Proposition 1.4.5. 1. If ¢, € S.(R™), then we have

/R O(@) 0 () dpia(v) = /R  (Fad)OFat) ) dpa()- (1.4.7)
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2. The Weinstein transform F, extends uniquely to an isometric isomorphism on

L2(R™). Now, we have

/R (@) dpa(e) = /R N Fad) (O dpal©). (1.4.8)

Definition 1.4.6. The continuous linear functionals on S, (R’}fl) are called tem-

pered distributions and are denoted by S, (R7™) .

If f € L2(R"™), the tempered distribution associated with f is defined by

(f.o)=[ f@)@)dpa(r), ¢ € S.(RYT). (1.4.9)

n+
RY

Definition 1.4.7. The Weinstein transform F, f of f € S.(R"™) is defined by

(Fal,0) = (f, Fat), ¢ € SR, (1.4.10)

Theorem 1.4.8. The Weinstein transform is a topological isomorphism from S. (R

onto itself.

Definition 1.4.9. Let ¢,¢ € LL(R’™). Then the Weinstein convolution of ¢, is
given by
@10 0)le) = [ | 26000 ) (14.11)

n+1
R+

where

(7o @) (y) = Da(z,y, 2)¢(2)dpalz), (1.4.12)

n+1
R+
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and

DO!(:U7 Y, Z) = / 1 ei(ac ot >joz<xn+1tn+1)6_i<y ot >ja(yn+1tn+l)
R}

e T st Jdpia (). (1.4.13)

From Chapter 2, D, (z,y, z) is well defined.

Setting t = 0 in (2.3.21), then we obtain
Do(z,y, 2)dpa(z) = 1. (1.4.14)

n+1
R+

Proposition 1.4.10. The following properties associated with the Weinstein con-

volution are given.

1. Let ¢ € LL(RYY) and ¢ € LL(R), then

16 %0 Pl Ly ey < DMy ey 191 Ly ey (1.4.15)

2. Let p € LL(RY) and ¢ € LP(R}™), 1 <p < oco. Then

¢ *w w”Lﬁ(Ri‘H) < H‘bHL}X(RTFl)H¢|’L§(RT1)~ (1.4.16)

3. Let p,q, " € [1700] such that % + é -1 1. Then fOT’ all (b c Lg(Ri+1) and

T

Y € LR, we have

16 %1 g ety < Nl g ey 196 g e (1.4.17)
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4. If ¢ € LLR™™) and o € LLR™™), then

‘Fa(¢ *w ¢) = fa(¢)fa(w) (1.4.18)

From [81, p. 3], throughout other chapters Leibniz’s formula and general Leibniz’s
formula for derivatives are used which are given below:

1. Let f and ¢ be smooth functions. Then

N (B (oo ) (P
Dﬂ(fg)_Z(V) (D'f)(D"g). (1.4.19)

v<B

2. Let P(D) =3, |<,, C+ D7 be a linear partial-differential operator with constant

coefficients and P(§) its symbol. Then
PD)(fg) = Y = (PP(D)f) (D), (1.4.20)

where P)(D) is the linear partial-differential operator with symbol P*)(¢) given
by
PY(D) = 9’P(D).

*kok



