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APPENDIX A

DERIVATION OF MATRIC SUCTION FOR
STEADY-STATE FLOW AND GOVERNING
DIFFERENTIAL EQUATION FOR TRANSIENT
FLOW

A.1. Deriving the matric suction equation

Darcy’s linear flow law establish the following relationship between discharge rate

and matric suction (v ):

- k(vx)[id—‘”—lJ (A1)

7, dz

Gardner’s (1958) one parameter HCF model is written as:
k(y) = k, exp(— ary) (A.2)

Substituting the expression of k (), Eq. (A.1) can be recast as:

q =k, exp(~ o:g//){i (d—l//j —1} (A.3)
Yw\ dz
1|(dy _
= Q =exp(- W)_KE) ~ yw} where, Q= g/ks (A4)
= 7..[exp(- aw )+ QJdz = exp(— ay )y (A.5)
—dz = eXp(— al//)dlr// (A6)

7ulexp(=av)+Q]
Upon integrating both sides, the relationship between w and z in the vadose zone (the

zone bounded by the water table and the ground surface) can be expressed as follows:

v

J- eXp awdt// (A7)
0 W4 exp ay +Q]

t_.N
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The right hand side of the Eq. (A.7) can be solved by using method of substitution

which is demonstrated as follows:
Let, u =exp(—aw)+Q (A.8)

After differentiating both sides of Eq. (A.8) with respect to y, following expression can
be obtained.

du=-«a exp(— ou,//)d 7
(A9)

= —ldu = exp(— al//)d!//
(04

The lower limit and upper limit of the definite integral which is depicted at the right

hand side of the Eq. (A.7) can be changed in terms of u. The limit transformation is

presented as follows:

Table A.1 Integration Limit transformation for yand u

4 0 L4

u | 1+Q | expl-ay)+Q

Substituting Eq. (A.8) and Eg. (A.9) into Eq. (A.7) and transforming limits, following

expression can be presented.

2 exp(-ay IQ

[az=-— au (A.10)

0 AYw  15g u
= —ay,z = In[exp(- ay )+ Q]-In(1+ Q)
o ay2=In exp(—ay)+Q

1+Q
~ _ exp(— 0{1//)+Q

= exp(-ay,z) v 0

= exp(-ay )+ Q = (1+Q)exp(- a7, 2)
= —ay = In[(L+Q)exp(- ay,2)-Q]
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=y =~ I+ QJexp(-a7,2) Q] (A11)

A.2. Deriving the governing differential equation

Richards’ equation: 9 k(h, o, +1]|= a0 (A.12)
oz 0z ot
Gardener’s one parameter HCF model: k = k, exp(ah,,) (A.13)
e _0-6, _ (A.14)
Gardener’s SWCC model: ©, =3, = 6. -6, - eXp(O‘hm)
Eq. (A.14) can be further simplified as follows:
(A.15)

0= ‘9r + (95 - er )exp(ahm)

Performing partial differentiation of Eq. (A.15) with respect to time (t), following

expression can be obtained:

(A.16)
% — (0.~ 0,)explan, ) 3

Substituting Eg. (A.12) and Eqg. (A.16) into Eq. (A.12), following differential equation

can be obtained:

2

m m m _ — m A.17
ks |:exp(ahm) 822 +a exp(ahm{ pe j ] + (st exp(ahm) pe 0((95 Gr )exp(ahm) ( )

2 2
=k, exp(ah,, )H 8azh2m + a( agzm j } +a aahzm } = a(6, - 6, )exp(ah,,) agtm (A.18)
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0z° 0z 0z k

S

2 2 _
:{a h +a(ahmj }aahm _ale. gr)agtm (Obtained from GD-SWCC) (A.19)

C

o-0, [ 1 |
VG-SWCC model: —n =~ e = ) _LJr(ah )n} (A.20)

Eq. (A.20) can be further simplified as follows:

1 m
0=6.+(0, -6, ){m} (A.21)

oh,
Executing partial differentiation of Eq. (A.21) with respect to time (t), following

expression can be obtained:

%0 (6, -0+ (ah, ] (e, )+ T (A22)

Substituting Eg. (A.13) and Eqg. (A.15) into Eq. (A.12), following differential equation

can be obtained:

2 2
K, {exp(ozhm ) 0 h2m +aexp(ah, )(8hm j }
7 o (A.23)
+ aks eXp(Olhm ) aahzm - _ mna(gs _ er )|:1+ (ahm )n ]‘(m‘*'l) (OChm )n—l %

2 2 n-1
= k. exp(ah, {a hzm +a(ahmj }mahm =-mna(6, - 6,) (ahy) T oh, (A.24)
oz oz o [1+ (ch, )n} ot

2 2 n-1
| 2 +a(ahmj v o P ___mnal0, 0 Joh,) M eswee) (a2s)
af Na) | e keplan, fu+(an, ) [T
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A.3. Numerical Scheme for solving the 1VP

Governing differential equation:

2 2
0 hzm G [ L L (A.26)
oz oz oz ot
a(es B er)
k

mna(9, - 6, \eh, )"
k, exp(ah, YL+ [oh, I

Further, Eq. (A.15) can be represented in the following form:
o%h oh |\ | on

@-0) > +o| —2 +a—=
0z Al oz |, 0z

In terms of Crank-Nicolson finite difference terms (6 =0.5), the generalized equations

For GD SWCC: 4= 4°° =

For vG SWCC: A1 =A1"° =—

2
+0 2 hzm
0z

L (A.27)
T at

t+At

for any arbitrary i node can be written as:

2A7° 2AZ° Az Az

t+AL t+At t+At t t t t t 2 t+At t+At t+At t
i — 20 +h N i =20 +hoig ru { i =i } ]+ a[hm,m —hy; } _ hoi A; P (A.28)

= _m1hrtn+,iAftl + (1+ 2m1 +m, ) hﬁf,im - (m1 +m, ) hﬁfﬁtl = hrtn,i +m (hrtn,i—l - 2hrtn,i +h, )+ am, (hrtn,m - hrtn,i )2

m,i+1
Here, h,, ...y, and hy,, are the matric suction head at time t corresponding to i+1, i,
and i-1 grid-points.

A et
i 2IA72" % JAz

Top boundary constraint yields the following algebraic relation:

k, exp(ah, )[6;; +1}

=q

@(n+1)" node

(ahm
: —_—
oz

g oh,
- +1j = k—exp(—ahmml) ==

S

=Qexp(-ah,,,.,)-1

n+1
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ht+A1 _ht+At
m,n+2 mn t . H — .
—= =2 =Q exp(— ah,, n+l)—1, Q (flow ratio) = g/ks ;
2Az ’
= hir, = i+ 2A7Qexp(-ah}, ;) - 242 (A.29)
The simultaneous set of linear equation can be rewritten as: AH " = B! (A.30)
HE =R B2 RS R R R T (ASLa)
T

B'=[B, B, .. .. B, B B, B, Builiu (A.31b)

- 2hrtn,i +hy )+ am, (hrtn,i+l - hrtn,i )2 :

m,i+1

B,=0; B =h,+m(h

m,i-1

—2n ) am (R b L)

'm,n+1

B, =i, +m,(h;

m,n-1

Bn+l = ht + p(ml + m2)+ ml (Zhrtnn - 2hrtn,n+1 + p)+ aml I:hrtnn +pPp- hrtn,n+1:| i

m,n+1

p=2Az (Q exp(—ahr‘nml)—l)

1 0 0 0 0 0 0 |
-m (L+2m+m,) —(m+m,) 0 0 0 0
0 0 -mo o (L+2m+m,) —(m+m,) 0
A= . (A32)
0 0 0 0 -mo o (L+2m+m,)  —(m+m,)
0 0 0 0 0 ~-(2m +m,) (1+2ml+m2)_(m)

xn+l

Eqg. (A.30) is further solved by employing Gauss Elimination scheme.

AH t+At — B'[
AH t+2At Bt+At

— |

AH rtn+nAt — Bt+(n—l)At



APPENDIX B

DERIVATION OF MUALEM’S AND BURDINE’S
HCF MODELS

The van Genuchten’s (1980) SWCC model is expressed as follows:
1
0, =
L+ (ay )
The above expression can be easily inverted as = f (©,)

1 v .V S _
Sy = —(@ m —1) where, y =matric suction; ®,= normalized water content
(04

k can be expressed as a function of ®,.

Table B.1 Derivation of Mualem’s HCF and Burdine’s HCF models

Mualem’s HCF model (1976) Burdine’s HCF model (1953)

"k

k(e,) 1 t 1 2 :k(Gn): | T 1 y
= Mf V(%) /I (x)dx} " Qhwz(X)d/

2 2 f(®)}
fl® K, =0 —=
_® % y f@)=[| = dx
_I 1- X%“ 0 :].—X%n
0 Um _ m-1
LetX _y:>dX mymldy Let, x yde my dy

m@f(l_ P |rons(s e

= f(© mj y R y )y = f(®)=m£ Y- y) Fray

To obtain analytical solution let,

To obtain analytlcal solution assume, M-142/n=Rs (B.2)

m-1+1/n=Ry, (B.1)

Note: K= relative hydraulic conductivity; ks= saturated hydraulic conductivity.
Rm and Rg vary from 0 to 5 with an interval of 1.
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DERIVATION OF MATRIC SUCTION AND SUCTION STRESS BY USING TWO

PARAMETER HCF MODEL
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