Chapter 4

Characterizations of the Bessel
wavelet transform in Besov and

Triebel-Lizorkin type spaces

4.1 Introduction

Besov space is an effective tool for measuring regular properties of functions and is
a generalizations of Sobolev space. Exploiting the results of Fourier analysis, the
characterizations of the spaces By (R") and F; (R") were introduced by Triebel
[50]. Motivated from the result of multiplier theorem of Triebel [50], boundedness
results of the wavelet transform in Besov space B, (R") and Triebel-Lizorkin space
Fy (R?) for s € R and 0 < p, ¢ < oo are obtained by Pathak [46] by using Fourier
transform technique. Later on, Betancor et al. [13, 14] introduced Besov- Hankel
space BH )" and studied its various properties by using the Haimo Hankel transform

theory [21].
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From the aforesaid information, our main goal in this chapter is to introduce the
Besov and Triebel-Lizorkin type spaces by using the Zemanian theory of Hankel
transformation and to find the boundedness of the Bessel wavelet transform and its

associated results.

The results of the present chapter are organized by the following way:

Section 4.1 is introductory, which provides the historical background of Besov space
and Triebel-Lizorkin type space in Hankel setting. In Section 4.2, various defi-
nitions and properties of Besov space and Triebel-Lizorkin space associated with
Hankel transform and Hankel convolution are given. Section 4.3 describes that the
boundedness of the Bessel wavelet transform in Besov space and Triebel-Lizorkin

space are proved by exploiting the Hankel transform theory.

4.2 Properties of the Besov space and Triebel-

Lizorkin type space

In this section, some definitions and results of Triebel [50] in Hankel setting by using
Zemanian space H,, are constructed and some useful inequalities in the same setting

are derived.

Definition 4.2.1. If N is a natural number then AY(R") is the collection of all
systems ¢ = {¢;(2)}>2, C H,(R"), p > —3 of functions with compact supports

such that

C,.(¢) = sup xNi ‘(x_lDI)ax_“_%gbo(x))

zERT

N
+ sup (2N +a2 Z) (z71D,) a2 ¢;(P)| < 00 (4.2.1)
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Definition 4.2.2. If N is a natural number, ¢ = {¢;(z)};2, € AY(R"), f € H(R")

and d > 0 then

|((hy'05) #1) (z.9)]

(¢5f) (x) = ys;g T+ @)™ , r€RT j=0,1,2,3,... (4.2.2)
is called maximal function.
From (4.2.2), we get
(o) #) @ )| < (14 (@)*) (630 (@). (12.3)

Definition 4.2.3. Let ®(R") be the collection of all systems ¢ = {¢;(2)}52, C

H,(R") such that

supp " 2y C {z:0<z<2}

) (4.2.4)
supp x #72¢; C{z: 27 <@ <22HY =123, ...
For every a € Ny, there exists a positive number C,, such that
2l (g;—le)“a:—“—%@(x)‘ <C, Vj=0,1,2,3,..., xz€R" (4.2.5)
and
Y ahEigi(r) =1, VxR (4.2.6)
§=0

Definition 4.2.4. Let —co < s < oo and 1 < ¢ < oo. Assume that {¢;(7)}52, €

H,(R*) and > —%, then we define the following spaces:

98] p—H—3% (h;lqu) Y

0 By = {5 £ € H® Ny - | o <)

for 1 < p < oo.
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) B = {15 7 € R gy = 2073 (0'0,) 0

< oo}
lg(Lp)

for 1 <p < .

Definition 4.2.5. Let 1 <p < o0, and 1 < ¢ < oo. If E = {E;}72, is a sequence

of compact subsets of R*, then

LP () = {f = {fi}3o0 C HL(RY), supp (hufy) C By it k=0,1,2,...

and Hav_“_%fk < oo}.
Ly (lg)

Lemma 4.2.6. Let ¢,» € L'(RY), and h;,'¢, h " € LY(RT). Then
(et ) (27+y) = 27H02) (! (9(2) #hy ! (9(24)) ().
Proof. For ¢ € L*(R*), by the definition of inverse Hankel transformation
b 0(2) ) = [ ) Iuano(ia)d,

Putting x = 27t in the above expression, we get

Bt (6 (24) () = 2 / T2ty 2 M)l de

=2""(h,'9) (27"y). (4.2.7)

Using (1.4.9), we find

h { (B (0(25)) #£07" (0(2%))) (1)} ()
=2k, LR (6(25)) (1) by (R (0(25) (1)} (1) = 0P 2 6(28n)w(25).
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This implies that

(b (0(2") b (8(2°)) () =yt (o (@) (2n)) (v)

Therefore, from (4.2.7) we get

(R (6(24) " (0(24)) () = 2042274t (2 6(mpm) ) (27*)
= 270 (g ) (270) )

Thus, we have

(e Sty ) (27hy) = 27400 (1t (0(24) 4y, (0(24)) ().

O

Theorem 4.2.7. Let 1 <p < oo, 1 <g<ooandd > 0. Let E = {Ey}2, is a

sequence of compact subsets of R™ | then

21@5:r p—3 sup |f/€( )|

e kax’“’%fk(a:)
yERT 1+ (2 y)Qd

—1
<c,
Ly (lg)

Ly (lq)

holds for all f € L (I;), where f = {fi}iZo, > —3%, ¢ = 2°T(n+1), and

kT, y) /fk uw(z,y, 2)dz

is the Hankel translation of fi(x).
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Proof. From (1.4.4), we take

(z,y) / fe(2)Dy(x,y, 2)dz. (4.2.8)

Multiplying by 2** and taking ,- norm on both sides, we get
o L
(Z2ksq|f z,y)| Z‘/ 28 f1,(2) Dy(z, ., 2 )dZ‘)q-
Using Minkowski’s integral inequality (1.7.1), we obtain

(szsq ]fk(x,y)|q)}]

k=0

< [T (L2 1aeDmy ) e

k=0

- /Oo (302 [t
0 k=0

where 113 + 1% = 1. Now applying Holder’s inequality, we get

Sl
=

q ); (Z‘H_%Du(x, Y, Z))

(2)

(z‘““%D (x,y, 2 )) dz,

(S 2w’
S(/Om(gzksq

(/000 Z’H—%DM(ZE, Y, z)dz) v
=(Aw<§;f”z*twu@

since [ 2D (x,y, 2)dz = c;l(xy)“%, ¢, =2"T(u+1) (1.4.8).

Sl

—u—1 ay <P ptl
< ka(Z) z QDM(.CE,y,Z)dZ

X

=

1
P’

q %XP 1 P 1
) z“+§Du(x,y,z)dz> (cgl(xy)“ﬁ) 7
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This implies that

b

(@) DR (32 g

<@ [ (X
k=0

1 q % 1
z_“’_ifk(z)’ > 22D, (z,y, 2)dz.

Now, multiplying by 22 and taking integration with respect to x, we get

P
q

/000 S8 ) (1-5) (i:: 24| fi(w, )| ) " do
< (6;1)5/000 /OOO (kifksq

By Fubini’s theorem, the above expression yields

! ) EZ“+%$M+%DM($, y, z)dzdzx.

2 f(2)

/ y(“%)“*”)x(“*%)@*m(22’“”\fk(x,y)!(’)de
0 k=0
< (cﬂl)ﬁ’/ (ZQkSq P2 f(2) q>qz“+é/ 2"*3D,(z,y, 2)dadz
o Nz 0
<@ [ (T2 rtine)]) e (Gl we) e
0 k=0
) © a\ %
< ( ;1)(1+,,/)/ (ngsq Z—u—%fk(z) ) Shts ((yz)lﬁ‘z) dz
0 k=0
Therefore

00 %
p2utl ( Z 2ksqx7uf% f/f(x7 y) q) gdiL‘
it 3
0 k=0 Y

b
q

<@ [ (e

k=0

22,

z_“_%fk(z)

)
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Now, for y € R

(/OO I2M+1<Z2ksqx—#_% sup fe(z, ) : q>§d$)p
0 1

k=0 yert 11 4 (2ky)*"2

p

00 o0 g\ 2 1
S C;l (/ ZQ,LH—I ( Z 2ksq z—“—%fk(z) ) qu) P .
0 k=0
Thus, we get
Zka—,u—Q sup |fk(1;7y)| - S C;l 2ks$—/.l,—%fk(l,)‘
yeR* 1 4 (2ky)iF2 1 G) Ly (la)
forl<p<ooand1<qg< oo. Takingp—k%z?d,weget
2k =13 sup [l y)Ld < 0;1 HQkSm_”_%fk(x)‘ .
yeRTt 1+ (2’“ ) LE(y) Ly (lq)
p\lq

For ¢ = oo, from (4.2.8), we have

/oo 2ksfk(z)Du(:c, y,2)dz

sup 2 | fi(2,y)| = sup
k k 0

3D, (2, y, 2)dz.

< [l
0 k
Now, proceeding as in the case of 1 < ¢ < oo we get

<t
L (loo)

7

2ksxfuf%fk (z) ‘

O

Theorem 4.2.8. Let 1 <p < oo, 1 <g<ooandd > 0. Let E = {E}2, is a

sequence of compact subsets of RT, then
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2ksx—u—% sup |fk($,y)|

2ks —p—1
yer+ 1+ (2Fy)% CERE)

< oL
> Cy

lq(Lp)

holds for all f,, € L%, where f = {fi};2y, ¢ = 2" (4 1) and for p > —3

lq(Lp)

R = [ flD, 0.2
is the Hankel translation of fu(z).
Proof. From (1.4.4), we have
fr(x,y) = /000 fe(2)Dy(x,y, 2)dz. (4.2.9)

Therefore

S

(z‘“r%DM(x, Y, z)) v

S =

dz

ol flen)l < [ 2o A (4D, e0.2)

for % + z% = 1. Applying Holder’s inequality, we get

1 1
ol

2k | fr(z, )| < (/ ‘kaz_“_éfk(z)‘pz“+5Du(a;,y,z)dz)p</ z“+%Du(9&,y, z)dz)p )
0 0

From (1.4.8), we find

1 1
of

> 1 Pl b - 1\ b
2 o) < ([ ot i) o Doy 2)dz)” (6 )
0

This implies that

_ P
v

22(0) D) o)l < ()7 [ |22 u0e)

0

p
243D, (x,y, 2)dz.
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Therefore, we have

/ " oty (D) (F) D 08 | 0,y P e

2 [ [ p
< (¢, / / ‘stz_”_%fk(z) z“+%x“+%Du($, y, z)dzdx.
o Jo
In view of the Fubini’s theorem, we find

/ 2ksp,y(l‘/+%)(1_17)1'('“‘—’—%)(2_?) |fk (l’, y) |p dx
0
<()? [ [ ine
0
<o [ o
0
<)) [t
0

p 1 e 1
+3 +1
z* 2/ 22D, (x,y, z)dxdz
0

P
z’”%c;l(yz)’”%dz

p 1
22Tyt

Therefore

& 1
/ $2u+12ksp (xf,ufg
0

so that, for y € R*
fk(x7y)

(/ x2,u+12ksp(mf,uf% sup | ———22
0 yeRt 11+ (2ky)rt2

o
S 0;1 </ 22,u+12ksp
0

Applying [,- norm (1.7.4) and (1.7.5), we obtain

p

dz,

1

fil, ) 2H72 fi(2)

Yt

)pdx < (0;1)1) /OO S 2u+1oksp
0

B =

) )

2713 fi(2)

1
p P
dz) .

< o1
>C,

lg(Ly)

M3 ™0 fi ()

lq(Lp)

for1<p<ooand1<q< 0. Takingu—i—%de,weget
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21@51;—“—% sup ’fk(ajay”

_— <ct
yer+ 1+ (25y)% -

“w

‘kax_”_%fk(x)

(LYY
lg(LY)

4.3 Boundedness of the Bessel wavelet transform

in Triebel-Lizorkin and Besov type spaces

In this section, a multiplier theorem and other results are discussed by exploiting the
Hankel transform theory. Using the multiplier theorem and other results, bound-
edness of the continuous Bessel wavelet transform in the Besov space Bj” and the

Triebel-Lizorkin space FJ';’ are investigated.

Theorem 4.3.1. Let a > 0 be fizxed. Let —co < s < oo and N be a natural number

(i) If 1 < g < o0, and 1 < p < 0o then there ezists a positive number D such that

H2ksx—/1,—] ( lek)

< DC(6) |22 (61.1)]

<¢,'DC,(0) 1S 1l e

Ly (lq) Ly (lq)

holds for all ¢ = {¢(x)}32, € P(RT), 6 = {O(x)}2, € AY(RT) and f € H(R").

(ii) If 1 < g < oo and 1 < p < 0o, then there exists a positive number D such that

[2temd ()

< DC,(6) 22773 (61)

< ¢,'DCL(O) || ppe

la(Lp) lq(Lp)

holds for all ¢ = {¢r(x)}32, € P(RT), 6 = {O(2)}32, € AY(RT) and f € H (RT).
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Proof. Let {¢y(zx)}2, € AY(R") with

supp & # 2y (x) C {z: 0 < z < 4}, (13.1)

supp m_“_%zbk(x) Cl{z:2F2 <2 <22} k=1,23, ...

and
zH 3y (z) = 1, if @ € supp (:ﬂ*%gbk)  k=0,1,2,3,.... (4.3.2)

Now for ¢ = {ox(x)}72, € ®(RY),0 = {Ok(z)}72, € AY(RT) and f € H},(R"), we

have

hy [(h;tl‘gk) #f] = niuiéekhuf-
This implies that

(hi'6) #F = h,! [nﬂhéem f] .
From (4.2.6) and (4.3.2), we find

(h6) 27 = i [ 20 ( 34 40 ]

=0

M8

h! [n‘“‘%n‘“‘%huhljl@khuh;lwl n i hh T Gy, f]

=0

M8

it [ (g Ot ) e (o)

=0

[M]¢

o [ (B Oty ) # (B gt f))

l

= > (B oushy ) # (ot )]
=0

2 L
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By multiplying 2¥* and taking absolute value, the above expression becomes

[e.9]

|28 (B Ot ) ()] < D25 [ (Ol ) ## ("t f) ()|

=0

< lz_;zks /OOC {(h;lgk#hfi/}z) (y){ ’(hllcbz#f) (x,y)| .

From (4.2.3), we have

o0

2 () @] < 32 [0 0 ) I (14 (29)) 61 @]
=St [0t o] (1 @9 a

This implies that

2% (b 00 ( 22’“ G0 @) [ 1 ot ) )] (14 (29)*) dy

(4.3.3)

Now, we take

Iy = /OOO | (h, Oktthe, ) ()] (1 + (QZy)Qd) dy.

Putting y = 2%z in the above expression, we get

Lyy=27" / N | (b, O#eh, M) (272)] (1 + (2l—kz)2d) dz
0
<ok [ g ) (2742)]| (14 ) dz
0
< o—k-+2d|l—k| /OO ‘(h;lek#hglwl) (2—kz)| (1 + 22)d dz.
0
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Using Holder’s inequality, we obtain

Tpy < 2 k2K H(lJrzg)cHé (W 0peh ) (2 H H (1+2 )*%

2

In view of Lemma 4.2.6 and putting p = E (d + %) + 1, we find

I < \@ 2Pk || (14 2%)° (! (0(24)) #hy" ((24)) ],

From (1.4.9) and (1.4.12), the above expression can be written as

Iy < \/E22d|l—k|—k(u+§)
TV 2

From (1.7.8), we have

I, < \/E Q2dli—K| k(i +3)
)

The expression in the norm on right hand side of (4.3.4) will be

A2 0 (o)}

(1= Sun)’ (n”"%ﬁk@’“n)wl(fn)) H2 : (4.3.4)

~—~
—_
|

FCQ

3
SN—
he)

S

77’#*% 0c(2n) (2kn)) H2

(=1 Sy, (n 2o i) ||

m

(")
(p) T APtz (pt D) (”_“_%Qk(2kﬁ)n_“_%¢l(2k77)> H2
(")

T ] .
+ ; m =
DY (T j)nz’*’”é (n7'D,)" (" 0,(2"n) )

X (07 D,) T (e R (2 H

2
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P r SERNy
<3 ()2 (o ny () o
J= 0
X (77_1D'r/)r+jim (n_“_%wz@kn)) H2

() SAL () o )

i 1 r4+j—m -1
e (7D, (77 g wz(?’“n))

1

2 3
X dn) .

From (4.3.1), ¢;(2¥n) vanishes outside the set
(i 27F=2 <y < 9i-k42)
and 1y(2%n) vanishes outside the set
{n:0§n§2_k+2}.
So, if n belongs to that set then from (4.2.1), we have
(071 ,)"™ (720,25 ) | < Cr2~ V¥ 6), (4.3.5)

where C] is a constant and N is a natural number.

Using (4.3.5) and for N > 2p, we find that

| = S (ROt

< Cy2-NI=HE () zp: (f) ZT:AJ' i (T:;j)

r=0 j=0  m=0

1
2

o) ) L i, 1 2
X ( / ‘nzﬁw? (n'Dy)"™ (77‘“‘%(2""77))‘ dn)
0
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Now, putting n = 2!=%¢ we get

| = S0y (= dou@ )|

< 027 MEReL )Y (':) iA

T

< Clg—Nll—k\C (9)2(2ﬂ+%)|l—k\

i( )lk?m?r—l—)

m=

1
2

; 1 r+j—m 1 2
t2]+/L+§ (t—lDt) +J (t—M—le(zlt)>‘ dt)

r

EOEAE(0)

r=0

7ty (71 D,) (t—“‘%wz(%)) H .

2

Exploiting (4.3.1), we have

H(l ~ Sun)’ (n‘“‘%ek(2’“n)wz(2’“n)) H2 < RN TDIHC (0)0yCy (4.3.6)

< C1CC32NTHDIHE (),
Using (4.3.4) and (4.3.6), we find the estimate of I
I < \/g C1CyCsC,, (0) 224205 = N lI=kl=k(ut3), (4.3.7)
From (4.3.3) and (4.3.7), finally we get

|2 (1, Ot ) ()]
< Z 23(k—l)2ls (¢z<f) (x)\/g ClcQCBCH(6)2(2d+2p+%—N)|l—k\—k(u+%)

=0

\[ GGG ZZ” o220t NIH Do (4 £) ()

< CC,(6) Y 202tz sict s NHy =t 298 (g7 ) (a),
=0
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where C' = \/§ C1C5C5 is independent of k.1, x, f,0 and ¢.

Taking o = |s| +2d + 2p + 1+ 1, we have
|25 (h Ot ) (2)] < CCL(0) D 207 Mli=klg=lict Dol (g ) (). (4.3.8)
=0

For N > o, from (4.3.8)

1

25 (b, Ot f) ()] < CC(0 0’(%?”“ Wikl g (g7 £)1 () )
=0

with € > 0 and N > o + €. On taking /,— norm on both sides, we obtain

(Z ‘ka (hllgk#f) (x)‘Q)E
k=0
= CC (i ‘ i 2 U+E_N)|l—k|q2—l(u+%)q215q (¢7f)q (z) <11><‘1>z11
k=0 I=
< GO ( ) i e Wlt=bag-tint D |31 (g1 ) (@) )
k=0 [=0

2 (61) ()]

K

< CCN(H)C/C”<
l

Il
=}

Therefore

|22 (0t ) () (4.3.9)

< DC,(0) |22 77 (1) ()

LE(ly) Li(lg)

with N > |s|+pu+4d+4, d >0and D = CC'C” for 1 < g < oo. From Theorem
4.2.7 , taking f, = (h, o) #f, we have

|25 (1) (@)

6t 2t (et (@) = 1 gy

(4.3.10)

LE(l, ) Lp(lq)
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From (4.3.9) and (4.3.10), we get the result (i) of Theorem 4.3.1:

Hz’fsx—“—% (h'0u#f) ()

< DC0) 2074 (61f) (=)

LA (1y) Lt (1)

< ¢, DCLO) 11

with N > |s| + p +4d + 4, d > 0.

Remark 4.3.2. In case of ¢ = oco; for N > o, from (4.3.8) we have
}ka (hf@k#f) (:L')} < CCu(e){ sup otk I(p+ 2ls ¢l }22(0 N)|l— k|
]
Now, taking [.,-norm, we get

sup 12 (h,, Okt f) ()] < OCM(Q){SuPQ Wkl (g f }SUPZQ o—N)|1—k|

< CO0)] swp 2" (6 ) <x>}cl.

Therefore,

H2’%—M—% (b7 0, 1) (2)

< DC,(6) szs:s—ﬂ-% (@1 f) ()

(4.3.11)

LE(lso) L (loo

with N > |s|+pu+4d+4, d > 0and D = CC,.

Now, to prove Theorem 4.3.1(ii), we take N > ¢. Then from (4.3.8), we have

e}

25 () ()| < CC(8) Y 20 MIH e gtegis (4 ) (),

=0
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Using the Minkowski’s inequality, we obtain

szsx—ﬂ—% (W0 f) () 2527172 (67 f) (x)

w’
LP

(0=N)[l=klo—I(u+3)
|, < CC0) 3 2yt
P I—

(4.3.12)
From (4.3.12), we get
Pt (1
H T (h, ' Ou#f) (x) s
< CO,O)C (Y 2oy e oba b (g1 ) ()| )”
LM
=0 P
with € > 0 and N > o + €. Therefore
= D 4 \g
(3 |2t otn@)|, )
k=0 P
< CC0)C (3| Do 2ttt gy @) )
k=0 1=0 Lo
< COU0)0' (DD alrreliHag-tirdialgtnvd (51 7) ()| )
k=0 1=0 Lr
1~ - s —u—L /% g i
<ce,0)cc (Z]zlx "R (B f) (o) m) :
1=0 P
That is,
ks —pu—21/7— ks, —p—x *
[ i N @), < DCO |2 RN @) L (4319

with N > |s|+pu+4d+4, d>0and D =CC'C” for 1 < g < 0.
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From Theorem 4.2.8, taking fi = (h,'¢r)#f, we have

|2 boin@)| <t 2o e @)

= i 1 N s -

ly(Lp) ly(Liy
(4.3.14)
From (4.3.13) and (4.3.14), we get the result (ii) of Theorem 4.3.1:
ks, .—pu—i/71-1 ks, —p—=2( 1%
[t o n@), ., < DO |20 Hwin@)
< ¢,' DCL(O) ||l e
with N > |s| + p+4d +4, d > 0. O

Remark 4.3.3. In case of ¢ = oo; for N > o, from (4.3.12) we find

sup Hz’csx—ﬂ—% (h 0 f) ()

Ll

2575 (61f) (@)

b
Ly

< CC,(0) {Sup 9~ Hut3)
l

(c—N)|l—kK|
sup 2

< CC,(0) {su 25~ (i) o)

Therefore

|2t an @), < DGO |2 1) (@) (43.15)

Loo (L) Lo (LE)
with N > |s| + pu+4d +4, d > 0 and D = CC}.

Theorem 4.3.4. Let m(z) be a complez-valued function in C*°(R™) such that

«

" Tm(z)| < oo, N e Ny (4.3.16)

m||y = sup sup (1+ x2)% (z7'D,)

a<N zeRt
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Let —0o0 < 5 < 00, 1 < q < oo and A(RY) be either FJ'*(RT) with 1 < p < oo or

BES(RT) with 1 < p < oo. Then there exists a positive number C' such that
(i tm) #5], < Clmlly 1114
for allm € C*°(R") and f € A with N > |s|+pu+4d+4, d> 0.

Proof. We take ¢ = {¢y(z)};2, € ®(RT),m € C*(R") and f € A( = Fi:*(RT) or
Bi#(RT)). From Definition 4.2.4 (i) and (1.4.9), we have

Bt m) ey = |27 30 it ()

Ly (lg)

= (|25 (gt ) 1]

Ly (lq)
= ot (g (o)) #f RENCE
Ly (lq
Similarily, from Definition 4.2.4 (ii) and (1.4.9)
- s ol (1 1
H(h”lm) #fHBg,’; = HQk xrHh T3 (h“1 (n M qubk)) #f (L) . (4318)

From (4.3.17), (4.3.18) and Theorem 4.3.1 with 6 = {6 (2)}52, and 0), = ~#~2mdy,

we get

() 445 e < €5 DCO) | Ly [ (5 m) 47 s < €5 DC(0) 1 g

respectively for N > |s| + u +4d + 4, d > 0. From (4.2.1) and (4.3.16), we have
Cu(0) < Crmll

where (] is a constant.
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Thus, for N > |s|+ p+4d+4, d > 0, we get

H (h;lm) #fHA <C ”m”N ||f||Av

where C' = ¢, DC} and A (= F/*(RY) or Bl (RY)). O

Theorem 4.3.5. Let —0o < s < 00, > —% and 1 < q < co. Let f € A(RT),
where A denotes FI%*(RY) with 1 < p < 0o or BY:?(RY) with 1 <p <oo. Let N € N
such that N > |s| +p+4d +4, d > 0. Assume that h,p € C*°(R") and (3.2.5)

holds. Then there exists a positive number C' such that

1Buflly < € (L+a®) " 0 sup gl 1L (4.3.19)
formi+(1—p)N <0;m; R, a €Ny and 0 < p<1.
Proof. Assume that
() = (b))

for w € RT and @ > 0. Then

(w'Dy,)" wH (hu) (aw)‘ .

||lm||y = sup sup (1 +w2)%

a<N weR*
Putting aw = u, we get

2\ 2
|m||y = sup sup (1 + (E) )
a<N yeR+ a

a 1
= sup sup (a®+u?)? a*"#"2
a<N yeRt+

0 (D) () ()

(u™ D) w7 (b)) (u)
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N a
2 2

(1+ a2)% a2 sup sup (1+u?)
a<N yeR+

< (1 +a2)

(u™ D) w7 () ()
< (14 aQ)N abte

(14 u)”
X sup sup

s e (l—i—u)—_mﬁpa [(1 -+ u)*m1+pa ‘ (u—lDu)a u—u—% (h;ﬂv/)) (u)”

< (14 a2) " 0 sup [l
OCSN H,

for my + (1 — p)N < 0. From Theorem 4.3.4 and (1.5.4), we have

1By fll 4 = (|2 { () () Y]]

= [ty < Cllmlly 1L < € (1 a®)™ @t sup Iyl 1L

JrRe

form;+(1—p)N <O0and N > |s| +u+4d+4, d> 0. O

4.4 Conclusions

Based on the results of Betancor et al. [13, 14], Triebel [50] and Pathak [46] and
observations of the previous chapter, author extended the theory of Bessel wavelet
transform in Besov and Triebel-Lizorkin type spaces and found a multiplier theorem
and boundedness of the Bessel wavelet transform in Besov and Triebel-Lizorkin
type spaces. These results are useful to find the applications in partial differential

equations and other areas of mathematical sciences.

Kokosk



