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APPENDIX

Appendix I:

Expressions of various notations used in chapter 2 are given below:

t11 = τ1(p1 − τ0)− ετ0τ1, t12 = p1 − τ0 + τ1(p2 − 1)− (τ0 + τ1)ε,

t13 = τ1p3 + p2 − 1− ε, t14 = p3, t21 = 1
a2

(
n11t11
τ0

)
, t22 = 1

a2

(
−n11t11

τ20
+ n12t11+n11t12

τ0

)
,

t23 = 1
a2

(
n11t11
τ30
− n12t11+n11t12

τ20
+ n11t13+n12t12+n13t11

τ0

)
,

t24 = 1
a2

(
−n11t11

τ40
+ n12t11+n11t12

τ30
− n11t13+n12t12+n13t11

τ20
+ n11t14+n12t13+n13t12

τ0

)
,

t31 = − (1 + ε) τ0τ1, t32 = −τ0 + (p1 − 1) τ1 − ε (τ0 + τ1) ,

t33 = p1−1+p2τ1− ε, t34 = p2 +p3τ1, t41 = 1
a2

(
n21t31
τ0

)
, t42 = 1

a2

(
−n21t31

τ20
+ n22t31+n21t32

τ0

)
t43 = 1

a2

(
n21t31
τ30
− n22t31+n21t32

τ20
+ n21t33+n22t32+n23t31

τ0

)
,

t44 = 1
a2

(
−n21t31

τ40
+ n22t31+n21t32

τ30
− n21t33+n22t32+n23t31

τ20
+ n21t34+n22t33+n23t32

τ0

)
,

t51 = τ1t21n11, t52 = τ1t22n11 + t21(n11 + n12τ1)− a1τ1,

t53 = t21(n12 + n13τ1) + t22(n11 + n12τ1) + τ1t23n11 − a1,

t54 = t21n13 + t22(n12 + n13τ1) + t23(n11 + n12τ1) + τ1t24n11,

T51 = τ1t21n11, T52 = τ1t22n11 + t21(n11 + n12τ1)− a1τ1
λ1

,

T53 = t21(n12 + n13τ1) + t22(n11 + n12τ1) + τ1t23n11 − a1
λ1
,

T54 = t21n13 + t22(n12 + n13τ1) + t23(n11 + n12τ1) + τ1t24n11,

t61 = τ1t41n21 − a1τ1, T61 = τ1t41n21 − a1τ1
λ1
,

t62 = τ1t42n21 + t41(n21 + n22τ1)− a1, T62 = τ1t42n21 + t41(n21 + n22τ1)− a1
λ1
,

t63 = t41(n22 + n23τ1) + t42(n21 + n22τ1) + τ1t43n21,

T63 = t41(n22 + n23τ1) + t42(n21 + n22τ1) + τ1t43n21,

t64 = t41n23 + t42(n22 + n23τ1) + t43(n21 + n22τ1) + τ1t44n21,

T64 = t41n23 + t42(n22 + n23τ1) + t43(n21 + n22τ1) + τ1t44n21,

a11 = n12

n11
, a12 = n12

n11
, D11 = 1√

n11
, D12 = 1

2
−a11√
n11
− 1

8r(n11)
3
2
,

D13 = 1√
n11

(
3a211−4a12

8

)
+ 1

8r
3a11

2(n11)
3
2

+ 9
128r2

1

(n11)
5
2
,
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D14 = 1√
n11

(
12a11a12−5a311

16

)
− 1

8r

3(5a211−4a12)
8(n11)

3
2
− 9

128r2
5a11

2(n11)
5
2
,

D21 = 1√
n21
, D22 = − 1

8r(n21)
3
2
, D23 = 1

2
−a21√
n21

+ 9
128r2

1

(n21)
5
2
,

D24 = 1
8r

3(a21)

2(n21)
3
2
, D25 = 1√

n21

(
−4a22+3a221

8

)
− 9

128r2
5a21

2(n21)
5
2
,

D26 = −1
8r

(15a221−12a22)
8(n21)

3
2

, D31 = 1√
n11
, D32 = 1

2
−a11√
n11

+ 3

8r(n11)
3
2
,

D33 = 1√
n11

(
3a211−4a12

8

)
− 3

8r
3a11

2(n11)
3
2
− 15

128r2
1

(n11)
5
2
,

D34 = 1√
n11

(
12a11a12−5a311

16

)
+ 3

8r

3(5a211−4a12)
8(n11)

3
2

+ 15
128r2

5a11

2(n11)
5
2
,

D41 = 1√
n21
, D42 = 3

8r(n21)
3
2
, D43 = 1

2
−a21√
n21
− 15

128r2
1

(n21)
5
2
, D44 = −3

8r
3(a21)

2(n21)
3
2
,

D45 = 1√
n21

(
−4a22+3a221

8

)
+ 15

128r2
5a21

2(n21)
5
2
, D46 = 3

8r

(15a221−12a22)
8(n21)

3
2

,

drs = Drs|r=a , T61 = t51d11, T62 = t51d12 + t52d11 + (1−λ1)
a

τ1t21d31,

T63 = t51d13 + t52d12 + t53d11 + (1−λ1)
a

(τ1 (t21d32 + t22d31) + t21d31) ,

T64 = t51d14+t52d13+t53d12+t54d11+
(1−λ1)
a

(τ1 (t21d33 + t22d32 + t23d31) + t21d32 + t22d31) ,

t71 = t61d21, t72 = t61d21 + (1−λ1)
a

τ1t41d41, t73 = t61d23 + t62d21 + (1−λ1)
a

τ1t41d42,

t74 = t61d24 + t62d22 + (1−λ1)
a

(τ1 (t41d43 + t42d41) + t41d41) ,

t75 = t61d25 + t62d23 + t63d21 + (1−λ1)
a

(τ1 (t41d44 + t42d42) + t41d42) ,

t81 = T61d21, t82 = T61d22, t83 = T61d23 + T62d21 − t71d11, t84 = T61d24 + T62d22 − t72d11,

t85 = T61d25+T62d23+T63d21−t71d12−t73d11, t86 = T61d26+T62d24+T63d22−t72d12−t74d11,

t91 = 1
t81
, t92 = t82

t281
, t93 =

t282−t81t83
t381

, t94 =
−t382+2t81t82t83−t281t84

t481
,

h11 = t71t91, h12 = t71t92 + t72t91, h13 = t71t93 + t72t92 + t73t91, h14 = t71t94 + t72t93 +

t73t92 + t74t91

h21 = T61t91, h22 = T61t92, h23 = T61t93 + T62t91, h24 = T61t94 + T62t92

H21 = −h11D11, H22 = −h12D11, H23 = h21D21, H24 = h21D22 + h22D21

h31 = t21h11D31, h32 = t21h12D31, h33 = t21 (h11D32 + h13D31)+t22h11D31, h34 = −t41h21D41

h35 = −t41h21D42 − t41h22D41, h36 = −t42h21D41 − t41h21D43 − t41h22D42 − t41h23D41,

h41 = t51H21, h42 = t51H22, h52 = t61H24 − (1−λ1)h34τ
r

H41 = λ1T51H21, H42 = λ1T51H22, H51 = λ1T61H23, H52 = λ1T61H24 + (1−λ1)h34τ
r

.
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Appendix II:

Expressions of various notations used in chapter 3 are given below:

A1 = Q0

2π
, a91 = a51, a92 = −a71 + a52, a93 = −a72 + a53,b21 = 1

a91
, b22 = −a92

a291
, b23 =

a292−a91a93
a391

,

d11 = b21τ1, d12 = b21 + b22τ1, d13 = b22 + b23τ1,

b31 = a51, b32 = a52 − 1
τ1
, b33 = a53 + 1

τ21
,h31 = (λ1 − 1) a51, h32 = (λ1 − 1) a52 + 1

τ1
, h33 =

(λ1 − 1) a53 − 1
τ21
,

R11 = a71 − 1
τ1
, R12 = a72 + 1

τ21
, R13 = a73 − 1

τ31
,

h41 = (λ1 − 1) a71 + 1
τ1
, h42 = (λ1 − 1) a72 − 1

τ21
, h43 = (λ1 − 1) a73 + 1

τ31
,

b41 = 1

(a61)
1/2 , b42 = −a62

2(a61)
3/2 , b43 = −(−3a262+4a61a63)

8(a61)
5/2 ,

b51 = 1

(a81)
1/2 , b52 = −a82

2(a81)
3/2 , b53 = −(−3a282+4a81a83)

8(a81)
5/2 ,

b61 = 1

(a61)
3/2 , b62 = −3a62

2(a61)
5/2 , b63 = −3(−5a262+4a61a63)

8(a61)
7/2 ,

b71 = 1

(a81)
3/2 , b72 = −3a82

2(a81)
5/2 , b73 = −3(−5a282+4a81a83)

8(a81)
7/2 ,

b81 = 1

(a61)
5/2 , b82 = −5a62

2(a61)
7/2 ,b91 = 1

(a81)
5/2 , b92 = −5a82

2(a81)
7/2 , b93 = −5(−7a282+4a81a83)

8(a81)
9/2 ,

c11 = e−a62rb41, c12 = e−a62r
(
b42 − b61

8r

)
, c13 = e−a62r

(
b43 − b62

8r
+ 9

128r2
b81
)
,

c21 = e−a62rb41, c22 = e−a62r
(
b42 + 3b61

8r

)
, c23 = e−a62r

(
b43 + 3b62

8r
− 15

128r2
b81
)
,

k31 = b51, k32 = −ra82b51 − b71
8r
, k33 = r2a282b51 + b52 + a82b71

8
+ 9b91

128r2
,

k51 = b51, k52 = −ra82b51 + 3b71
8r
, k53 =

r2a282b51
2

+ b52 − 3a82b71
8
− 15b91

128r2
,

c51 = b31c11, c52 = b32c11 + b31c12, c53 = b33c11 + b32c12 + b31c13,

c61 = k31R11, c62 = k32R11, c63 = k33R11 + k31R12,

c71 = c51b21
a1

, c72 = c51b22+c52b21
a1

, c81 = − c61b21
a1

, c82 = − c62b21
a1

,

g31 = −a61b21c21, g32 = a61b21c21 + a61b22c21 + a61b21c22,

g34 = −a81b21k51, g35 = −a81b21k52,

h11 = (1−λ1)
r

a61b21c21 + b21c21
τ1

,

h12 = (1−λ1)
r

((a62b21 + a61b22) c21 + a61b21c22) +
(
b22c11+b21c12

τ1
− b21c11

(τ1)
2

)
,
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h13 = (1−λ1)
r

((a63b21 + a62b22 + a61b23) c21 + (a62b21 + a61b22) c22 + a61b21c23)

+
(
b23c11+b21c12+b21c12

τ1
− b22c11+b21c12

(τ1)
2 + b21c11

(τ1)
3

)
,

h14 = − b21k31
(τ1)

, h15 = − (1−λ1)
r

a81b21k51 − b21k32
(τ1)

,

h16 = −
[
(1−λ1)

r
a81b21k52 − b21k32

(τ1)
2 + b22k31+b21k33

(τ1)

]
,

h21 = h11τ1, h22 = h11 + h12τ1, h24 = h14τ1, h25 = h15τ1,

h51 = h31c11, h52 = h31c12 + c11h32 + (λ1−1)
r

a61c21,

h53 = h31c13 + c12h32 + h33c11 + (λ1−1)
r

(a62c21 + a61c22) ,

h54 = −h41k31, h55 = −
(
h41k32 + (λ1−1)

r
a81k51

)
,

h56 = −
(
h42k31 + h41k33 + (λ1−1)

r
a81k52

)
,

h91 = b21h51τ1, h92 = b21h51 + (b22h51 + b21h52) τ1,

h94 = b21h54τ1, h95 = b21h55τ1.

Appendix III:

Expressions of various notations used in chapter 6 are given below:

c11 = τq, c12 = 1− τqa0,c31 = 1√
a41
, c32 = −a42

2(a41)
3
2
,c61 = 1√

b41
, c62 = −b42

2(b41)
3
2
,

c81 = (a41)
2 − (b41)

2 , c82 = 2 (a41a42 + b41b42) ,c91 = 1
c81
, c92 = −c82

c281
,

d11 = c11c91, d12 = c12c91 + c11c92,d21 = (a41)
2 − 1, d22 = 2a41a42,

d31 = (b41)
2 − 1, d32 = 2b41b42,d41 = c31d21, d42 = c32d21 + c31d22,

d51 = c61d31, d52 = c62d31 + c61d32,d61 = d11d51, d62 = d12d51 + d11d52,

d71 = d11d41, d72 = d12d41 + d11d42,

d81 = d71, d82 = d72, d83 = −d61, d84 = −d62,

d91 = a41c31, d92 = a42c31 + a41c32,

f11 = b41c61, f12 = b42c61 + b41c62

f21 = d11d91, f22 = d12d91 + d11d92,f31 = d11f11, f32 = d12f11 + d11f12,

f41 = a1f21, f42 = a1f22, f43 = −a1f31, f44 = −a1f32,

g11 = −
(
λ1−1
r

)
a41, g12 = −

(
λ1−1
r

)
a42,g21 = −

(
λ1−1
r

)
b41, g22 = −

(
λ1−1
r

)
b42,

g31 = c31, g32 = c32 + c31g11,g41 = c61, g42 = c62 + c61g21,

g51 = g31d11, g52 = g32d11 + g31d12,g61 = g41d11, g62 = g42d11 + g41d12,
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g71 = −g61, g72 = −g62,g81 = (λ1 − 1) (a41)
2 + 1, g82 = (λ1 − 1) (2a41a42) + a41

r
,

g91 = (λ1 − 1) (b41)
2 + 1, g92 = (λ1 − 1) (2b41b42) + b41

r
,

h11 = c31g81, h12 = c31g82 + c32g81,

h21 = c61g91, h22 = c61g92 + c62g91,h31 = a1d11h11, h32 = a1 (d12h11 + d11h12) ,

h41 = a1d11h21, h42 = a1 (d12h21 + d11h22) ,h51 = −h41, h52 = −h42.
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