Chapter 3

A Newton-type Globally
Convergent Interior-Point Method
to Solve Multiobjective

Optimization Problems

3.1 Introduction

El-Bakry et al. [90] extended the interior-point formulation from linear programming to
general nonlinear programming. In addition, they considered a linesearch globalization
strategy for their local algorithm that uses the fy-norm of the residual function of
the KKT conditions as merit function. While this choice for the merit function has
apparent advantages, it also has disadvantages. This algorithm is convergent whenever
the Jacobian of the KKT conditions is nonsingular (see [90]). The proposed algorithm in
[90] was tested on the Hock and Schittkowski test problems by Shanno and Simantiraki
[92]. They found that the algorithm fails on some problems. One of the objectives of
this chapter is to construct an appropriate merit function that couples the objective

function with the constraints in such a way that progress in the merit function effectively
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means real progress in solving the single objective optimization subproblems.

3.2 Motivation

As described in previous chapter (see Section 2.6.1), if the search direction is descent
with respect to the merit function then there are values of step length for which the
merit function value decreases. The merit function needs to ensure the decrease is not
negligible and the step taken is not too small. The merit function that is discussed in
the previous chapter may produce very small step length along the Newton direction
[86]. To overcome this deficiency in this chapter, a new differentiable merit function is

proposed.

3.3 Contributions

In this chapter, a Newton-type IPM is proposed for detecting the nondominated points
of multiobjective optimization problems using the direction-based cone method. Cone
method decomposes the multiobjective optimization problems into a set of the single-
objective optimization subproblems. Under some mild conditions, the proposed al-
gorithm is shown to be globally convergent. Numerical results of unconstrained and
constrained multiobjective optimization test problems are presented.

The novel contributions of this chapter is as follows:

(i) We introduce a new merit function which has the following two properties: the
KKT point is also the stationary point of the merit function and Newton direction

is descent for the merit function.

(ii) The performance of the proposed algorithm is tested on SCH, FON, ZTD test

suit and CECQ09 test suite.

(iii) Three performance measures (GD+, HV, IGD) has taken to test the efficiency of
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the proposed algorithm on ZDT and CECO09 test suite. The performance of the
proposed algorithm in comparison with some existing popular algorithms found

efficient.

In this chapter, the following MOP is considered:

minimize  F(x)
(3.1)
subject to z € X,

where F(z) = (fi(z), fo(z),..., fp(z))", P > 2 is a vector-valued function (multiob-

jective function), and X = {z e R" : hj(x) >0, >0, j=1,2,...,T}.

3.3.1 Description of the cone method associated to MOP (3.1)

As described in [47], firstly, it determines the ideal point F* = (f}, f5,..., f5)", where
ff = min{fi(z) : © € X}. Then, by solving the following minimization problem

corresponding to a particular B € S§’1 =SP1n Rg (where SP~! represents the unit

sphere in R”), the solution of the MOP (3.1) can be obtained:

minimize ¢

subject to 13 = F(z) — F¥,
(3.2)

where the expression of 3 is calculated from (2.3).

The next section formulates the Newton scheme for an IPM to solve the parametric

problem (3.2).
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3.4 Interior-point method

In this section, an IPM is discussed to solve (3.2) for each given B € SP=1. In the sequel,
(3.2) is formulated into the barrier problem and then KKT conditions are derived.

Thereafter, IPM takes the advantage of Newton method to solve the system of KKT.

Introducing the vectors X = (1, 2, . . . ,xn,t)T, c=(0,0,...,0, 1)T7 B = (B1, Bay -, Bp) T,
and denoting f;(X) = fi(z), i = 1,2,...,P and f(X) = F(X) — F* reduces the para-

metric problem (3.2) into the following problem:

minimize c¢'X

subject to fBc'x — fxX)—v=0,

(3.3)
h(X) —w =0,
X20,v20, w=0, |
where v = (v1,va, ..., 0p) ", w= (w1, ws,...,wy) and h(X) = (h1(x), ha(x), ..., hs(2))7.

In the problem (3.3), the exclusion of the non-negative vectors X,v and w are

achieved by setting them within a barrier function as follows:

minimize b (X, v, w, p)

subject to fe' X — f(X) —v =0, (3.4)

where b (X, v,w, 1) = "X~ (724 og(x1) + 7, Tog(wi) + 3L, los(uwy) ) and > 0

is the barrier parameter.

In this chapter, our main focus will be on solving the following first order perturbed

KKT conditions. For p > 0 and (X, v, w,s,y,z) > 0:
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_c —s—Vx (BCTX - f(X))T y— (Vxh(x)) "2
—pe+VYe
—pe+WZe
—pe + SXe

—f(X) 4 BeTx — v

h(x) —w

where s = X 'e, X = diag(Xy, Xy, ..., Xy, t), V = diag(vy, vy, ..., vp), W = diag(wy,
wy, ..., wy), Y = diag(yi, ye,...,yp), Z = diag(zy, 22,...,27) and S = diag(si, so, - . .,
Sn, Sn+1). For the rest of this chapter, we denote the matrix in the left-hand side of (3.5)
by D, (X,v,w,s,y, z).

The KKT system (3.5) need not an ill-conditioned system of equations [90], and
also the vector (X,v,w,s,y,z) keeps away from the zero at every iteration. For any
p >0, we call A, = (Xp, U, Wy, Sy, Yy 2u) @ perturbed KKT point if it satisfies the
perturbed KKT conditions (3.5). Clearly, for p = 0, the perturbed KKT system is the

KKT system corresponding to the problem (3.3).

Definition 3.1 (i) A point A = (X,v,w,s,y,z) is said to be an interior point for

the barrier problem (3.4) if (X,v,w, s,y,z) > 0.

(i1)) A point A = (X,v,w,s,y,2) is said to be a quasi-central point for the problem

(3.4) if it satisfies the following conditions for any p > 0 :

—pue+VYe=0
—pe+WZe=0
—pe+ SXe =0 (3.6)

—f(X)4+Bc"x—v=0

h(X) —w = 0.

The set of all points that satisfy (3.6) is called quasi-central path. We simplified the
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expressions below by using the following notations:

A5() = Vi (Bex = () . B(x) = V3h(x)

and
m+1

H(X,y,z) = Zijij(X) - Z 2z V2hi(X), y=0, z=0. (3.7)
j=1

=1

For a fixed p > 0, the Newton step AA = (AX, Av, Aw, As, Ay, Az) at the interior-

point A = (X,v,w, s,y, z) is obtained by solving the following system

where
Hip) 00 0 oI —(4;0)T —(BX)T)
0 Y 0 0 v 0
_ 0 0 A 0 0 W
DM(A) =
S 0 0 X 0 0
Afx) I 0 0 0 0
| B(x) 0 -I 0 0 0 |
and i i
c—s— (4;(0) Ty = (B(x) >
—pe+VYe
—pe+WZe
—pe+ SXe
BeTx — f(X) — v
i h(x) —w |

The matrix D,(A) is not symmetric. However, it can be made symmetric by multi-

plying the first row by —1, the second row by —V !, the third row by —WW~! and the
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forth row by S~!. Accordingly, we get

SH(Xy2) 0 0 I (A7 BE)T| |ax| |
0 —-V-1ly 0 0 -1 0 Av -7
0 0 -w-1z 0 0 —I Aw -
= ) (3.9)
1 0 0 STlX 0 0 As v3
Az(x) -1 0 0 0 0 Ay 05
| B(X) 0 —I 0 0 0 | |Az] | p |
where the expressions of 193, Vi V2, Vs O3 and p are as follows:
T T )
ﬂB(X,S,y,Z):C—S—(AB(X)) y_(B(X)) Z,
n(v,y) = puV e —y,
yo(w,z) = pWle — 2,
(3.10)

(2, s) = pS~le = X,

05(x,0) = f(x) +v - fe'x,

and p(X,w) = w — h(X).

Note that o5 and p together find primal infeasibility and 95 gives dual infeasibility. 1t

pp and p vanish at a point, then the point is primal feasible. Moreover, let

v(A; ) = max{|[pll; [logll, 19511, Il 1l llvsll}- (3.11)

For a given € > 0, we define the approximated perturbed KKT point as an interior
point A that satisfies v(A; 1) < e. Note that v(A;u) = 0 and A is interior point if and
only if A is a perturbed KKT point. Also, ¥(A;0) =0 and A > 0 if and only if A is a
KKT point of the problem (3.3).

We note that second and third equations of (3.9) can be used to eliminate Av and

Aw without producing any off-diagonal fill-in in the remaining system with the help of
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the following equations:

\

Av=VY (v — Ay)

Aw=WZ vy —Az) ¢ (3.12)

As = SX ! (13 — AX)

' Vs
Accordingly, from (3.9), the resulting reduced KKT system is given by

— (HX,y,2) +SX7)  (4;(x)"  (B(x))"| |Ax 05— SX s

A5(x) vy 0 Ay| =log+ VY iy |- (313)

B(x) 0 Wzl | |Az p+WZ 1y,

The system (3.13) has a unique solution, provided the matrix H(X,y,z) + SX !
is nonsingular (see [87]). The solution of the system (3.13) provides AX, Ay and Az.
Then, by using (3.12), one can obtain Av, Aw and As. The following theorem gives

explicit formulas of the solution to system (3.13).

Theorem 3.1 We denote

N5

5(A) = H(X,y,2) + SXt 4 (AB(X))TV”YAB(X) + (B(x))"WZB(x).

If at a point A = (X,v,w,s,y,2), Ng(A) is nonsingular, then the system (5.9) has a

unique solution. In particular,

Ax = Né_l (*193 +SX s+ (A5(x) T (m + VY e) + (B(X) T (2 + WﬁlZP))
Av = AB(X)AX — QB (314)

Aw = B(X)AX —p.

Proof: By solving the second and the third equations of (3.13) for Ay and Az, we
obtain Ay = V'Y s + 71 — V'Y AR(X)AX and Az = W Zp + 7y — W ZB(X)AX.
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Eliminating Ay and Az from the first block of the system (3.13), we get
Ax = N (—193 + X ys 4 (A5(x) T (n + VY 5) + (B(X)) T (12 + W‘lzp)> :

We notice that the square matrix of order (n+J7 +P +1) x (n+J +P+ 1) in the
left side of the system (3.13) is quasi-definite, and therefore is nonsingular in nature
(see [87])). Hence, we can compute Av and Aw uniquely as Av = A3(X)AX—g5, Aw =
B(X)AX — p. O

Note 3.1 Let A = (X,v,w,s,y,z) be the current point of iteration and the matriz
Nj(A) is nonsingular. Then, Theorem 3.1 provides the solution of the system (3.13).
If at any iteration the matriz N(A) is singular, we replace the matriz H(X,y,z) by
H(X,y,z) to make the matriz N(A) nonsingular, where H(X,y,2) = H(X,y,2) + A
and A > 0 is chosen such that the matriz F[(X,y,z) is positive definite, I being the

wdentity matrix of the order of H.

To find a solution of (3.5), the algorithm that we propose below proceeds from an
initial point (X(O),v(o), w50 0 z(o)); then, at the k-th iteration, it determines a
search direction (AX™, Av®) Aw® As®) Ay Az*®) with the help of Theorem 3.1
at (X, 0" k) s®) y®) 20 Nastly, it chooses a step length a¥), and then finds the
next iterate by

XD ) | o) A (),

P 0 4 () AR,
wEHD =y 8) 4 o) Ay,

(3.15)
sETD gk 4 (AR,

YEFD Z y8) () Ay k)

RE NN Oy O)

where the choice of a® is detailed in the next section.
As described in (3.15), to move from current to the next iterate, the proposed

algorithm first determines the search direction and then the step length. To make the
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barrier function in (3.4) well defined across the iterates, the step length is suitably
chosen. Also, the identification of every iteration towards the solution of the KKT

system (3.5) is discussed in the upcoming section.

3.5 Computation of step size

In this section, we discuss the computation of step length to be taken along the search
directions in Theorem 3.1. The proposed algorithm updates the iteration point by
(3.15). To guarantee that the successive points Xy = X + aAX, vy = v + aAv, w, =
w+ aAw, s, = s+ aAs, y, =y + aAy are interior points, we choose the step length

a by the following standard ratio formula (see [89)]):

—1
a = min{5 (max{—AXl,—Avj,—ij,—Awi,—Asl,—AZZ}) ,1}, (3.16)

1,9, Xi Vj Y w; Si Zi

for some 0 < § < 1.

Although the step length calculated by (3.16) ensures that the vectors X, v, w and
s remain in the interior, there is no guarantee of the reduction in the objective function
and convergence of the generated sequence to a minimum point. This can be seen
by taking the unconstrained optimization problem f(z) = (1 4+ 22)/? with an initial

|zo| > 1. Merit functions shorten the interval (0, | such that an appropriate reduction

towards optimality can be made along the search direction.

3.6 Merit function

To solve nonlinear constrained optimization problems, IPMs simultaneously minimizes
both of objective function and an infeasibility measure. Therefore, the progress in the
proposed IPM towards optimality is measured by a merit function that incorporates

both the objective function and the infeasibility terms. In this article, we introduce a
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merit function that is corresponding to the barrier problem (3.4).
For any p > 0, consider the merit function M, , : RHDFPHI+HnFUHPHT 5 R
defined by

Myu(A) = "X+ 0y +p'z = s X 1P, (A), (3.17)
where 7 is the nonnegative penalty parameter, and

n+1 P m
1
Vu(A) =5 (Qgpg + pr) +x s+vTy+w z—p (Z log(x;s:) + > _log(vjy;) + Y log(szz))
i=1 j=1 1=1

is the penalty term of the merit function M, ,.
Clearly, the penalty term is well-defined for A > 0. If the penalty parameter n > 0

is big and we attempt to minimize the merit function M,, ,, then a lot of computaional

7,4
effort will be concentrated on making the penalty term ¥, towards zero.
The next two theorems address the global property of the merit function.

* *

Theorem 3.2 Consider the barrier problem (3.4). Let the interior point Aj, = (X}, v},

wy, 85, Yy, 25) be such that Dy (Ay) = 0 for p > 0. Then, for any n > 0, the point X, is

the stationary point of M, (X, vy, wr, 85, Yy, ;)

*

Proof: The gradient of the merit function M, , at point (X, v}, wy, s%, y7%, 2;) is

* * * * * * T * * T * *
VXMTHM(X’U;,L?’LU”J SM’ yM7ZM) =cC + (VXQB(X) ’Up,)) yu + (vXp(X?wM)) zp, - S;,L

* T * 1) | * * —
+n[(@g(x,vu)) Vxos(%,v5) + (p(X,w})) - Vp(X,w),) + 55, — pX el

For any p > 0, at the interior point Ay, the primal infeasibilities o5(X};,v;) and

p(X5,, wr;) vanish. Therefore, after replacing X by X7 in the last expression, we get

ViMyu(A) = c— 57, — <AB(X;)>T Yy, — (B(X;';))T Z,+n [s; — M(XZ)—le}
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because the dual infeasibility ¢5 and the complementarity terms vanish at A}, (see

(3.5)). O

Theorem 3.3 Consider the barrier problem (3.4). Let the interior point A}, = (X, vy, w,
Yy, 2;) be such that D,(A}) = 0 for > 0. Then, there exists i) > 0 such that for n > 1,

the Hessian of the merit function V2M, ,(A%) is positive definite.

Proof: The Hessian of the merit function M, , is

* * * * * * T * * * * T * * ko —
viMH,u(A“):H(Xuvywzu)Jr”][(vau@g(xwvu)) Vaos (3 vn) (Txp(h,wi)) - Vxp(x,wh) + w(XS,) 2]

1 T .
= H(, v 20) +nSp (X5) +n[(vm%(x;,v;>) Vaoz (55, vn) + (Vxp(x, w))) vxp(x;,w;)]

Choosing 7) = max{|Ag| : Ay is an eigenvalue of H (X}, 7, 2;,)}, we notice that 7 > 0
and the matrix H(X},y:, z;) + 7S, (X;)_l is positive definite. Hence, for all n > 7,
V2M,, ,(A*) is positive definite. O
Note 3.2 By Theorem 3.2 and Theorem 5.3, for any p > 0, if A%, satisfies D, (A},) = 0,

then there exists a 1) > 0 such that X}, = argmin M, (X, Uy W Y z;), for allm > 1.

Theorem 3.4 For any p > 0, the penalty term W, has a unique minimum value
3u (1 —logpu).

Proof: The result can be obtained by computing the minimum of the following function

p(€,6,w) =&+ +w—p(log(§) +log(s) + log(w)) -

The function ¢ has the minimizer ¢ = pu, ¢ = u, and w = p. Therefore, the minimum
value of the function ¢ is 3 (1 —log ). Also, the function ¢ is convex. Hence, £ =

i, s = i, and w = p is the unique minimizer of the function ¢. 0

3.7 Descent direction

This section ensures that the Newton direction (3.14) is descent for the penalty function

V¥, and the merit function M, ,.
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Theorem 3.5 Consider the barrier problem (3.4). Suppose that the point A = (X, v, w, s,

Y, z) is an interior point. Then, for any p > 0, the following results hold:

(i) The Newton direction AN = (AX, Av, Aw, As, Av, Aw) is descent at A for the

penalty term VY, if and only if A is not quasi-central point.

(11) The Newton direction AN = (AX, Av, Aw, As, Ay, Az) is descent at A for the

merit function M, , if and only if A is not quasi-central point.

-
Proof: (i) We can easily compute the following gradients: V V¥, = — (AB(X>) 05—

(B) ' p+s—pzt, V,0, = oty —put, VU, =p+2z—pw !, VU, =

X—pus, V¥, =v—py'and V¥, =w—pz".

The directional derivative of ¥, in the direction AA is

(V)T AN = (Vi) T AX+ (Vo) | Av+ (VuP,) T Aw+ (Vsl,) T As+ (Vy0,) | Ay + (V.T,) " Az
- <7 (AB(X))T 05— (B6)T p)T AxtsTax - HTAx+ o] Av+pT Aw+xT As
—usHTAs—u (afl)T Av—p (ufl)T Aw— p (yfl)T Ay —p (z*I)T Az
=05 (A5(0Ax = Av) = p T (B(X) — Aw) +x As+s T Ax—pu (xHTax+ (s~ T As)
o ((v_l)T Av+ (y—l)T Ay> —u ((w—l)T Aw + (z‘l)T Az)
= —@E@g —p pH2n+1)u—p ((Xﬁl)TAX + (Sil)TAS) — ((vfl)-r Av + (fl)-r Ay)

—u (@) aws (1) a0,

where the last equality is obtained by the last two equations of the system (3.9)

and the complementarity conditions.

Now, if we set © = (X5)?¢e, T = (VY)"2¢ and ® = (W Z)*/2¢ then we obtain

(V)" AN = = (Ilogl> + lIp]2 + 10 = pO |2 + || T = X 1|2 +[|@ — @~ 1||?) < 0.

(3.18)
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(7i) We have

(VMWL)T AN = (VXMWL)T AX + (VUM?W)T Av + (Van,u)T Aw + (stTI,H)T As
+ (VyMn,/JT Ay + (Vszu)T Az

= ﬁgAX —xX"As+y " Av+zTAw + QgAy +p"Az+1n (V\IJM)T AA.
Since (V\IJM)T AT < 0, the least value of penalty parameter 1 to make the Newton
direction as descent for the merit function M,, , is

ﬁgAX —X"As+y Av+2TAw + QgAy +pT Az
[(V,)" AA|

ij = (3.19)

Hence, for all n > 7, the Newton direction AA is descent for the merit function if

and only if A is not quasi-central point.

3.8 Sufficient decrease

If the penalty parameter n is such that n > 7, then, we can write n = 7440, where § > 0.

Since
(VM (A)T AN =6(VT,)" AA (3.20)

and (V¥,)" AA < 0, then for any € (0,1), there exists a positive number @ such

that for any a € (0, @), the following condition is satisfied:

U, (A4 aAN) < U, (A) + ak (V)T AA. (3.21)

As (VM, )" AN <0, for > 7, for some o/ € (0, @), we get
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My (A4 &/ AN) < M, . (A) + 60'k (VM) T AA. (3.22)

Definition 3.2 The following set of points represents the v-neighbourhood of the quasi-

central path corresponding to i :

Ny(Asp) ={A:x>0,5>0,v>0,w>0,y>0,2>0, HQB||2+||PH2

110 = pO 7 P+ [T = p TP + (| @ — p@7H|* < yuf, (3.23)

where (v, 1) >0, © = (X9)Y2e, T = (VY)Y%¢, and & = (W Z)"/?e.
By this definition, we are able to calculate the distance of an interior point from the

KKT point corresponding to a p > 0.

3.9 Update of the penalty parameter

The penalty parameter 7 is chosen such that the Newton direction is a descent for the
merit function. Corresponding to a p and a given 8, the current penalty parameter Nyey
is updated as follows:
i+ 0, if 740 >,
= (3.24)
7+ 6, otherwise,

nnew

where 7 is calculated by (3.19).

3.10 Description of the initial point and the barrier parameter

In Algorithm 4, the initial point is chosen such that all the components of the vectors
X0 50 4O 1 30 and 2 are positive. If an MOP has bound constraints with
negative values, then we can easily formulate the problem in the form of (3.1). Conse-
quently, we can always initialize x such that z; > 0 for all i € {1,2,...,n}. Algorithm 4
is based on the strategy of the quasi-central path (3.6). It solves the KKT system (3.5)

for decreasing values of p > 0 until v(A; ) is not less than a given precision parameter e
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(see (3.11)). In the proposed algorithm, we initialize the value of the barrier parameter

o as (see [93])
xTs+ va +w'z

P+J

Then, we solve the KKT system (3.5) for p until it satisfies the (u, v)-neighbourhood
condition (3.2). Suppose an iterate A = (X, v, w, s, vy, z) lies in (u, y)-neighbourhood (see
(3.2)) but fails the stopping criteria condition v(A;pu) < € for the outer loop, then we
decrease the barrier parameter at the (k + 1)-th iteration by the value

fo = (3.25)

ptt = (neg“ 12+ 11 + 10 — u® @) 712 4 ™) — (™) =12 4 ) — u(@““))*llﬁ) , (3.26)

where p € (0,1), 0%) = (XBS0)1/2¢, T0) = (VY ®)1/2¢ and B = (W0 Z09)1/2,
In Algorithm 4, we describe a step-by-step procedure for finding Pareto optimal

points for a given optimization problem with the help of the above process.

3.11 Global convergence results

The following section discusses the global convergence theory for the Algorithm 4. The
process of global convergence analysis begins with an additional set of assumptions
and lemmas. Assumptions for developing the convergence theory of Algorithm 4 are as

follows:
(A1) for X > 0, the set {Vhi(X), Vha(X),...,Vh7(X)} is linearly independent.

(A2) The iteration sequences X p®) | w®) | y®) and 2 generated by the Algorithm

4 is bounded above.

(A3) The matrix H(X,y,z) + SX ! is positive definite.

Lemma 3.1 Assume A = (X,v,w, s,y,2) is an interior point. Then, for any p > 0

and under the assumption (A3), the matriz Dg(A) is nonsingular.

Proof: See [90]. O
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Algorithm 4 Ideal Cone-IPM (IC-IPM) for MOPs

1: Inputs:
(a) Given MOP:

minimize  F(x)
subject to z € X

(b) Provide the number of subproblems to be solved, N
2: Finding the Ideal Point: Find f* = min{f;(z) : x € X'} for each i € {1,2,...,P} using IPM
[89], and then set ideal point F* = (f{, f3,.... fp)"
3: Initialization:
Set Pareto set < ()
Give an initial point such that A(¥) = (x®) [ s(k) (k) qp(R) gy (k) (k)Y >
Choose the values of the parameters 6 = 2 and x = 0.85
Give a value of the precision parameter ¢ > 0 for the optimum solutions to (3.4)
Set k < 0

4: fori=1:1:N do

5: Choose randomly a direction 3 from (2.3)

6:  while v(A®)) > ¢ do

7: Choose %) by (3.25)

8: while A®%) ¢ N, () do (inner loop)

9: Calculate the direction (AX®*) As, Av®) Aw*)) by using (3.14)

10: Choose step length a by the formula (3.16)

11: Calculate 7 by the expression (3.19)

12: Calculate n® and §*) from to ensure that the Newton direction is descent for M, ,

13: Find o®) € (0, ) such that the following Armijo condition is satisfied
M,M,,(k) (A(k) + a(k)AA(k)) < Mmﬂ(k) (A(k)) + (5(k)a(k)li (VM,]’I,/(k))T AA(k)

14: Set AL = A() 1 o AAK)

15: end while

16: end while

17: Calculate F(x®)) = BcTx®) — y(#)

18: Update Pareto set «+— Pareto set [J{F(x*))}
19: end for

20: return Pareto set

Lemma 3.2 For any 1 > 0, the sequence of interior points {A®) : A®) > 0}, produced

by the inner loop of Algorithm 4 is bounded whenever the conditions (A2) and (A3)

(k) (B () ()

Yy wl(k) and zl(k) are bounded away

follows. Moreover, the components X

from zero.
Proof: By assumption (A2), the sequences {x®}, {v®} and {w®} are bounded

above. Let \IJELO) be the value of penalty term at the initial point. Note that the

inequality

3p (1 —logp) < W, (A® + a®AA®) < ¢ (3.27)
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holds by Theorem 3.4 and Theorem 3.5. Further, observe that
X§k)s§k) — plog <X§k) ;k)) — oo if either Xg- Jst) 5 0 or X(k) gk) — 00

vgk)y( — plog (vfk)yf )> oo if either vi(k)y(k) — 0 or v(k)yl(k) — 00

()

wl(k)zl(k) — plog (wl(k)zl(k)) — oo if either wl(k)zl(k) — 0 or wl(k)zl(k) — 00.

However, by (3.27), we see that the products Xﬁ»k)sg-k), vi(k)yz(k) and wl(k)zl(k) are bounded
above and bounded away from zero. Therefore, the sequences s, y® and z*) are
), 5 ), vi(k), ygk), wl(k) and zl(k) are bounded away

bounded above and the components Xg

from zero. O

Lemma 3.3 Under the assumption (A1), (A2) and (AS3), the merit function M,,,, is

bounded below.

Proof: By Theorem 3.4, the penalty term is bounded below and the term ¢ x + ng +
p'z — s"X is bounded below due to Assumptions (A1) and (A2), and Lemma 3.2.

Hence, the merit function M,, , is bounded below. O

Theorem 3.6 (i) Consider u > 0. Assume that the sequence {AF) = (X(k), o) k) k)

y®) 2 )} 1s created by the inner loop of Algorithm /4 and its limit point is

Ay = (X“,vww iy Yy 2 *) If 155 is continuous at A* and ﬁB(A*) is nonsin-

gular then, A}, lies on the quasi-central path (3.6).

(ii) Suppose the problem (3.4) has an optimal point in N(A; p) for a fived p and .

Let the starting point A is an interior point. Then Algorithm J will terminate

log
= A( ) . .
i at most # iterations, where
log(1—7) )

—1 —1 —1
=) = (I + 10O+ 16 s (00) ™ 12 4+ 1T = (1) 7 [P 4 ol - (29) ).
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Proof: (i) Since the limit point of the sequence {A®} is A7, then, there exists a

convergent subsequence A®) such that A% — A*.

We need to prove three properties regarding the subsequence A%):

(a) The limit point A%, is an interior point.
(b) The sequence of search direction {AA®*)} is bounded.

(c) The sequence of steplengths {a*)} is bounded away from zero.

The first property can be obtained by Lemma 3.2, stating that the components

(k1) )
le

s") — 5% > 0. The property (b) holds because the set £ = {A®) A*} is compact

and sg-kl are bounded away from zero. Therefore, x*) — X7, > 0 and

1 : :
and D, (D) = are continuous functions on F.

To prove the property (c), if possible let the steplength sequence {a*'} generated

by the Algorithm 4 is not bounded away from zero. Then,

X(-kl)

. j _ .
zliglo —’ij|(kz) 0  holds for at least one j € {1,2,...}.

(ki

Since X; ) is bounded away from zero, |AX;|*) tends to infinity. However, this

goes against the fact that {AA®} is bounded. Hence, (c) holds.

Now, we are able to proof for the key part of the theorem. Consider the iterative

sequence

AFFD = A 4 R AAR)

where a® is computed by (3.16) and AA® is determined by solving (3.13).
At k-th iteration, let n®) > 0 and p®) > 0 stand for the value of the penalty
parameter and barrier parameter, respectively. Also, A% satisfies (see Theorem
3.5) (VMn(k)’u(k) (A(k)))T AA®) < 0. Since the step length o®) is bounded away

from zero, the sequence {A®)} satisfies (see [101]) (VM0 (A(k)))T %
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0. However, the sequence {AA®} is bounded and by (3.20), we obtain

(VM 00 (/\(k)))T AAF) — 5) (V\IIN(A(’“)))T AA®) s 0.
Since 6) > 0 and by (3.2), we obtain

T —1
(FuA0)) " A08 == (12 + 159 + 0% (6®) |2

—1 —1
FIT® —p (N)) 12+ [@® — 4 (q><k>) ||2> 0. (3.28)

(k)
B
pe, limg_oo VOY®e = pe, limy_yoe WH ZFe = pe.

This directly implies that limg oo 04 = 0, limp_eo p® = 0, limy_.o X®SH®e =

(74) From (3.28), we can conclude that there exists 71, T, 73, 74, and 75 such that

—1 —1
oSV I2 < (= mllefP 1%, e VIS < (1= m)llp ™2, 0D — (0 FD) T2 < (1 - )0 — (@) T2

o , L , TR ~ _
D (P DY T2 < e IR e (2R) T2 ana D (8BFD) T2 < (1o ey (2(R)) TH 2,
Denoting

2 = (1§12 + 15912 + 10 1w (0P) 712 4 ) — 4 (1) T3 4 e — e (80) 71 2)
and 7 = min{7y, 79, 73, 74, 75 }, we obtain
Z(AW) < (1= 1EAFD) < (1= 72EAFD) < ... < (1 = 7)FZ(A). (3.29)

Suppose that at the k-th iteration, A® lies in the y-neighbourhood of the quasi-
central path (3.2) corresponding to p. Therefore, Z(A®)) < (1 —7)*Z(A) < .

Hence, the number of iterations to reach y-neighbourhood of the quasi-central

.
log(E(A<0)))

path is Toa(1—7)
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We now show the global convergence of the Algorithm 4.

Theorem 3.7 Assume that the assumptions (A1), (A2) and (A3) hold true. Then, the
sequence {AF) = (X(k),v(k),w(k), s(k),y(k),z(k))} generated by Algorithm 4 has a limit

point A* = (X*,v*, w*, s*,y*, z*). Moreover, the limit point A* satisfies D(A*) = 0.

Proof: Since A* is the limit point of the sequence {A®}, there exists a convergent
subsequence {A*V} such that A®) — A* where A*) € N, (v) and 1, — 0. As the step
length is bounded away from zero (by Lemma 3.2), (Ax®), Avk) Ak Agk) Ayko),
Az} — 0. From the first equation of (3.8), we have

e—s) — Ast) (A, (x0T (yum + Ayw)_(B(X(kl)))T (zum T AZ(m)) — —H(xW0) k) 0y Ax k),
Taking k; — oo, and since {H (x*), ¢y »(*k))1 is bounded, we obtain
c—s" = (As(x) Ty — (B(X)) T2 = 0. (3.30)

Since A*) € N, (7),

gk, )2 4+ o<, w02 + 0k — ) (00) ™ |2

—1 —1
ININCONNCY (T(kl)) 2+ ([ @k — ko) (q)(kz)) 12 <yt

Again taking k; — oo then p* — 0 and

05(X",0") =0

p(X*,w*) =0
X*S*e =0 (3.31)

V*Y*e=0

and W*Z*e = 0.

Hence, from (3.31), D(A*) = 0. Therefore, x* is a KKT point. O
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3.12 Numerical experiments

This subsection reports the outcomes of several types of test problems found in the
literature. The performance of Algorithm 4 is tested on constrained multiobjective as
well as box constrained multiobjective problems. The test have been carried out on
a PC with Intel Core i7-4770U 3.40 GHz CPU and 4GB RAM in MATLAB 2020a.
We take some widely used multiobjective test problems (BNH, SRN, TNK, CONSTR,
Kita, SWG) to test the performance of Algorithm 4. The test problem Kita is a
maximization problem and remaining are the minimization problems. The details of
these five constrained test problems are shown in Table 3.1. The Pareto points of these

problems are shown in blue (see Figure 3.1, Figure 3.2 and Figure 3.3).

Table 3.1: Constrained test problems used in this study

Problem Source n P Number of subproblems  Accuracy
BNH [94] 2 2 300 1.0E -6
SRN [96] 2 2 75 1.0E -6
TNK [95] 2 2 100 1.0E -6

CONSTR [97] 2 3 400 1.0E -6
Kita [97] 2 3 150 1.0E -6
SGW [102] 2 2 300 1.0E —6

3.13 Performance metrics

To measure the performance of Algorithm 4, it is necessary to ascertain how close
obtained solution is to the actual solution. For this propose, the literature contains
various evaluation criteria (see [103]). In this chapter, we used three main performance
measures such as GD+ (modified generational distance) [104], HV (hyper volume) [105]

and IGD (inverted generational distance) [106].
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Figure 3.1: Obtained Pareto points of BNH and CONSTR, problems by Algorithm 4
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Figure 3.2: Obtained Pareto points of SRN and TNK problems by Algorithm 4

3.14 Performance of the Algorithm 4 on some test problems

We take the following optimization problem (FON [107]) to test the performance mea-

sure of Algorithm 4:

- 1
minimize 1 —exp (— Z (x, - —
( i=1 v

subject to z € [—4,4].

) (E))

i=

(3.32)



94 3.14. Performance of the Algorithm 4 on some test problems

+  Feasible points
+  Obtained Pareto points

+  Feasible points
+  Obtained Pareto points
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fi fi

Figure 3.3: Obtained Pareto points of Kita and SGW problem by Algorithm 4

The efficient set is

1 1
{.TER”I T; € {—%,%} s 221,2,,7?,}

The performance measures (GD+, HV, IGD) of Algorithm 4 for the problem (3.32)
are calculated by taking different values of n (see Table 3.2). Also, the obtained Pareto

points comparison with true Pareto front are shown in Figures 3.5 and 3.6.

CECO09 and Zitzler, Deb and Thiele (ZDT) test suit
So far, we have seen the performance of IC-IPM on constrained MOPs and an uncon-
strained MOP with bound constraints (FON). The efficiency of IC-IPM is demonstrated
by the good approximation of the Pareto fronts in all the above problems. Below, we
use CECO09 test problems and ZDT test suite to further test the algorithm’s capa-
bilities. We evaluate the problems from CECO09 test suite [28] that are smooth. In
comparison to the previous test problems, these are more complex problems. Table
3.3 shows the results of CEC09, obtained by IC-IPM and other well-known techniques,
such as MOEA [108], ENS-MOEA [108], etc. The comparison Table 3.3 shows that
the performance (based on IGD values) of Algorithm 4 (IC-IPM) is good compared to

other algorithms on test suite CEC09. The obtained Pareto points, along with the true
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Pareto front, are depicted below in Figures 3.5 and 3.6.

For the ZDT test suite, the outcomes achieved by IC-IPM and the reputed methods
such as MOEA/D PBI Approach, MOEA /D Tchebycheff (TE) Approach, MOEA/D
Weighted Sum (WS) Approach, Pareto-adaptive weight vectors (paX) based MoEA /D
approach, NSGA-II, Cultural MOQPSO and MOWOATS are presented in Table 3.4.

The obtained Pareto points, along with the true Pareto front, are depicted below in

Figure 3.7.
1c n = 4 and number of subproblems = 300 1c n =9 and number of subproblems = 200
True Pareto front
09r +  Obtained Pareto points 09 +  Obtained Pareto points
081 0.8
0.7 0.7
06 0.6
=205 <05
041 04
031 0.3
021 0.2
011 0.1
0 ! 0 : . ! : !
0 0.2 0 0.2 0.4 P 0.6 0.8 1
1

n =16 and number of subproblems = 150

s True Pareto front
*  Obtained Pareto points

n =25 and number of subproblems = 100

s True Pareto front
*  Obtained Pareto points

09

0.8 0.8
0.7 0.7
06 0.6
205 <05
04 0.4
031 0.3
02F 0.2
0.1F 0.1
0 . ! : : ! 0 : . : : !
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
f fi

Figure 3.4: Obtained Pareto points of test problem FON by Algorithm 4
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Table 3.2: Performance measures of test problem FON

Number of decision variables (n) ~ Number of subproblems GD+ HV IGD
4 300 0.1760E —4  0.34047 6.2512E —4
9 200 1.4097E —4  0.33941 8.8491F —4
16 150 0.1171EF —4  0.33880 8.8334F —4
25 100 8.1465FE —4  0.33716  8.1986E — 4
12 ZDT1 12+ ZDT2
True Pareto front True Pareto front
*  Obtained Pareto points *  Obtained Pareto points

0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
fi fi

Figure 3.5: Obtained Pareto points of test problem ZDT1 and ZDT2 by Algorithm 4
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Figure 3.6: Obtained Pareto points of test problem ZDT3 and ZDT4 by Algorithm 4
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Table 3.3: Comparison of IGD scores for CEC09

Problem FRD [28] FD[28] RD[28] OD [28] MOEA/D [108] ENS-MOEA/D [108] Cultural MOQPSO [109] MOWOATS [109]  IC-IPM

UF1 9.61E-3 6.40E-3  2.52E-3  2.78E-3 2.01E-3 1.64E-3 1.11E-2 2.32E-3 1.04E-4
UF2 8.41E-3 7.20E-3  9.43E-3  9.80E-3 4.82E-3 4.03E-3 2.15E-2 2.21E-3 1.12E-4
UF3 4.72E-3 3.11E-3  9.30E-3  1.05E-2 1.06E-2 2.66E-3 3.75E-2 9.77E-3 1.43E-4
UF4 5.92E-2 7.88E-2 881E-2  8.58E-2 6.24E-2 4.21E-2 5.98E-2 1.83E-3 1.33E-4
UF7 5.62E-3 6.30E-3  5.41E-3  3.24E-3 1.80E-3 1.72E-3 1.13E-2 2.12E-3 2.35E-4
UF8 6.60E-2 6.11E-2  5.69E-2  5.62E-2 4.28E-2 3.10E-2 1.18E-2 3.61E-3 5.78E-3
1 UF1 1 UF2
True Pareto front True Pareto front

0.9 +  Obtained Pareto points 0.9 «  Obtained Pareto points

UF3 UF4

True Pareto front True Pareto front
0.9 +  Obtained Pareto points 09 «  Obtained Pareto points

UF7 UF8

True Pareto front
09rF *  Obtained Pareto points

True Pareto front
Obtained Pareto points

08

06

05

f2

03

021

Figure 3.7: Obtained Pareto points of UF1, UF2, UF3, UF4, UF7 and UF8 by Algo-
rithm 4
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Table 3.4: Comparison of IGD values for the ZDT benchmark suite

Problem WS [100] TE[100] PBI[100] NSGA-IT [100] paA-MOEA/D [100]  Cultural MOQPSO [109] MOWOATS [109] IC-IPM

ZDT1 5.42E-4 6.48E-4 1.14E-4 7.94E-4 5.79E-4 6.13E-3 1.30E-3 1.05E-4
ZDT2 1.30E-2 5.84E-4 7.02E-4 8.15E-4 6.02E-4 4.87E-3 7.32E-4 1.27E-4
ZDT3 4.93E-3 2.01E-3 2.06E-3 1.19E-3 1.97E-3 1.89E-1 2.87E-3 1.01E-4
ZDT4 7.01E-3 6.65E-4 7.85E-4 8.14E-4 5.93E-4 5.26E-3 2.85E-4 1.45E-4

3.15 Conclusion

This chapter has introduced an interior-point approach, with the help of the cone
method (IC-IPM), to find a subset of nondominated points of an MOPs. In proposed
method, IC has been used to transform an MOP into a collection of single objective
optimization problems. Each single objective optimization problem of the collection has
been solved by IPM. To find the solution of each subproblem by IPM, a barrier problem
and its KKT conditions have been derived. In order to the solve KKT conditions, the
iteration started with the initial point and then calculated the direction by Newton
method. Thereafter, step length has been chosen so that the nonnegative variables
remain nonnegative. A new merit function has been also proposed with global properties
(Theorem 3.2, Theorem 3.3 and Theorem 3.4). Merit function has helped to take a
suitable step length along the search direction.

Theorem 3.5 shows that the search direction calculated by Theorem 3.1 is descent for
the merit function (3.17). Furthermore, we have proved the global convergence of the
proposed algorithm under standard assumptions. We demonstrate through numerical
experiments that Algorithm 4 can solve constrained MOPs efficiently. We have used
three performance measures (GD+, HV, IGD) to test the efficiency of the Algorithm
4 on some standard test suite. The performance of Algorithm 4 has compared with
some existing popular algorithms. Table 3.3 and 3.4 has shown that Algorithm 4 is

comparatively efficient.
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