A Study on Nonmonotone Methods to Solve
Multiobjective Optimization Problems

Thesis submitted in partial fulfillment

for the Award of Degree

Doctor of Philosophy

by

Ashutosh Upadhayay
DEPARTMENT OF MATHEMATICATL SCIENCES
INDIAN INSTITUTE OF TECHNOLOGY

(BANARAS HINDU UNIVERSITY)
VARANASI - 221005

Roll No. 1812151/ Yeur 2024



Chapter 7

Conclusion and Future Directions

In the previous chapters, a few attempts to solve constrained and unconstrained MOPs
were presented. In this chapter, the significant contributions of the thesis are summa-

rized. The possible directions for future work are also discussed.

7.1 General Conclusions

The principal conclusions of this thesis are as follows.

Methodology Innovation:

e The study introduced novel optimization methods across various chapters, such
as the Polak-Ribiére-Polyak conjugate gradient method, projection-type hybrid
conjugate gradient methods, nonmonotone quasi-Newton methods, conditional

gradient method, and augmented Lagrangian cone method for MOPs.
Convergence Properties:

e Convergence properties were established for all the proposed methods, demon-

strating their effectiveness in finding solutions for MOPs.

e The asymptotic convergence properties were analyzed without requiring convexity

assumptions on the objective functions.
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Pareto Critical Points and Pareto Optimal Points:

e The studies provided theoretical proofs that every limit point of the iterates gen-
erated by the proposed methods is a Pareto critical point (see Chapters 2-5,and
Pareto optimal point (see Chapter 6), showcasing the relevance and applicability

of the developed algorithms.
Iteration-Complexity Bounds:

e In Chapters 2 and 5, iteration-complexity bounds were derived for the proposed
methods, demonstrating their efficiency in terms of the number of iterations re-

quired to reach a solution.
Empirical Comparisons:

e We tested the proposed methods using measures like inverted generational dis-
tance, hypervolume indicators, and relative efficiency. The results showed that
the proposed methods performed better than some existing methods on many test

problems.
Applications:

e The proposed methods in Chapters 3 and 6 were successfully applied to diverse
real-world scenarios, such as SIR epidemiological optimal control model and a de-
terministic unemployment optimal control model, demonstrating their versatility

and relevance in addressing complex optimization challenges.
Variable Scaling Independence:

e The proposed augmented Lagrangian cone method in Chapter 6 demonstrated in-
dependence from variable scaling, enhancing its robustness and ease of application

to different types of problems.
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In conclusion, the collective findings across the chapters underscore the significance
of the proposed optimization methods in addressing multiobjective optimization chal-
lenges, offering innovative approaches with theoretical foundations, empirical valida-

tions, and practical applications.

7.2 Contribution of the Thesis

In this thesis, algorithms for unconstrained MOPs have been proposed in Chapters 2,
3, and 4. Chapters 5 and 6 have introduced an algorithm specifically designed for con-
strained MOPs. Moreover, both Chapters 3 and 6 have demonstrated the application
of the proposed methods to optimal control problems.

In Chapter 2, we have proposed a Polak-Ribiere-Polyak conjugate gradient method
for unconstrained MOPs with continuously differentiable objective functions. The chap-
ter has established asymptotic convergence properties without assuming convexity on
the objectives and has proven that every limit point of the iterates is Pareto critical.
An iteration-complexity bound has been provided regardless of convexity assumptions.
The proposed method’s effectiveness has been demonstrated through its application
to benchmark test problems, and empirical comparisons with existing methods have
highlighted its efficiency in generating approximations of the entire Pareto front.

In Chapter 3, three projection-type hybrid conjugate gradient methods have been
proposed for solving MOPs. In the first method, we have combined the HS and the
DY conjugate gradient methods and have analyzed them under the monotone strong
Wolfe line search conditions. As in the previous chapter, where the PRP method for
MOPs has been analyzed, this chapter has considered the hybrid of PRP with HS and
DY conjugate gradient methods for MOPs under nonmonotone strong Wolfe line search
conditions to further explore and enhance their effectiveness. The chapter has provided
a global convergence analysis for all three methods without assuming the convexity of

the objective functions. Empirical results on standard test problems have demonstrated
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the relative efficiency of the considered methods. Additionally, the most efficient method
among the three proposed methods has been applied to an SIR epidemiological model
with vaccination and treatment as controls, illustrating its practical applicability in

minimizing the spread of infection and economic impact.

Chapter 4 has introduced two nonmonotone quasi-Newton algorithms with Wolfe
line searches for unconstrained strongly convex MOPs. Building on the BFGS quasi-
Newton method, the chapter has incorporated nonmonotone line searches, allowing for
objective function value increases in certain iterations. Global convergence has been
established under reasonable assumptions. Empirical analysis has shown the proposed
method’s efficiency, requiring fewer function evaluations and iterations compared to
the monotone quasi-Newton algorithm. This chapter has contributed by addressing

unconstrained strongly convex MOPs more effectively.

Chapter 5 has contributed to the field by analyzing the conditional gradient method
for constrained MOPs. The chapter has introduced an average-type nonmonotone
line search, establishing asymptotic convergence properties without requiring convex-
ity assumptions on the objective functions. The significant innovation lies in proving
that every limit point of the iterates is a Pareto critical point, providing an iteration-
complexity bound irrespective of convexity assumptions. Empirical comparisons with
existing methods and benchmark test problems have highlighted the effectiveness of the

suggested approach.

Chapter 6 has introduced an augmented Lagrangian cone method for computing
Pareto optimal sets of MOPs without requiring prior information about the Pareto sur-
face’s location or the convexity of objective and constraint functions. The method has
converted the problem into direction-based parametric scalar optimization problems
and has employed the augmented Lagrangian method with a max-type nonmonotone
line search. The chapter has established convergence properties and has proven that

subsequential limits are global minimizers. The proposed algorithm’s efficiency has
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been demonstrated through standard test problems and applied to a deterministic un-
employment optimal control model, showcasing its practical utility. Next, the possible

future scope of the above-discussed work is discussed.

7.3 Future Directions

The comprehensive exploration of various optimization methods in this thesis lays a
solid foundation for future research directions. One promising avenue for further inves-
tigation is the development of nonmonotone versions of other optimization algorithms,
building on the strategies proposed in this work. Applying these nonmonotone algo-
rithms to diverse domains, particularly in machine learning problems, could significantly
enhance their performance and applicability.

Given the growing importance of optimization in real-world scenarios, adapting
these algorithms to address large-scale problems, potentially involving high-dimensional
spaces or complex constraints, would be a crucial advancement. Additionally, integrat-
ing these optimization methods with emerging technologies and methodologies, such as
machine learning, could lead to hybrid approaches that combine the strengths of both
optimization algorithms and data-driven models.

Exploring the application of these algorithms in dynamic optimization problems,
where objectives or constraints change over time, could provide valuable insights into
their adaptability and robustness in evolving environments. Furthermore, extending
the proposed methods to set optimization problems and bilevel optimization problems
offers additional research opportunities, broadening their applicability and impact.

The integration of optimization algorithms with cutting-edge technologies and their
adaptation to various real-world challenges represents exciting future directions for

research and development in this field.
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