Chapter 6
A high-order fully discrete method

for two-dimensional time-fractional
convection-diffusion equations with

non-smooth solutions

In this chapter, we direct our focus towards the following two-dimensional time-

fractional convection-diffusion equation (TFCDE)
§Du = MUps + Aty + patly + piouy +yu+ f, in Q x (0,7¢], Q C R?, (6.1)

with initial and boundary conditions

u(z,y,0) = ¢(z,y), (z,y) € 2=QUI, (6.2)

u(z,y,t) = v(z,y,1), (v,y) €0, 0 <t <Ty,
where 9€) denotes the boundary of Q = (0, L) x (0, L), and § D% denotes the Caputo
derivative of fractional order a € (0, 1) defined in equation (1.14). Also, A; and Ag
are positive constants, and uy, p2, and  are constants such that % + H_ v > 0.

4o

Further f, ¢, and 1 are sufficiently smooth functions in their respective domains.

It is widely recognized that a typical solution to equation (6.1)-(6.2) exhibits a

singularity in proximity to the initial time ¢ = 0. Additionally, its derivatives meet
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the following regularity conditions given by [103]:

l
% <e for0<1<6, (6.3)
0
— | <g¢ for 0 <1 <6, 6.4
o | = (6.4)
l
% <c(1+t7h, for 0 <1< 3, (6.5)

where constant ¢ is positive that does not depend on both time (¢) and spatial (z,y)
variables. The expression given by equation (6.5) suggests that u(z,y,t) exhibits a
weak singularity at ¢ = 0, resulting in the time derivative !%‘ becoming unbounded
as t — 0. The presence of weak initial singularity poses substantial challenges,
both in practical and theoretical aspects for traditional numerical techniques due
to their inability to accurately capture the behavior of the solution in the vicinity
of singular points. Therefore, devising efficient numerical methods that effectively

address the singularity at t = 0 emerges as a captivating and challenging endeavor.

In light of these considerations, the primary objective of this chapter is to develop
and analyze a high-order fully discrete method for the two-dimensional TFCDE,
particularly when confronted with weak initial singularities. The proposed numeri-
cal approach combines Alikhanov’s high-order scheme (L2-1,) for the discretization
of the Caputo time-fractional derivative on a non-uniform fitted mesh, along with
a high-order two-dimensional compact difference operator on a uniform mesh for
spatial discretization. The resulting system is solved using a robust two-step Alter-
nating Direction Implicit (ADI) approach. The comprehensive theoretical analysis,
focusing on convergence and stability, is rigorously performed using the widely rec-

ognized Fourier analysis method.

The remaining chapter follows a structured approach, beginning with the develop-

ment of the numerical method for the two-dimensional TFCDE in Section 6.1. The
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subsequent section, Section 6.2, focuses on the stability and convergence analysis of
the method. To assess its performance, numerical results are provided in Section
6.3, demonstrating the method’s efficiency and accuracy. The final section, Section

6.4, concludes the chapter by summarizing the key findings.

6.1 A high-order fully discrete numerical scheme

The following section introduces a novel high-order numerical technique for solv-
ing the two-dimensional TFCDE (6.1)-(6.2). To uphold fourth-order accuracy in
space and the tridiagonal property of the method, we introduce a transformation
as a prerequisite to eliminate the convection terms in the equation. Notably, this

transformation is similar to the one detailed in [121]. Let

u(z,y,t) = % (6.6)

where P(z) = exp (2“7111) and Q(y) = exp <2"722y>

By using equations (6.1)-(6.2) and (6.6), we derive the subsequent time-fractional

problem, wherein v = v(z,y, t) serves as the solution:
§ DM = AUy + Aavyy — v+ F, in Q x (0,T], Q C R?, (6.7)
with initial and boundary conditions

v(z,y,0) = ¢(z,y), (z,y) € Q=QU09Q, (6.8)

v(z,y.t) =z, y.t), (z,y) €09, 0<t<Ty,

where f1, = £ + 12— F = P(2)Q(y) f, ¢ = P(x)Qy)¢, and ¢ = P(2)Q(y)1.
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Here, the direct implication is evident: u(zx,y,t) is a solution of (6.1)-(6.2) if and only
if v(z,y,t) = P(x)Q(y)u(x,y,t) is a solution of (6.7)-(6.8). Further, the subsequent

step entails a detailed examination solely focused on problem (6.7)-(6.8).

6.1.1 High-order discretization of time-fractional derivative

Suppose N; and N, are positive integers, satisfying the conditions N; < N, and
N, > ¢N,, where ¢ is a fixed constant in (0,1). We partition the interval [0, T}] into
two subintervals [0, 7] and [T, T%], where T" € (0,7%] is arbitrary. To divide [0, 77,
we employ a graded mesh with mesh points denoted by t; =T (N%)e for 0 < i < Nj.
The user has the flexibility to select the grading parameter 6 subject to the constraint
@ > 1. Further, for ease of implementation, we consider the quasiuniform mesh
on the interval [T, 7y| (i.e., the ratio max; At;/ min; At; is always kept within a
constant limit), with mesh points T'=tg <ty _, < - <tn1 <tn, = Ts. The
term “fitted” is used to describe this mesh because, through the proper choice of
the grading parameter #, the graded section of the mesh adeptly manages functions

with a weak singularity at ¢ = 0.

Further, set At; =t,—t;_1,for1 <i < Nyand t;,, = t;+0At; 1, for 0 < < Ny — 1.
By employing Alikhanov’s formula (L2-1,), we approximate the Caputo derivative
of function g € C[0,T] N C3(0,Ty] at t;+, given in [1§]

i

CDg(tiro) = 0 gltin) = D (wli” = wli?)) gltn) — wls”glto) + (RE)™.
k=1

(6.9)
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where (iRa)”" is the local truncation error term and the coefficients w(*?)’s are given

as woo Atflroo and for 7 > 1,
’
At (rg7 +s57) k=0,
wiy” = A%H(( 7 s - sﬁ”) 1<k<i—1,
Al (7 +557)) k=i,
with
l—«

(0670) _ Y 11—«
7"2-72- = mAtH_l s for 7 > 0

and fori > 1, 0< k <i—1,

(@,0) 1 e
o L[, ),
Tl,k 1"(1 _ a) /tk ( + 7—) T

(a,0) 1 2

tkt+1
S, = tive —T) “(17—1 dr.
e T v / (i — )7 (7 — tiay2)

Lemma 6.1. [18] Suppose 1 — /2 < o < 1 and the local mesh ratio n; =

1 <i < Ny —1 satisfies 3/4 <n; < 62. Then
(i). w'% > it S >0
T 0 I'l—a) T
(ii). (20 — Dw(%” — owl%” > 0.
(iii). w(}” > w?, i>1.

"k

(iv). I iy (e +1) >

1 i(1i :
). If n?, (2 - + i (m; + 2)) > 77(77—+1) for 2 <i < Ny, then

Mi-1+
(20 — 1)w; (a ) — ow!™?) > 0.

i,0—1

(6.10)

(6.11)

(6.12)

(6.13)

Atz+1 fOT

(a o)
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At point t = t;,,, equation (6.7) takes the form

6 D™ (2, y) = Mgk (2,9) + Aev 7 (2,y) = v (2,) + F77 (2, y),

(x,y) €Q, 0<1 <Ny — 1, (6.14)
with initial and boundary conditions

W(a,y) = dz,y),  (a,y) €=U (6.15)

ul(z,y) = Pz, y,t:), (v,y) €09, 1 <i< N,

where we denote u'(z,y) = u(x,y,t;). Employing the 1.2-1, approximation on a
non-uniform mesh, as described in equation (6.9), and incorporating it into equation

(6.14), yields the following semi-discrete scheme

w7 @,y) = 3 (0l = wl) e, y) - w0 @) + (R = A
k=1

vt (@, y) + Aovpt 7 (2,y) — o™ (2, y) + F70(2,y), (2,y) = Q, 0<i < Ny — 1.

(6.16)

6.1.2 High-order compact alternating direction implicit (ADI)

scheme

Now, our subsequent strategy for solving the two-dimensional problem (6.16) with
initial and boundary conditions (6.15) entails the discretization of the spatial vari-
ables through the utilization of a compact finite difference scheme. The compact
finite difference method is a well-established numerical technique extensively uti-
lized in solving PDEs. It has been studied and applied in various scientific and en-

gineering fields. Numerous research works have demonstrated the effectiveness and
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advantages of the high-order compact finite difference method [30, 58, 71, 100, 104].

For given positive integers N, and N,, we discretize the problem using z,, = mh,

and y, = nh,, where 0 < m < N, and 0 < n < N,. Here, h, = NL is the
step size in the z direction, and h, = NL is the step size in the y direction. Let
)

v = {vfnn |0 <m < N,;,0<n<N, and 1 <i < N;}. We introduce spatial

difference operators

<I+ﬁ52)vi 1<m<M,—1,

m,n’

Hol,, = (6.17)
vfnm, m = 0 or M,,
, (I + };—255) vfﬂvn, 1<n< M, -1,
Hyvp . = (6.18)
Vs n =0or M,
where
i Uin+1,n - 2U2n,n + Ufnfl,n i vin,n+1 - 2vvl'nm + Uin,nfl
52k, = 72 and &v;,, = 2 . (6.19)
T Y
Now, re-write equation (6.16) at (z,,y,) in the following form
_Alviia(xm7 Yn) — /\QU;—L_0<xm7 Yn) = GH_U(xmv Yn) + (R?)Haa (6.20)

where

G (s ) = 7 (s ) = 0l 0 ) + 3 (w0l = wiG) o (s )
k=1

+ w%’”)vo(a:m, Yn) — urv”"(:vm, Yn)- (6.21)
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In accordance with the techniques presented in [70, 124], we develop a fourth-order

compact scheme for equation (6.20) as follows

AT ISR — AT T20 e = G (RO 4 (RS (6.22)

T mn Yy mn m,n?

where

(R = (Ra)ms + (Ry )i

m,n m,n’

with p(v) = —=3(1 — v)° + 5(1 — v)3, and

, h d%v %
Re)om = 7em =5 (Tm — / +
( z)m,n 360 \/0 (61'6 (l‘m Uhxa Yn, tz—i—a) BRG (xm Uhx7 Yns tH—G)) (,O(U)d’U,

6

R ito __ h; 861} h v h d
( y)m,n_ 360 ; 8_y6(xmvyn_v yi tivo) + By G(xmayn+v i tive) | p(v)dv.

Thus, we have
(RS < e (hh+ hd). (6.23)
By multiplying both sides of equation (6.22) with the operator H,J,, we obtain
(—/\19{y5 — Mo, 52) o — 9, X, GH" (RX)FT 4 (R))iHe (6.24)

m,n

Lemma 6.2. [18] For any function g(t) € C*(0,Ty|, one has

9(tire) —{og(tiv) + (1 —o)gti)}| < ——



Chapter 6. A high-order fully discrete method for two-dimensional time-fractional
convection-diffusion equations with non-smooth solutions 183

Therefore, by utilizing Lemma 6.2 along with equation (6.21), into equation (6.24),

we obtain the following expression

)\ )\ : o0 o0 o,0
v (ﬂmfy ¢ 19{ 522 29{ 52> vl =3 (w;,; - wi,k;)l) HoH ok, +wis”
k=1

X HoHyvh, o — pe(1 — 0)HH vl + (1= o) (MH07 + AaH, 52) o+ LI

+ (RE)FT + (R + Ry

where, v = .0 + wﬁ"’) > (. Also, by invoking Lemma 6.2, we can obtain a bound

for R7!. After re-arranging the terms of above equation, we get

<J{xf]{y 0A19{52 0)\29{52> Z+1:—Z((‘” wG)) HHL,

(20)
w; (1 — , 1 —
2 o _w1=0) HH 0k, + 1 —0) (M2 + NF,02) vl
14 14

(:R?)i—i-a N (:RZ)HJ :Ré+1‘

14 v

(6.25)

1 .
+ 3G EL T+
> ,

Further, to devise an efficient ADI scheme, we incorporate the following perturbation

term

)\1)\20

2

5202 (vpth — vl ) = (R (6.26)

m,n m,n

Now, adding this perturbation term in equation (6.25), we get

(% _a_h(;z) (g{ _o_Az(;z) %Zéi@ggf’)_wm ) 93608,

k=1
(a,0)
w: 1 1 _
.0 o =), I L U=0) (M2 + XoFH,62) ol
1% 1%
1 A .
g g0,pive ¢ M T e g i (6.27)
1% ’ I/ ’
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where

@) R R
v v v

(R )omm = + (R ) (6.28)

By omitting the error term in equation (6.27), we derive the following fully discrete

numerical scheme

)

U)\l O')\Q i 1 a,0
(:H - —52) (9{ - —52) Vit == <w§,k ) — (e 1) HH,VE

k=1
(e,0)
\ (1 — , 1— .
_(l=o) U)%zj{yv;n + (1=0) (M2 + AH,02) Vi,
1% ’ 1% ’
1 M
+ S Fi 4 2L 20 5282V (6.29)
V b

where V! = represents the numerical approximation of v! .

Further, to enhance the ease of computations, we incorporate the intermediate vari-

able V., defined by

m,n?

A
V= (9{ —~ 252) VAl 0<m< N, 1<n<N,—1. (6.30)
Now, by employing a sequential two-step procedure, equation (6.29) can be effec-
tively solved as described below:

Step (i): To determine {V}% }, we solve the following set of linear equations, for a

fixed n € {1,2,... N, — 1},

i (e,0)
A 1 a,o a,o wi
(36— T2 Vi = 5 0 (s - i) 2662, 4

- | 1 1 :
_mw(-0) g{xﬂyvnzm Gl (M0, + XF00,) Vi + —FGIG T
v ’ v 7 v 7
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with boundary conditions

% U)\2 i % U)\Q i
‘/E),n = (j‘cy — 765) Vbj;l’ VNz,n = (j{y — 752) VN;ln, (632)
where
Vor! = (20, Y, tis1), Vit = D(TN, Yoy tisr)- (6.33)

Step (ii): Once the {V}; ,} values have been determined, we solve the subsequent set
of linear equations to obtain the final solution {V;;%!}, for a fixed m € {1,2,... N, —

1}, as follows

A )
(}cy - 255) Vil —yr o 1<n< N, -1, (6.34)
V 9 b
with boundary conditions
Vﬁol = 1/;($m7yo,tz‘+1)7 V,;Jr]%/y = @/;(xm»yzvy,tiﬂ)- (6.35)

6.2 Theoretical analysis

We will now explore the truncation error, stability, and convergence aspects of the

developed scheme in this section.

6.2.1 Truncation error

i+1

m,n’

Now, we proceed to estimate the truncation error, denoted as (Ry) of the scheme

(6.29).
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Lemma 6.3. Let 0 = 1 — 5. Assume that the local mesh ratio n; = Ai;;fl for

1 <i < Ny —1 satisfies 3/4 <n; < 62. Then

1

(o)

= O0(At},), for 0<i< N, —1.

Proof. 1t is obvious for ¢ = 0 that

w(a,a) _ O_l—a 1
00 T T(2 - a) At
which imply
1 re-—
—| < 2=0) \p (6.36)
0,0 g
For i > 1,
11—« (C!,O')
(ayo0) 1 ( (a,0) (a,a)) o 1 o Si,i—l
Wi =\ Sl ) = + o |
, Aty \0 i—1 Ate, [TR—a)  AthT
which on solving yields
(a,0) Ul_a 0 (6 37)
BT —a) At
where
1 -1 1 2—a 1 1 1—a
Q:1+<1+—> (1+ > —1p—— (1+ ) +121,
i o i o
with n; = Agtfl. Further, by employing the bounds of n;, where 1 <7 < N; — 1, with

values confined within the range 3/4 <n; < 62, as established in [18], we can derive
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the corresponding bounds of g as

1.6597542 < o < 13.215168. (6.38)

By utilizing the relation (6.36) and incorporating the bounds of ¢ as provided in

(6.38) into the expression (6.37), we obtain the following result

‘W < c Aty
where c is a positive constant.
Thus, we have the Lemma. [
Now we define the following functions
( 1
Qg =Atf sup (77%g(to) — g'(e)])
e€(0,t1)
Qe =1t ALY sup |g"(e)], for 1 <i < Ny —1,
< ae(ti,ti+1)
Qi = Aty sup (7 |(L219(2)) — g (e)]), for 1 <i < Ny —1,
e€(0,t1)
QuF =R ALGALG (At + Aty)  sup [g"(e)], for 2<k <i <N, -1,
L Ee(tk,hthFl)

(6.39)
for any function g € C[0, T]NC3(0,T]. Here, d;g(ty) = %ﬂt“)] and I 1¢(¢) is the

quadratic polynomial that interpolates to g(€) at the points to, 1, and ts.

Lemma 6.4. [18] Given the assumptions 0 = 1 —§, Aty Sty for i > 2, and
ﬁ—i; < p (with p being a positive constant), the following result holds true for any

function g(t) € C3(0,T]:

1<k<i

(R St (ij" + max{Q;’k}) , for0<i< N, —1.
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Lemma 6.5. [18] Suppose g € C[0, T]NC3(0,T] and satisfies the assumptions stated
in (6.5). Then

Qy7 S N for0 < i< Ny -1,

Q;k <N, min{?’_o"oo‘}, for 1 <k <i, wheni>1.

Thus, combining Lemmas 6.4 and 6.5, we get

|(Rg)i+a‘ < e Nt—min{?:—a,ea}’ for 0 S i S Nt 1 (640)

~Y ’LJrO'

Theorem 6.1. Suppose that the solution v(x,y,t) of problem (6.7)-(6.8) meets the

i+1

assumptions provided in (6.3)-(6.5). Then, the local truncation error (Ry),r, given
in equation (6.28), of the scheme (6.29) satisfies the following bound
i — min{3—a,0a,14+2a,2+a
[(Rf )l SC(M { et }+h§+h§).
Proof. Based on equation (6.28), and wﬁ’g) > 0, we deduce that
) :Roa)i—l—a (:Rl)i—i-a :R’H-l )
:R 1+1 < ( t m,n t IR 1+1
L e R i EY o AT
Roito R %f‘% Ri—H '
< I t(zg) nl EZU’) i ! (‘;UJ + (R (6.41)
wi ’ ’ ’

Next, we proceed to bound each term individually in inequality (6.41).

Utilizing Lemma 6.3 together with inequality (6.40), we arrive at

[(RE)*]
@)

<ec At?_i_lti_JragN; min{3—a,fa}
w

=cC At?Jrl(ti + O'Ati+1)_aNt_ min{3-a.fa}
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<ec At?+1 (O'Ati+1)_aNt_ min{3—a,0a}
<ec N; min{3foz,0a}‘ (642)
Next, we invoke Lemma 6.3 along with relation (6.25) to obtain
R i+o
[Rm] <ec (hi+hnd). (6.43)
w(of’g) * v
Moving forward, by merging Lemmas 6.2 and 6.3, we get
|fRi+1| N
oo S A (6.44)
Moreover, it is evident from [103] that
cT
Aty < C TpN;7 %00 < C TyNONP— < ==L (6.45)
t
Hence, by employing equations (6.44) and (6.45), we deduce that
yi—&-l (21a
| Lo < e NJET (6.46)
w a,0

Finally, by combining Lemma 6.3 with equation (6.26) and incorporating relation

(6.45), we obtain

|(Ry)rnl < e N2,

(6.47)

Therefore, by substituting equations (6.42), (6.43), (6.46), and (6.47) into relation

(6.41), we have the theorem.

O
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6.2.2 Stability analysis

Let the scheme (6.29) having a perturbed solution {V/! L <m <N, =1, 1<n<
Ny—1, 1 <i < N¢}. Then, we will examine how the perturbation ¢/, ,, =V, —Vn@ -

1<m<N,—1,1<n<N,—1, 1 <7< N, evolves over time. Note that C}nn

satisfies the following error equation

A A
(g{ B Qy) <9{ _ Q ) i1 _ Z( (o) _wz(jf’j)l) HoH, ,’;,n
k=

(a,0)

wi r 1 — 0 4 1 — 0 i
+ > j{xj{ycghn - M}Ciﬂg{ygm,n + ( v ) (Alg{yéi + /\29{30532/) m,n
A1/\20 22 ri .
+ 0200 Chmy 1<m <N, —1,1<n<N,—1,0<i< N, —1, (6.48)
where
i+l il il i+1 i+l il i+1 i+1 i+l
¢ =
1,161,205 61N, —10621 9622 5+ -5 62 N, —15 s SN —1,10 SN —1,20
Citl—l,Ny—l]T

The grid function ¢"™'(x,y), 0 <i < Ny — 1, is defined as

, 1<m<N,—-1,1<n<N,—1,
() = (6.49)

The expression of (“!(z,y) as a Fourier series is as follows

oy = SN 0 k) E) 0<i< N -1, (6.50)

ki=—0c0 ko=—00
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where

: 1 [E ot oy (F1tkoy
O Ky, ko) = ﬁ/ / (2, y)e 2 ( E )dycdy. (6.51)
o Jo

By virtue of the L£o-discrete norm definition and Parseval’s equality, we have

Nz—1 Ny—1 0o 0o
SIS = D0 D haly [GHP =12 >3 [0 (b, ko)™ (6.52)
m=1 n=1 ki=—00 ko=—00

Let us consider the form of the solution of equation (6.48) to be

Cz—f—l ,ﬁi—i—leL(§1mhac-i-§2nhy)7 (653)

where 1 = /-1, ¢ = 2“’“ G = %

It is readily apparent that

:H:x 727::717, — % [COSZ (Cl;z) + 2} 19i+16L(§1mhz+g2nhy)7
i+1 1 2 [ s2hy i+1 t(simhg+sanhy)
%ym,n—3[cos(2>+2]19 e » v,
(6.54)
52 'anJr}L — _% Sin2 (§1£Lz) 19i+16L(§1mhz+g2nhy)’
’ x
2041 4 i 2 [ s2hy i+1  t(simhz+sanhy)
\(Symm_ h281n<2>19 e .

By inserting equation (6.53) into equation (6.48) and using equations given in (6.54),

we ascertain that

((11 + O-—Albl) (ag + U—)\Qb ) 19i+1 = w
1% 1%

1— . 2 .
=9 ) bt + Avanbs + praras) O + %)\1/\2191(72191, 0<i<N,—1, (6.55)

v

Z (wﬁ’a) — wﬁca)l) ok + w(a 0)190]
k=1
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where

(6.56)

Here, it is easy to understand that aq,as > %, and by, by > 0.

Rewriting equation (6.55), we have

: 1 aiaz i (a,0) (a,0) (a,0)
,197,“!‘1 — (w ) —w. 5 > 19](} + W B 190
(&1 + "—;\161) (&2 + "—;\262) [ v (Zk1 ik ik—1 0,0
(1 — U) i 0'2 i )
()\1@2171 + )\Qalbg + uTalag) ¥ + ﬁ)\l)\gblbgﬁ y 0 S ] S Nt — 1.

(6.57)

Lemma 6.6. Consider 9"t to be the solution of equation (6.57). Then,

[0 < |99, 0<i < N; — 1.

Proof. We shall establish the validity of this statement by employing the principle

of mathematical induction. By substituting ¢ = 0 into equation (6.57), we obtain

9 %w((]%’ff) _ (1;0) (Arashy + Agaibs + praias) + Z_;)\l)\thbg 90 659
N ((11 -+ UTAlbl) ((12 -+ U—i\?bg) '
Since 0 > (1 — o) > 0 and w((]%’a) > 0, therefore
e+ wly7) + 2 nab + daarbe) + SAdabiba| 10
[0 < < [9°. (6.59)

(a1 + 07)‘151) (CLQ + a—i‘QbQ)
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Now, let us assume that

[0 < [9°], forall 1 <1 <. (6.60)

Next, for | = i+ 1, from equation (6.57) with Lemma 6.1 and assumptions (6.60),

we get
[— ( (w5 —wls)) + w§,%"’)) + (22 (\ashy + Agarbs + p1r0102)
91| < k=1 0
e (@ + 250, (az + 22y) 7
2
Tz A1 Aabr b
n 2 1A201b2 S—FY
(CL1 + U—Vlbl) (CLQ + a_ngQ)
Since o > (1 — o) > 0 and wl(j’a) > 0, therefore
. [% (NrO’ + wi‘i‘ﬂ)) + % (Alagbl + )\Qalbg) + Z—;Al)\gblbg]
[0 < 5 5 O] = [9°).
(a1 + %bl) (ag + %bg)
Thus, we have |97 < [¢°], for all 0 <i < N; — 1. O

Theorem 6.2. The high-order compact ADI scheme given by (6.29) for solving the

model problem (6.7)-(6.8) is unconditionally stable.

Proof. By considering equation (6.52) and Lemma 6.6 together, one can obtain the

following inequality
s =22 Y Y W Rk <L Y Y 10k ke) P = (I3
ki=—0c0 ko=—00 k1=—00 ko=—00

Thus, [|CYs < ||€°|2, 0 < i < N; — 1. Hence, the numerical scheme given by (6.29)

is unconditionally stable. [



Chapter 6. A high-order fully discrete method for two-dimensional time-fractional
convection-diffusion equations with non-smooth solutions 194

6.2.3 Convergence analysis

In this part, we aim to assess the convergence of the proposed scheme (6.29) with

respect to the model problem (6.7)-(6.8).

By subtracting (6.29) from (6.27), we obtain

oA o A2 9\ INES (o) (0
(f}c ——5)(:}cy—75y =1 ;<wk wi7)) 63l ,

1 1— A
_ I =0)g e+ (1-o) (M2 + X302 €, + 2 2” 526%0
14 14 ’
+<ﬂ%f>i:,;,1§m§Nx—1,1§n§Ny—1,osz‘gNt—l, (6.61)
where
( .
€mmn = Umn — Vo, 1Sm<N,—1, 1<n<N,—1, 1< i <N,

(6.62)

Now, we define the grid functions €!(z,y) and Ry (z,y) for 0 < i < Ny — 1 as

follows

i+1
€ Tyl ST STy 1Y 1 <Y S Y,

m,n’ m

A 1<m<N,-1,1<n<N,—1,
ez, y) = <
0, O0<z<bL-f<p<I,

h h
0<y<F, L—-73<y<L,
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and

(

(:Rf)i+1 T —% <z S xm—&—%? yn—% < y S yn-f—%a

m,n’ m

» 1<m<N,-1,1<n<N,—1,
R (2, y) =
f )
0, 0<z<be L-l<cp<I,
O<y<B L-"<y<L

The expressions of €!(z,y) and R (z,y) as a Fourier series are as follows

)= SN €k (),

k1=—00 kog=—00

IR?FI(J% y) = Z Z XHI(/{J, ]{?2)627”(%)7

ki=—00 ko=—00

where

: I oy ((F1EtR2y
M (ky, ko) = ﬁ/ / ez, y)e 2 ( T >da:dy,

z+1 kl,kg / / :Rz—&-l m y _2m<klz+k2y)da?dy

By virtue of the L£s-discrete norm definition and Parseval’s equality, we have

Nx—l Ny_]-

€3 =D D> hahyle P =17 > > 1€ (k) P (6.63)
m=1 n=1 k1=—00 ko=—00
Np—1Ny—1 0o 0o

IRFNE =D D bl R P =17 YD Xk k)P, (6.64)
m=1 n=1 ki=—0c0 ko=—00

for 0 <i < N; — 1, where

i+1 i+1  i+1 i+1 41 i+1 i+1 i+1 1+1
€ = 18491492 -6 N-—10€215€25- €N, 1 EN, 110 EN 12000 0

i+1
EN,—1,N,—1
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RE = RO (ROTS (R T, -0 (R)B S (R s (Reoln, o

) ) ) T
(Rf)é\zl—Lp (Rf)ﬁl—mv SRR (Rf)ﬁl—l,Nya] :

Let the solutions €f'l and (R;):1 have following form

m,n m,n

i+1 _ Fi+1 _u(simhg+sonh i+1 _ i+l _u(simhy+sonh
Em,n_g 6(1 o y)’ (Rf)m,n_x 6(1 T y)v (665)

where 1 = v/—1, ¢ = %, G = % It is readily apparent that

cos? (glhx) + 2} gletsimhateanhy)

:H:yein,n — % |:COS2 (Cz;h,) + 2i| é‘iel,(glmhz-‘r§2nhy)7

(6.66)
2 1 _ 4 .2 (s1h 1 ,t(s1mhg+sonh
036 = —72 SiD 2”)56(1 atsanhy)
2 4 _ 4 2 [ s2hy i t(simhg+sanh
(5y6m’n = —7z sin L) &'e (61 v),
\ Y

By inserting equation (6.65) into equation (6.61), using £° = 0, and equations given

in (6.66), we ascertain that

an (Z(wﬁ’a) - wﬁ"’{)ﬁ) — 29 (Nyaghy + Asarby + pparas) €

gi—i-l _ k=1

(CL1 + %bl) (CLQ + %bg)
S A ebi o€ 4 X!

(@1 + 20y) (a3 Biby) (6.67)

As a result of the convergence exhibited by the series on the right hand side of

equation (6.64), it follows that there exists a positive value ¢ > 0 satisfying

X = I (R, ko) | < eAtx (K1, ko) = Ay, 0<i < N, —1, (6.68)

where At = max Ai,.
1<i<Ny
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Lemma 6.7. For:=0,1,...,N; — 1, we have
. 9 ,
|€t < Zc(l + A, 0<i < N, — 1, (6.69)
where ¢ is a constant in (6.68).

Proof. We shall establish the validity of this statement by employing the principle
of mathematical induction. By substituting ¢ = 0 and using £° = 0 into equation

(6.67), we obtain

1 Xl

" (a1 + 20by) (ag + 22by)

By utilizing equation (6.69) along with the provided conditions ai,a; > 2 and

b1, by > 0, we can conclude
1 9 1
€7 < Zc(l + At)|x |- (6.70)
Now, let us assume that
l 9 .1 .
€] < Zc(l + At) x|, forall 1 <1 <. (6.71)

Next, for [ =i+ 1, from equation (6.67) with Lemma 6.1, and equation (6.68), we

get

A 1 aya i . (1—o0)
+1) 142 ( (Oé,a) _ (a,a)) j
N ey g | (35 (o7 - o)) e+ 5

k=1
2
. o .
X (/\1a2b1 + /\2&1[)2 + /uLTCL1(L2> |£l’ + ﬁ/\1>\2b1b2|£l’ + CAt|X1|
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Further, using the assumptions (6.71) and ¢ > (1 — o) > 0, we get

' 1 aa o
i+l < [( 1 2< (o) _ @,@) T ab - Noarh
) = (al + %lh) (ag + %bQ) y \ Wi Wig ")+ y( 14201 + A2a1b2

2 9 )
+ praiag) + %)\1/\251bz> (10(1 + At)Z|X1|) + cAt|x'|

Again, by invoking Lemma 6.1, we have
v o 9 i o9 ST
€71 < el (L4 A + AtfIX'] < Je(l+ A,

Thus, we have the Lemma. ]

Theorem 6.3. Assume that the problem (6.7)-(6.8) has a solution v(x,y,t), which
meets the assumptions provided in (6.3)-(6.5) and let V ={V}! . | 0 <m < N,,0 <
n < N,,1 <i < N} be the solution of the high-order compact ADI scheme given by

(6.29). Then, we have

ot = VI < & (N Ot ) 0 < < V- 1,
where ¢ = §c¢2Lexp(2Ty).
Proof. Utilizing both Theorem 6.1 and the first equality of (6.64), we arrive at

IRy < o/ Noh /Ny (N7 e s2eiel g )

- ( a0 2ta) | pa h;j> L0<i<N,—1.  (6.72)
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By invoking Lemma 6.7, along with equations (6.63), (6.64), and (6.72), for 0 < i <

N; — 1, we can deduce the following estimate

e 3 =22 >N 18 (ko))

ki=—00 ko=—00

oo 00 2
DD G) (14 APED (ko)

ki=—00 ko=—0c0

9 \? ;
= (§¢) e+ anpermg

9 2 i — min{3—a,fa,14+2a,2+ 2
< (cL)? (Zc> (1+ At)2E+D (Nt { 20,2+ }+h§+h3) .
Moreover, by noting the fact that At,tAt <T%, we obtain
H6i+1H2 < ¢ (N; min{3—a,0c, 142,24} + hi + h:) :

where ¢ = §c¢*Lexp(2T7).

Henceforth, the theorem holds. O

6.3 Numerical results

This section is dedicated to presenting the results obtained from a comprehensive nu-
merical illustration, chosen to appraise the practical implementation of the proposed
numerical method. If w(z,, yn,t;) and U(x,,, yn,t;) are the exact and approximate
solutions of problem (6.1)-(6.2), respectively, at (z,, yn, t;), then the accuracy of the
numerical solution will be carried out according to the following norms

Loo = |1£(ha, hy, A)||oo = max | max |Ub ., — w(@m, yn, ti)] | , (6.73)

1<i<N; | 1<m<Ng—1 1~ "
- 1<n<Ny—1
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=

Loy = ||£(ha, hy, At)]|2 = max

N,—1 Ny—1
1<i<N:

2
Z Z hxhy ‘U:n,n - U(Q?m, Yn, tz)|2] . (674)

m=1 n=1

We employ the following formula to measure the order of convergence
L£1(2h ,2hy, At .
logs <—2(l(h,,,hy?m))> , in space,

Li(ha,hy,208) o
logs (—Ll(h%hwm) , in time,

(6.75)

cov.order =

where [ = oo or 2.

To perform the numerical computations, we take T = max{27 T}, (1 — 1/0)T}},

T = max{ﬁflw, 12(967(591) }, N, = [TN;], and subdivide the interval [T, T}%] into a

;tf__]a > Aty . In this way, the complete mesh

uniform grid with a time-width At =

{t;} 7, fulfills the mesh conditions stated in Lemmas 6.1 and 6.4. Moreover, to avoid

inaccuracies due to roundoff, we utilize adaptive Gauss-Kronrod quadrature (based
(a (a,0)

on the methodology from [69]) for the computation of coefficients r; k’a) and s; " in

equations (6.12) and (6.13).

Example 6.1. [93] Numerical calculations are carried out to examine the accuracy
of the assumption that the function u(x,y,t) = t*exp(x + y) represents the exact
solution for problem (6.1)-(6.2) with L = 1, Ty = 1, and the coefficients \y = Ao = 1,
= pe = —1, v = 0. Also, the source function for this test problem is specified as

follows

maese(mar)

exp(z +y).

It is important to note that, at t = 0 the exact solution, in this case, exhibits

non-smooth behavior.
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TABLE 6.1: (Example 6.1) Lo and £y errors with temporal order of convergence
for = 0.2, N = N, = 10.

0 N;  L-error cov.order;  Lg-error  cov.order; CPU time (s) Optimal order
1 80  3.9088e-03 2.1297e-03 3.9089 0.2
160 4.0434e-03 2.2081e-03 10.946
320 4.1823e-03 2.2900e-03 87.117
640 4.3186e-03 2.3717e-03 300.05
o g0 1.0196e-04 - 5. 7456e-05 - 4.7981 1.4
160 4.6961e-05 1.1184 2.6546e-05 1.1139 21.524
320 2.8254e-05 0.7330 1.5824e-05 0.7463 75.203
640 1.0676e-05 1.4040 6.0363e-06 1.3904 295.50
% 80 3.4511e-04 - 2.3273e-04 - 3.6269 1.4
160 1.4842¢-04 1.2173 9.8927e-05 1.2342 11.958
320 6.4051e-05 1.2124 3.9820e-05 1.3128 73.749
640 2.7240e-05 1.2334 1.5496e-05 1.3615 285.81
2%‘ 80 7.8517e-05 - 4.4318e-05 - 4.8860 14
160 4.1935e-05 0.9048 2.3571e-05 0.9108 20.667
320 2.0824e-05 1.0099 1.1704e-05 1.0099 77.560
640 8.0054e-06 1.3792 4.5287e-06 1.3699 307.41

The implementation of the proposed scheme (6.29) has been carried out on this test
example, considering different values of the fractional order «, as well as varying
discretization parameters N,, N,, and N;. The temporal order of convergence is
presented in Tables 6.1, 6.2, 6.3, and 6.4 with respect to both the £, and £ norms.

These tables provide the convergence orders for different o values of 0.2,0.4,0.6,

142

and 0.8, considering various grading parameters ¢ = 1, 3770‘, , and . Upon

24§Ta

analyzing the presented tables, a noteworthy observation arises. Specifically, when

considering the temporal order of convergence for § = 1 (representing uniform spac-

ing), it becomes apparent that the attained order of convergence falls below «. This

discrepancy stems from the inherent nature of the problem’s solution, which exhibits

weak singularity at t = 0. Furthermore, through the utilization of a fitted mesh with
(a+

various grading parameters, it has been observed that 8 = TQO‘) demonstrates op-

timal grading behavior. This particular choice not only yields an optimal order of
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TABLE 6.2: (Example 6.1) Lo and £ errors with temporal order of convergence
for « = 0.4, N, = Ny, = 10.

0 Ny Ly-error  cov.order;  Lo-error  cov.order; CPU Time (s) Optimal order
1 80  7.0301e-03 3.9279e-03 3.7943 0.4
160 7.0417e-03 3.9823e-03 14.391
320 6.8103e-03  0.04821  3.9105e-03  0.02621 40.947
640 6.3652e-03  0.09750  3.7144e-03  0.07424 174.07
3%" 80  4.7165e-05 - 2.6684¢-05 - 3.4720 1.8
160 1.8508e-05 1.3495 1.0481e-05 1.3481 11.208
320 7.1996e-06 1.3622  4.0807e-06 1.3609 43.299
640 2.5924e-06 1.4736 1.4705e-06 1.4725 173.49
% 80  1.2512e-04 - 8.3041e-05 - 6.9270 1.8
160 4.3879e-05 1.5116 2.5603e-05 1.6975 15.224
320 1.3608e-05 1.6890 7.6308e-06 1.7464 42.530
640 4.0908e-06 1.7339 2.2138e-06 1.7852 176.27
ZTTQ 80  5.0591e-05 - 2.8516e-05 - 3.6209 1.8
160 1.5626e-05 1.6948  8.8507e-06 1.6879 11.596
320 6.0439¢-06 1.3704  3.4272¢-06 1.3687 41.970
640 2.3312¢-06 1.3744 1.3223e-06 1.3739 178.07

convergence, reaching min{1 + 2«, 3 — a}, but also outperforms alternative approx-
imation [93] proposed in the literature on graded meshes, thereby establishing its
superiority. Table 6.5 presents a comprehensive comparison between our proposed
method and the approach outlined in reference [93]. Despite [93] being specifically
designed to handle non-smooth solutions, our method outperforms it in terms of
both error and temporal order of convergence. Moreover, the spatial orders of con-
vergence with respect to L, and L, norms for fractional orders @ = 0.2,0.4, 0.6,

and 0.8 are depicted in Table 6.6. Here, we have chosen the optimal grading pa-

(1+2a) ]\,;1/(1+2a)1

rameter 0 = and we vary time discretization parameter as N; = [

)
taking different values of N, and N,. By examining this table, it becomes evident
that the used compact finite difference scheme exhibits spatial accuracy of fourth

order. Additionally, the CPU time in seconds has been provided in all the tables,

showcasing the efficiency of our approach.
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TABLE 6.3: (Example 6.1) Lo and £y errors with temporal order of convergence

for = 0.6, N = N, = 10.

0 Ny Ly-error  cov.order;  Lo-error  cov.order; CPU Time (s) Optimal order
1 80 6.2719e-03 - 3.6877e-03 - 5.6311 0.6
160 5.1852e-03  0.27451  3.1205e-03  0.24096 31.887
320 4.0000e-03  0.37438  2.4855¢-03  0.32819 45.111
640 2.9158¢-03  0.45612  1.8873e-03  0.39721 177.95
a 80  3.0064e-05 - 1.9839¢-05 - 4.1689 2.2
160 6.9723e-06  2.1083  4.5875e-06  2.1126 10.443
320 1.6141e-06  2.1109  1.0019e-06  2.1948 38.252
640 5.0304e-07  1.6819  2.8538¢-07  1.8118 172.28
H2a 80 4.1864¢-05 - 2.7605¢-05 - 4.9123 2.2
160 1.0938e-05  1.9362  6.8509e-06  2.0105 11.694
320 2.7856e-06  1.9733  1.6214e-06  2.0790 42.528
640 6.6279e-07  2.0714  3.6787e-07  2.1399 152.71
Ha 80 2.3718¢-05 - 1.5418¢-05 - 4.5374 2.2
160 5.5975e-06  2.0831  3.4082e-06  2.1776 15.965
320 1.8262¢-06  1.6158  1.0362e-06  1.7176 53.446
640 5.8081e-07  1.6527  3.2952e-07  1.6529 215.59

Example 6.2. [11}] Numerical calculations are carried out to examine the accuracy

of the assumption that the function u(z,y,t) = t*(sin(z) sin(y) + x(7 — z)y(r — y))

represents the exact solution for problem (6.1)-(6.2) with L = w, Ty = 1, and the

coefficients \y = Ao =1, 1 = o =0, v = 0. Also, the source function for this test

problem is specified as follows

flz,y,t) =T'(1 + a)(sinzsiny + z(m — x)y(r —y)) + t* (2sinz siny + 27 (z + y)

—2(x? + y2)> .

It is important to note that, at t = 0 the exact solution, in this case, exhibits

non-smooth behavior.

The numerical outcomes for Example 6.2 are presented in Tables 6.7, 6.8, and 6.9.
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TABLE 6.4: (Example 6.1) Lo and £ errors with temporal order of convergence
for « = 0.8, N; = Ny = 10.

0 Ny Ly-error  cov.order;  Lo-error  cov.order; CPU Time (s) Optimal order
1 80  2.4952e-03 - 1.5804e-03 - 4.7075 0.8
160 1.6139e-03  0.62859  1.0595e-03  0.57689 11.881
320 1.0043e-03  0.68437  6.7614e-04  0.64800 43.437
640 6.2313e-04  0.68859  4.1767e-04  0.69496 171.27
3%" 80  2.7483e-05 - 1.7910e-05 - 4.4918 2.2
160  7.3489e-06 1.9029  4.7772e-06 1.9065 11.277
320 1.9127e-06 1.9419 1.2070e-06 1.9846 41.901
640 4.8590e-07 1.9769 2.9190e-07  2.0479 170.72
M2 80 1.5602¢-05 - 9.8260e-06 - 5.2718 2.2
160 3.7209e-06  2.0680 2.3784e-06 2.0466 14.059
320 8.5331e-07  2.1245 5.4731e-07  2.1195 43.519
640 1.9151e-07  2.1556 1.2315e-07  2.1519 175.89
ZTTQ 80  1.3271e-05 - 8.1802e-06 - 4.6207 2.2
160 3.0698e-06  2.1121 1.9071e-06 2.1007 12.104
320 6.9195e-07  2.1494  4.3211e-07  2.1419 44.024
640 1.5421e-07  2.1657  9.6601e-08 2.1612 178.02

Table 6.7 provides a detailed view of the £, and L4 errors along with the temporal
order of convergence for different fractional orders «, all using the optimal mesh
grading 6 = @ The observations drawn from this table lead to the conclusion
that the temporal order of convergence is precisely min{1+ 2a, 3 —a}. Additionally,
in Table 6.8, we present a comparison of Ls-errors between the proposed method
and the one outlined in [114] for different fractional orders o = 0.2,0.4,0.6, and
0.8. A careful examination of this table reveals that the errors obtained through our
method are significantly lower compared to [114], showcasing superior performance.
Moreover, Table 6.9 also provides an insightful comparison between our proposed
method and the technique detailed in [114], offering the Lo-error with spatial order of
convergence for a = 0.8 and N; = 4000. The observations from this table undeniably

reveal that our method yields significantly lower errors than [114]. Notably, our

method achieves an impressive spatial order of convergence of four, far surpassing the
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TABLE 6.5: (Example 6.1) Comparison with method in [93] taking N, = N, = N;.

Present method Method in [93]

a N;  L-error cov.order, CPU Time (s) L-error  cov.order; CPU Time (s)

0.3 2% 7.9499e-04 - 0.6966 0.0019 - 0.674
26 3.0782¢-04 1.3270 2.3940 6.4899e-04  1.5497 5.017
27 1.1381e-04 1.4402 16.921 2.1661e-04  1.5831 68.16
28 4.0120e-05 1.5043 162.12 7.0716e-05  1.6150 1050.04
0.5 25 3.5441e-04 - 0.8617 0.0024 - 0.522
26 1.0479e-04 1.7578 2.1709 9.0762e-04  1.4029 1.411
27 2.9808e-05 1.8137 15.231 3.3360e-04  1.4440 13.15
28 8.0640e-06 1.8861 144.22 1.2114e-04  1.4614 207.36
0.8 2% 9.3635¢-05 - 0.6867 0.0026 - 0.788
26 2.4492¢-05 1.9346 2.2374 0.0012 1.1122 5.003
27 5.9577e-06 2.0395 16.203 5.3625e-04  1.1621 73.23
28 1.3731e-06 2.1173 157.36 2.3608e-04  1.1836 1067.63

-
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FIGURE 6.1: Numerical solution for different values of o with N; = 100 at x =
y=0.1.

spatial order of two reported in [114], thereby positioning itself as the superior choice.
Figure 6.2 displays the maximum absolute errors obtained for various fractional order
values a = 0.2,0.4, 0.6, and 0.8, comparing the results between a uniform mesh and a

fitted mesh. Notably, the error on the fitted mesh is consistently lower than that on

the uniform mesh. Moreover, as the fractional order increases from o« = 0.2 to 0.8, a
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TABLE 6.6: (Example 6.1) L, and L9 errors with spatial order of convergence
for Ny = [Nﬁ/(l—ma)].

a N,=N, KLy-error cov.order, Ly-error cov.order, CPU Time (s)
0.3 23 7.4205e-05 - 4.3397e-05 - 14.231
24 5.4395e-06 3.7699 2.9589e-06 3.8744 736.84
2° 3.5852e-07 3.9233 1.8978e-07 3.9626 21277
0.5 23 1.0547e-04 - 6.8982e-05 - 2.4263
24 8.7137e-06 3.5975 5.2583e-06 3.7135 29.819
29 6.2331e-07 3.8053 3.4777e-07 3.9183 472.31
26 5.1394e-08 3.6003 2.8867e-08 3.5906 39431
0.7 23 1.2528e-04 - 8.0656e-05 - 1.6036
24 1.2081e-05 3.3743 7.9880e-06 3.3358 8.9149
2° 9.8456e-07 3.6172 6.4843e-07 3.6228 86.227
26 7.1656e-08 3.7803 4.6761e-08 3.7935 1168.1
0.9 23 4.0937e-05 - 2.6114e-05 - 2.2913
24 3.9168e-06 3.3856 2.5497e-06 3.3564 21.951
25 3.2271e-07 3.6013 2.1032e-07 3.5996 256.41
26 2.4277e-08 3.7325 1.5784e-08 3.7360 5197.1

TABLE 6.7: (Example 6.2) Lo, and £y errors with temporal order of convergence
for N, = N, = 5.

a Ny Ly-error  cov.order;  Lo-error  cov.order; CPU Time (s) Optimal order
0.3 2% 5.3303e-02 - 9.5083e-02 - 0.5185 1.6
26 1.9617e-02 1.4421 3.5275e-02 1.4305 0.9659
27 6.3344e-03 1.6308 1.1519e-02 1.6146 3.6001
28 1.9989¢-03 1.6639 3.7407e-03 1.6226 13.659
0.5 2° 2.7624e-02 5.2320e-02 - 0.5000 2
26 8.6642¢-03 1.6728 1.6625e-02 1.6539 0.8929
27 2.4210e-03 1.8394 4.6912e-03 1.8253 3.4745
28 5.7439¢-04 2.0755 1.1683e-03 2.0055 13.920
0.7 2% 1.1722e-02 - 2.2629e-02 - 0.4999 2.3
26 3.0925e-03 1.9224 5.9958e-03 1.9161 0.9152
27 6.1485e-04 2.3305 1.2073e-03 2.3120 3.5433
28 1.1915e-04 2.3674 2.3847e-04 2.3399 14.242
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TABLE 6.8: (Example 6.2) Lo-error with N, = N, = N,

N, «a Proposed method Method in [114] «  Proposed method Method in [114]
25 0.2 9.998e-02 9.919e-01 0.4 1.134e-01 5.054e-01
26 6.115e-02 8.032e-01 2.667e-02 3.846e-01
27 2.710e-02 6.573e-01 8.627e-03 2.968e-01
28 9.600e-03 5.442e-01 3.080e-03 2.304e-01
29 3.846e-03 4.557e-01 1.172e-03 1.790e-01
25 0.6 4.378e-02 2.616e-01 0.8 1.014e-02 9.910e-02
26 1.095e-02 1.791e-01 2.580e-03 6.021e-02
27 3.240e-03 1.221e-01 7.467e-04 3.599e-02
28 1.021e-03 8.260e-02 2.159e-04 2.129e-02
29 3.305e-04 5.551e-02 6.239e-05 1.250e-02

noticeable decrease in errors is witnessed, signifying an improved smoothness in the

solution. Further, in Figure 6.1, the numerical solutions for both the Examples 6.1

and 6.2 for multiple values of a with x = y = 0.1 are plotted against time. From this

figure, it is clear that the order of the fractional derivative plays an important role

in solving the problems under consideration. One can also note that the solutions

exhibit an initial layer at ¢ = 0, which agrees with the theory.

TABLE 6.9:

N; = 4000.

(Example 6.2) Comparison with method in [114] with o = 0.8,

Proposed method

Method in [114]

N, =N, Ls-error  cov.order, Lq-error  cov.order,
22 1.5868e-03 - 5.055e-02
23 9.5959e-05 4.0475 1.246e-02 2.0204
24 3.9530e-06 4.6013 3.009e-03 2.0499
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FIGURE 6.2: Maximum absolute error using uniform and fitted meshes for differ-
ent values of a with N, = N, = 10.

6.4 Conclusion

The focus of this chapter was to provide a highly efficient high-order numerical

method for numerically solving the two-dimensional TFCDE. A notable aspect of

this problem was the utilization of the Caputo time-fractional derivative, which led

to an initial weak singularity at ¢ = 0. The core foundation of the proposed scheme

centered around the utilization of two key components: the adoption of the L2-1,

approximation formula for the Caputo time-fractional derivative implemented on a

fitted mesh and a high-order compact finite difference approximation for the space
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derivatives on a uniform mesh. Moreover, to solve the resulting system, a two-step
ADI (Alternating Direction Implicit) approach is employed. In addition, a rigor-
ous theoretical analysis has been undertaken, thoroughly assessing the stability and
convergence of the proposed scheme. Our findings demonstrated that the method
exhibits unconditional stability for every o € (0, 1), accompanied by uniform con-

N, min{3-a.fa,1+2a,2 e} hi + h;) . Through extensive

vergence with an order of O (
numerical experiments conducted on two test problems featuring a non-smooth so-
lution, we have observed that our proposed scheme surpassed other existing schemes
in terms of higher-order convergence and numerical results validated to our theo-

retical analysis. Also, it became apparent that proposed numerical algorithm on a

fitted mesh outperforms the method on a uniform mesh.
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