Chapter 5

Newton Method for Set
Optimization Problems with
Set-Valued Mapping Being Finitely

Many Vector-Valued Functions

5.1 Introduction

A general statement of a set-valued optimization problem is given by
Minimize F'(z) subject to = € X,

where F'is a set-valued map from a nonempty subset X of R to R™. For the solution
concepts of set optimization problems, there are two main approaches, namely the
vector approach [21,22] and the set approach [21,23]. In the vector approach, the
decision maker’s preference is based on comparing the vectors in the image set F'(X).
An alternative definition of solutions of set optimization problems was studied [21, 23]

via comparing the sets F(x)’s for all x € X.
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Optimization problems with set-valued maps have extensive applications in various
areas, for instance, optimal control, game theory, mathematical economics [13], finance
[11], differential inclusions [73], and many others [70,74]. A list of detailed references
of mathematical and practical applications of set optimization problems can be found

in the introduction section of [1].

5.2 Motivation and Contribution

The research in the direction of set approach to defining solutions of set optimization
problem was started with the works in [23,57, 78], which considers preorder relations
for comparing sets. A comprehensive discussion on this field has been discussed in [79].
The existing methods in the literature to solve set optimization problems fall into one

of the following groups:

1. Algorithms based on scalarization have been discussed in [80,81]. The methods
proposed in these papers address a particular class of set-valued mappings char-
acterized by robust counterparts of vector optimization problems. In [80,81], a
linear scalarization technique was utilized to analyse the optimistic solution of
set optimization problem and extended the e-constraint method for the ordering

cones with nonnegative orthant to deal with the set optimization problem.

2. Algorithms of sorting type have been discussed in [82,84,85]. These methods
deal with the set optimization problems having a finite feasible set. In [84,85],
Kobis incorporate the forward and backward reduction to the algorithms of [15,
86] and proposed extended version of the algorithms. After that, Giinther and
Popovici [87] evaluated the images of set-valued mappings whose values are in an
increasing manner by scalarizing the mappings via a strongly monotone functional

and employed a forward iteration procedure.

3. Eichfelder et al. [88] proposed a branch and bound technique for solving mul-
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tiobjective optimization problems with decision uncertainty based on set-order

relation to handling the uncertainties.
4. Jahn [90,91] reported derivative free descent methods for set optimization.

5. Bouza et al. [1] introduced the study of conventional gradient-based classical ap-
proach (started with the steepest descent method) to solve set optimization prob-

lems with finite cardinality.

The drawbacks of the above-mentioned methods are in the first four types. These
drawbacks are neatly declared in [1]. Motivated by the work of Bouza et al. [1] on
generalizing gradient-based conventional methods, in this chapter, we derive a Newton
method for the set optimization problems studied in [1] with a strong convexity as-
sumption. The proposed method in this work exhibits a quadratic convergence near
the optimal solution and works well for highly nonlinear objective functions (see Ex-
ample 5.4). We derive optimality conditions for weakly minimal solutions. Next, we
propose the Newton method for the considered set optimization problems and analyze
its superlinear and quadratic convergence. Further, we provide the numerical perfor-
mance of the proposed method in some test examples. Lastly, we compare the results
of the proposed algorithm with the results of the steepest descent method presented

in [1].

5.3 Optimality Conditions for Set-Valued Mappings

Below, we discuss the required fundamental results, basic definitions, and optimality
conditions for set-valued mappings.

In this chapter, we aim to derive a Newton method to identify weakly minimal solutions
of the following unconstrained set optimization problem. Let F' : R"™ == R™ be a
nonempty set-valued mapping. The unconstrained set optimization problem that we

study is given by (SOP).
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Throughout the analysis, we assume that each f’s, i = 1,2,...,p are K-strongly
convex functions from R” to R™ with respect to a common e € int(K), i.e., there exist

positive constants pi, pa, ..., p, and e € int(K') such that for each i € [p],
FrOx+ (1= Nxg) 2 Af (1) + (1= N f'(2) = 5pA01 = N[z —a2fPe (5.1)

for all z1, 25 € R™ and A € [0, 1].

Remark 5.1 [t view of Assumption 1, observe that the strong convezity condition (5.1)
is equivalent to the existence of positive constants py, pa, ..., pp such that for any x,u €
R” and i € [p],

u' VA (x)u = pil|ul|e. (5.2)

Lemma 5.1 A point T is a stationary point of (SOP) if and only if T is a local weakly

minimal solution of (SOP).

Proof: Let Z be a local weakly minimal solution of (SOP). On the contrary, suppose
T is not a stationary point of (SOP). Then, by Lemma 1.10, Z is not a stationary point
of (VOP) for at least one a = (ay,ds, . ..,d5)' € Py. Therefore, there exists u € R
such that

Vf4(z) a € —int(K) VY j € [w)]. (5.3)

Since f% : R"™ — R™ is continuously differentiable (Assumption 1) for all j € [w], we

have

f9(x) = f9(@) + V@) (2 = 2) +o([lo — 2])), (5.4)

o(|lz=2]

where lim ”%f”) = 0. As 7 is a local weakly minimal solution of (SOP), by Lemma

T—T

1.10, z is a local weakly minimal point of (VOP) for all a € P;. So, T is a local weakly

minimal point of (VOP) for a € P;. Thus, there exists a neighborhood U of Z such
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that

3w €U with f%(z) — f%(z) ¢ —int(K) for all j € [w)].

From (5.4), there exists a neighborhood B C U of Z such that for all j € [w],

V(@) (x — 1) ¢ —int(K) Yz e B (5.5)

As B is a neighborhood of 7, there exists ¢ > 0 such that ' = T +tu € B. The relation
(5.5) with = 2’ yields

V(@) 0 ¢ —int(K),
which is contradictory to (5.3). Therefore, z is a stationary point for (SOP).

Conversely, suppose that Z is a stationary point of (SOP). As F' is strongly K-convex

(Assumption 1), we have for all j € [w],z € R", « € (0,1] that

af9(z)+ 1 —a)f () - fY(er+ (1 -a)z) € K

(f9(z) = f9 (@) 2 5(fY (@ + alz — 7)) — f(2))

(f9(x) = (@) = 2(f7 (@ +alz — 1)) - f(2)) € K

(f% (@) = f9(x) = V9 (@) (r —T) € K

Viu(@) (e —z) 2 (f*(x) - f4(7))

Vo (Vf (2)(z — 1)) < U (f¥(x) — f¥(T)). (5.6)

)
2
[
o
oo

o
&
I=
i
oo

I;

I

Since Z is a stationary point for (SOP), by Lemma 1.10, Z is stationary point for
(VOP) for all a € P;. Thus, for any u = 2 — & € R", there exists j, € [w] such that

U (V f%u(z)"u) > 0. So, from (5.6) we get for any x € R" that

0 < U (V[f9(2)(x — 7)) < We(f9 (x) — fY(Z))

Lengl.2faju (z) — fu(z) ¢ —int K
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= U (x) A fh(T).

Therefore, there exists j, € [w] for which there does not exist any x € R"™ such that
f%u(x) < f%o(z). This implies T is a weakly minimal element of (VOP) for all a € P;.

Therefore, by Lemma 1.10, Z is a weakly minimal solution of (SOP). O

Lemma 5.2 For any given x € R", a € P, and j € [w(x)], the function g : R™ — R
given by
g(u) =, (Vf“j (2)"u+ tu' Vv fe (x)u)

18 strongly convexr on R™.

Proof: Consider the function
hi(u) = V9 (2) "u+ 2u "V (2)u, u € R™

According to Remark 5.1, we have u' V2h;(z)u = p;|ul|®e. Therefore, by Corollary 2.2
in [111], the function h; : R" — R™ is strongly convex. Hence, there exists > 0 such

that for any uj,us € R™ and A € [0, 1],
Therefore, by Proposition 1.2, for any uy,us € R™ and A € [0, 1], we have

g(Aur + (1 = Nuy)
= U, (hj(Muy 4 (1= Nug))
(5.7)

< Ay (un)) + (1= M)W (hy (12)) — SA(L = V) g — ]

= Ag(ur) + (1 = A)g(uz) — EML = N)[lug — uol*.

Hence, g is strongly convex on R". O
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Next, we discuss a necessary condition for weakly minimal solutions of (SOP). From
Lemma 5.1, we note that a weakly minimal solution of (SOP) is a stationary point of

(SOP) and vice-versa. From Definition 1.37,

A point Z is a stationary point of (SOP)

<= Va € P; such that for any v € R" 3a; with U (V£ (z) u) > 0.

So, by Proposition 1.2 (v) & (vi) and Remark 5.1, for a stationary point z, for any

a € P; and u € R" there exists a; with

WV (2 = plulPe
or, Vf4(2) u—+u" V2[4 (Z)u = V9 (Z) u+ pa,llul’e
or, W, (V5 (@) Tu+ u V2 (@) = W, (V5 () Tu+ po, ulPe) by 12(v)

or, U, (Vfaj (@) Tu+ o V2 (j)u) >, <Vfaj (@M) + Lpg [Jull2 > 0 by 1.2(vi),

(5.8)
where p = min{py, pa, ..., pp}. So, for any x € R", if we define a function &, : P, xR™ —
R by

Eolau) = max {\Ife(Vf%(x)Tu + LTy (m)u)} LaeP, uckR", (59
Jelw(x
then by (5.8), at a stationary point Z, we have
&:(a,u) >0 Vae P;and ueR"
— m]’%nfj(a,u) >0 VaeP;
ueR™
= Vae Pp:0< m]iRnff(aau) < &(a,0)=0
u€eR™
= Va € P; : min & (a,u) = 0. (5.10)

ueR



136 5.3. Optimality Conditions for Set-Valued Mappings

Moreover, as for any x € R", P, is finite, we note from Lemma 5.2 that for any a € P,,
the function &, (a, ) is strongly convex in R™. Hence, the function &;(a,-) has a unique

minimum over R™. If for a € P;, 4,z € R™ be such that & (a, U z) = m]iRn &z(a,u), then
ueR™

from (5.10), we have

&:(a, tqz) = 0 if and only if @,z = 0. (5.11)

As for any € R"™, the partition set P, is finite, £, attains its minimum over the set

P, x R". Let us define a function ® : R — R by

O(z) = (a,u)rél})?xﬂw &xa,u). (5.12)

Then, for any x € R",

®(z) . &ola,u) < &(a,0) =0 (5.13)
Also, in view of (5.11) and (5.10), if for (a,u) € P; x R™ we have ®(z) = &;(a, u), then
®(z) =0and u=0. (5.14)

Accumulating all, we obtain the following result.

Proposition 5.1 (Necessary condition for weakly minimal points). Let & be a weakly
minimal point of (SOP) and a € Py and uw € R™ be such that ®(Z) = &z(a, u), where &

and ® are as defined in (5.9) and (5.12), respectively. Then, u = 0.

Next, we derive a few properties of ®, which play an important role in the conver-

gence analysis of the proposed Newton method for (SOP).

Proposition 5.2 The function ® as given in (5.12) is continuous at any T € R".



5.3. Optimality Conditions for Set-Valued Mappings 137

Proof: Let {z;} be a sequence in R™ that converges to z € R". We show that

lim ®(zy) = O(Z).

k—o0

Since the set P; is finite and &; attains its minimum over the set Pz x R", there exists

(a,u) € Pz x R™ such that ®(z) = &;(a, u).

Let (a*,uz) be an element in P, x R™ such that ®(xy) = &, (a*,ux). Such an ele-
ment (a¥,uy) exists since the set P,, is finite and &,, attains its minimum over the set
P, xR". Since ¥, is Lipschitz continuous on R"” (Proposition 1.2 (iii)) and £ s twice
continuously differentiable for each j € [w(xy)], therefore the function ,, is continuous

on P,, x R". Thus, we get

limsup ®(x;) = limsup &, (a*, uz) < limsup &, (a,7) = &(a, 1) = ®(z). (5.15)

k—o0 k—o0 k—o0

Let L > 0 be the Lipschitz constant of ¥.. Then, from the Definition (5.12) of ® at Z,

we observe that

o ()

= min z(a,u
(a,u)ePiXRnfx( ’ )

S 556(ak> uk)

= liminf & (a”, uy) since & is continuous
k—o00

= lim inf { max (q/e(v 79 (@) Tuy, + S V2 fa?(z)uk))}

k—oo | j€[w(@)]

k—oo | j€[w(Z)]

= lim inf { max (qfe(v £ (@) Ty + Ll V2F (@) g + V9 (21) Ty
—I—%U;VQf“? (zi)u — YV f% () Ty, — %ugVQf‘é? (xk)uk)) }

k—o0 j€w(Z)]

1.2(0) Pl ak T 1, Tx72 rak
< liminf { max <V, (Vf 7 (wg) up + su, Vf J(atk)uk>
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4, (Vf“?@fuw Sl V2 (@)w — V9 () "w = Jul V2 <xk>uk>}}

j€lw(z)]

= lilgn inf {gxk(ak,uk) + max {\Ife <Vf“§(:%)Tuk

+%U;V2fa§(j)uk — V1 () Ty, — %ukTVZf“§ (xk)uk) }}

1.2(ii)

< liminf {ka(a ug) + L max {||Vf (Z) Tup + ugv2f“?(f)uk
je

k—o0
9% ) T Bl P (o

< liminf{ 5:%(“ ug) + L maX {HVfa () — Vfagc(iﬂk)HHUkH}

—1—2 H[laX {Huk <V2]m (z) — V2fa§(3;k)> ukH}} (5.16)

Note that for all j € [w], each f“§ is a twice continuously differentiable and the sequence
{1} converges to Z. Also, note that there is no loss of generality if {uy} is assumed to

be in {u € R" : ||lul]| < 1}. Thus, we obtain from (5.16) that

®(z) < liminf &, (a*,up) = hm mf O (zy,). (5.17)

k—o0

Finally, in view of (5.15) and (5.17), we conclude that

lim ®(z) = O(7).

k—o0

Thus, the function ¢ is continuous at z. O

Proposition 5.3 Let U be a nonempty subset of R™. Suppose there exists p,q € Ry
such that for any x € U and a € P,, V*f%(x) < qI for all j € [w(z)], where I is

n X n identity matriz. Then, for any a € Py, there exist \; > 0, j € [w(z)], with
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Zg.i(f)] A; =1 such that

2

[w(z)]
>NV
j=1

where L is the Lipschitz constant of V..

Proof: Let x € U and P, be the partition set of (SOP) at x. Note that for any

b1,ba, ..., by € R, the identity max{b, ba, ..., by@)} = /\Iriax Zw(x A;b; holds, where
€

Apy = {0, A2y oo Aw) € Rﬂf(x) : Z;”:(‘? A; = 1}. Thus, in view of definition (5.12)

of ®, we have for any a € P, that

[®(2)] =

min a,u
(a,u)EPxXRngaC( ’ )

min { max W, <Vf“j () "u+ Lu "V fo (:v)u) }‘

(a,u)€PyxR™ | jew(z)]

[w(z)]
= min max Z AW, (Vf“j (z) "u + %uTVQf“f(x)u)

(a,u)EP xR™  |AEA () st

w(z)

< min A
- (a,u)EPyxR™ Z

W, (V@) T+ fuT V2 (a)u)

for some A € Ay

< a] T 2 a;j H
S Z“HW Tt T
< . a] 1 T 2 ra; H
SR S LB D SR ML e
w(x)
< L min Z)\ IV £ (@) "u|| + &ull* p as V2% (z) < qI(5.18)

(a,u)€PyxR"

As the function u Zw(x) NIV % (@) Tull + £[jufl? is a strongly convex function on
R"™, the first-order optimality condition implies that its minimum is obtained at u =

—; /\ ;V f%(x). Thus, (5.18) gives for any a € P, that there exist \; > 0, j € w(z)
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with Z;”":(? A; = 1 such that

w(@)] 2

[
B(a)] < 2|37 AV (@)
1

Jj=

5.4 Newton Method and Its Convergence Analysis

In this section, we propose a Newton method (Algorithm 1) for set optimization prob-
lems (SOP) with an F as given in Assumption 1. We start the algorithm by selecting an
arbitrary initial point. If this point does not satisfy the necessary condition for a weakly
minimal point as stated in Proposition 5.1, then we proceed to update this point as
discussed in Algorithm 1. At each iteration, we select an element from the partition set
of the current point, and then we evaluate a descent direction for (VOP) by following
the ideas of [111,112]. Once a descent direction is found, we employ a backtracking
procedure similar to the classical Armijo-type method to find an appropriate step size
and then update the iterate. We keep updating the iterate until the necessary condition
in Proposition 5.1 for a weakly minimal point is met. The entire method is given in

Algorithm 1.
Remark 5.2 [t is to be noted that for p = 1 in Algorithm 1, that is, for F(x) =
{fY(x)}, the Step Step 4 of Algorithm 1 reduces to finding uy such that

up = argmin VU, (Vfl(xk)Tuk + %ugv2f1(a:k)uk> )
u€R™

In this case, the proposed Algorithm 1 reduces to the method given in [111] and [112].
In [111], Drummond-Svaiter functional and the support of a generator of the dual cone

K* have been used, and we have used the Gerstewitz function V..
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Algorithm 1 Newton Method for Set Optimization Problem (SOP)

Step 1

Step 2

Step 3

Step 4

Step 5

Step 6

Step 7

Inputs

Provide the objective function F with f!, f2,..., f? being twice continuously
differentiable and strongly convex vector-valued functions satisfying Assumption
1.

Initialization

Choose an initial point xy € R", a trial step length 5 € (0,1), and a positive
ve(0,1).

Set the iteration number k& = 0.

Provide a value of the precision level € > 0 for termination.

Calculate the minimal set and the partition set at the k-th iteration

Compute My = Min (F(zg), K) = {ri,re, ..., 1y, } and w, = | Min F(zy), K|.

Find P, = Py, = I,y X Ly X -+ X I, , pr. = |P, |, and P, ={a1,az,...,a,,},
1,2

and for each i € [py], a; = (a},a2,...,a¥%) € P,,, al € ]T,;ck, J € [wy].

17 7))

Computation of a descent direction

Find (a*,u;) € argmin &, (a,u), where &, : P, x R" — R is given by
(a,u)€P, xR™

oo (a,u) = max W, (V9 () Tu+ Ju" V2% (z))u) .

JE€wg]

Stopping criterion
If ||ug|| < €, stop. Otherwise, go to Step Step 6.

Find the step length ¢, by the following relation:

ty = max {Vq L (VM) 2 (k) + BUIV S () T V€ [wk]} :
qeNU{0}

Update the iterate
Update zp1 < xp + tpur and k < k + 1, and go to Step Step 3.

The proposed Algorithm 1 extends the approach proposed in [111, 112] to the (SOP),

and are found to be equivalent in case of vector optimization problems. It has been

proved that the class of Gerstewitz functional V. is a specific instance of other methods

discussed in [113].
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5.4.1 Convergence Analysis

In this section, first, we show that Algorithm 1 is well-defined. After that, we prove
the convergence of Algorithm 1.
The well-definedness of Algorithm 1 essentially depends on the following two points:

(i) Existence of (a®,uy) in Step Step 4, which is assured by the discussion in the

paragraph after Definition 1.37.

(ii) Existence of step length ) in Step Step 6, which is assured by the result in

Proposition 5.4.

Therefore, Algorithm 1 is well-defined.

Next, we characterize the stationary points of (SOP) in terms of the functions &,

and ® as defined in (5.9) and (5.12), respectively.

Theorem 5.1 Let us consider the functions &, and ® as given in (5.9) and (5.12),
respectively. Let (a,u) € P, x R"™ be such that ®(z) = & (a,u). Then, the following

conditions are equivalent:
(i) The point T is a nonstationary point of (SOP).
(ii) ®(z) < 0.

(iii) @ # 0.

Proof: (i) = (ii). Let us assume that the point Z is a nonstationary point of (SOP).

Then, in view of (1.2), there exists an @ = (ay, as, ..., ay) € P and u € R™ such that

U (Vf%(z)"u) < 0.
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Thus, in view of the above relation, we have

o(z) = min  &(a,u)

(a,u)e Pz xR"
< &(a,tu) for any t > 0,u € R", and a € P;
= max U, (v £ () Tt + VR (:T:)t’vj)
JEw(™

=t n[latx)]‘lfe (Vfaj( )+ Lu VA Y (z)u ) by Proposition 1.2(ii)
JjE€w(z

IN

t‘max)} {\Ife (Vfaf(i')TfZ> + L0, ( u' V2 () )} by Proposition 1.2(i)&(ii)

jew(z

IN

t{ max {WU,(Vf%(z) u)} + %jg[lwag)]{\lfe(ﬂTVQfaj (aj)ﬂ)}} : (5.19)

J€w ()]

: -2 Ej =\T77
Choosing any ¢ such that 0 < ¢t < ( o L R )}> ( ma,x {\If (Vf4(z) u)}),

PR J€w(@)

we obtain from (5.19) that

0(o) <t { max (0.(9/5(@) ) - max (9.(V/5(0) D) | =0

j€[w(z)] JElw(z)]

(ii) = (iii). It trivially follows from (5.14).
(iii) = (i). Let us assume contrarily that Z is a stationary point of (SOP) and @ # 0.

Then, in view of (1.2), for @ € Pj, there exists j € [@] such that
U (Vf%(z) a) > 0. (5.20)

Note from Assumption 1 that for any a € P, and z € R", we have @' V2f%(z)u > 0.

Therefore, from (5.20) with the help of Proposition 1.2(iv), we get

V%) a4+ ta" VA (z)u >0

or, V f%(z) u+1uTV2f‘”(£)ﬂ >0
e )



144 5.4. Newton Method and Its Convergence Analysis

or, max {\Ife(Vfaf (z)Ta+ %uTVQf‘_”(f)ﬂ)} >0
JEw(z)]

or, gf(a7ﬂ) Z 0

or, ®(z)=0 from (5.13)

or, u=0 from (5.14),

which is a contradiction to the considered assumption. Thus, Z is a nonstationary point

of (SOP). O

Remark 5.3 In view of (5.13), (5.14), and statements (i)—(iii) of Theorem 5.1, we

obtain that T is a stationary point of (SOP) if and only if ®(z) =0 oru = 0.

In the next theorem, we characterize an upper bound for the norm of Newton

direction uy, generated by Algorithm 1, for (SOP).

Theorem 5.2 Let {x}} be the sequence of nonstationary points, {ux} be a sequence of

directions generated by Algorithm 1, and {xy} be convergent. Then, the sequence {uy}

1s bounded.

Proof: Let P, be the partition set at 2. Then, by Theorem 5.1, there exists a* € P,,

such that
max {\ye(v £ (ax) Tug + L] 2 f“?(xk)uk)} <0
J€lw(zk)]
— WV () Tug + Sl V2O () uy) < 0] € [w(zy,)]
5.2 k 3
EF LpillunlP < —e(VFS () Tur) Vi € [wo(ay)]
—

Spusllucl < max {09 £ o) Tl < L mac [ o) T
J€w(zy

JE[w(zg

from Proposition 1.2(iii) and L is a Lipschitz constant of .. (5.21)

Note that for every k € N, faf 's are twice continuously differentiable and the sequence
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{1} is convergent. Therefore, there exists a positive constants C' such that

C= max |[Vf% (). (5.22)

j€w(z)]

Let p = min{py, pa, ..., pp}, where p1, pa, ..., p, are as given in (5.2). Then, p > 0 and

in view of (5.21) and (5.22), we observe that

2CL
pllull* < 2CLJui]| = Jue]| < —

Thus, the sequence {uy} is bounded. O

Next, to prove the convergence of the proposed Algorithm 1, we first give a proposi-
tion on the existence of a step size along the chosen (descent) direction of F' for the set
optimization problem (SOP) by Algorithm 1 and discuss the notion of the regularity of

a point for a set-valued mapping.

Proposition 5.4 Let § € (0,1) and (a,u) € P; x R™ be such that ®(z) = & (a,u) and

assume that the point T is not a stationary point of (SOP). Then, there exists >0

such that for allt € (0,t] and j € [w],
49 (7 +tu) = f9(7) + BtV 9 (z) . (5.23)
Additionally, for all t € (0,%] and j € [w], we have

Fa + ta) <! {f% (&) + BV (@) @) e <! F(@). (5.24)

Proof: Suppose (5.23) do not hold. Therefore, there exists a sequence {t;x} N\, 0 and

j' € [w] such that

9"z + tya) — f9(z) — ptp, V9 (z) 0 ¢ —K
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[ (2 + tew) — [ (2)

— lim - BVfY(z)'u g —K
k—0 tk
= (1-B)Vf¥(2) ¢ —int(K)
—  Vf%(z) u ¢ —int(K) since 3 € (0,1). (5.25)

Note that = is not a stationary point of (SOP) and (a,u) € P; x R™ is such that

®(z) = & (a,u). Therefore, in view of Theorem 5.1, u # 0 and

&x(a,u) = P(x) <0

= max U (Vf%(z) a4+ tu"V?f%(z)u) < 0 since @ # 0

= U (Vf9(z) u+a V*fY(z)a) <0 for all j € [w]

B2 W, (VF5(z) " a) + Lpa, a)2 < 0 for all j € [w]

— U (Vf4(z) a) <0

—  Vf9(z) u e —int(K), (5.26)

which is contradictory to (5.25). Therefore, for every j € [w], relation (5.23) holds.

Now, from (5.23) and Proposition 1.1, we observe that for every t € (0, ],

F(z)

N

{1 (@)} e + K

{9 (@) + PtV [ (2) i} jea) + K + int(K)

N

C {f%(z +tu)}jem + K + K + int(K) from Definition 1.28

N

F(z +tu) + int(K),

which implies that for every ¢ € (0, ], we have F(z + tu) <' F(z). O

Below, we define the notion of the regularity of a point with an essential property for

a set-valued mapping, which has a significant role in the convergence of the proposed
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algorithm.

Definition 5.1 (Regular point [1]). Let U be a nonempty subset of R™. A point & € U

is said to be a reqular point of F' if it satisfies the following conditions:
(i) Min (F(z),K) = WMin (F(z),K), and

(ii) the cardinality function w in Definition 1.35 is constant in the neighbourhood of

x.

Lemma 5.3 (See [1]). Let us assume that & € R™ is a regular point of F'. Then, there

exists a neighbourhood U of T such that for every x € U, w(x) = w, and P, C Pj.

Now, we present the main theorem of the chapter that proves the convergence of

the proposed Algorithm 1.

Theorem 5.3 Let {x1} be a sequence of nonstationary points generated by Algorithm
1 and T be one of its accumulation points. Additionally, assume that T is a regqular

point of F. Then, T is a stationary point of (SOP).

Proof: Let {x;} be a sequence of nonstationary points and Z be an accumulation point
of {zx}. We prove that z is stationary. Towards this, define a function ¢ : P(R™) —
RU{—o0} by

¢(A) = inf U (z).

z€EA

By Proposition 1.2(iv), the function ¢ is monotonic with respect to the preorder <!,

i.e., for all A, B € P(R™), we have

A='B = ¢(A) <<(B). (5.27)

Now in view of (5.24) of Proposition 5.4, for every k = 0,1,2,..., we obtain

S(F(rh11))
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= §(F(xy + tgug))

S mln {\Ife (fa§ (.Z'k) + Bthfa§ (xk)Tuk> }
J€[wy]
S gin} {\Ife (fa§ (:L’k) + 5tk <Vfa;€ (xk)Tuk + %U;VQfak’j (xk)uk>> }
j€w
from Proposition 1.2(iv) and u, V2% (2;)u = 0
< min {\I/e (fa§ (mk)> + Bt V. (Vfa? (z3) "up + %ugvzf“? (mk)uk)}
Je€wg]
from Proposition 1.2(i)
< min {qf (/7 (n) ) + Bta max W, (V1 () Tug + Sl V2 () }
J€[wi] 3" €lwr]
< min U, <f“§ (a:k)> + [ty max {\Ife <Vf“? (z) "ug + %ugvgf“? (xk)uk> }
J€[we] € [wr]
= <(F(ax)) + Bte®(xs). (5.28)
Therefore,

— [t max {\Ife (Vf“? (z) "ug + %ukTVQf“? (mk)uk)} < (F(zg)) — s(F(xgs1)). (5.29)

JEwy]

On adding the above relation for £ = 0,1,..., k, we obtain

—f Ztk max { V4 (xk)TUk + %U;v2fa§ (xk)uk} < S(F(w0)) = (F(Thy1))-

J€[wy]

(5.30)

Since Z is an accumulation point of the sequence {x}}, we can find a subsequence K € N

such that

{zr}kex = @, {ti}rex — ¢, and {ug}rex — @.

In view of (5.13), the function ¢ in (5.28) is monotonic. Therefore, from (5.30), taking

Kk — 0o we deduce that

—f lim Ztkmax {\I/e (Vfa?(mk)Tuk + uZV2f (:L‘k)uk>} < +o0. (5.31)

k—oo ]6 wk
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Now, note that if z; is not a stationary point, then in view of (1.2), for every a* €
P, ,ur € R" j € [w(xy)], and k € K, we get V /% (2) Tuy, € — int(K). On proceeding

in a similar manner to (5.19), we can find ¢; > 0 such that

—2
Vs tes max { VU, (u ;VQfaﬁ(mk)uk) <JI?[?U):]{\II (V7o ( 2 Uk)}) .

J€[wg]

In view of the above chosen t;, > 0,k € K, we conclude that

1, max {\Ile (Vf“?(mk) up + uk V2f (%)W)}

J€[we]

< tk{ max {\11 (Vf9(z)Ta)} — max {\If( k(x)Tu)}}

j€lw(@) Je€w(

= 0.
Therefore, we get

—t) max {\IJG(Vf"’?(x ) Ty, + Lul V2 F (:ck)uk} > 0. (5.32)

J€lwy]

On combining (5.31) and (5.32), and taking limit k£ — oo, we have

0<— Ztkmax{ (V£ () uk+%ugv2fa§(xk)uk} < +4oo.  (5.33)

JEwg]

Hence, we obtain

lim ¢, max {\Ife(Vfa?(xk)Tuk + %UZVQfaf(xk)uk)} =0. (5.34)

k—oo0, k€K  je[wy]

As the number of points in [p] is finite, and  is a regular point of F', therefore in view

of Lemma 5.3, for all k € K,u € R", we have wy = w, P,, = P,a" =a € P and

(I)(xk) = gl’k (EL, uk) < ka (CL, u)
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and &z(a,u) < &(a,u) on taking limit k—o0, k € K. (5.35)
Now, we analyze the following two cases:

(i) Let £ > 0. In view of (5.34) and for all k € K such that wy = w, P,, = P,a* = a,
we have
lim max {‘I/e(Vf‘_” (zk) "up + Suy V2% (xk)uk} =0
kEH-ooje[w]

—  lim ®(x) =0, ie., ®(z) =0. (5.36)

kEH-oo
Thus, by Theorem 5.1, @ = 0. Hence, Z is a stationary point of (SOP).
(ii) Let ¢ = 0. Fix any x € N. Since t;, K=o, large enough v* does not satisfy

Armijo condition in Step Step 6 of Algorithm 1. Therefore for all & € I such that

wy, = w, P, = P, and a* = a, there exists j € [w] such that

Fo (g + viug) £ 9 () + BV [ () Ty
SO (o + viug) — () BV 4 (w) Tuw & —K

f%(z +via) — f%(z) — BV £ (j)Ta ¢ — int(K) taking k E} +0o0

(1—-B)Vf%(z) a ¢ — int(K) taking limit k — +o0

el

V% (z) € — int(K) since (1 — 8) € (0, 1).
Therefore, from (v) of Proposition 1.2, we have

U (V£ (z) a) >0
or, U (Vf%(z) u+u"V*f%(z)u) >0
from (iv) of Proposition 1.2 and @' V?f% (Z)a >~ 0

or, 0< WU (Vf%(z) u+ia"V?f%(z)u)
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or, 0<¢&(a,u)= min &(a,u) =P(z) <0 from (5.13).

(a,u)€PyxR™
Thus, from Theorems 5.1, we conclude that z is a stationary point of (SOP).

O

Next, we analyze the rate of convergence of the proposed Algorithm 1. It is found in
the following Theorem 5.4 that under suitable assumptions, the step length ¢, is even-
tually 1, and a subsequence of the generated sequence {z;} by Algorithm 1 converges
superlinearly to a locally efficient solution. Towards this, at first, we recall the following

result.

Lemma 5.4 (See [112]). Let V be a nonempty convezr subset of R™, and ¢ > 0 and

d > 0 be such that for any x,y € V with ||y — z|| <,
IV2 [ (y) = V2 [ (@)l < € for all j € [w(x)]. (5.37)
Then, for every j € [w(x)], we have
IV (y) = [V () + V2 () (y — 2)]]| < elly — . (5.38)
If V2f9 is Lipschitz continuous on V with constant L for all j € [w(x)], then
1955 () — (V1) + V215 (@) (y — D)l < Elly - 2l]? for all j € wl(z)).  (5.39)

Theorem 5.4 (Superlinear convergence). Let {xy} be a sequence of nonstationary
points generated by Algorithm 1 and T be one of its accumulation points. Additionally,
assume that T is a reqular point of F', and there exists a nonempty convex set V- C R"

andp > 0,q > 0,0 > 0,e > 0 for which the following conditions hold:

(1) V2f%(x) < ql for all j € [w(x)], where I is n x n identity matriz,
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(1) |V2f% (x) — V2f%(y)|| <€ for all x,y € V with ||z — y|| < I, and
(iii) c<1-25
Then, for sufficiently large k € N, we have t, = 1 and there exists a subsequence of

{z1} that converges superlinearly to .

Proof: From Theorem 5.3, we obtain that the sequence {x} converges to z and Z is
a stationary point of (SOP).
To prove superlinear convergence, note that each f% is twice continuously differentiable.

Therefore, for any € > 0, there exists o, > 0 such that
V2 f% (x) — V2f%(z)|| < € for all x € B(Z,5.) C V.

For z;, € V, let wy, = w(zy). For any A € Ay = {(A1, Aay ..., Ay,) € RYF 2D N =1},

we define a function ©, : U x R — R™ by

[wg] [wg]

O (T, u Z)\Vf“ xp) u+ L ZAuTVQf“ (24 )u.

Note that for any a* € P,, and j € [w(x},)], each f 97 is twice continuously differentiable
and strongly convex function. Moreover, the set P, is finite. Therefore, the function
O, (a,-) is strongly convex in R™ and hence the function ©,(a, -) attains its minimum.
Then, using Danskin’s theorem (see Proposition 4.5.1, pp. 245-247 in [114]) and the

first order necessary condition for a minimizer wuy of ©,(zg, ), we have

[wk [wk]
Z)\ Y (2 +Z)\V £ (25 )u (5.40)
[wg] [wk:
= Z)\Vf (k) Z)\ V19 (zr)
[’wk}
= uy < ——Z/\ V£ (2) since V2% (z3,) < qf

7=1
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[wi]

_1 A 5.41
— < g\réixz V£ (). (5.41)
As the sequence {x;} converges to Z, there exists k. € N such that for all & > k., we
have xg, xx +up € B(Z, ). Now, using the second-order Taylor expansion at zj, of f‘l?,
we have

k
J

FO9 () < F () + VY (o) T+ Sl V2 (g )ug 4 S ]|

As max{by, ba, ..., by, } = max Yok Aib; holds, we get
wy,

£ (o +w) — £ (2)

< VP () Tk gl V2P (e +
< BV () T+ (1= BYV I () T+ 52 ]| since V2f% (2) < of
< BV @)+ (1= B) max {9 (i) T} 5 |

. [w(zk)]
< BV () Tur o+ (1= B)max Z NV F% () T 5
< BVLU(n) Tu = (1= B)uel® + 52 e by (5.41)

e—q(l—2

< 89S )+ I e

where from assumption (iii), we conclude that € — ¢(1 — 25) < 0, and hence t; = 1

holds. Now, for k > ke, A € A, and j € [w(xy)], we have

[w(@k11)]

Z )\jvfa? (Tht1)
j=1

[w(@k+1)]

= > NV (g + )
=1
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(5.40) [w(zri1)] . [w(zk)] [w(zk)]
= > NV (o +w) — Z NV () + D NV () Tu
J=1 Jj=1
< €||lug| by (5.38) of Lemma 5.4. (5.42)

Combining assumption (i) and boundedness of {uy1} (Theorem 5.2), we observe that

Lug V25 (ay uy, < &|ug]|? for any j € [w(z))- (5.43)

Therefore, incorporating the above relation in (5.21), we get

[w]
(5.42)
2L ak 2Le
luall < % max 975 (@en)| < Zmax AL I
In view of the above relation, we have
[ e [ [ T e E

and for any k£ > 1 and m > 1, we obtain

[ah+m — g < ( ) [ +mt — gham)|

< (&)2 |‘$k+m—1 . xk-l—mH
— q

< () ot — 2 (5.44)

q

VAN

Now, we assume 0 < 7 < 1 and define

€ = min {q(l —20), o (2%6)} )

If we take € < € and k > k., then by convergence of sequence {x} and relation (5.44),
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we have

o

[e.e]
m
|z — l’k'HH < Z”xk’—i-m — ij-‘rm-i-lH < Z <1_:2T) ka — ;Ek-l—lH
m=1

m=1

= et -

s 2.

Therefore, we obtain

17 — 2" > [la* — 2" = ]a™ = 2| > g [la® - 2"

Hence, we can conclude that if ¢ < € and k > k., then % < 0

In the conventional Newton method, it is well known that once the initial point is
chosen from the vicinity of the optimal solution, then the entire sequence of iterates
resides in the same vicinity of the optimal solution and converges to it. The next result

shows a similar observation in the proposed Newton method for (SOP).

Proposition 5.5 Let & be a stationary point of F. Then, there exists p > 0 and a
nonempty convex set V. C R"™ such that all the assumptions in Theorem 5.4 are satisfied
for any chosen initial point xy € B(Z, p). Moreover, if the initial point xo belongs to a
compact level set of F and {xy} is the sequence generated from xq, then the sequence

{zr} converges to some stationary point T of (SOP).

Proof: Given that Z is a stationary point of F'. Take R > 0 such that B(z, R) C V.
Then, there exist p > 0 and ¢ > 0 such that pI < V2f%(z) < ¢I for all x € V and
j € [w(x)], which is the assumption (i) of Theorem 5.4.

Now, take ¢ > 0 such that ¢ < ¢(1 — 25). Then, there exists 6 > 0 such that for all

z,y €V and j € [w(T)],

IV2f2 (@) = V2F ()] < € with ||z —y]| <9,
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which is the assumption (ii) of Theorem 5.4. Note that Z is a stationary point of F.
Then, in view of Theorem 5.1, we have ®(z) = 0.
From Theorem 5.2, the function ® is continuous. Thus, there exists p € (0, %) such

that for any « € B(z, p), we have

2(r) — B(2)] < 2 lmm{a, (2 (1- )}]

Given that {zy} is the sequence generated from xy. Then, in view of Proposition 5.4,
the sequence {F'(xy)} is set-less decreasing. Moreover, the sequence {x;} is bounded
and f%’s are twice continuously differentiable. Therefore, the sequence {f% (zy)} is

also bounded. Thus, in view of Proposition 5.4 and Step Step 6 of Algorithm 1, we get
k—o0

Hence, we can observe that there exists a subsequence {xy, } of {} such that z, — 7,
for some stationary point z € V. If this claim is not true, i.e., T is not stationary, then
in view of Proposition 5.4 and Step Step 6 of Algorithm 1, we have

liminf t, >0 or lim ®(zy,;) = 0.
j—o0 j—o0

Therefore, by Proposition 5.2, we have ®(z) = 0, which is contradictory to the result
in Theorem 5.1. Thus, the point = is stationary. Additionally, in view of Proposition
5.5, we conclude that for j large enough, x; belongs to the close neighborhood of and

converges to stationary point z. O
Next, we analyze the quadratic convergence of the proposed Algorithm 1.

Theorem 5.5 (Quadratic convergence). Let the initial point xo belongs to a compact
level set of F, {x}} be the corresponding sequence generated by Algorithm 1 and there

exist p > 0,q > 0 for which pI < V2f%(x) < qI for all j € [w(x)]. Moreover, assume
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that for all j € [w(x)], V2f% is Lipschitz continuous with a common Lipschitz constant

L. Then, the sequence {zx} converges quadratically to a stationary point of (SOP).

Proof: From Theorem 5.3 and 5.4, we observe that Z is a stationary point of (SOP)
and t;, = 1 for large enough k. Since f%’s are twice continuously differentiable, for any

e > 0, there exists 0. > 0 such that for all x,y € B(Z, d.), we have
V2 (@) = V2 fo(y)ll <e. (5.45)

Now proceeding in similar steps as in Theorem 5.4 and in view of (iii) of Lemma 5.4,

we conclude that for k& > k., we have

[w(@k+1)]

> AV ()
j=1

[w(zk+1)]

= > NV (@ + w)
j=1

[w(zg+1)] [w(zy)] [w(z)]

S A e+ w) - 2 AVIT@)+ D AV ) T
j=1

%HukHQ from (iii) of Lemma 5.4, (5.46)

IN

Note that max{bi,bs, ..., by} = max Z ) \;bi holds, where
€ w(x)

w(z)
B = (00 e ) €BE 530 = 1)

=1

On combining the relation (5.46) with assumption (i) and boundedness of {ux;1} (The-

orem 5.2), we get

| wrsa || < % e[gliil)] ||Vf ka ( xk+1)”
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[w(zk)]
ak
or, [lupp || < 2 nax | 1 V [ (Tp1)
J:
or, |Jugs1| < %Hukﬂg from (5.46). (5.47)

Since from Theorem 5.4 the sequence {z} converges superlinearly to z of (SOP), then

in view of (5.46) and (5.47) there exist N such that for k > N, we have

|z — 2" < 7|1z — 2*]| for some T € (0, 1). (5.48)

Further, triangle inequality, for k =1 > N, we obtain

(5.48)
ot = 2™ <2’ — 2| + [lz — | < (L+n)z -2 (5.49)

(5.48)
and 2! — 2™ > |la' — 2| |z -2 > (A -7)lz -2 (5.50)

Finally, from the first inequality of relation (5.49), we conclude that

1=z = < 2" = 2" = Jupal
2 e ])®

2Lk — P

=0 2L 7t - ),

which proves the quadratic convergence of {xy} to . 0

5.5 Numerical Demonstrations and Execution of Results

In this section, we implement the proposed Algorithm 1 on some numerical experiments.

Algorithm 1 and its experimentation were performed in MATLAB R2023b software.

This MATLAB software is installed in an IOS machine equipped with a 12-core CPU
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and 8 GB RAM. In the numerical implementation of the algorithm, we have considered

the following:

e We take the cone K to be a standard ordering cone, that is, K = R3 for all test
instances except for Examples 5.6 and 5.7. For the scalarizing function V., we

take e = (1,1,...,1)T € int(K).

e The parameters [ and v in Step Step 6 for the line search of the Algorithm 1 is
chosen as f = 0.5 and v = 0.54.

e The employed stopping criterion is ||ug|| < 0.001 or a maximum number of 100

iterations is reached.

e To find the set Min(F'(z), K) at the k-th iteration in Step Step 3 of Algorithm 1,
we adopted the crude method (pair-wise comparing) of comparing the elements

in F(zg).

e At the k-th iteration in Step Step 4 of Algorithm 1, we find an

(a",uy) € argmin &, (a,u)
(G,U)EPkXRn

with the help of an inbuilt function fminsearch in MATLAB.

e We have considered some test problems from the literature subjected to slight
modifications, and some are freshly introduced. For each test considered, we
generated 100 initial points randomly and ran the algorithm for each of the opted
initial points. In the context of each experiment, we have presented a table with

four columns:

— Number of initial points: This value in the first column is the number of

initial points taken to execute the proposed Algorithm 1.
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— Algorithm: For the proposed algorithm, we use the abbreviation NM (New-
ton method), and for the existing steepest descent method [1], we use the

abbreviation SD.

— Iterations: This value presents the third column with a 6-tuple (Min, Max,
Mean, Median, Mode, SD) whose components are the minimum, maximum,
mean, median, mode, and standard deviation of the number of iterations

until the stopping condition is met.

— CPU time: This value indicates the third column, which is again a 6-tuple
(Min, Max, Mean, Median, [Mode], SD) that shows the minimum, maxi-
mum, mean, median, least integer greater or equal to mode, and standard
deviation of the CPU time (in seconds) taken by the initial point in reaching

the stopping condition.

Additionally, the numerical values are presented with precision up to four decimal
places to ensure clarity. For every examined problem, the values of F' at each iteration
for the initial and final points are marked with black and red colors, respectively. We use
shapes e, x, and A to depict the values F' for different initial points. Cyan, magenta,
and green colors are used to represent the intermediate iterates for different initial
points. Initial points are depicted in black, and the termination point is in red. If the
initial point is depicted by black bullet e, then the terminating is depicted by the red
bullet o, and the intermediate iterates by cyan bullets e or magenta bullets ® or green
bullets . That is, we use the same shape for depicting a complete sequence of iterates
generated by Algorithm 1.

Furthermore, we compare the results of the proposed Newton’s method (abbrevi-
ated as NM) with the existing steepest descent method (abbreviated as SD) for set
optimization presented in [1].

Now, we discuss the different test problems on which the proposed algorithm is

tested. The first is taken from [84] with some modifications.
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Example 5.1 Consider the function F : R?> = R? defined as

F(z) = {f'(x), f*(x).... ()},

where for each i € [20], f*: R? — R? is given by

7% + 0.5sin (2”(2251)> + 3

fix) =

223 + 0.5 cos (2“(2i51)> + 223

Figure 5.1 shows the behaviour of Algorithm 1 for different initial points within the
set [—4,4] x [—4,4]. Firstly, Figure 5.1(a) depicts the sequence of iterates {F ()} gen-
erated by Algorithm 1 for the chosen initial point xo = (2.5102,0.0000)". Subsequently,
the sequence of iterates {xy} corresponding to {F(xx)} is illustrated in Figure 5.1(b).

Further, in Figure 5.1(c), the sequence of iterates {F(xy)} generated by Algorithm
1 for three randomly selected initial points are depicted with cyan, magenta, and green
colors. Additionally, the sequence of iterates {xy} corresponding to {F(xy)} generated
by Algorithm 1 are shown in Figure 5.1(d).

Nezt, we have discussed the performance of Algorithm 1 for Example 5.1 in Table
5.1. Further, in Table 5.1, we have compared the results of NM with SD for set opti-
mazation. The values in Table 5.1 show that the proposed method performs better than

the existing SD method.

Table 5.1: Performance of Algorithm 1 on Example 5.1

Number of Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [ Mode ], SD)
100 NM (t, = 1) (2,2, 2 2 2 0) (2.0521, 3.1308, 2.1637, 2.1031, 2, 0.1601)
NM (1, 14, 10.6800, 11, 12, 2.6963) (1.0345, 25.6842, 18.9496, 20.4787, 1, 4.9776)
SD (1, 23, 11.4800, 11, 10, 5.7375) (1.0182, 41.4550, 19.9548, ,19.5869, 1, 10.6772)

The next example, discussed below, is freshly introduced.
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(a) The value of F' at each iteration gener-
ated by Algorithm 1 for initial point xy =
(2.5102,0.0000) " for Example 5.1
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(b) The value of z at each iteration gen-
erated by Algorithm 1 for initial point zy =
(2.5102,0.0000) " for Example 5.1
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(d) The value of xj, at each iteration generated
by Algorithm 1 for three different randomly cho-
sen initial points for Example 5.1

Figure 5.1: Obtained output of Algorithm 1 for Example 5.1

Example 5.2 Consider the set-valued function F : R = R? defined by
Faz) = {f'(2), f*(x),..., fP (=)},
where for each i € [50], the function f': R — R? is given by

0.35sin (W) cOS (W) + 22

fiw) = 2 (i—1))
0.35 cos < Ll > + (Hle%) + cos(2z)

The output of Algorithm 1 for different initial points of Example 5.2 are

depicted in
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(a) The value of F' at each iteration generated by (b) The value of F for three different initial points
Algorithm 1 for Example 5.2 for the initial point at each iteration generated by Algorithm 1 of Ex-
o = 2.0000 ample 5.2

Figure 5.2: Obtained output of Algorithm 1 for Example 5.2

Figure 5.2. The discretized co-shaped segments represent the objective values that trans-
verse a curve within the interval [0.7700,6.3000]. Figure 5.2(a) depicts the sequence
{F(xy)} generated by Algorithm 1 for the starting point xy = 2.0000. In Figure 5.2(b),
we exhibit the output sequence {F(xx)} generated by Algorithm 1 for three randomly
chosen initial points.

The performance of Algorithm 1 for Example 5.2 is shown in Table 5.2. Moreover,
we have compared the results of the NM with the SD method for set optimization as
presented in Table 5.2. The values in Table 5.2 show that the proposed method performs

better than the existing SD method.

Table 5.2: Performance of Algorithm 1 on Example 5.2

Number of Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD)  (Min, Max, Mean, Median, [Mode], SD)
100 NM (t, =1) (1, 3, 1.9900, 2, 2, 0.3013) (0.2215, 1.6828, 0.8634, 0.8416, 0, 0.1625)
NM (1, 5, 2.3600, 1, 1, 1.8175) (0.3823, 3.9151, 1.6241, 0.9135, 0, 0.9606)
SD (1, 8, 6.0900, 7, 8, 2.4622) (0.4170, 5.4045, 3.7906, 4.2701, 0, 1.3692)

Example 5.3 Consider the function F : R? = R3 defined as

F(z) = {f'(x), f*(x),.... ()},
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where for each i € [14], f': R* — R3 is given by

22 + 22+ 0.25sin (—Q“f;”)
fi(x) = 423 + 423 + 0.25 cos <%>

¥+ a3 410

Figure 3.3 shows the behaviour of Algorithm 1 for different initial points within the set
[—3,4]x[—3,4]. Firstly, Figure 5.3(a) depicts the sequence of iterates { F'(zx)} generated
by Algorithm 1 for the chosen initial point xo = (3.2302, —0.5102) 7. Subsequently, the
sequence of iterates {xy} corresponding to {f(xy)} is illustrated in Figure 5.3(b).

Further, in Figure 5.3(c), the sequence of iterates {F(xy)} generated by Algorithm
1 for three randomly selected initial points are depicted with cyan, magenta, and green
colors. Additionally, the sequence of iterates {x;} corresponding to {F(xy)} generated
by Algorithm 1 are shown in Figure 5.3(d).

The performance of Algorithm 1 on Example 5.3 is shown in Table 5.3. The com-
parison of the results of NM with the SD method for set optimization is given in Table
5.3. The values in Table 5.3 show that the proposed method performs better than the

existing SD method.

Table 5.3: Performance of Algorithm 1 on Example 5.3

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 NM (1, 14, 10.8800, 12, 13, 2.8508) (0.1190, 69.3281, 51.3830, 56.2429, 3, 13.9629)
SD (1, 14, 11.0500, 12, 13, 2.2128) (0.1202, 65.2457, 50.2756, 54.3065, 21, 10.3982)

Below, we consider Examples 5.3 and 5.4, again motivated from [84].

Example 5.4 Consider the function F: R = R3 defined by

F(z) = {f'(2), [*(x),.... [P ()},
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(c) The value of F' at each iteration generated (d) The value of z at each iteration gener-
by Algorithm 1 for three different randomly ated by Algorithm 1 for three different ran-
chosen initial points for Example 5.3 domly chosen initial points for Example 5.3

Figure 5.3: Obtained output of Algorithm 1 for Example 5.3

where for each i € [30], f*: R — R3 is given by

(i-1)
v+
J'@) = | (a* = 4)(sin(a? — 4)) + 55

(i-1) .2
30 T

The output of Algorithm 1 for Example 5.4 is depicted in Figure 5.4. The collection
of the objective values for all x € [1.54,2.16] transverses a surface depicted by the dot-
shaded region. Figure 5./(a) depicts the sequence {F(xy)} generated by Algorithm 1
for the starting point xq = 2.1300. We test Algorithm 1 for three different randomly

chosen initial points and observe their corresponding output { F'(x)} (marked with cyan,
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(a) The value of F at each iteration generated (b) The value of F' at each iteration generated by
by Algorithm 1 for initial point xg = 2.1300 for Algorithm 1 for three different randomly chosen
Example 5.4 initial points for Example 5.4

Figure 5.4: Obtained output of Algorithm 1 for Example 5.4

magenta, and green colors) as shown in Figure 5.4(b). The performance of Algorithm

1 for Example 5.4 is shown in Table 5.4.

Table 5.4: Performance of Algorithm 1 on Example 5.4

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 NM (0, 19, 7.4200, 9, 1, 5.1231) (0.0018, 267.5772, 125.0167, 129.7198, 0, 81.4232)

For the initial point xy = 2.1300, the values of F' across the generated iterates for
NM and SD methods are exhibited in Table 5.5 and 5.6, respectively. We have observed
that the SD method presented in [1] is not properly solving this problem due to the
objective function’s highly nonlinear nature and converging to the given initial point xg
i zero number of iterations. On the other hand, the proposed NM method gives the
manimal solution T = 1.9957 for the chosen initial point vy = 2.1300. Therefore, we
can conclude that the proposed NM Algorithm 1 is more efficient than the SD method

for set optimization given in [1].

In the next example, we consider the robust counterpart of a vector-valued facility
location problem under uncertainty [115]. A detailed discussion on this problem is given

in [1].
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Table 5.5: Performance of Algorithm 1 on Example 5.4 with ¢, € (0, 1)

Iteration

number (k) f1(z) [P () fP ()
0 2.1300 (4.8369, 0.5746, 1.3611) (5.1702, 0.9079, 2.8734) (5.5036, 1.2413, 4.3857)
1 2.1115 (4.7584, 0.5029, 1.3375) (5.0918, 0.8362, 2.8237) (5.4251, 1.1695, 4.3098)
2 2.0929 (4.6802, 0.4411, 1.3141) (5.0136, 0.7744, 2.7741) (5.3469, 1.1078, 4.2342)
3 2.0744 (4.6031, 0.3905, 1.2909) (4.9365, 0.7238, 2.7253) (5.2698, 1.0572, 4.1597)
4 2.0559 (4.5267, 0.3510, 1.2680) (4.8601, 0.6843, 2.6769) (5.1934, 1.0176, 4.0858)
5 2.0373 (4.4506, 0.3226, 1.2452) (4.7839, 0.6559, 2.6287) (5.1173, 0.9893, 4.0122)
6 2.0244  (4.3982,0.3096, 1.2295) (4.7315,0.6430, 2.5955) (5.0649,0.9763, 3.9616)
7 2.0179 (4.3719, 0.3052, 1.2216) (4.7053, 0.6385, 2.5789) (5.0386, 0.9718, 3.9362)
8 2.0114 (4.3457, 0.3021, 1.2137) (4.6791, 0.6354, 2.5623) (5.0124, 0.9688, 3.9109)
9 1.9957 (4.2828, 0.3003, 1.1948) (4.6162, 0.6336, 2.5225) (4.9495, 0.9670, 3.8501)

Table 5.6: Performance of SD method (see [1]) on Example 5.4 with ¢, € (0,1)

Tteration

number (k)  xp FO(xp) () 30(xy)
0 2.1300 (4.8369, 0.5746, 1.3611) (5.1702, 0.9079, 2.8734) (5.5036, 1.2413, 4.3857)
1 2.1300 (4.8369, 0.5746, 1.3611) (5.1702, 0.9079, 2.8734) (5.5036, 1.2413, 4.3857)

Example 5.5 Consider the function F : R*> = R? defined as

where for each i € [100], f* : R? — R? is given as

|z =1 — ul]?

F@)=3llz=l—uwl|

lz =I5 — wi|?
0 0 8
where l; = , o= and l3 = . We consider a uniform partition set of
8 0 0

10 points of the interval [—1, 1] given by

uz{—1,—1+%,—1+§,...,—1+@,1} with s = 4.5.
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The set {u; = (u1;,us) " 4 € [100]} is an enumeration of the set U X U.

In Figure 5.5, the total of 100 initial points were generated in the square [—50,50] X
[—50,50]. The grey points represent the set (I; +u;)U(la+wu;)U(ls+u;) and the locations
of ly, 1,13 are depicted in blue color. The values of F(xy) generated by Algorithm 1 for
three different randomly chosen initial points are given with cyan, magenta, and green

colors as shown in Fig. 5.5.

TR

o

-l I

2 0 2 4 6 8 10 12
I

(a) The value of F' in argument space at each iteration gener-
ated by Algorithm 1 for three randomly chosen initial points
for Example 5.6

Figure 5.5: Obtained output of Algorithm 1 for Example 5.5

Next, the performance of the proposed Algorithm 1 for the initial point xo = (—2.0000, 10.0000) "
with t € (0,1) and ty = 1 is shown in Table 5.8 and 5.9. The decreasing behavior in

the values of vector-valued functions at each iteration has been exhibited in Table 5.8.

Table 5.7: Performance of Algorithm 1 on Example 5.5

Number of Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 NM (t, =1) (3, 2.1000, 2,2, 0.3892) (0.3677, 3.8689, 0.6442, 0.3840, 0, 0.8040)
NM (1, 14, 6.4700, 7, 1, 3.9503) (0.2631, 17.114, 5.0776, 4.2074, 0, 3.9056)
SD (1, 65, 14.4200, 5.5000,1, 16.6243) (0.3871, 23.1876, 6.8118, 4.5792, 0, 5.8667)

In the next two examples (Example 5.6 and Example 5.7), we consider the ordering

cone K different from R’ and observe the performance of the proposed Algorithm
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Table 5.8: Performance of Algorithm 1 on Example 5.5 with ¢ € (0, 1)

ITteration

number (k) ap () () f7(xx) F1(x)
0 (—2,10) (0.6033,0.7958, 0.8456)  (0.5820,0.7793,0.8399) (0.6354,0.7991,0.8550) (0.6295,0.7841,0.8502)
1 (—1.8614,9.8614) (0.5940,0.7934,0.8432) (0.5715,0.7765,0.8374) (0.6278,0.7965,0.8526) (0.6224,0.7812,0.8478)
2 (—1.7210,9.7210)  (0.5839,0.7909,0.8407) (0.5601,0.7736,0.8348) (0.6196,0.7939,0.8503) (0.6150,0.7782,0.8454)
3 (—1.5794,9.5782)  (0.5729,0.7883,0.8382) (0.5478,0.7707,0.8322) (0.6109,0.7912,0.8479) (0.6073,0.7752, 0.8430)
4 (—1.4381,9.4317) (0.5610,0.7857,0.8356) (0.5345,0.7677,0.8296) (0.6016,0.7884,0.8454) (0.5994,0.7720, 0.8404)
5 (—1.2971,9.2813) (0.5477,0.7831,0.8330) (0.5202,0.7647,0.8269) (0.5915,0.7856,0.8429) (0.5914,0.7688, 0.8379)
6 (—1.1556,9.1258)  (0.5329,0.7803,0.8302) (0.5051,0.7615,0.8240) (0.5806,0.7826,0.8402) (0.5832,0.7654, 0.8352)
7 (—1.0149,8.9666) (0.5161,0.7775,0.8274) (0.4901,0.7582,0.8212) (0.5688,0.7796,0.8376) (0.5752,0.7619, 0.8325)
8 (—1.0029,8.9639) (0.5154,0.7774,0.8272) (0.4885,0.7581,0.8210) (0.5680,0.7795,0.8374) (0.5744,0.7618, 0.8323)

Table 5.9: Performance of Algorithm 1 on Example 5.5 with ¢, = 1

Iteration

number (k) x] S () [ () F70(x) S0 ()
0 (=5, —5) (92.9382, 21.8270, 80.3822) (109.9507, 20.9507, 101.0619) (98.4942, 27.3830, 103.8278) (116, 36, 116)
1 (=1, =1)  (39.6046, 0.4938, 36.0490)  (50.3946, 2.3950, 41.5062)  (40.7158, 1.6050, 46.0498)  (51.9996, 3.9999, 51.9999)

1. The Example 5.6 is a slight modification of Test instance 5.1 discussed in [1] with

respect to a cone other than R™.

Example 5.6 Consider the function F: R = R? defined by

F(z) = {f'(2), f*(2), f(2), f*(2)},

where for each i € [4], ' : R — R? is given as

(i=3)

. 20% 4 4z + 5
fiz) =

7 cos(r) — —(Z;3) sin? z

The cone is K given by K = {(y1,12)" € R?: 5y; — y2 > 0, —9y; + 10y, > 0}.

Figure 2.3 shows the behaviour of Algorithm 1 for different initial points within the
set [2.3350,4.4010]. The collection of objective function values for all x € [2.3350,4.4010]
transverse a surface as shown in Figure 2.53. Firstly, Figure 5.6(a) depicts the sequence
of iterates {F(xy)} generated by Algorithm 1 for the selected initial point xy = 4.300.
In Figure 5.6(a), the points depicted with red color collectively constitute a local weakly

minimal point of F-values as the set (40.0891, —2.3680)" — K does not contain any el-
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(a) The value of F at each iteration generated by
Algorithm 1 for the initial point zy = 4.3000 for
Example 5.6
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(b) The value of F for three different initial points

at each iteration generated by Algorithm 1 for Ex-
ample 5.6

Figure 5.6: Obtained output of Algorithm 1 for Example 5.6

ement of the image set of F' other than (40.0891. — 2.3680) for all x € [2.3350,4.4010].

Subsequently, in Figure 5.6(b), we exhibit the output sequence {F(xy)} generated by

Algorithm 1 for three randomly chosen initial points.

The performance of Algorithm 1 on Example 5.6 is shown in Table 5.10. Addi-
tionally, a comparison of the results of NM with the SD method for set optimization
1s presented in Table 5.10. The values in Table 5.10 show that the proposed method

performs better than the existing SD method.

Table 5.10: Performance of Algorithm 1 on Example 5.6

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD)  (Min, Max, Mean, Median, [Mode], SD)
100 NM (1, 8, 7.0400, 7, 8, 0.8980) (0.1778, 3.6665, 2.3651, 2.3388, 1, 0.3064)
SD (3, 10, 8.7800, 9, 9, 0.9813) (1.0957, 3.8500, 2.6506, 2.6638, 2, 0.3428)

Example 5.7 Consider the set-valued function F : R? = R? defined as

F(z) = {f'(x), [*(x) ..., [ ")},
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where for each i € [100], the function f*:R* — R? is given as

fix) =
223 + x5 cos(x1) + 0.25 cos (

2m(i—1)
100

x3 + sin(zy) + 23 cos(z2) + 0.25 cos (%) sin? <%) + emte 4 2

100

> sin? (M> + cos(zy) + €12 4 273

The cone K is given by K = {(z1,22)" € R?: 2y; — 6y, > 0, —6y; + Tyo > 0}.
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(a) The value of F at each iteration gener-
ated by Algorithm 1 for the initial point x¢ =
(0.5000, —0.5000) T for Example 5.7
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(d) The value of xj, at each iteration generated

by Algorithm 1 for three different randomly cho-
sen initial points for Example 5.7

Figure 5.7: Obtained output of Algorithm 1 for Example 5.7

The output of Algorithm 1 on Example 5.7 is depicted in Figure 5.7. Figure 5.7(a)

depicts the sequence {F(x1)} generated by Algorithm 1 for the starting point xy =

(0.5000, —0.5000)". Figure 5.7(b) exhibits the sequence of iterates generated by Algo-

rithm 1 for three different randomly chosen starting points.

The performance of Algorithm 1 for Example 5.7 is shown in Table 5.11. A com-
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parison of the results of NM with the SD method for set optimization is presented in
Table 5.11. The values in Table 5.11 show that the proposed method performs better

than the existing SD method.

Table 5.11: Performance of Algorithm 1 on Example 5.7

Number of  Algorithm Iterations CPU time
initial points (Min, Max, Mean, Median, Mode, SD) (Min, Max, Mean, Median, [Mode], SD)
100 NM (5, 12, 10.6600, 10, 10, 1.4718) (47.8361, 109.4561, 80.7287, 71.5817, 38, 12.6247)
SD (7, 14, 10.5900, 10, 10, 1.8592) (61.5775, 113.1363,83.6014, 79.4974, 46, 15.1152)

5.6 Conclusion

In this chapter, we studied set optimization problems with respect to the lower set less
relation, where the set-valued objective mapping is given by finitely many twice contin-
uously differentiable strongly convex functions. We have proposed a Newton method
(Algorithm 1) to generate a sequence of iterates that converges to a weakly minimal
solution of the problem. To generate the sequence for a tactfully chosen initial point,
at each iteration k, we choose an element aj; from the partition set P, of the current
iterate 3, and then with the help of the concepts in [111,112] we figured out the New-
ton direction wuy (Step 4) of the vector optimization problem (VOP) corresponding to
ay; this decent direction has been used to find the next iterate xy, ;. Algorithm 1 kept
generating iterates until the stopping condition (Step 5) was met. The employed stop-
ping condition is a necessary optimality condition (Proposition 5.1) of weakly minimal
or stationary points of the considered problem (SOP).

The well-definedness and convergence analysis (Subsection 5.4.1) of the proposed
Algorithm 1 for the derived Newton method has been discussed in detail. Towards
certifying the well-definedness, we have ensured the existence of (a*,uy,) in Step 4 and
the existence of a step length ¢ in Step 6 (Proposition 5.4). In the convergence analysis

of Algorithm 1, we derived

(i) an equivalent condition of nonstationarity of a point (Proposition 5.1),
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(ii) boundedness of the sequence of generated Newton direction (Proposition 5.3),

(iii) convergence of the generated sequence of iterates (Theorem 5.3) under a regularity

condition (Definition 5.1),

(iv) superlinear convergence to a stationary point (Theorem 5.4) of the generated
sequence under a regularity condition and uniform continuity of the Hessian ma-

trices, and

(v) local quadratic convergence of the generated sequence under a regularity condition

and Lipschitz continuity of the Hessian matrices (Theorem 5.5).

Finally, we tested the performance of the proposed Newton method on some existing
and freshly introduced numerical test problems in section 4.5. It is found that the
proposed Newton method outperforms the existing steepest descent method for strongly
convex cases.

In this chapter, we have used the lower set less relation to compare images of the
set-valued objective function of (SOP). Future research can be carried out by testing
the proposed Algorithm 1 with other set relations such as certainly less order relation,
possibly less order relation, min-max less order relation, and min-max certainly less or-
der relation (see [15]). A comparison between these order relations is also given in [15].
While working with min-max less order relation and min-max certainly less order rela-
tion, one may note that usual derivative concepts, like epiderivatives or coderivatives,
may not be suitable for optimality concepts. Thus, new derivative concepts need to be
developed that align with these order relations.

As a future work, one can try to find the set of Minimal elements for the proposed
work using the approaches discussed in [87,116-119] and references therein. A compar-
ison of their performance with different sorting functions can be observed. Moreover,
in this chapter, we have used Gerstewitz’s scalarizing function for ordering vectors.

Further research can be performed on various other scalarizing functionals, such as sep-
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arating functionals [117] with uniform level sets, Hiriart-Urruty functional [120], and
Drummond-Svaiter functional [97]. Moreover, a comparison study can be made in the
future, showing the performance profile of Newton’s method with different scalarizing
functionals.

Furthermore, one can try to extend the proposed Newton method to different step-
size conditions, such as strong Wolfe or Armijo-Wolfe conditions, and a comparison
between the performance of the methods with different step-size conditions can be
observed. Global convergence of the proposed Newton’s method can be observed by

analyzing the work done in the articles [121-123].

Kokoskokokokkokokkok
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