Chapter 6

Nonlinear control technique for dual combination

synchronization of complex chaotic systems

6.1 Introduction

Dynamical systems play a key role in studying different phenomena that undergo spatial
and temporal evolutions. The area of studying dynamical systems has attracted much
attention and lot of research activities are going in recent years (Liu et al. (2016)). System
parameters' changes, broad Fourier transform spectra, fractal properties of the motion in

phase plane, and strange attractors are all special characteristics for the chaotic system.

Synchronization of complex chaotic systems is achieving by many techniques have been
proposed to design proper controllers, including active control technique (Yassen (2005)),
backstepping design (Zhang et al. (2000), ), nonlinear control method (Chen and Han
(2003)), etc. In this article, a simple but an efficient method viz., nonlinear control
method is applied to achieve synchronization of complex chaotic systems using the
Lyapunov stability theory. An illustrative example is given to design the procedure and

advantage of the result derived.

Most of the previous studies were based on synchronization between one drive and one

response systems. After proposing the dual synchronization scheme for one-dimensional
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discrete chaotic systems by Liu and Davis (2000), many researchers found interest and
extend their works, and also applied for continuous chaotic systems of higher dimensions
(Shahverdiev et al. (2003), Ning et al. (2007), Ghosh and Chowdhury (2010), ). In dual
synchronization, a pair of drive systems is synchronized with another pair of response
systems by using a signal generated through a linear combination of the systems state.
Rungi et al. (2011) proposed the combination synchronization scheme, in which two drive
systems synchronized with one response system. Zhou et al. (2013) investigated
combination synchronization among three nonlinear complex hyper-chaotic systems. The
Chinese scientist J. Sun and his co-workers extended the combination synchronization
scheme (2013) and the compound synchronization (2014) to achieve synchronization
between four chaotic systems. Recently, Sun et al. (2016¢) proposed compound-
combination synchronization scheme for five chaotic systems, while compound-
combination anti-synchronization scheme for five simplest memristor chaotic systems
was studied by Sun and Shen (2016). The dual combination synchronization between
identical systems was reported in Sun et al. (2016a) to illustrate the effectiveness of the
proposed scheme. Therefore, there is enough scope to improve and extend their idea for
more security in communication theory, stability analysis, better understanding of the
scheme and also other reasons. Therefore till date, there is enough scope to address these
types of challenging issues due to consisting of different structures and parameter
mismatch of the six different chaotic systems. To apply this method in synchronization of
a number of chaotic systems it needs more meaningful improvement during
demonstration of the scheme. This has motivated the author to investigate the dual
combination synchronization for the six different complex chaotic systems which has not

yet been explored much.
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6.2 The scheme for dual combination synchronization

A systematic scheme for dual combination synchronization among four drive and two
response complex chaotic systems is designed in this section. Let the first two drive

systems are
X, =F(X,), (6.1)
X, =F,(X,), (6.2)
where X, =[Xy, X5, X, 1T and X, =[Xy, X500+, X, ]" are the two state complex
vectors of uncoupled drive systems (6.1) and (6.2) ; F,:C" —>C"and F,:C" — C"are

the two known complex vector valued functions. The coupled drive system M, generates

a complex vector signal in the form

T
Ml :[a‘llxll' a12X12' T alnxin' aZlXZI' a22x22’ e aZmXZm]

5 lm

where A =diag[a;,a,,,---,a,,] and A, =diag[a,,,a,,,-:-,a,,] are the two known
matrices; a,; and a,; cannot be zero simultaneously (i=12--n j=12,--,m);

A=diag[A , A,];and X =[X] , X;1" .

The two drive systems are taken as
Y, =G,(Y,), (6.4)
Yz = Gz(Yz) ' (6.5)

T

where Y, =Yy, Yioo s Yor 1T @Nd Y, =[Yar, Vapsoos Yo IT are the two state complex

vectors of the uncoupled drive systems (6.4) and (6.5); G, :C" —-»C"and G,:C" —»C"
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are the two known complex vector valued functions. Hence the coupled drive system M,

generates a complex vector signal in the form

Mz :[bllynv b12y127 '“7b1ny1n’ bz1Y21’ b22Y22 U b2my2m]T

—BloYl—BY 6.6
1o BlY,| (66)

where B, =diag[b,,,b,,---,b, | and B, =diag[b,,,b,,,---,b,, ] are the two known
matrices; b; and b,; cannot be zero at the same time (i=12,--,n j=12,---,m);

B =diag[B, , B,];and Y =[Y;" , Y, ]" .

Next let us consider two response systems as
Z,=H,(z,)+U,, (6.7)
Z,=H,(z,)+U,, (6.8)
where Z, =[2,,,2,,,-,2,, 1" and Z, =[z2,,,2,,,-*,Z,,,]" are the complex state vectors
of two uncoupled response systems (6.7) and (6.8); H,:C" - C" and H,:C"™ - C" are
the two known complex vector valued functions; U,:C"xC"xC" —»C" and
U,:C"xC"xC™ — C™ are controller vector valued functions to be designed later. The

coupled response system S, generates a complex vector signal in the form

T
Sl = [annv CioXion =ty CppZyny Co1Zo1y CopZygyeey CZmZZm]

—Clozl—cz 6.9
1o ¢, llz,| T (69)

~ 134 ~



Nonlinear control technigue for dual combination synchronization of complex chaotic systems

where C, =diag[c,;,C,,,+,C,, ] and C, =diag[c,,,Cyy, --,Cyy] are the two known
matrices; c;and c,; cannot be zero at the same time (i=1,2-,n, j=12,--,m);

C =diag[C, , C,];and Z =[Z] , Z;]" .

The error vector signal for dual combination synchronization is defined as
e=PM,+QM, -RS,,

where P, Q and R are three scaling matrices.

For convenience, let us assume P, Q and R are diagonal matrices. Then e(t) is

reduced to

PAX,+QB,)Y,-RC,Z
e:{ A X +QBY, - R, 11}’ (6.10)

P2A2X2 + Qz BzYz - chzzz

where P =diag[P , R,], Q=diag[Q, , Q,], and R=diag[R, , R,] .

Definition 6.1 Dual combination synchronization of the drive systems (6.1), (6.2), (6.4)

and (6.5), and the response systems (6.7) and (6.8) are achieved if tIim||e (t)|=0, where

|| : || denotes matrix norm.

6.3 Stability analysis

In this section, the stability of the scheme for dual combination synchronization is

studied. In order to complete our aim, let us design the controller function

U=, ,U;T as
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U =—H,(Z)+C*R*R A R(X)+C"R™Q B G,(Y,) +k C'R e, ,
U, =-H,(Z,)+C," R, B, A, F,(X,)+C;' R,' Q, B, G,(Y,) +k, C," R e, , (6.11)

where e=[e] , e;]", k, and k, are two constants.

Theorem 6.2 Dual combination synchronization of the considered systems is achieved if

k, >0 and k, >0.

Proof: The time derivative of the Equation (6.10) is given by

:{ P1A1X1+Q1 B1Y1_R1C121
Pz Az X2+Q2 BzYz_chz Zz

therefore, the error system is obtained as

6= { P A[F(X)]+Q, B [G,(Y)]-R,C,[H,(Z,)+U,] } (6.12)
P, A, [F,(X,)]+Q, B, [G,(Y,)]-R,C,[H,(Z,) +U,]
Lyapunov candidate function is designed as
V = 1eTe ,
2
whose time derivative can be written as
Veleerle e, (6.13)
2 2

Equation (6.13) with the aid of Equations (6.11) and (6.12) reduce to
.1 e 1 -k, e
V==|-ke, —k,el||l *|+=|e], el ok

G 1] 1 S

= _[kl elT €+ kz e; ez]

:_[kl(e121+e:L22 +"'+e12n)+k2(e221+6222 +"'+ezzm)]<0-
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Therefore, according to Lyapunov stability theory, the error system (6.12) is

asymptotically stable i.e., lim|e(t)| = 0. Hence, the dual combination synchronization of
t—>w

six complex chaotic systems is achieved by choosing appropriate controller function

using nonlinear control method.

6.4 Systems’ descriptions

6.4.1 Complex Lorenz system

E. N. Lorenz proposed the chaotic system in 1963, which was first of its kind. Then
Flower et al. (1982) introduced the complex Lorenz system, and its dynamical property
was studied by Mahmoud et al. (2007a). This system is useful to describe and simulate

the physics of liquid flows. The complex Lorenz system is expressed as

X = ay (X, —Xy)

X1'2 =, X1,1_X1’2_X1’1X1'3 |

S S, '

X3 = E (Xip X0, + X3 Xi2) = 3 X5 (6.14)
where X =[X/, X, X;]' is the state vector, X, =X, +iX, and X, =X, +iXx, are
complex vectors, and x;, = x,; is real variable. The system (6.14) can be written as

Xy =8, (X3 — Xy)

Xip =3 (Xiy — Xpp)

Xi3 = Ay Xp; — X453 — X3 Xi5

Xiq =8y X5 = Xy = X Xg5
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(6.15)

Xis = Xqg Xig +X1p Xyg =83 X5

For the parameters a, =10, a, =180, a, =1 and initial condition x, (0) =

[2+3i, 5+6i, 9]", the system (6.15) possesses the chaotic attractor which is described

through Figure 6.1.

Figure 6.1 (b)

Figure 6.1: Phase portraits of the complex Lorenz system in (a) x,, — X, — X5 space, and

(b) x;, — X33 — Xy, SPaCe.
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6.4.2 Complex Lu systems

Lu and Chen introduced a chaotic system in 2002, which is known as Lu system.
Mahmoud et al. (2007c) studied synchronization between complex Chen system and
complex Lu system. The complex Lu system is given by

Xél = bl(X;2 - X;l) )

5! ! !

!
Xy = bz Xy = X51 X3
of 1 iV ' 1! b '
Xzs - E (X21 Xzz + X21 Xzz) -3 Xzs | (6-16)

where X, =[x}, X},, Xjs]" is the state vector variable, X}, =X, +iX,, and
X5 = X,3 +1X,, are complex variables while x;, = x,, is real variable. Separating into
real and imaginary parts of system (6.16), it is obtained as

Xp = bl(X23 - X21) '

Xy = b1 (X24 - Xzz) ,

X3 = bz Xo3 = X1 X5

Xy = bz Xos = Xg2 Xo5 s

Xo5 = Xoy Xo3 + Xpp Xpq — b3 Xos5 - (6.17)
Figure 6.2 shows the chaotic attractors of the system for the values of parameters

b, =29, b, =21, b, =2 and initial condition x, (0) =[4+19i, 9+30i, 36]" .
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Figure 6.2 (a)

Figure 6.2 (b)

Figure 6.2: Phase portraits of the complex Lu system in (a) x,, —X,, — X,s Space, and
(b) x,, — X,; — X,, Space.
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6.4.3 Complex T system

Tigan and Opris (2008) proposed a 3D chaotic system, which is called T system. Later, its
dynamical behaviour was studied in details by Liu et al. (2014). The complex T system is

given by

Y1 =C(¥5, = Yu) »

Vi = (€ =€1) Y11 =€y Y11 iz

Jis = (5 Vo + Y Ti) s Vi (6.19)
where y; =[y;,, Vi, Yis]" s the state variable vector of the system, y!, =y,, +iy,, and
Y, = Vs +1Y,, are complex variables, y;, =y, is real variable and c,,c,,c, are
parameters. System (6.18) can be re-written in the following form

Y1 =€ (Vi3 = Yu) »

Y2 = C(Yu = Y2) »

Yis = (C2 =C)Y11 =€y Yy Vis

Yia = (€2 =C;)Y1, =C1 V1o Yis

Yis = Y11 Yiz + Y12 Yia —C3 Y15 - (6.19)
This system possesses a chaotic attractor as shown in Figure 6.3, when the parameters are

takenas ¢, =2.1, ¢, =30, ¢, =0.6 and initial condition y, (0) =[8+7i, 5+6i, 10]" .
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Figure 6.3 (a)

Figure 6.3 (b)

Figure 6.3: Phase portraits of the complex T system in (a) y,, —vy,, — ¥,s space, and

(B) y,, — Y5 — Y., SPAces.
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6.4.4 Complex Chen system

Chen and Ueta (1999) introduced a new chaotic system, which is called Chen system.
Mahmoud et al. (2009) studied synchronization between complex Chen system and

complex Lu system. The complex Chen system is written as follows

Yor =01 (Y2 = Vo) »

Yoo = (A5 =01)Yo1 = Yo1 Y23 + 03 Y35

Voo =2 (Vo Vi Vi V)~ Vi (6.20)
where Y, =[Y5, Vs Yisl' is the state variable vector of the system, y,, =y, +i y,,and
Yo, = Yo +1Y,, are complex variables, y,, =y, is real variable and d,, d,, d, are
parameters. From system (6.20), one can easily find the following system

Yor = 01 (Yos = Ya1) »

Yoo =d1(Yas = ¥22)

Yos = (A3 =d1)Yo1 = Yar Yos +d3 Yos

Yoo =(d3=d1)Y0 = Yop Yos +d3 Yoy

Yas = Yo1 Yoz + Yoo You =05 ¥as - (6.21)
The chaotic behaviour of system (6.21) can be realised through Figure 6.4 when the

parametric values are d, =27, d, =1, d, =23, and initial condition is y,(0) =

[-3-2i, -1 —5i, - 4]" .
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10|

2 Y21

Figure 6.4 (a)

Figure 6.4 (b)

Figure 6.4: Phase portraits of the complex Chen system in (a) y,, — Y,, — Y,s Space, and

(b) Yoo = Y23 = You Space.
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6.4.5 Complex two coupled dynamos system

The real two coupled dynamos system was studied by Agiza (2002). Mahmoud et al.
(2007b) studied the chaotic behaviour and chaos synchronization of a complex two
coupled dynamos system which is described as

2y ==l 7 + 25, (255 +1,)

Ly =—h 2, + 73, (215 - 1,)

2, :1—3(2’ 2, +2,,7),) (6.22)
13 g \f1f2 T o L)

!

where 7 =[z},,12,,,2,]" is the vector of state variables, z/,=z,+iz, and
2, =1,+112, are complex variables, and z,, =z is real variable. Splitting system
(6.22) into real and imaginary parts, it is obtained as

2, = _Il i+ |2 Lyt 23255

Z12 = _Il Z, + I2 Lyt 2y 25

2y = _Iz Zy— I1 Lyt 1y Ly5

Z14 = _Iz Z, — I1 Lyt 1y L5

2y =1-2),23-2, 2, - (6.23)
Figure 6.5 shows the chaotic attractors of system (6.23) if parameters are taken as

I, =0.8, |, =1.8, and initial condition z, =[-3+2i, —1+2i, —-1]" .
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Figure 6.5 (a)

Figure 6.5 (b)

Figure 6.5: Phase portraits of the complex two coupled system in (a) z,, — z,, — z,; sSpace,
and (b) z, —z,, -z, space.
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6.4.6 Nonlinear complex chaotic system

Recently, Sun et al. (2016b) designed a novel nonlinear complex chaotic system, whose
real counterpart was studied by Muthuswamy and Chua (2010). This complex chaotic

system is written as follows

!

2y =My 25 2y,

2y =M, (23 —23) ,

25, =1-2,7,, , (6.24)
where 7, =[z},,2},,25,]" is the vector of state variables, z, =z, +iz,, and
Z,, =1, +iz,, are complex variables while z, =z, is real variable. System (6.24) can
written as

2y =My 2y 705,

Zyy =M, Z,, Zys »

Zyg =M, (25 —25) ,

Zyy =My(Zy —2,)

1o =1-125+172, . (6.25)

For parameters m =1, m, =1 and initial conditions  z, (0) =
[0.1+0.1i, —0.3-0.4i, 0.5]" , the system (6.25) possesses the chaotic attractor shown

through Figure 6.6.
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Zy
Figure 6.6 (a)

Figure 6.6 (b)

Figure 6.6: Phase portraits of the nonlinear complex chaotic system in (a) z,, —z,, — z,; ,

and (b) z,, —z,, — z,, spaces.
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6.5 Illustration of the scheme

An illustration of the scheme for dual combination synchronization is presented in this
section, so that one can realised the effectiveness of the proposed scheme. To achieve our
aim, the four realise systems described in (6.14), (6.17), (6.19) and (6.21) are considered
as drive systems. Systems (6.23) and (6.25) are taken as two response systems. Therefore,

response systems are obtained as

2y =-hz,+, 25+ 2525+,

L, =-hz,+l,2,+2,25+0;,

213 = _Iz Zy — Il Ziz+ 7y Zis + Uy

2, = _Iz Z;, — |1 Lyy T2y Lis+ Uy,

Ly =1-2), 23 =2, 2 + Uy (6.26)
and

2y =My 2y Zps + Uy

2y =My 25 Zps + Uy,

Zyg =My(Zy = Zp5) + Uy,

Zyg =My (2 —25) + Uy, ,

2y =1=122 +125, + Uy . (6.27)

For the convenience of the ensuing discussion, let us take A=B=C=P=Q=R=1

and k, =k, =1. Control functions are obtained based on the system (6.11), in the

following form
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Uy = I1 Zy — I2 Z;3 — 21325+ al(xls - X11) + Cl(ylS - y11) +€4

Up =l 2y, =1, 204 = 205 235 + @, (Xy = X32) + € (Yia — Vio) 815

Uy = |2 Z, + I1 Zy3 = Zyy Lys + @y Xy — Xy3 — Xy Xy5 + (Cz - C1)y11 —C1 Y1 Y15 +€53

Uy = Iz Zp, + |1 Zyy — 21y 15 T, Xp5 — Xy = Xpp X5 + (C?_ _Cl)Y12 —C; Yo Y15 €44

U = -1+ Zyy Zyg + 2y Zyy + Xy Xgg HXpp Xy —@3Xi5 + Y1g Yaz + Yo Yig —C5 Yis + €45 4 (6-28)
and

Uy = =My Zp3 Zps +0,(Xp5 = X50) + A1 (Y5 = You) + €5

Uy =—My 2y Zy5 + bl(X24 o Xzz) + dl(y24 - yzz) +€y

Upg = =M, (Z5) = Zp3) +10, X3 = Xoq X5 + (A3 =01) Yoy = Vir Vo5 + 03 Yoz + €55

Upy = _mz(zzz _224) + bz Xog = X Xo5 + (ds o dl)Y2z Yo Y5 t+ d3 Yo T €24

2 2
Uy = -1+ Ly — Ly + Xy Xpz + Xy Xy _b3 Xos + Y21 Yoz + Yoo You — dz Y5 + €55 - (6-29)

The control functions are designed according to Theorem 6.2. Therefore response systems
(6.28) and (6.29) keep the same trajectories, as drive systems (6.15), (6.17), (6.19), (6.21)
and as a result the dual combination synchronization amongst chaotic systems (6.15),

(6.17), (6.19), (6.21), (6.28) and (6.29) are achieved.
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Figure 6.7 (i)

Figure 6.7 (j)

Figure 6.7: State trajectories of the complex chaotic systems (6.15), (6.17), (6.19), (6.21),

(6.26) and (6.27) between : (a) x,, (t)+ vy, (t) and z,,(t); (b) X, (t)+Yy,,(t) and z,,(1);

(©) X)) +y,(t) and z,(t) ; (d) X, (O)+y, () and z,(t) ; () x,(t)+y,s(t) and

25 (1) 5 (F) Xu () + Yy, () and 7, (1) ; (@) Xy (t)+Y, (1) and z,,(t); (D) X5(t) + yas(t)

and Z23 (t) ’ (I) X24 (t) + y24 (t) and 224(t) ’ (j) X25 (t) + y25(t) and 225(t) '
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6.6 Simulation results and discussion

In this section, the feasibility of the proposed scheme have been demonstrated. The
fourth-order Runge—Kutta algorithm is used with time step size 0.001. During simulation,

the values of all the parameters remain unchanged and the initial conditions are also taken
as before. Hence, the initial error is [e,, +ie,, e, +1€,, €., €, +1€,, ,e,(t)+ie,(t),
e,]" =[13+8i, 11+10i, 20, 0.9+16.9i, 8.3+25.4i, 31.5]" . Figures 6.7 (a)-(e)
display the time responses of the states x,; (t)+Y,;(t) and z,;(t) of the drive systems
(6.15), (6.17), (6.19), (6.21) and the response systems (6.26), (6.27) for j=1(1)5. The
similar things between the states x,; (t) +y,; (t)and z,, (t) of drive systems and response

systems are depicted through Figures 6.7(f)—(j) for j =1(i)5. Figure 6.8 shows that the

error vectors asymptotically converge to zero as time becomes large which implies that

dual combination synchronizations amongst the considered chaotic systems are achieved.

40

30— =8,  —€ —€  — —=€ [ [SI— €, e (Y- e

1,2,3,4,5

1,2;j

J

e

Figure 6.8: The plot for the evaluation of error functions e, (t),i=1,2; j=12,---,5.
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6.7 Conclusion

In this chapter, a novel scheme of dual combination synchronization of six distinct
complex chaotic systems in which four drive and two response systems, is proposed
based on Lyapunov stability theory. A validation of the generalization of the proposed
scheme over the other useful synchronization schemes is an important achievement of the

present scientific contribution.
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