Chapter 4

An innovative Vieta-Fibonacci wavelet collocation
method for the numerical solution of
three-component Brusselator reaction diffusion

system of fractional order

4.1 Introduction

There are many kinds of fractional derivatives viz., Riemann-Liouville fractional
derivative [22], Caputo fractional derivative [22], Atangana-Baleanu derivative [90],
M-truncate derivative [91], Beta-fractional derivative and [92, 93] etc. These frac-
tional derivatives and integrals help us to understand and describe the complex
behaviors in many real-world systems. The significance of fractional calculus lies in
its ability to model the things which don’t behave in a standard way. For example,
it helps us study how certain materials stretch and deform, how some substances
diffuse in unusual patterns, and how signals in communication systems can be pro-
cessed more effectively. By using fractional calculus, the scientists and engineers can
better understand these phenomena and also design better control systems, improve
image processing, and optimize various processes. It opens up new possibilities to
explore and solve problems in different fields, making it an invaluable tool in mod-

ern science and technology. As we delve deeper into fractional calculus theory, we
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unlock a better understanding of the hidden complexities that surround us.

The applications of fractional differential equations are quite diverse and can be
found in various fields such as Diffusion and Transport [94], Viscoelasticity [95],
Electrical Circuits [96] etc. Several numerical methods can be found in literature
such as in [97] the Homotopy perturbation method has been used for the approxi-
mate numerical solution of time fractional Lotka-Volterra equation, in [98] a class
of coupled fractional order PDEs has been approximated based on operational ma-
trices(OM) of fractional order integrations and differentiations, in [99] the Laplace
optimization decomposition method has been proposed to obtain the approximate
solution of the nonlinear FPDEs with the fractional derivative. The modified power
series solution method with conformable derivatives was used by [100] to solve a cou-
pled system of nonlinear FPDESs, [101] has proposed a method for solving nonlinear
FDE with finite difference methods based on nonuniform meshes, [102] has used the
shifted Jacobi collocation method to solve fractional nonlinear cable equations in
one and two-dimensional spaces. A spectral numerical approach has been presented
by [53] for solving fractional diffusion-wave equations and fractional wave equations
of second, fourth-order. In [103] the power series method is used for the numerical
simulation of non-integer differential equation, an approach has been developed in
[104] that examines fractional-order shock wave equations and wave equations as-
sociated with gas motion, [60] has used Variational iteration method for analytical
approximate solution of a fractional diffusion equation, [105] has solved system of
FPDE using Optimization technique, [106] has solved third kind Volterra integral
equation, [107] has used the spectral Galerkin technique for the computation of time

fractional delay differential and PDEs etc.

The three-component Brusselator reaction-diffusion system is a mathematical model
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that describes the dynamics of a chemical reaction involving three components. It is
an extension of the original Brusselator model, which was proposed by Ilya Prigogine
and Robert Lefever in the context of nonlinear chemical kinetics. The fractional ver-
sion of the three-component Brusselator reaction-diffusion system can be written in

the following way [108] as

0° 0
at:: 16_;;+a1—(b1+w)“+u2v+f1(x’t)’
« 2
gt:‘ = 2‘23; +uw — v + fo(z,t), (z,) € [0,1] (4.1)
0%w 0*w
Er @W —uw + ¢ + f3(z,t),

where dy, dy and ds are diffusion coefficients, the concentration of two intermediary
reactants are represented by wu(z,t) and v(x,t) while concentration of input con-
centration is denoted by w(x,t) and ay, b; and ¢; denote the rate constants. The
Brusselator reaction-diffusion system finds applications in various fields due to its
ability to model pattern formation and complex behavior in dynamic systems such
as the Brusselator model is used in chemical kinetics to study the behavior of au-
tocatalytic reactions, where a substance catalyzes its own production. It helps to

understand the formation of intricate chemical patterns observed in certain reactions.

In this chapter, a computational strategy has been suggested based on the collo-
cation method and the operational matrices of the Vieta-Fibonacci wavelet. The

primary points are as follows:

e The goal of this chapter is to construct the operational matrices of integer
as well as Caputo fractional order derivative based on the Vieta-Fibonacci
wavelets for the first time for solving the three-component Brusselator reaction-

diffusion system of fractional order arising in chemical reactions.
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e The existence, uniqueness of the solution, and Ulam-Hyers stability of the

model are discussed.

e Theoretical discussion on the error bound and convergence analysis for the

proposed method has been presented.

e The efficiency and accuracy of the suggested technique are confirmed through
an error analysis between the obtained numerical results and the existing an-

alytical results for the particular forms of the considered model.

The combination of wavelet OM and collocation method provides an efficient and
accurate numerical approach for solving FPDEs. Its ability to handle fractional
derivatives, adaptively refine the spatial grid, and provide accurate approximations
makes it a valuable tool for modeling and simulating complex systems even in frac-
tional order system. Some available wavelet methods are as follows: [109] has derived
generalized Taylor wavelet method for the numerical investigation of distributed or-
der fractional PDE, [110] has developed Haar wavelet and collocation method for
the numerical solution of system of fractional ODE, [111] has investigated mod-
ified version of Hermite wavelet for the simulation of space-time fractional PDE,
[112] has used Chebyshev wavelet method for fractional-order Volterra-Fredholm
integro-differential equations. Based on two-dimensional Miintz-Legendre hybrid
functions, [113] has proposed a numerical method for solving FPDEs. The article
[114] has developed a method for FPDEs based on the generalized Gegenbauer-
Humbert wavelets and their OM. The article [115] has used Legendre wavelet for
solving ODE and FPDE respectively, while [116] has presented Bernoulli wavelet for
PDEs.
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4.2 Vieta-Fibonacci wavelets

Theorem 4.1. Let VE(x) be the Vieta-Fibonacci polynomials that are shifted into

[0,1], then we have

n—1

d * *

—VF; ()] = > 4k VE;(2). (4.2)
(k+k1;oodd

Proof. Expanding the function f(z) in terms of VF polynomials in the following

way

fle) =) é V(). (4.3)

Now, differentiating both sides w.r. to x, we have

fla) =Y a&W VE(x), (4.4)

where

M=k Y & k>0 (4.5)
p=1+k
(k+p) odd
Now, assuming f(z) = VF,(x) in Eq.(4.3), we obtain ¢, = 1 and ¢, = 0 for i # n,
consequently
k, (n+k) isodd, k<n-—1,

0, otherwise.

The following required expression is obtained using ¢* in Eq.(4.4) as

—1
v Z k VFy(x (4.6)
=

(k+
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Substituting 4z — 2 =t in Eq.(4.6), we get

d . n—1 .
TVE ()] = > 4k VEF ().
(k:+n:) odd

4.2.1 Vieta-Fibonacci wavelets

Vieta-Fibonacci wavelets are constructed from Vieta-Fibonacci polynomials. Vieta-
Fibonacci wavelets ¥, ,, (t) = ¥(k,n, m, t) have four arguments withn = 0,1,2,--- , 2F—
1, k € NU{0}, and m is the degree of polynomial and ¢ is normalized time. Vieta-

Fibonacci wavelets are defined on the interval [0, 1] as [117]

25\/§ VE*(2kx —n), z€ [%,"Tﬂ],
0

, otherwise,
where m =1,2,3,--- , M.
VFE Wavelets are orthogonal on the interval [2%, "2—4,;1] w.r.to the weight function
wn(z) ie.,
T g—i, n=mn"and m =m/,
/ Ui () ()0 () dv = (4.8)

3 0, otherwise,

where
V=) = =2, e e 350
wn(z) = w(2kz —n) =

0, otherwise.
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If f(z) is a function defined over the interval [0, 1], then we can write f(z) as the

combination of Vieta-Fibonacci wavelets as

f(:L‘) = Z Z Cnmd)n,m(x)a

n=0 m=0

where ¢,,,, = fol [ (@) () wp (z)dz.

Now, this infinite series is truncated as follows:
2F—1 M
f(ZL‘) = Z Z Cnmwn,m(l‘) = CT\P(:E)7

n=0 m=1

where C' and W(x) are column vectors of order 2¥M and given by
C = T
= [co1, coz - - Conrlern, cra - - Cinr| - |ear_y 1, Copy o Gy ]

and

\I/(l‘) = WJOla 1/]02 T QZ}0M|77D11a ¢12 e 77Z11M| e |¢2k—1 17w2’“—1 2°° '1/]2’“—1 M]T'

4.3 Derivation of VF wavelet OM

(4.10)

(4.11)

(4.12)

In this section, the OM of the derivative of VF wavelets for both integer and frac-

tional order derivatives have been derived.
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4.3.1 OM of integer order derivative

Theorem 4.2. Let V(x) be the VF wavelets defined in Eq.(4.12), then the derivative
of W(x) will be
d¥(x)
dx

— DU(x), (4.13)

where D is the derivative matriz of order v (m = 28M) and is given by
D = diag(F,F,--- | F), (4.14)

where F' is a square matriz of order M, whose elements are calculated as

2k+2q7 p:27 7M7 qzlv 7(p_1) and (p+Q) odd
Fl, = (4.15)

0, otherwise.
Proof. With the help of VF polynomial shifted into [0, 1], the pth element of the

vector W(x) is given by

£ /8 .
U, (2) = Ypm = 22 \/; VE:(2Fx — n)x[fk’%l], (4.16)

where p = nM +m, n = 0,1,--- (2" = 1), m = 1,2,--- , M, Xz ni1y IS the
2k’ 2
characteristic function.

Differentiating Eq.(4.16) w.r. to =, we get

=

d\pr (LE) 3

8 v
P =2 \/;VFm(ka—n)X[;’y}. (4.17)

|

Since it is zero outside the interval [2%, ”2—*,;1}, therefore dqj;;x) =0forp=1M+

1,2M 41, , (2" — )M + 1.
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Now, substituting the value of V F* (28x — n) in Eq.(4.17) from Theorem 4.1, we

obtain

d\I/p(l’> 3k 8 s . */ak
= 272 \/; Z 45 VF; (2" — n)X[#’u}. (4.18)
(m+j) odd

Expanding the above equation in VF wavelets, we have

p—1
3k
— 2f Z 45 VF; (2% = n)x(g ap) = 2" D Ag V().

m—l—j odd (p—i—q(; odd
(4.19)
If we choose F},, as
2k+2Q7p:27”'7M7 q:177(p_1)and(p+Q)Odd7
Fpq=
0, otherwise,
then the required result is obtained. O

Remark The operational matrix for the nth derivative may be obtained by applying
Eq.(4.13) as

where D" is the nth power of matrix D and n is some positive integer.

4.3.2 OM of fractional order derivative

Theorem 4.3. Let V(x) be the VF wavelet vector as defined in Eq.(4.12) on the in-

terval [, "2—*,;1] and § DSy () be the fractional derivative of VF wavelets in Caputo
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sense of order a >0 ([a] —1 < a < [a]) then for k =0, we have

SMLOW (m, )y (x),  m > [al,
€ DOty () = (4.20)
0, 0<m< [,

where

Mo a\—itj+mo2+2itka : 3, s
0, ) = 3 IO (G
/T T(2+ 2i)

i=[a]
HypergeometricPFQ[{1 — j, 1 + j, % +i—a}, {%, 3+1—al,1]
X
F'm—-il(i+1—-a)l'3+i— )

Proof. If m < [a], then there is nothing to prove; therefore, let us assume that

m > [a], we have

8 — :
Vm () = 2‘“/2\/; > b2 = n)' X1, ), (4.21)
=1

where Ix(7) = [n/2%, (n+1)/2"],n=0,1,---2"~1, m =1,2,--- M. Now applying

the Caputo fractional derivative to both sides of the above equation, we get

m

c Mo - c Mo n° &ml(z)‘ k\i—a

(4.22)

_ o(l/2+))k /8 _ (=) 2% (mtit 1)
where @, = 2(1/2+9) \/;bmi and  bmi = Tt rate

The VF wavelets expansion of this function is limited to only those components

which are non-zero at the time of this distribution because the value of (z—n/2%)"%x; )

outside this interval [n/2% (n + 1)/2*] is a zero value. Therefore, the VF wavelets
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expansion of this function gives

M
(@ = /2% " Nppw) = Y _njl@)ey,  i=[al.[a]+1, m,  (4.23)
j=1
where
(n+1)/2% (n+1) /2k ‘
eij = / (z — /2" (2)wn (x)dr = Zcﬂ/ —n) " "w,(z)dz,
n/2k /2k
:chrﬁr(§+T+Z—&) (4.24)
2K TB+r+i—a) =
where
25V
er = m e
Substituting Eqs.(4.23) — (4.24) into Eq.(4.22), we get
M
G0 () = 3 QL (m, ) (), (4.25)
j=1

where an)(m,j) = Z:'i(a] Opji and ©,,;; is given by

Ui (1) Zcﬂ VILG +r+i—a)

Omji = == :
T —a i) 2HTB+r+i— )

After performing mathematical calculation, Q&")(m7 Jj) can be written as

m o 1\—ititmo2+2itka . 3
Q((Xn)(m7]) — Z ( 1) JTm9 jZ'F(l —+ Z‘—i— m)F((2 + 14 Oé)
Vv T'(2 + 2i)

i=[a]
HypergeometricPFQ[{1 — j,1+j,2 +i—a},{2,3+i — a},1]

X
Fm—lGE+1—a)l(3+i—a) ’

where HypergeometricPFQ is the Generalized hypergeometric function.
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Now, Eq.(4.25) will be

6Dy (x) = [Q ”)(m, 1), Q(”)(m, 2),- -, Q) (m, M)|¥,, (). (4.26)

« «

The proof is now completed. O

Theorem 4.4. Let V(z) be the VF wavelet vector as defined in Eq.(4.12) on the
interval [, %] and §DSU(x) be the fractional derivative of VF wavelets in Caputo

sense of order a >0 ([a] —1 < a < [a]), then for k =0, we have

DOV (z) ~ BT (x) (4.27)

where B is VF wavelet OM of order m x m and is given by

0 0 0
e | (M0l e(el2) e (el M)
(ol +1,1)  Qf(a]+1,2) - Q¥([a] +1,M)
le) (M7 1) Q(()tn) (M7 2) e Qgcn) (M7 M)
Proof. Using Theorem 4.3, the proof can be done easily. m

4.4 Existence, uniqueness, and stability results

The purposes of this section is to provide the mathematical analysis of the pre-

sented model. First, the existence and uniqueness of the solution of the discussed
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model are demonstrated and then the Ulam-Hyers stability of the model is discussed.

4.4.1 Existence and uniqueness

Consider the fractional order three-component time fractional order Brusselator re-

action diffusion model as given in Eq.(4.1).

Now, introducing the Riemann-Liouville integral operator of fractional order in

Eq.(4.1), we have

U({L‘,t) - U(l’70) = Ifé (dluxa: +a; — (bl + w)u+ U2U + fl(xat)>7

1 ' a-1 — w(z, s))u(x, s u?(z, s)v(x, s
:m/oa_s) (dittas + a1 = (b +w(, 5))ule, 5) + ¥z, s)o(z, 5)

+ fille,s))ds,
(4.28)

v(x,t) —v(z,0) = T /0 (t—s)*! (dQUM + u(z, s)w(z, s) — u*(x, s)v(z, s)

+ fo(x, s)> ds, (4.29)
and

w(x,t) —w(x,0) = ﬁ/g (t —s)t (dgwm —u(z, s)w(x,s) + 1 + f3(x, s))ds.
(4.30)

Let
Ki(t,u(z,t)) = dittee + a1 — (by + w)u + v’ + fi(z,1), (4.31)

Ks(t,v(z,t)) = davyy + uw — u?v + fow,t), (4.32)
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and

K3(t,w(z,t)) = dswg, —uw + ¢; + f3(z,t), (4.33)

and for continuous function u(x,t), uy(z,t), v(z,t) vi(z,t) ,w(zr,t) and wi(x,t) €

L2<(0, 1) x (0, 1)), there exist some constant v, > 0, 7o > 0 and 73 > 0 such that

|[tze — (1) || < mllu — ],
[[V2e = (V1) ez|| < Y2llv —vi]], (4.34)

[[Waa = (w1)aa]] < 7sflw = wi]].

Also, here |di| < s1, |b1] < s9, |do] < I3, |ds| < Iy and, now, we will show that
Ky (t,u(x,t)), Ko(t,v(x,t)) and Ks(t,w(x,t)) satisfy the Lipschitz condition, for

this purpose, we have

|| K1 (t,u) — Kq(t,ur)|| = ||ditgs + a1 — (b1 + w)u + u?v + fi(z,t) — (dy(ug)ee
+ a1 — (b + w)uy +uiv + fi(z,1))|],
< |di|millu = (w)|| 4 (|ba] + [w])]]u = wal| + [o] [Ju? =i,

< (sm + (52 + 53) + 54\ + AQ)) | — ], (4.35)

Setting,

My = sy + (524 83) + sa(A1 + A2),

where u and u; are bounded function such that |u| < A; and |u;| < Ay then, we have

[ (t u) = Ko ()] < Maflu = ] (4.36)
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Similarly, for the functions v(x,t) and w(x,t), we have

[[Ka(t,v) — Ka(t,v1)|| < Mal[v — vl (4.37)

|| Ks(t,w) — Ks(t,wy)|| < Ms|lw —w||, (4.38)

where My = (I172 + A?) and Mz = (lyy3 + A1). Hence Lipschitz condition is satisfied
by the kernel K (t,u), Ko(t,v) and K3(t,w). In addition if 0 < M; <1, i=1,2,3,

then it is contraction.

Theorem 4.5. Let us assume that u(x,t), v(z,t) and w(x,t) are bounded functions,

then the operators ®(u(x,t)), ®(v(x,t)) and ®(w(z,t)) defined by [118]

B(u(z, 1)) = u(z,0) + ﬁ /0 (t — ) K (, u)ds, (4.39)

B(v(x, 1)) = v(x,0) + ﬁ /0 (t — )2 Ky (x, v)ds, (4.40)
and

O (w(x,t)) = w(x,0) + ﬁ/o (t — 8)* ' K3(z, w)ds, (4.41)

satisfy the Lipschitz condition.

Proof. Assume that u(z,t) and wuy(z,t) are bounded function such that u(zx,0) =

uy(x,0), then

O(u(z, 1)) — ®(ui(z, 1)) = ﬁ /Ot(t _ g)ot (Kl(ac, ) — Kl(x,u1)>ds,

1 ¢ o1
|| (u(z, t) — @(ui(z, 1))l Sm/o(t—s> | K1 (2, u) — Ki(z, u)|ds,

Vo My

STi+a)

[l = wal].
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Considering m, = %, we get
1@ (u(z, 1)) — P(ur(x,1))]] < maflu— ]

Similarly, by assuming v(z,t), v (z,t), w(z,t) and wy(x,t) as bounded functions we
can show that

1@ (v(, 1)) — (v (x,1))[| < mallv —wi],
1@ (w(z, 1)) — P(wi(z,1))]] < ms|lw — wi].
Hence the proof is completed. O

Theorem 4.6. Let us assume that u(x,t), v(x,t) and w(z,t) are bounded functions,

then the operators defined by

O(u) = dyug, + a3 — (by +w)u + wlo + fi(x,t), (4.42)
D(v) = dyvse + uw — v + fo(z,1), (4.43)

and
D(w) = dawy, — uw + 1 + f3(w,1), (4.44)

satisfy the conditions

’<<I>(u)—<1>(u1),u—u1>) < My||u — uy|)?, (4.45)
)<<I>(v)—(l>(v1),v—vl>‘ < My||lv — vi|?, (4.46)

and
‘<<I>(w) —@(wl),w—w1>‘ < Msl||lw — wy||?, (4.47)

respectively.
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Proof. By considering the function u(x,t) as bounded function, we have

Y

‘<Q)(u) — O(uy),u— u1>

= ’<d1(um — (U1)ze — b1(u —uy) — w(u —uy) +v(u® —ud),u — u1>
< di]|< (u — u1) g, w — up >| + |b1||< v — up, u —uy >| + |w|
|<u—uy,u—uy >+ )< u? —udu—u >,

< d|[[(u = w )z Ju = || + [balJu = wi|[* + wl[Ju — ual|*

+ o[l — ] [Ju 4w ],
ie.,
(@(w) = @), u = )| < (5171 + (52 + 53) + 5100 + ) lJu = ]2,
which implies that

< Millu — [

‘<<I>(u) — P(uy),u— u1>

Repeating this same process for the bounded functions v(z,t) and w(zx,t), we have

< My||lv — vi]?,

’<(I)(U) — P(vy),v — v1>

and

Kym—¢mmw—mﬂgﬂmm—wm?
]

Theorem 4.7. Suppose that u(x,t), v(z,t) and w(zx,t) are bounded functions and

0 < ||z|| < oo, then the operators

®(u) = ditgy + a1 — (b + w)u+ v’v + fi(z,1), (4.48)
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D(v) = dyvye + uw — uPv + fo(a,t), (4.49)
and
d(w) = dswyy —vw + ¢ + f3(x,t), (4.50)
satisfy the conditions
(@) = ®(ur), )| < Millu = ]| |12I], (451)
() = @(wn), )| < Mallo = ] 121 (452)
and
[(@(w) = @(wn), )| < Myllw = w]] |12, (4.53)
respectively.

Proof. Let u(x,t) is bounded function and 0 < ||z|| < oo, then we have

‘<CI>(u) — ®(uy), z>‘ = ‘<d1(um — (U1) gz — b1(u —u1) — w(u — uy) + v(u? —ui), z>

Y
<|di||< (U= u1)aws 2 >| + |bi]|< w — up, 2 >| + Jw||[< u —uy, 2 >|
+ vl|< v —ui, z >,

< Jdall[(u = wn)ae|| [|2]] + [oo][lu = wa[[ [[2]] + |wl[[u = ua ] |[2]]

+ [l =l {l=]]

(@) = @), 2)] < (51704 (52 + 35) + 50+ 2a) [l = wall Iz,
which implies that

(@) = @), 2)| < Millu— ]| |||
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Repeating this same process for the bounded functions v(z,t) and w(z,t), we have

(2(0) = (o), 2)| < Ml = wi] 2],

(@) = @(w), )| < Myllw = wi]| []2]]
Hence proof is complete.

Now, the iterated formula for Eqs.(4.28) — (4.30) are formulated as
1 t 1
n 1) = =—— t— )" Kq(t,uy,)ds,
Unt1(, 1) F(a)/o( §)* T Ko, un)ds

(e = o [ (0= 9 Kalt s,

«

Woy1 (2,1) = ﬁ/o (t — 5)° Ky (t, w,)ds,

with u(z,0) = ug, v(z,0) = vy and w(z,0) = wy.

The successive difference is presented in the following way

() = un(2,t) — () = ﬁ /0 (t = 5" (Ka(t )

—Kl (t, un_2)>ds,

N (at) = v 8) — vt (2,8 = —— /0 (t = 5" (Kalt,v,)

—Kg(t,vn_g))>ds,

(4.54)
(4.55)

(4.56)

(4.57)

(4.58)
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and
() = ) = waal) = = [ (6= (Kalt
—K3(t,wn_2))>ds. (4.59)
Note that
Uun(z,1) = é&(ﬂc, t), (4.60)
on(,1) = Zing(x,t), (4.61)
wn(z,t) = ki:onk(x, t), (4.62)

Applying norm on both sides of the Eq.(4.57), we get

leoGo 1= [y [ (6= (Kattsuns) ~ Kaltu))asl |, (1.9)
or
1 ! a—1
(. 1)|| < m/0 (t— ) H(Kl(t, tn1) — K (L, un_2)>d8‘ ) (4.64)
As Lipschitz condition is satisfied by the kernel, thus
leo (o1 < ot [ 6= 95" s = sl (4.65)

Proceeding in same process for the bounded functions v(z,t) and w(z,t), we get

My, [* _1
D@D < —2 | (¢t =) Yvp 1 — vnslds, 4.66
o011 < s [ (2= 90 lowes = valts (4.66)
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and

M; [ 1
D < t—s)° _1— Wp_2||ds. 4.
I 011 < s [ =907y = s (4.67)

Based on the above results, we can prove the following theorem.

Theorem 4.8. Three-component Brusselator reaction-diffusion system defined in
Eq.(4.1) has a solution if there exists vy such that

Mg

— <1  =1,2.3. 4.68
Tlatl) = L= L4 (4.68)

Proof. Considering u(x,t) as bounded function and performing the recursive scheme,
we have

&, 1)]] < [ ML )}"u(:ﬂ, 0), (4.69)

Ia+1
and thus the function

Up(z,t) = Z &z, t),

exists and smooth. Now, to show that Eq.(4.60) is a solution of Eq.(4.1), let us

assume that u(x,t) — u(x,0) = u,(z,t) — L,(z,t), then we have

Y

Lo, )] = Hﬁ /Ot(t 9 () — K () ) ds|

s[ﬁ%%%hm—unm. (4.70)
Recursively, we get
o qntl
Iaw 0l < [Fog) M (@)
At t = ~, the above equation becomes
Lz, D] < [F(Oj—il)} ", (4.72)
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If n — oo, then ||L,(z,t)|| — 0.
Similarly for the functions v(x,t) and w(z,t), we have
fya n+1 n
[[da(z, 8)]] < [F(a—i—l)} My*e, (4.73)
and
,YOC n+1 n
1S, 8)]] < [F(a—[—)i—l)] M e, (4.74)
which tend to zero as n — oo
Hence the proof is completed. n

Let us proceed, next, to examine whether or not there is any unique solution to the

fractional order Brusselator reaction-diffusion system (4.1). Let u(xz,t) and r(z,t)

are two solutions of the system (4.1), then we have

u(z,t) —r(x,t) = T(a) /Ot(t —5)* ! (Kl(t,u) - Kl(t,r)>ds.

If we take the norm on both sides of Eq.(4.75), we get

o) 1o = | s [ 6= o0 (Katt — Kaeor) s

or

e, 1) (e, D] < (s

Fa g1yl ) = el

which implies that

My
g t) = (e, 01 (1= gy ) <O

(4.75)

(4.76)

(4.77)

(4.78)
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where v is a positive constant.

Similarly, for the functions v(z,t) and w(x,t), we get

ot 1) — (D1 (1 - %) <0, (4.79)
o 1) — rale. 1 (1 - %) <0 (4.80)

Theorem 4.9. A fractional Brusselator reaction-diffusion system has a unique so-

lution if the following conditions are met.

Mi’}/a .
- —) >0, —1,2,3. 481
( T(a+1) ! (481)

Proof. We have the following result if the condition of the previous Theorem is

satisfied
Ml"}/a
) —r(x,t (1——)§0. 4.82
) = (o011 (1 = Fori (4.52)
Consequently, it implies that
[lu(z, t) —r(z,t)]] =0,
as a result u(x,t) = r(z,1).
Similarly, we can show it for v(z,t) and w(z,t).
Hence the system (4.1) has a unique solution. O

4.4.2 Ulam-Hyers stability

Our goal is to demonstrate that the VOFFN system presented in Eq.(4.1) is Ulam-

Hyers stable.
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Definition This Eq.(4.1) is Ulam-Hyers stable if the following relations hold for
91, 02, 63 >0 [119].

6D — dytge — ay + (by + w)u — u*v — fi(z,t)] < 4y, (4.83)
6 DM — dovyy — uw + u?v — fo(x,t)| < 0, (4.84)

and
l6Dfw — d3wy, + uw — ¢ — f3(x,t)] < ds. (4.85)

Then there exist solutions u*, v* and w*, such that

lu—u*| <aj b1, |v—0]<ay, a),a,€R, (4.86)

and

lw — w*| < azds, ay € R. (4.87)

When u, v and w satisfy Eqgs.(4.83)—(4.84) and Eq.(4.85), then there exists functions

q1(z,t), g2(z,t) and g3(x,t) which are defined as follows:

EDU — dytg, — ay + (b1 +w)u — uv — fi(x,t) = q(z, 1), (4.88)
EDM — dyvgy — uw + u’v — fo(x,t) = qo(w, 1), (4.89)

and
oDfw — dswg, +uw — ¢ — f3(x,t) = gs3(x, t). (4.90)

Using RL fractional integral to both sides of Eq.(4.88), we achieve

u(m,t)—u(a:,O)—i—If‘(—dlum—al—i-(bl +w)u—u2v—f1(x,t)) = IFq(x,t). (4.91)
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Now,

|u(z,t) —u(z,0) + [} (—ditz — a; + (by + w)u — ulv — filz, )] = | g1 (z, 1)

T(X
< (1| = e E—
—‘ql‘ t( )| |q1‘F(a+1)’
lu(z,t) — u(z,0) + I} (—ditpe — a1 + (b + w)u — u’v — fi(2,1))|< " d1.
’ ’ t T T a+1)
Similarly for v(x,t) and w(zx,t),
lv(2,t) — v(z,0) + I*(—dyvpy — uw + u?v — fo| < L@
’ 7 ¢ “Da+1) 7
jw(z,t) — w(z, 0) + I (—dswy, + [ p——"
w(x,t) —w(z —d3Wep + uw — ¢; — f3(x,1)] < =—03.

Suppose that u*(z,t), v*(x,t) and w*(x,t) be the solutions of system (4.1) with

u(z,0) = u*(x,0) = go, v(x,0) = v*(x,0) = g1, and w(x,0) = w*(z,0) = g, then
u*(z,t) = u(x,0) + I (dlum +a; — (b +w)u+v®v + fi(z, t)).
Therefore,
[lu—u*|| = [|u—u(z,0) = [ (ditty + ar — (b1 +w)u +u’v + fi(z, )],
llu —u*|| = [Jlu —u(z,0) — I (diug(z, t) + a1 — (by + w(z, t))u(z, t)+
u* (2, o(z, 1) + fi(z,1)) — IF(diug, (2,1) + a1 — (b + w(@, ))u” (2, 1)+

(u*)?(z, t)v(z,t) + fi(z, 1)) + IX(dyut,(z,t) + a1 — (b1 +w(x,t))x

u*(:z:,t) + (u*)Q(x,t)v(x,t) + fl(l‘,t))H,
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ie.,

TOC

L I I G
o=l < g

1 (5171 -+ (52 53) 4O+ ) ) (12 (= w'])- - (4:92)

Similarly for the functions v(x,t) and w(zx,t), we obtain

[e7

< — 2\ T7a| ], a0k .
H_F(a+1)52+(1172+)‘1)([t“v v*)), (4.93)

llv — v

[e7

lo =] < & 03 + (l27 + A1) (17 [w — w*]]). (4.94)

(a+1)
Lemma: Let o > 0 and z;(z,t) be locally integrable, non-negative and non-
decreasing function on interval (a,b). Also, let u(z,t) be non-negative and locally
integrable on interval [a,b) and z3(x,t) is bounded by some constant, then the in-

equality given by [120]
u(w,t) < 2 (@, t) + 2(w, t) (Itau(x, t)), (4.95)

implies

u(z,t) < z1(z,)Ea <22(£E, £)(t — a)t>, (4.96)

where Eo(t) = Y02, m

We obtain the following result by applying the Gronwall relation to Eq.(4.92) with
z1(2,t) = %51 and zp(z,t) = <S1’Y1 + (82 + s3) + s4(A1 + )\2)>-

< TO‘

~ Ia+1)

< ™
~INa+1)

51Ea<<8171 + (82 + s3) + sa(A\ + )\2)>t°‘>,

[lu = w]

51Ea((sm + (594 83) + 54\ + /\2))T°‘>. (4.97)
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Applying the Gronwall relation to Eq.(4.93) and Eq.(4.94), we get
o — o] < =6, ((z +>\2)Ta> (4.98)
-0 — 0K, , )
— <—5Ea<l A Ta>. 4.99
Hw wH_F(C{—i—l) 3 (2’734— 1) ( )

Eqs.(4.97)-(4.99), imply ||u — u*|| < a}01, ||[v — v*|| < a}ds and |jw — w*|| < a}ds,

with
, T« a
T
and
’ TO& 2 « T Ta o
ay = W(SZEQOZWQ + )T ), as = Tlat 1)53Ea <(l2’Y3 + )T )

The solution of Eq.(4.1) is therefore Ulam-Hyers stable.

4.5 Implementation of the approach

In this section a detailed, step-by-step implementation of the combined wavelet

operational matrix and collocation method for solving FPDE have been provided.

Consider the model (4.1) under the following ICs and BCs:

u(z,0) = ug(x), v(x,0) = vo(x), w(z,0) = wy(x),
u(0,t) = uy (), v(0,t) = vy (t), w(0,t) = wi (),

u(1,t) = us(t), v(1,t) = vo(t), w(l,t) = wsy(t).

(4.100)
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Let us assume the following approximation for u(x,t), v(x,t) and w(z,t) as

v(w,t) ~ Z > vy (t), (4.101)

2 47 ()W (1),

where U, V and W are unknown matrices of order m x m to be determined and

U(z) is vector defined in Eq.(4.12). Theorem 4.2 yield

0?u(x,t)
Ox?
0?v(x,t)
Ox?
0?w(x,t)
Ox?

~ 0T (2)(D?)TUT(1),
~ UT(2)(D?)TVI(1), (4.102)

~ T (2)(D@)YTWE(1).

Also, from Theorem 4.4, we get

0%u(z,t)
ot~
0%v(x,t)
ot
0%w(x,t)
ot

~ Ul (2)U(B*)¥(t),
~ U (2)V(B)W(t), (4.103)

~ Ul ()W (B*)U(t).
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The residual function can be obtained by inserting Eqs.(4.101)-(4.103) into the

Eq.(4.1) as

L2 _gT(y U(Ba>\11 (t) + dy U (2)(DYTUD (L) + ay — (by + UT () W (2))
X (U7 (@) U(1) + (97 (2)U <>) (V' @VIW) + filet). (4.104)
2 _9T(z v(ga)w )+ do (DU (2))TVE (L) + U7 (2)UD ()7 (2) W (1)
— (U (2)UW () (0 (2) V() + fo(x, 1), (4.105)
Ry(z, 1) 2 —0T(2)W B“)\I/(t) +dy (D*W(2))TWU(E) — (W (2)UD(t))

x (UT(2)WU(1)) + e + fa(w, 1). (4.106)

Now, associated initial and boundary conditions can be approximated via VF wavelets

as

U (2)"UV(0) — ug(z) £ Up(z) ~ 0, U(x)'VU(0) — vo(z) £ Vi) ~ 0,
(4.107)
U ()WY (0) — wo(x) & Wy(x) ~ 0, (4.108)
and

V(0)'UU(t) —uy(t) 2 Uy (t) ~0,  U(D)TUV(t) — us(t) £ Us(t) ~ 0,
T(0)'VU(t) — v (t) 2 Vi(t) ~0,  U(1)TVU(t) —vy(t) 2 Vo(t) =0, (4.109)

T(0)TWU(t) —wi(t) 2 Wyi(t) ~0, U(1)TWU(t) —wy(t) = Wy(t) ~ 0.
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At this stage collocating Eqs.(4.104)-(4.109) at the certain collocation points i.e.,

RT(IZ,t]):O, T:1,2,32§Z§m—1, 2§J§m7

Uo(w;) =0, V(o) =0, Wy(x;) =0, 1<i<m,

Ui(ty) =0, Us(t;) =0, 2<j<m, (4.110)
Vi(t;) =0, Va(t;) =0, 2<j <

Wi(tj) =0, Walt;) =0, 2 < j <.

This system (4.110) generates 3(r x m) equations. To derive a numerical solution

to the original system, one has to solve these algebraic equations for computing the

unknown matrices.

4.6 Error bound analysis

Theorem 4.10. Suppose that f(z,y) is a function of two variables which is con-

tinuous and defined in [0, 1] x [0, 1] having the property ’8 f(zy)

0x20y?

positive integer k,

(1) the series expansion of f(x,y) as

2k_192k—1 M M

= Z Z Z Z cn,n/,m,m/%,m(fﬁ)%/,m/ (y)7

n=0 n’=0 m=1m/=1

converges uniformly to f(x,y).

(i)

B
Uko<322 Z Z Z (n+ 1)2(m — 2)4(n’ + 1)2(m/ — 24"
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Proof. (i)

cnmnm/—//fxywnm ) ()t ()0, (),

n;};l n +1
:/ /, (x,y) 2%\/7 \/7VF* b —n)w(2rz —n)VE:, (28 —n)

2k 2k

x w(2by —n')dx dy.
Now, let 2¥2 —n = v and 2¥y — n’ = ;. Therefore

comston =232 / / P R Q)Y E )y o

242 cos w1
4

1 " 1 /“/”f(2n+cosw1+1 2n’+cosw2+1> i )
Comm'im' =\ 5= X \| 5= , sin mw; sin w
RULPLL) 1T o 0 0 2k:+1 2k‘+1 1 1

X sinm/wy sinwy dwy dws,
1 /8\2 [" T o 2n+cosw; +1 2n' 4 coswsy + 1
=Gv5) LU i) (eostm = e

— cos(m + l)wl) dw1> sin m/ws sin wy dws,

242 cos(w2)

Substituting v = and 7; = =, in the above equation, we have

1 /8 T
- <_ —> / Ay (w1, wo) sin m’ws sin wy dws,
sV r/ J

2 1 20 1
where A, (w1, ws) \/7f0 ( ntoeeitl ndooslad )(cos(m — 1wy — cos(m +
1)w1>dw1.

Now,

A 8 T 2n + coswy + 1 2n' + coswy + 1\ /sin(m — 1)w; sinw;
nm (W1, Wa) 2,€+1 . o ok+1 ’ Qk—+1 (m—1)
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1 /ﬂf <2n+cosw1+1 2n’ + coswy + 1
(m+1) J, w1 9k+1 ’ 9k+1

1 /8 1
:é\@%(h—@’

where

> sin(m + 1)w; sinw; dwl) ;

1 4 2n +coswy; +1 2n' +coswsy + 1\ . )
I, = w1, fw1< S , ST ) sin(m — 1)w; sinw; dwy,
and
1 4 2n +coswy; +1 2n' +coswy + 1\ . .
I, = m/o fw1< ST , s ) sin(m + 1)w; sinw; dw;.

Let us estimate the values of I; as

I =

1 4 2n +cosw; +1 2n' + coswsy + 1
(m _ 1) 0 fw1 ( 2k+1 ) 2I€+1
1 T 2n +coswy; +1 2n' 4 coswy + 1
mm—l)of@( gkl Dk1

—k—1 ™ /
1 .
2 1 / f <2n+cosw +1 2n +cosw2+1> ( %)y X
= o , sin(m — 2)w
2m—1)\ (m—2) J, " 2h-+1 oht1 !

) sin(m — 1)w; sinw; dwy,

> <cos(m — 2)w; — cos mw1>dw1,

. 1 [7 2n +coswy; +1 2n' 4+ cosws + 1\ . i
sinw; dwy — - fw1w1< ST , ST ) sin mw; sinw; dw, |,
0

B k-1 /7T 1 <2n +cosw; +1 2n' + coswy + 1) sin(m — 2)w; sinw;
S 2(m—1) J, T 2k+1 ’ 2k+1 (m —2)

sin mw; sin wy
— | dwy.
m

Similarly the value of I5 is

I =

9—k-1 /Tr F <2n +cosw; +1 2n' + cosws + 1) sin mws sin wy

2(m + 2k+1 ) 2k+1 m

sin(m + 2)w; sin wy
— dwl.
(m+2)
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Thus, we have

1 /8 9~ 2k=2 gm T 2n4+coswy +1 2n' +coswy +1\ ., .
Cnomn/ m' = g ; X \/g ; ; fwlwl ( 2k+1 ) 2k+1 ) SIN M Wy S1N Wy

X dUJQQl (wl) dwl,

where
O (wn) 1 sin(m — 2)w;y sinwy  sinmwy sinw; 1 sin mw; sin w
wy) = — —
e 2(m — 1) (m —2) m 2(m + 1) m
sin(m + 2)w; sinw;
(m+2) ’

Now integrating twice w.r. to wo, we get

i L 2n 4+ coswy + 1 2n' + coswg + 1
Cnomn/ m’ = / / f(dl(l.)lUJQUJQ okt1 s okt1 Q1(0‘}1)92 (WQ)dwl dbdz,
0 0

8

where

2(m' — 1) (m' — 2) a m' 2(m/ +1)

Qz(wz) = [

1 (sin(m’ — 2)wesinwy  sinm/ws sin w2) 1

sinm/wy sinwe  sin(m’ + 2)ws sin wy
m/ (m’ +2) ’

or

e R Y 2n +coswy + 1 2n' + cosws + 1 QO
Cn,m,n’,m’l = Ry . o fwlwlewz < ok+1 ) ok+1 ) 1(0)1)

Qo (w) dwy dwsy

Y

2—4k—4B ™ ™
cnanaton| < T [ [ 100 ) Ra(n) i o
T 8 o Jo
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After some mathematical calculations, we get

] < == o B >2, m' > 2
Cnmn m ) m Y m °
32 (n+1)2(m — 2)*(n' + 1)2(m’ — 2)*

This completes the proof. n

2k—1 M 281 M

o= [ [ [0 = X333 cumaatbun(ed )] o )

n=0 m=1n/=0 m'=1

//\Z S Y Y commtan(@)

2km 1+Mn =2k m/'=14+M

oo
SIS SED S

n=2Fk m=1+M n/=2F m/'=1+M

Wn( Jwn(y)dx dy,

B
Uko< 39 Z Z Z Z 1+7”L _2)4(1+n/)2(m/_2)4'

n=2k m=M+1 n/=2F m'= M+1

Hence the proof is completed. O

4.7 Numerical results

To illustrate the absolute error at (z;,t;), the following notation is adopted in order

to demonstrate it
eu(xi,tj) = U(Z’i,t]’) — Um(l’l’,tj) s 0 S xi;tj S 1, (4111)

where u(x;,t;) and ug(x;,t;) are exact and approximate solutions, respectively at

(i, t5).
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Example 4.1 Consider the model (4.1) by assuming d; = dy = d3 = 0.001, a = 0.01,

b=0.01 and ¢ = 0.01 with

fi(z,t) = d; t*sin(x) +

2t~ gin(x)

+ exp(—2)t*) sin(z) — a,

fo(z,t) = dy t* cos(x) +

f3<x7t) = —c—dj3 eXp(—x)t3 —

(2—=3a+a?)(1 —a)

22~ cos(z)

(2—=3a+a?)(1 —a)

6 exp(—z)tB3~)

— % cos(z) sin®(z) + t*(b

(=6 + 1la — 602 + o®)I'(1 — )

— exp(—2)t° sin(z) + t° cos(x) sin®*(z),

+ exp(—x)t° sin(z).

The IC and BC’s are obtained using the exact solutions u(z,t) = t*sin(x), v(z,t) =

t? cos(z) and w(z,t) = exp(—z)t3.

TABLE 4.1: Tabular presentation of absolute errors for different values of a at

3

t = 0.5 and m = 12 for Example 4.1

eu(x,t)

ey(z,t)

ew(T,t)

0.2
0.4
0.50 0.6
0.8
1.0

1.2766 x 10797
2.4041 x 10797
3.3862 x 10797
4.5241 x 10797
4.9127 x 1071°

5.5915 x 10797
5.2467 x 10797
4.9282 x 10797
4.2715 x 10796
4.4964 x 10717

3.7332 x 10799
1.1687 x 10798
1.4846 x 1079
3.1818 x 10797
5.5511 x 1017

0.2
0.4
0.55 0.6
0.8
1.0

3.9620 x 1079
9.1724 x 10798
1.4732 x 10707
3.1039 x 1079
7.7438 x 1071°

2.9657 x 10797
2.7611 x 10797
2.1576 x 10797
3.3590 x 10796
1.1102 x 10~15

6.2746 x 107%
6.3076 x 1079
5.9016 x 1079
8.3650 x 10797
8.8124 x 10716

Table 4.1 is designed for the absolute errors of Example 4.1, for two different values

of fractional order ¢ = 0.50 and o = 0.55 at m = 12. It is seen from the table

that the results obtained from the proposed method are very closed to the exact

solutions even for small value of approximation m and thus the proposed approach

in this research is accurate and effective not only to solve the FPDE but also to solve
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6.x10°6
5.x106
4.x1078
3.x1076
2.x10°6
1.x1076
UIZ UI4 UIG UIB 10
(a) Exact solution (b) Error graph
Errors
0.000020
0.000015 -
0.000010
5.x1078 L
UIZ OIA 0?5 0'8 10
(c) Exact solution (d) Error graph
Errors
5.x1078 1
4.x10° 1
3.x10°0 |
2.x1076 1
1.x1076
012 0'4 0.6 08 10
(e) Exact solution (f) Error graph

FIGURE 4.1: Behaviour of exact solutions and their corresponding Error graph
at t = 0.5 for Example 4.1 at m = 9.
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(a) variation in u(x,t) (b) variation in v(x,t)

/ \\\\ ’
al

(c) variation in w(z,t)

FiGURE 4.2: Graph for the variation in concentrations for different values of «
at t = 0.1 for Example 4.1 at m = 8.

the system of FPDEs. Fig 4.1 is plotted to show the behaviour of exact solutions
and their corresponding absolute errors obtained by the proposed technique, while

behaviour of concentrations for various values of @ (0 < o < 1) at ¢t = 0.1 with

fi(z,t) = =0.1, fo(z,t) = —0.2 and f5(z,t) = —0.3 are shown through Fig 4.2.
Example 4.2 By assuming d; = dy = d3 =1, a = 0.125, b = 0.250 and ¢ = 0.001,
the model (4.1) reduces to

0u  O%*u

g 70125 — (0.2 2

R 8x2+0 5—(0.250 + w)u + u“v + fi(z, 1),
o0 0%

e 92 +uw — uPv + foz, ),
®w  w

T A U 0.001 + f3(x,t),

where fi(z,t), i = 1,2,3, IC and BC’s can be determined with the exact solutions
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u(z,t) = (z t(1 —x))*(1 — )3, v(x,t) = 22(1 — x) exp(—t) and w(z,t) = t* cosh(x).

TABLE 4.2: Tabular presentation of absolute errors for different values of m at

a=0.73 and t = 0.5 for Example 4.2

m x eu(x,t) ep(z,1) ew(x,t)
0.2 2.9342 x 10797  8.6525 x 1079  5.2077 x 107
0.4 4.7976 x 10797 1.3022 x 10~% 8.8786 x 10~%

08 0.6 5.0402 x 1077 1.2133 x 107% 9.3533 x 109
0.8 3.7805 x 10797 7.2176 x 1079 6.3683 x 10~
1.0 1.6252 x 1074 2.6371 x 107 3.1019 x 10~!2
0.2 3.1091 x 1079 2.2588 x 1079 7.4312 x 10797
0.4 5.2793 x 107%  4.1730 x 1079 1.1248 x 1079

12 0.6 5.2761 x 1079 4.8133 x 1079  1.1715 x 1079
0.8 1.4438 x 1077 5.5305 x 1079 3.9073 x 10797
1.0 1.7588 x 10717 5.7404 x 10716  1.6819 x 10~

The absolute error between exact solution and numerical solution obtained using

the proposed method for Example 4.2, are depicted in Table 4.2. This Example 4.2

is solved for the fractional order o« = 0.73 for two different values of m = 8 and

m = 12. From Table 4.2, it is observed that on increasing the number of approxi-

mations, the errors are decreasing. Graphical presentations of Exact solutions and

their corresponding absolute errors can be seen in Fig 4.3. The variations in the

values of concentrations for different values of o at ¢t = 0.1 with fi(z,t) = —0.1,

fo(z,t) = 2 and f3(x,t) = 0 have been demonstrated in Fig 4.4.

Example 4.3 Consider the following time fractional reaction-diffusion equation

0% 0%*u
e~ 9.2 —u(x,t) + f(z,1),
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Errors
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(a) Exact solution (b) Error graph

Errors
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FIGURE 4.3: Behaviour of exact solutions and their corresponding Error graphs
at t = 0.5 for Example 4.2 at m = 12.
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(b) variation in v(z,t)

(c) variation in w(w,t)

FIGURE 4.4: Graph for the variation in concentrations for different values of «

at t = 0.1 for Example 4.2 at m = 8.

under the following initial and boundary conditions

and

u(z,0) =0,

u(0,t) = u(2,t) =0,

2t2—a

F(3——a)x(2 — )+ t?2(2 — 2) + 212,

f(%,t) =

with the exact solution as u(z,t) = t?x(2 — x).
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TABLE 4.3: Comparison of exact and numerical solution at o = 0.70 and ¢t = 0.4
for Example 4.3

x 0.4 0.8 1.2 1.6

Exact solution 0.102400 0.153600 0.153600 0.102400
Implicit scheme 0.102396 0.153750 0.153750 0.102396
E-I scheme[121] 0.102526 0.153343 0.153343 0.102526
I-E scheme[121] 0.102522 0.153580 0.153580 0.102522
PASE-T scheme|[122] 0.102339 0.153288 0.153288 0.102339
PASI-E scheme|[122] 0.102474 0.153262 0.153613 0.102356
Present method 0.102398 0.153597 0.153597 0.102398

Errors

0.00010 -

0.00008 -

0.00006 -

0.00004 -

0.00002 -

0.5 1.0

1.5

(a) Error graph at m =7

2.0

Errors
25x1076

0.5 1.0

1.5

(b) Error graph at 7 = 11

2.0

FIGURE 4.5: Variations in errors for different values of m at ¢t = 0.5 and o = 0.70
for Example 4.3.

Here the numerical solution obtained by the proposed method is compared with the

schemes in [121, 122]. To obtain the numerical solution, Example 4.3 is solved for

m = 11, and the results are depicted in Table 4.3. From the table, it can be seen

that the numerical results obtained by the presented method are performing well

as compared to the existing schemes in [121, 122] and are very closed to the exact

solution. The absolute error graphs of Example 4.3 for two different values of m are

shown in Fig 4.5, which are designed to show that as the number of approximation

increases, the error decreases rapidly.
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4.8 Conclusion

This chapter successfully introduces and applies the Vieta-Fibonacci wavelet and
collocation method for solving numerically the three-component time fractional or-
der Brusselator reaction-diffusion system, by deriving operational matrices for both
integer and fractional order derivatives. The uniqueness and existence of the solution
for the considered model are discussed. Also the Ulam-Hyers stability of fractional
order has been considered. Moreover, the comprehensive convergence analysis high-
lights the effectiveness of the Vieta-Fibonacci wavelet method. The ability of the
method yields accurate results while significantly reducing computational complex-
ity makes it a valuable addition to the field of computational mathematics. By
bridging the gap between the Vieta-Fibonacci wavelet method and fractional-order
reaction-diffusion system, this study advances the understanding of complex phe-
nomena in diverse domains, including chemical kinetics, biology, and physics. The
applicability of this approach holds promise for addressing the real-world problems

those involve fractional-order differential equations.
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