Chapter 4

Inductive algebras for the motion

group of the plane

In this chapter we show that each irreducible representation of the motion group of

the plane has a unique maximal inductive algebra, and it is self-adjoint.

In Section 4.1, we recall the structure and representations of the motion group of

the plane and set up notation. The main result is proved in the Section 4.2.

4.1 Formulation

Recall (see [13, p155]) that the motion group of the plane is the semidirect product
M(2) = SO(2) x R?

with the standard action of SO(2) on R2. The group M (2) may be identified with

the group

a,beC, la| =1
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Let G = M(2). For each n € Z, let

then each p, is a character of G. These, of course, have the trivial inductive algebra
C, which is self adjoint. Let T = {z € C| |z|] = 1}. Recall (see [13, p157]), the
irreducible representations other than the characters of G are parameterized by a

nonzero real number ¢ and act on the Hilbert space L*(T) by the formula:

(me F)(z) = R g1y,

For each ¢ € L>(T), let my, : L*(T) — L*(T) be defined by m,(F) = pF. Let
B = {m,|y € L*(T)}.

Then B is a maximal-abelian subalgebra of B(L?*(T)) (see [21, Prop 4.7.6]), and
B is me-inductive. Therefore B is a maximal mg-inductive algebra. Moreover, it is

self-adjoint. Our main result is the following theorem.

Theorem 4.1.1. B is the only mazimal m¢-inductive algebra.

4.2 The proof

Let H = L*(T). Define S : H — H by

S(f)(z) = zf(2), z e C.
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We will show that the algebra A is generated by S and S~!. Since the same is true
for B, it follows that A = B.

Let g be the Lie algebra of G. Let H*> be the space of all smooth vectors in H
for the representation me. Recall that v € H is smooth if the map g — m¢(g)v is a
smooth mapping on G. The Lie algebra g acts on H™ [2]. Observe that g is the

span over R of the matrices:

Let e,(z) = z". Then the set {e, | n € N} forms a basis for L?(T).

Lemma 4.2.1. The operators dme(L), dne(M,), and dre(M,) act on the basis vec-

tors e, as follows:

dre(L)e, = —ine,,
dﬂ-f(Mx)en - %(en-i—l + en—1)>
dme(M,y)e, = g(€n+1(2) —e,-1), z€C.
Proof. We compute
d ‘
d L . I " —1t
(re(L)e)(:) = G| el
= —iney(2),
d i¢Re(tz
(dWE(Mx)en)(z) = it e/eRel Z)en(z)
=0
= i€Re(Z)e,(2)
= i€Re(z)e,(2)
i€
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(AreM)en)) = G (@)

= ilRe(iZ)e,(2)
= i¢Im(2)e,(2)

£
- §<€n+1(2) —en1(2)). O

Extend dm to a C-linear map on g ® C. Let M = M, + iM, and M = M, —iM,.

Corollary 4.2.2. The operators dng(M) and dme(M) act on the basis vectors e,, as

follows:
dre(M)e, = —€en_1, and dre(M)e, = Eepyr.
Let
w 0
K = lw| =1
0 1

Then K is a compact subgroup of GG. Let dk denote the Haar probability measure
on K. For m € Z, define x,, : K — C by

Let A C B(H) be a me-inductive algebra. For each g € G define amap x(g) : B(H) —
B(H) by T — me(g)Tme(g)~ " Let Ay, = {T € A | k(9)T = xm(9)T,g € K}. For
T € B(H), define IL,,(T) = [, me(k)T (k) X (k) dk, then A, = II,,(A). By the
Peter-Weyl theorem @, ., A, is sequentially dense in A (see [11, Lemma 3.2 ).
Note that if T € A, then Te, = ¢pin€min for some ¢, 1, € C. Let A> be the

collection of all smooth vectors in .A. We use the following facts from Section 3 of [11]:
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e A, N A is sequentially dense in A,,.

o [fT e A® and I € H*® then TF € H*™.

e A% is invariant under dk(g) as well as k(G).

For X € g, let Tx = [T, dn¢(X)]. Because A is inductive, it follows that Tx € A

and since A is abelian, it follows that

T, Tx] = 0.

IfTeA,NnA>, then by Lemma 4.2.1,

Ti(en) = [T, dme(L)](en)
= T(dme(L))(en) — dme(L)(Ten)
= T'(—inen) — Cmindme(L)(€ntm)
= — NCmtnCmin + Cmtnt(M + N)e€min
= IMCminCmtn,
Th(en) = [T, dme(M)](en)
= &(Cmin = Cman—1)€min-1,  and

Tsz(en) = [T, dme(M)](en)

= é(cn+m+1 - Cn+m>en+m+1.

Lemma 4.2.3. Ay = CI, where I is the identity operator.
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Proof. 1t is clear that CI C Ay. Let T € Ag. Then there exists ¢, € C such that

Te, = c,e, for n € Z. Therefore

0 = [T’ Tzl (en)

- §(Cn+1 - Cn)2€n+1-
It follows that ¢,.1 = ¢, for all n € Z. O

Observe that

S(en) = ent1, n € 7.
Lemma 4.2.4. A,, = CS™ for all m € Z.

Proof. The case m = 0 is Lemma 4.2.3. Let T' € A;. Then there exists ¢, € C
such that Te, = ¢, 11e,.1 for n € Z . Since Ty, € Ay, there exists k € C such that

Ty = kI. Therefore Tyse,, = ke,, for all n € Z. Therefore

E(Cny1 — cn)en = kep,
f(Cn+1 - Cn) = k;
k
S Cpat :cn—l—g, Vn € Z.

Therefore {c,} is an arithmetic progression, i.e. there exists a € C such that ¢, =
a—+ %n for all n € Z. Since T' is a bounded operator, it must be the case that £ = 0.
Thus there exists a € C such that ¢, = a for all n € Z. Therefore T' = aS. This
proves the statement for m = 1. Now assume that the statement is true for m = N.

Let T € Ayy1. Then there exists ¢, € C such that Te, = ¢yipni1€nini1 for n € Z.
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Since Ty; € Ay, there exists k € C such that Tyse,, = ke, y for all n € Z. Therefore

£(CN+n+1 - CN+n)€N+n = k€N+n7

CE(ENgnt1 — eNgn) = K,

C.CNan+1 = = + CNin, Vn € Z.

S

Therefore {c,} is an arithmetic progression, i.e. there exists a € C such that ¢, =
a—+ %n for all n € Z. Since T is a bounded operator, it must be the case that k£ = 0.
Therefore there exists a € C such that ¢, = a for all n € Z. Therefore T = aSN*!.
Therefore Ay, = CSN*!. By induction, it follows that A, = CS™ for m > 0. The
case m < 0 is similar. Therefore the algebra A is generated by the operator S and

S
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