
Chapter 4

Inductive algebras for the motion

group of the plane

In this chapter we show that each irreducible representation of the motion group of

the plane has a unique maximal inductive algebra, and it is self-adjoint.

In Section 4.1, we recall the structure and representations of the motion group of

the plane and set up notation. The main result is proved in the Section 4.2.

4.1 Formulation

Recall (see [13, p155]) that the motion group of the plane is the semidirect product

M(2) = SO(2)⊋ R2
,

with the standard action of SO(2) on R2. The group M(2) may be identified with

the group 







a b

0 1





∣∣∣∣∣∣∣
a, b → C, |a| = 1





.
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Let G = M(2). For each n → Z, let

ωn




a b

0 1



 = a
n
,

then each ωn is a character of G. These, of course, have the trivial inductive algebra

C, which is self adjoint. Let T = {z → C | |z| = 1}. Recall (see [13, p157]), the

irreducible representations other than the characters of G are parameterized by a

nonzero real number ε and act on the Hilbert space L
2(T) by the formula:

(ϑω








a b

0 1







F )(z) = e
iωRe(bz)

F (a→1
z).

For each ϖ → L
↑(T), let mε : L2(T) ↑ L

2(T) be defined by mε(F ) = ϖF . Let

B = {mε | ϖ → L
2(T)}.

Then B is a maximal-abelian subalgebra of B(L2(T)) (see [21, Prop 4.7.6]), and

B is ϑω-inductive. Therefore B is a maximal ϑω-inductive algebra. Moreover, it is

self-adjoint. Our main result is the following theorem.

Theorem 4.1.1. B is the only maximal ϑω-inductive algebra.

4.2 The proof

Let H = L
2(T). Define S : H ↑ H by

S(f)(z) = zf(z), z → C.
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We will show that the algebra A is generated by S and S
→1. Since the same is true

for B, it follows that A = B.

Let g be the Lie algebra of G. Let H
↑ be the space of all smooth vectors in H

for the representation ϑω. Recall that v → H is smooth if the map g ↓↑ ϑω(g)v is a

smooth mapping on G. The Lie algebra g acts on H
↑ [2]. Observe that g is the

span over R of the matrices:

L =




i 0

0 0



 , Mx =




0 1

0 0



 , and My =




0 i

0 0



 .

Let en(z) = z
n. Then the set {en | n → N} forms a basis for L2(T).

Lemma 4.2.1. The operators dϑω(L), dϑω(Mx), and dϑω(My) act on the basis vec-

tors en as follows:

dϑω(L)en = ↔ inen,

dϑω(Mx)en =
iε

2
(en+1 + en→1),

dϑω(My)en =
ε

2
(en+1(z)↔ en→1), z → C.

Proof. We compute

(dϑω(L)en)(z) =
d

dt

∣∣∣∣
t=0

en(e
→it

z)

= ↔ inen(z),

(dϑω(Mx)en)(z) =
d

dt

∣∣∣∣
t=0

e
iωRe(tz)

en(z)

= iεRe(z)en(z)

= iεRe(z)en(z)

=
iε

2
(en+1(z) + en→1(z)), and
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(dϑω(My)en)(z) =
d

dt

∣∣∣∣
t=0

(eiωRe(itz)
en)(z)

= iεRe(iz)en(z)

= iεIm(z)en(z)

=
ε

2
(en+1(z)↔ en→1(z)).

Extend dϑ to a C-linear map on g↗ C. Let M = My + iMx and M = My ↔ iMx.

Corollary 4.2.2. The operators dϑω(M) and dϑω(M) act on the basis vectors en as

follows:

dϑω(M)en = ↔εen→1, and dϑω(M)en = εen+1.

Let

K =









w 0

0 1





∣∣∣∣∣∣∣
|w| = 1





.

Then K is a compact subgroup of G. Let dk denote the Haar probability measure

on K. For m → Z, define ϱm : K ↑ C by

ϱm








w 0

0 1







 = w
m
.

LetA ↘ B(H) be a ϑω-inductive algebra. For each g → G define a map ς(g) : B(H) ↑

B(H) by T ↓↑ ϑω(g)Tϑω(g)→1. Let Am = {T → A | ς(g)T = ϱm(g)T, g → K}. For

T → B(H), define !m(T ) =

K ϑω(k)Tϑω(k)→1

ϱm(k) dk, then Am = !m(A). By the

Peter-Weyl theorem


m↓Z Am is sequentially dense in A (see [11, Lemma 3.2 ]).

Note that if T → Am then Ten = cm+nem+n for some cm+n → C. Let A
↑ be the

collection of all smooth vectors inA. We use the following facts from Section 3 of [11]:
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Am ≃A
↑ is sequentially dense in Am.

If T → A
↑ and F → H

↑ then TF → H
↑.

A
↑ is invariant under dς(g) as well as ς(G).

For X → g, let TX = [T, dϑω(X)]. Because A is inductive, it follows that TX → A

and since A is abelian, it follows that

[T, TX ] = 0.

If T → Am ≃A
↑, then by Lemma 4.2.1,

TL(en) = [T, dϑω(L)](en)

= T (dϑω(L))(en)↔ dϑω(L)(Ten)

= T (↔inen)↔ cm+ndϑω(L)(en+m)

= ↔ incm+nem+n + cm+ni(m+ n)em+n

= imcm+nem+n,

TM(en) = [T, dϑω(M)](en)

= ε(cm+n ↔ cm+n→1)em+n→1, and

TM(en) = [T, dϑω(M)](en)

= ε(cn+m+1 ↔ cn+m)en+m+1.

Lemma 4.2.3. A0 = CI, where I is the identity operator.
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Proof. It is clear that CI ⇐ A0. Let T → A0. Then there exists cn → C such that

Ten = cnen for n → Z. Therefore

0 = [T, TM ](en)

= ε(cn+1 ↔ cn)
2
en+1.

It follows that cn+1 = cn for all n → Z.

Observe that

S(en) = en+1, n → Z.

Lemma 4.2.4. Am = CSm
for all m → Z.

Proof. The case m = 0 is Lemma 4.2.3. Let T → A1. Then there exists cn → C

such that Ten = cn+1en+1 for n → Z . Since TM → A0, there exists k → C such that

TM = kI. Therefore TMen = ken for all n → Z. Therefore

ε(cn+1 ↔ cn)en = ken,

↭ ε(cn+1 ↔ cn) = k,

↭ cn+1 = cn +
k

ε
, ⇒n → Z.

Therefore {cn} is an arithmetic progression, i.e. there exists a → C such that cn =

a+ k
ωn for all n → Z. Since T is a bounded operator, it must be the case that k = 0.

Thus there exists a → C such that cn = a for all n → Z. Therefore T = aS. This

proves the statement for m = 1. Now assume that the statement is true for m = N .

Let T → AN+1. Then there exists cn → C such that Ten = cN+n+1eN+n+1 for n → Z.
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Since TM → AN , there exists k → C such that TMen = ken+N for all n → Z. Therefore

ε(cN+n+1 ↔ cN+n)eN+n = keN+n,

↭ ε(cN+n+1 ↔ cN+n) = k,

↭ cN+n+1 =
k

ε
+ cN+n, ⇒n → Z.

Therefore {cn} is an arithmetic progression, i.e. there exists a → C such that cn =

a+ k
ωn for all n → Z. Since T is a bounded operator, it must be the case that k = 0.

Therefore there exists a → C such that cn = a for all n → Z. Therefore T = aS
N+1.

Therefore AN+1 = CSN+1. By induction, it follows that Am = CSm for m > 0. The

case m < 0 is similar. Therefore the algebra A is generated by the operator S and

S
→1.

***********


