Chapter 6

Consensus problems in multi-agent

systems

6.1 Introduction

In this chapter, we consider different types of consensus problems namely consensus of
third-order dynamics multi-agent systems with acceleration and input constraints, a con-
sensus of multi-agent systems with heterogeneous nodes under communication imperfec-
tions, synchronization of multi-agent systems with connected and disconnected switching
topologies, synchronization of agents in networked systems (like Hopfield networks) with
time-varying couplings, and the synchronization of multi-agent systems with underactu-
ated agent dynamics. The objective of all these problems is to drive the agents at a
common location in space (where their velocities and accelerations are zero in case of
third-order dynamics).

We exploit the extended results on contraction theory using the framework of vec-
tor distances to synchronize the motion of agents in multi-agent systems. The proposed
results reduce the complexity of proving the negative definiteness property of the largest
cigenvalue or measure of the Jacobian matrix of the complex multi-agent systems. Specif-
ically, it provides convergence analysis through some comparison system. As a result, the
convergence analysis problem of the complicated MAS system simplifies into the conver-
gence analysis of a much simpler comparison system and also the controller design for
consensus is done using the convergence conditions of the comparison system. Hence, the

procedure of designing consensus controls for multi-agent systems remains simple despite



nonlinearities as compared to the existing literature.

The further part of the chapter follows with the exploitation of vector-based con-
traction theory to solve different types of consensus problems in multi-agent systems in
Section 6.2. Examples with simulation results are illustrated in Section 6.3. Finally, a

brief conclusion ends the chapter.

6.2 Vector based contraction theory for consensus
problems in multi-agent systems

Consider a multi-agent system consisting of M smooth nonlinear differential systems cou-

pled by some distributed control u;(t)

where z; € R" represents the vector of states of agent i, u; € R termed as distributed
control is the scalar input to the agent ¢ and f: R>g X R" = R", g: R5o x R" — R" are

general smooth nonlinear functions. The distributed control w; can be represented as

where 1) is a general nonlinear function of z; and X;, X; is the set of the states of the
adjacent nodes of the i-th node represented as X; = {z;},en,, where N; indicates the set
of indices of adjacent agents of agent ¢. For instance, this u; can be written in the well

known form of linear consensus control as u; = Y. _y bi;(x; —x;), where b;; are the entries

JEN;
of weighted adjacency matrix, x; is the agent ¢ and x;, j € IV; is the neighboring agent to
the agent ¢, and further as a nonlinear consensus control: w; = h;;(z; — z;), where h;; is
the coupling function that represents the nonlinear interactions between agents. The first

part for the analysis of all the consensus problems is described by Lemma 6.1.

Lemma 6.1 Assume the network of agents (6.1) as a connected network, that is, the
network has at least one spanning tree. If the corresponding nodes of the network contract
with each of the distributed control given in (6.2), then any pair of solution trajectories of

the network nodes converge relative to one another.

Proof: According to [54] (see Theorem 6), the contracting nodes of the connected

network synchronize spontaneously. By our assumption that the network is connected



and the distributed controls ensure that each node of the network contracts, then any
pair of network nodes trajectories converge relative to one another. 0

The rest part for the analysis is stated through the following result.

Theorem 6.2 The corresponding nodes of the connected network (6.1) contract with each
of the distributed control (6.2) if there exists the comparison system for the system (6.1)
which s quasi-monotone non-decreasing and contracting. Furthermore, they remain con-

tracting if the network is connected for all time.

Proof: Consider the system (6.1) with u; of the form (6.2). Assume that there exists
a function ¢ which is quasi-monotone non-decreasing and a vector-valued norm as defined
by (4.1). Suppose there exist u; such that the derivative of squared vector-valued norm

along the virtual dynamics of system (6.1) for the i-th node follows
d
ozl << o(t, Pdiag(6z:(1))°1, ;) (6.3)

and the comparison system obtained from (6.3) is contracting. Then, the corresponding
nodes of the network contract. Now, by the assumption that the network is connected
and by Lemma 6.1, it is clear that the trajectories of the nodes of the network converge
with respect to one another if every u; makes corresponding nodes contracting. Hence,
the nodes of the multi-agent system (6.1) converge with respect to each other with the

control w; of the form (6.2). O

6.2.1 Consensus problems in third-order dynamics multi-agent

systems with acceleration and input constraints

Consider the third-order dynamics of the agents

s =S;
Si =¢; (6.4)
Qi:uia izla"'7n

where 7; = (z;,y;) denotes the position vector of the agent i in x and y direction, s; =
(Siz, Siy) 1s the velocity vector of the same agent i, ¢; = (giz, ¢;yy) is the acceleration vector
of the agent ¢ and u; = (u;s, u;y) represents the control vector for the agent i respectively.
We assume that each agent (position) communicates with the agent (position) in its

neighbor for all time.



Theorem 6.3 Consider the multi-agent system (6.4) and assume that it is connected.

Then, the agents achieve consensus with the following distributed control u;

Ui (Ti, Sias Giay Xi) = — Y2 tanh(zy, X;) — (71 + 72(1 + 1)) tanh(sie) — (1 + 71 +72) i
Uiy (Yi, Siy, Qiy, Yi) = — 172 tanh(y;, i) — (1 +72(1 4+ 71)) tanh(siy) — (1 + 71 + 72) gy,
(6.5)
and
() < L2 F 207D,

L+m+7
[ui(D)llo < 2(m172 4+ (71 + 22(1 + 1)),

holds if, 1qi(to)]leo < (7”2+1(11;:127(21+71))), where y1 > 0,72 > 0, (Uiz,usy) is the control

vector for the agent i in x and y direction and X;, Y; represent the sets of the states of
the adjacent nodes of the i-th node denoted as X; = {x;}jen, and Y; = {y;}jen, with N;

as the set of indices of adjacent agents of agent © in x and y direction respectively.

Proof: We have to first show that the control given above (6.5) makes each agent
dynamics contracting. And further, Lemma 6.1 implies that the agents converge with
respect to each other.

The analysis for each x and y direction dynamics can be done separately as the dynamics
are decoupled in each direction. Now, observe the x direction dynamics with proposed

control wu;,:

Ti = Sig
Giz = — N1yetanh(z;, X;) — (71 +72(1 + 7)) tanh(si) — (1 4+ 71 + 72) Gia-

We use vector-based contraction approach and aggregation procedure (discussed in
Section 3.3) to show that the dynamics of each agent is contracting. Let us use the

transformation z; = 7(;, with
SER T=[2 1 3], G=lwisiaul,
to obtain the following dynamics

Zi = 28iz + Qiz + 3(— 7172 Z tanh(zr; — ;) — (71 + 72(1 + 1)) tanh(s;,)
JEN;

— I+ 7 +72)G)-



On applying pseudoinverse of matrix 7, we obtain

Gi=— (0.286 + 0.643(71 +72))2 — 3772 Y tanh(0.143z;

JEN;

—0.143%;) — 3(71 + 72(1 + 7)) tanh(0.0712;).
Taking the virtual dynamics,

0% = — (0.286 + 0.643(y1 +72))02 — 0.429717, Y _ sech’
JEN; (6.7)

(0.143z; — 0.1432;)62; — 0.213(y1 + Y2(1 4 71))sech?(0.0712;)d 2.

Now, the derivative of the squared virtual distance along system (6.7) is given by

d
—(62;)* < — 2((0.286 + 0.643(71 + 72)) + 0.4297,72 Y sech®(0.143z; — 0.143z)

dt JEN; (6.8)
4 0.213(y1 + 72(1 4 71))sech?(0.0712;))622.

There is no method which directly finds solutions of this inequality, so in order to
estimate its solution, we have to apply the comparison result as described in Theorem
4.2. For this to happen, some comparison system from this inequality is constructed
which follows the property of quasi-monotone non-decreasing (positive system). This
property ensures that the solutions of the comparison system are non-negative for non-
negative initial conditions in order to make the comparison feasible. To further prove
that the nodes of the original system converge with respect to each other (contracting),
comparison system must also be contracting since if the condition P (diag(dzg))?1 << uo,
satisfies, then P (diag(dz(t)))?1 << R(t) holds for all ¢ > ¢, (as described in Theorem
4.2). Now, the comparison system obtained from the above inequality (6.8) is quasi-
monotone non-decreasing and contracting if 73 > 0 and v, > 0. Hence, from Theorem
4.2, the original agent dynamics (6.6) is contracting. In a similar way, we can prove the
contraction of the agents for the y direction dynamics. Further applying the results of
Lemma 6.1, it is proved that the nodes of system (6.4) converge with respect to cach
other. Hence, the agents achieve consensus as they indeed converge to an equilibrium
point = Z,y = 4,5, = 0,5, = 0,¢, = 0,¢, = 0, where (Z,7) is a constant point in the
space.

Now, we prove that acceleration and control input are constrained. Firstly, consider

the z-direction dynamics (6.6). Let u}, = —vy172 tanh(z;, X;) — (71 +72(1 + 7)) tanh(s;,),



then, one can say that [luw(t)|lc < (7172 + (1 + 72(1 +71))). From (6.4) and (6.5),

Gizk = —(1 4+ 71 + Y2)Qizk + ULy, for each dimension k of ¢;,. It follows that
(M172 + (11 +72(1 +m)))
(1+71+72)
Suppose that it is not true. We prove it by contradiction. Let there exist to < ¢’ < t” such

that g, (t') = (’Ym*(l(ll;fvf)ﬂl”) and qiup(t") > (Wﬁ(mf fﬁgj 1) on t € (¢, 1"]. From the
Qiak (")~ ian(#)))

mean value theorem, let there exists t' < ¢ < t” such that ¢ (1) = ( =)

Qizk (1) <

> 0.

However, iz (t) = — (1471 472)Giar (1) + iy < 0, since, gigp(t) > Wlwtﬁllvtfg;m)))’

which is a contradiction. Therefore, g;(t) < (sz(f;fq(;;r 1) polds for all ¢ > to. In

- : 1
a similar way, it can be proved that —(7”2+(1(11$127(2;“ W) < g (t). Hence, ||gio(t)]|s0 <

(““WJEI(I;;E(;W))). Also, it follows that ||t (t)]|ec < 2((v172 + (71 +72(1 +11)))), since,

[t ()]0 < (1 471+ 72) g1z (D]l + (1172 + (31 +72(1 +M)))-

Similar result follows for y-direction dynamics. This completes the proof. U

6.2.2 Consensus of multi-agent systems with heterogeneous nodes

under communication imperfections

The loss of communication is a very frequent problem in multi-agent systems. In the fol-
lowing part, we analyze a multi-agent system with heterogeneous nodes, for instance, the
network comprises of some nodes with third-order and others with second-order dynamics
under communication imperfections.
Consider a heterogeneous multi-agent system with n number of agents where m
number of agents are represented by third-order dynamics
7i(t) = si(t)
(1) = ailt) (6.9)
Gi(t) = w(t), 1€ Iy
where r; € R, s; € R, ¢; € R and u; € R are the position, velocity, acceleration and control
respectively for the agent i and I, = {i = 1,...,m}. Suppose r;(0) = ri, $:(0) = sio
and ¢;(0) = g0 as the initial conditions. And {m + 1,...,n} nodes are represented by

second-order dynamics

(6.10)



where 7, € R, s, € R and u;, € R are the position, velocity and control for the agent p
respectively. We discuss the below consensus control formulation for the heterogeneous
system (6.9)-(6.10) under intermittent (imperfect) communication. We assume that each
agent (position) communicates with the agent (position) in its neighbor for all time.
By communication imperfections, we mean that there is loss of communication between
agents at some time instants. The controls u; and w;, are fully distributed controls since

local information between agents is needed to implement these controls.

Theorem 6.4 Consider the system (6.9)-(6.10). Assume that this system is represented
by a graph G which is connected. Then, the multi-agent system (6.9)-(6.10) achieve

consensus with the distributed controls u; and u;)

ui(7, 8i, Gi, Ri) = — myean(ri, Rs) — (71 +72(1 +91))si — (1 + 71 +72)a

— Yia2(rp, By) — (71 + 1)sy

under communication imperfections, where oy and oo are general nonlinear functions,

U (Tps Sp, Bp)
v > %, Yo > 0, v1 > 0 and R; denotes the set of the states of the adjacent nodes of the
i-th node denoted as R; = {r;}jen, with N; as the set of indices of adjacent agents of
agent i. Similarly, R, denotes the set of the states of the adjacent nodes of the p-th node
denoted as R, = {r;}jen, with N, as the set of indices of adjacent agents of agent p.

Proof: Consider the m number of agents modeled by third-order dynamics (6.9).
We use the backstepping approach with vector-based contraction framework to design the
control u; for the system (6.9). To start with the first subsystem, we assume the virtual
control, s; = v(r;) = —r; to obtain the subsystem 7; = —r; to be globally asymptotic
stable. Next, we assume the deviation variable as zy; = s; + r;, to obtain the structure of
the form
Ty =—T;+ 21
(6.11)
Zii=—";i + 21+ G
Now we design virtual control, ¢; = r; — (7 + 1)z15,71 > 0 for the second subsys-

tem (6.11) to obtain 2;; = —v;21; to be globally asymptotic stable. We assume second

deviation variable as zo; = ¢; — r; + (71 + 1)z1;, to obtain the following structure
= —ri+ 2
21 = — MAu t 2 (6.12)

Zoi=1i— (L+m +7D)2u + (v + Do +



Now, consider the n — m number of agents modeled by second-order dynamics. We
apply the same backstepping procedure to this system, then, we obtain
= —T,+ 2
: P (6.13)
bip= —Tp+ 2zt u,
Let the squared vector-valued norm, defined by (4.1), assuming the matrix P as diag(1)
for the system (6.12)-(6.13) be: |dx;|2 = [0r7, 823,023, 0r2,021,]T. Then, the rate of

this squared vector-valued norm along the virtual dynamics of the system (6.12)-(6.13) is

given by
d 2 2 2
%(5?“@) S — 5’” + 521i
d
S (020) < (<2 + 1053 + 0%
d
E(éZQQ')z = 2(5212‘(67"1' — (1 + 7 + ’}/%)5211 + (’}/1 + 1)5222' + (5ul)
d
%(57},)2 < — 51“5 + 52%1)
d

—(821p)% = 2021,(—0rp + 021, + Ou,)

We select du; = —or; + (1 + 91 + 7%)0z1 — (1 + 71 + 72)022:,71 > 0,72 > 0 and

duy, = 01, — (71 + 1)621p, 71 > 0 to obtain the following comparison system

u'11: — W + We

li)g = (—2’)/1 + 1)UJQ + ws

w3 = — 27ws
u‘;4 = — W4 + Ws
. /

ws = — 2y,ws

which is quasi-monotone non-decreasing (off-diagonal entries non-negative) and contract-
ing when v, > 1, as a result, the system (6.9)-(6.10) is contracting. We obtain control u;
by substituting o (r;, ;) in place of 6r; and similarly uj,, since we assume that the agent
communicates its position state with its neighbor. Now, assume that there is communi-
cation loss between agents at some time instants for some durations, lets say t;, <t < ty,
k, k' are positive constants and each agent is contracting with the convergence rate A when
there exists communication (interaction) between agents. Since the convergence rate is

zero for the durations t; <t <t} and the overall convergence rate is given by max{0, A},



hence, it is concluded that the agent dynamics converge with the convergence rate A\ for
all time ¢ > ty. Further, applying the results of Lemma 6.1, it is proved that the agents
of the system (6.9)-(6.10) converge with respect to each other. Hence, the agents achieve
consensus as they indeed converge to an equilibrium point r =7, s = 0,q = 0, where 7 is
a constant point on a line. ]

In a similar manner, one can easily extend this result to the consensus of higher-order

dynamics heterogeneous multi-agent systems.

6.2.3 Synchronization of multi-agent systems with connected

and disconnected switching topologies

Consider a network of agents as a graph GG with switching topologies
M
wi(t) = flz) + > L3Vxy,  i=1,2,..., M (6.14)
j=1

where x; € R" indicates the vector of states of agent i, f : R — R™ is a nonlinear
smooth vector field, s(t) : [0,00] — Q = {1,2,...,q} represents the piecewise continuous
switching signal which tells about the topology switching between the intervals with Q
finite. Laplacian matrix L*® = ij@ is the M x M matrix related to the switching

function s(t).

Theorem 6.5 Consider a system (6.14) as a graph G which is o—jointly connected.
Suppose there exist ¢ : R" x R" — R™ as a quasi-monotone non-decreasing function and
a squared vector-valued norm ||dz;||? : R™ — R™, defined by (4.1), such that the derivative

of squared vector-valued norm along the virtual dynamics of (6.14) follows
d 2 : 2
S lozilly) << ¢(Pdiag(0z:(t)"1, ;)

and the switching topologies are connected or disconnected for all time. Further, assume

that the mazimal solution R(t) of the following comparison system
w; = P(wg, ), w;(ty) = wo; >> 0 (6.15)
converges with the rate Ay, for k € s(t). Then, any solution dx;(t) which holds



follows that the infinitesimal distance ||0x;|| between trajectories of the system (6.14) con-

verges fast with a minimum rate of

Pt = min
kes(t)

for any swilching signal s(t) taken arbitrarily. In other way, ||0z;(t)|| < ||0z;(to)|le Pt

Proof: Consider the system (6.14) and taking the virtual dynamics of the system

M

Sii(1) = 9f(x:) by + Y Lo, (6.16)

8x,; H

Jj=1

From the definition of the differential equations, it is clear that x(¢) is continuous for all ¢.
Let the squared vector-valued norm, defined by (4.1), assuming the matrix P as diag(1).

Thus, its derivative along the dynamics (6.16) is given by

d 0f(z) .
g oml) << (25570 + 371 )oa? + 3 113" 6
j=1 j=1

Since, by the assumption that the graph G is o—jointly connected, then in every time
interval [t,t + 7] of duration 7, there exists a graph Gy (current graph) such that the

above equation follows
d 2 : 2
%”5371“1) << ¢(diag(dx;(t))°1, x;), (6.17)

where ¢ is a quasi-monotone non-decreasing function. Moreover, the comparison system
(6.15) converges with the rate A, so if (diag(dz;(t0)))*1 << w;(ty), then from Theorem
4.2

162;(t)||* << wilto) exp(—Agt).

As the switching signal is piecewise continuous in ¢, then we can write p* = min 2£. As
kes(t)

a result
[0z () || < ||6z:(to)|| exp(—p*t).

Hence, it is proved that the solution trajectories of the system (6.14) converge with respect

to each other for the switching signal taken arbitrarily. 0



6.2.4 Synchronization in networked systems with time-varying
couplings

Consider the networked model of Hopfield Network (HN) with [115]

. T
=gt Z(gij(t, ;) = 9ij(t, %)) + wi(t) (6.18)
JEN;
where i = 1,...,6, z; € R denotes the neural voltages, g : R>yp x R — R is the coupling

function, R is the resistance, IN; represents the set of indices of the neighbors of each node
i, and u;(t) € R is the periodic input to each of the nodes.
Now, the virtual dynamics of the system (6.18),

: 1 99i;
= Sy — - 1
0T; R(S.CI?Z B, 0x; (6.19)
Thus, the rate of squared virtual distance along the dynamics (6.19) is given by,
d 2 09i;
—(0x7) = — =0z — 2207, 6.20
7(003) = —ou - 2505 (6.20)

The coupling functions g;; are designed in order to obtain the following comparison system

(6.21)

contracting, where ¢ is a quasi-monotone non-decreasing function in w;. Thus, the agents

of the original network system (6.18) converge with respect to one another.

6.2.5 Synchronization control design for multi-agent systems

with underactuated agent dynamics

Consider the multi-agent system consisting n number of agents, where each agent has the
following underactuated dynamics
l’L = 0.8812‘ — Z;S92; — CX;
Ui = 2iS1; + 0.889; — cy;
Zi = S3; — CZi
(6.22)
511‘ = 0513U11 -+ 1-2382i53i - 1.54812‘

égj = — 0.8125817;537; — 5.42827;

531' 16677121 - 0.6781i82i - 083383Z



for i = {1,...,n}, x;,y;, 2z are the positions of the agent i, ¢ is any positive constant,
S1i, S2i, S3; are the velocities of the same agent ¢ and uy; and uy; are two control inputs.

Let us apply the transformation (; = 7n;, where

1 00 2 40 T
= y i = [xiayiazi731i752i33i

023001

and (; = [C1i, (2] " to transform the system (6.22) into

Cii = — (0.217 4 0.0476¢)Cy; — 0.0076¢1:Ca; + 1.026uy, 695

Cai =0.041¢1:Coi + 3.42C1; + (0.155 — 0.9358¢)Ca; + 16.6Tus;

Let the squared vector-valued norm, defined by (4.1), assuming the matrix P as diag(1)
for the system (6.23) be: ||0C||2 = [6¢%,0¢2]"T. Thus, the rate of squared vector-valued

norm along the virtual dynamics of the system (6.23)
d
d
2 (062) = 20G2i(0.041(31,Goi + C116Gr) + 3.426Cs; + (0.155 — 0.93580)3C + 16.6T6us)

On substituting du;; and dus; as

1
Susi = 525 (0-0076(8G1,Gi + dGas) (6.24)

1
5u22- == ﬁ(—OOéﬂ(éCh@z —+ ClZ(SCQz) — 3425(12 - 20(5(21)

The comparison system obtained is

wy; = — (0.9358¢ + 19.845)wo;

quasi-monotone non-decreasing and contracting if ¢ > 0. Hence, from Theorem 4.2, each
agent dynamics (6.22) is contracting with the controls obtained after integrating (6.24).
Further, applying the results of Lemma 6.1, it is proved that all the nodes of the network

synchronize with respect to each other.

6.3 Examples

Example 6.6 Consider the system (6.4) with the initial position of the agents given in
Fig. 6.1.



The simulation results with the following nonlinear distributed controls are shown in Fig.

0.2 and Fig. 6.3 with vy = 2 and vy = 2.

Uip = — 72 Y tanh(z; — z;) = (1 +72(1 + 7)) tanh(sie) — (1471 +72)gie

Jen: (6.25)
wy = — 2 Y tanh(y — y;) — (71 +72(1+ 7)) tanh(sy,) — (147 + 72)gs

JEN;

where N; is the set of indices of adjacent agents of agent 1.

2 4

3

Figure 6.1: Initial positions of the agents of system (6.4)

The agents converge to the common point where their velocities and accelerations are
zero, and further acceleration and control inputs are also constrained. This approach is
different from the work in [82] in the way that it considers third-order dynamics of the
agents with constrained acceleration to limit its high values, since high values may damage

the structure of the aircraft.

Example 6.7 Consider the graph in Fig. 6.4 of five nodes which is undirected and con-
nected. Nodes 1,3,4 are governed by third-order dynamics (6.9) and nodes 2,5 are gov-
erned by second-order dynamics (6.10). We assume v = 2, 75 = 3, 7, = 4, r(0) =
[3,—6,4,3,5], s(0) = [5,4,—5,3,—=5] and q(0) = [7,—6,—3]. Further, we assume that the
communication is lost at two time instants t = 1 sec and t = 3 sec for 0.3 sec and 0.5
sec durations respectively. The simulation results of the multi-agent system with hetero-

geneous nodes (6.9)-(6.10) controlled by the following nonlinear consensus controls are
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Figure 6.2: Solution trajectories of the states of the multi-agent system (6.4) controlled
by (6.25)
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Figure 6.3: Control (6.25) for the multi-agent system (6.4)

shown in Fig. 6.5.

U= — 17 Z exp(ri — ;) — (n +12(l+71))si — (1 + 7 + 1)
JEN; (626)
= —~ Z arctan(r; — r;) — (y1 + 1)s;



Figure 6.4: Graph with heterogeneous nodes for Example 6.7
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Figure 6.5: Solution trajectories of the states of the multi-agent system (6.9)-(6.10) con-
trolled by (6.26)

Example 6.8 Consider a nonlinear multi-agent system of five agents with each agent

dynamics as

i; = —x) — arctan(z;) + Z Lf](t)xj, i=1,...,5

JEN;

(6.27)

where x; € R is the position of agent i, N; represents all the nodes that are neighbors to
agent i and s(t) is the aperiodic switching signal as shown in Fig. 6.6. The Laplacian

matriz L;; is selected according to the three possible switching topologies shown in Fig.



6.7. The simulation results of the system (6.27) are shown in Fig. 6.8 with z;(0) =
{-5,8,5,6,—9} and ¢ = 5. The proposed framework offers a significant advantage over
classical contraction in the sense that the calculation of the Jacobian matriz for the linear

comparison system (obtained in this case) is much easier than the original multi-agent

system (6.27).

3.5

3

Time(sec)

Figure 6.6: Piecewise continuous switching signal for Example 6.8
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Figure 6.7: Three switching topologies for Example 6.8

Example 6.9 Consider a network used for simulation of the model (6.18) in Fig. 6.9.
The coupling functions g;; given in Table 6.1 makes the original system (6.18) contracting

with H = 0.5, R =1 and K = 4 respectively, since the largest eigenvalue of the symmetric
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Figure 6.8: State evolutions of switching system (6.27)

part of the Jacobian matrix of the obtained linear comparison system is

w1 = — 9.5wy + 4wy + 4wz + 0.5wg
we = 4wy — 5.5wy + 0.5wy

ws = 4w, — 9.5ws + wy + dwg

wy = 0.5wy + 4wz — 4.5w4 + ws

Wy = Wy — OWs + 4w

w(j = 05’lU1 —+ wg + 4w5 — 45w(,

negative definite. The simulation results are shown in Fig. 6.10 with R=1,H = 0.5, K =

4 and u(t) = 2sin 3t. By applying the proposed procedure, we are able to get more arbitrary

values of constants H and K and also remove the difficulty of proving the measure of the

matriz for large networks to be negative definite as compared to the work in [86].

Table 6.1: Coupling functions for network

Edge Gij
1—2 1—3, 3—4 5—6 Kz
1—-6, 2—4 H cos?(t)arctan(x)
3—6, 45 0.5sin’(£) 1=
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Figure 6.10: Evolution of all the states of the network (6.18)

Example 6.10 Consider a graph of four agents which is undirected and connected in Fig.
6.11. Each of the agents is governed by the underactuated dynamics (6.22). We assume
that each of the agents (position states) communicates with its neighbor (position states)
for all time. The simulation outcomes of the multi-agent system with underactuated agent
dynamics (6.22) with the control designed in Subsection 6.2.5 considering c = 2, are shown

n Fig. 6.12 and Fig. 6.13.

6.4 Conclusion

The general results of vector distance-based contraction theory are exploited to analyze

the coordination of motion in multi-agent systems. The proposed procedure has the
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Figure 6.11: Undirected graph for the Example 6.10
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Figure 6.12: Evolution of position states with time

advantage that proving the contraction for the comparison system is much easier than
for the original complex multi-agent system in the sense of the Jacobian matrix which is
quite complex for complex (large-scale and nonlinear) multi-agent systems. The results are
demonstrated on consensus problems: third-order consensus subjected to acceleration and
input constraints, heterogeneous systems under communication imperfections, systems
with connected and disconnected switching topologics, networked systems with time-

varying couplings, multi-agent systems with underactuated dynamics.
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Figure 6.13: Evolution of agent velocities with time



