Chapter 2

Coexistence of locally multistable
equilibrium points for n-neuron
delayed quaternion-valued neural
networks with continuous
piecewise nonlinear activation

functions

2.1 Introduction

Quaternion valued neural network (QVNN) is neural network model whose state
variables are quaternion numbers, and is an extension of real valued neural net-

work (RVNN). Since all quaternions are four-dimensional, hence QVNNs are able
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to store four times the amount of information stored by RVNNs. Thus, due to their
high storage capacity, QVNNs have gained immense popularity in the field of neural
networks and their applications. QVNNs are extensively applied in classify images
coming from radar [39], image processing [40], robot manipulator control[41], adap-
tive filtering [42], etc. Some applications such as associative memory and pattern
recognition require systems with high storage capacity and the number of stable EPs
of the systems plays an important role in improving the storage capacity. In this
chapter, we analyze the coexistence of local multistable EPs for n-neuron delayed
quaternion-valued neural networks (DQVNNs) with continuous piecewise nonlinear

activation functions. Before giving the model description, some notations are given

those are used throughout this chapter.

Notations: In the present chapter, R, C, and H denote, respectively, the set of real
numbers, the set of complex numbers, and the set of quaternion numbers. R™*™,
C™*™_ and H™™ denote n X m matrices, whose entries belong to R, C, and H, respec-
tively. Let x = (21,29, ...,2,)7 € R" denotes n-dimensional vector. C([—7, 0], R")
represents the Banach space of continuous vector-valued functions which map the
interval [—7, 0] into R™ with the topology of uniform convergence. Let |z||¢ denotes
the & norm of x, with ||z||¢ = max,{&,|z,|}, where & = (&, &, ...,&)" and &, > 0

for p=1,2,...,n. D™ represents the upper left Dini derivative operator.
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2.2 Model Description

Let us consider the DQVNNs described by the following system of nonlinear delayed

differential equations as

hp(t) = — aphy(t) + Z bpqagq(h Z Cpadq(hg(t — 74)) + kg,
q=1

forp=1,2,...,nand t >0, (2.1)

where n is the number of neurons in the network; h(t) = (hy(t), ha(t), ..., ha (1)) €
H", h,(t) represents the state variable of p-th neuron at a time ¢; a, > 0 is the self-
feedback connection weight; b,, € H, ¢,, € H corresponds to the connection weights
from g-th to p-th neuron at time ¢ and ¢ — 7,, respectively; k, € H is the external
input; 7, > 0 denotes the time delay with 7 = max,{7,J¢ = 1,2,...,n}; g,(-) € H
denotes the neuron activation. To check the dynamics of DQVNNs given in (2.1),

let us make the following assumption.

Assumption 2.1. Let h, = h(0> + h(l) h@)j + h(d)k € H be any arbitrary. For

q=1,2,...,n, g,(h,) can be described by

9a(hg) = ¢ (W) + g (hDYi + g ()5 + g (B,

where géb)(-) are continuous nonlinear functions on R which are defined as

—1, —oo<r< —3
géb)(f) =9\ -—sin(3r), —-F<r<i (2.2)
1, 5 < r<+oo

with b= 0,1,2,3.
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Ficure 2.1: Configuration of piecewise nonlinear activation function g( )( ) d
fined in equation (2.2)

The typical configuration of this activation function (2.2) is depicted in Figure 2.1.

Considering Assumption 2.1 and by the multiplication of quaternions, the system

(2.1) can be rewritten as the following four real-valued systems as
hO(t) = — a,hO(t) Z {b<0> O (RO (1)) — Y gD (A (1))

— W20 (P (1) = bl (D (1)

n

£ A0 B = 7)) = aP B - 7))

q=1

— gD RO (¢ — 7)) — Dg® (WP (¢ — ))} +EO, (23)
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hz()])(t) - _ aph(]) Z [b(o) h(l) () + bz(,ll)g(go)(h(o)(t))

q

+ 5295 (b (1) = b 9P (hP (1) |

n

+ 3 gDt = 7)) + o (h(E = 7))

q=1

+ DD Dt = 7)) = P MD (- 7)) + KD, (24)

n

P2 ) = = ah® (1) + D [BDgD (1P (1)) + b2 g (WO (1))

q=1

= W2 g (P 1) + b)) (D ()]

£ 3 [ daP MOt = 7)) + Ra Bt = 7))

q=1

= g (WD (¢ = ) + PPt = )|+ KD, (25)

n

B (#) = = aphP(8) + D[99 () (1)) + b 9 (0 (1)
q=1
+ B9 (WP (1) — b9 (P (1))
+ 3 [ A D (¢ = 7)) + g (Bt - 7))

F e (¢ 7)) — QoM WD )| +KY. (@26)

The initial conditions associated with the DQVNNs (2.1) are given by

h(0) =¢y)0),  0€[-7,0],
where ¢ (0) € C([—7,0,R), b=10,1,2,3, and p=1,2,....n
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Thus, for p = 1,2,...,n, we can define the continuous functions on (—oo, +00) as

Gr) == o+ 049 + &) 0) + 1 @7)

GP0) =~ + 0 +ADaP(0) 1 @9

where r e R, b =0, 1,2, 3, and the constants ﬁ ),np € R are defined as

Z (B + = [— (0L + A — 2 4+ @) — o) 4 ||+ kD,
q=1,qg#p q=1
n
Z I( b(o) + ¢, 0) Z {(b;}l) + 0(1 )+ by (2) 4 cpq |+ \bz()gq) + cp‘z))\ + k:g’),

q=1,q#p q=1

Remark 2.1. Tt follows from the definitions of ﬁ,(,b) and ﬁpb) that G,(,b (r) > G,(,b) (r) for

all b=0,1,2,3 and p = 1,2, ...,n. In terms of Assumption 2.1 and a, > 0, we see

that

lim G(b)( ) =+oo, lim G(b)() —00.

r——00 r—r+00

Thus, there exist r( ) <0 and fl(gb) > 0, both are suffiently large such that 7‘2(;’) < -3

3 < 7”1(,) and
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Next, for p = 1,2,...,n and b = 0, 1,2, 3, let us define functions C;’f,b)(r) and éﬁ,”) (r)

on (—o0o, +00) as

A

b 0 b b
(b 0 b ~b

where

n

n n n
A= 30 DIl 1 S [+ 06 B + D [l 1+ b+ kel

q=1,q#p q=1 q=1 q=1

b
+ kD,

n

> I - Z|c<°> S (1891 B2+ 1] = 3 [0+ 1421+ 1]

q=1,q#p q=1 q=1

b
+ k0.

To facilitate the discussion further, let us introduce some more functions. For any
given h = (hy, ha, ..., h,)T € H", let us introduce the continuous functions Gg')(') :

R — R as
GO = —apr + (40 + dD)gP () + 12, (2.12)

where b=10,1,2,3, p=1,2,...n, and

n

o = D0 O+ D)

q=1,9#p
n

—Z[b(1)+c(1) YD (D) + (62 + €2)g@ () + (6D + D)g® (h®)| 1 1O,
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U IOIAS)

Jj=1j#p

3 [0 e 0 6+ ) — 0 0] i

U S CCRT )
q=1,q#p

_1_2[ 2)+02) (0)( )y — (51(3;)4_@1()1) (3) (h(3)) (b(3 +C(3) (Sl)(hgl)) +k:](32),

n

= 3 )

q=1,q#p
n

3 [0+ 0 0 0+ 2 04~ 0+ a0 4 i)
q=1

From (2.7)-(2.8) and (2.10)-(2.12), we can conclude that

GO(r) < GO < GOr) < GU(r) < GO(r), WreR. (2.13)

2.3 Main Results

In this section, the dynamics of the DQVNNs (2.1) are studied. Here, several suf-
ficient conditions are introduced to ensure that the system (2.1) can have 5" EPs,

out of which 3% are locally stable.
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2.3.1 Existence of multiple stable EPs and positively invari-

ant sets for the DQVNNs (2.1)

For the coexistence of multiple EPs, let us denote the following intervals as

F(b)I P F(b)1I T T F(b)IIT T T F(O)IV T T 7OV T
Ilg) :(700775)7 IIS) :[*57*5],11()) :(7875)711(’) :[675]711(’) :(_ OO),

where b =10,1,2, 3.

The, superscripts “I7, “II”7, “III”, “IV” and “V”, respectively represent “First”,
“Second”, “Third”, “Fourth” and “Fifth”. Then for each index & = (a4, g, ..., Qap ),

where &, is “I”, “II”, “III”, “IV” or “V”, we denote

O = {(xl,:ng, ...,xn)T € Hn|$](00) € féo)dp,xél) € fél)&"ﬂ’,x,@ € 1:152)&2"“’,

m](f’) € f]gg)&37‘+P,for p=1,2, ..,n},

and
O = {Qﬂ& = (Gn, &g, ..., Qup) With &, is “I7, “II”, “III", “IV”, or “V”}. It should

be noticed that, there are 5 clements Q% in Q, which are disjoint regions in H".

Now, we choose an infinitesimal number € > 0 which is very very small. Further,

denote the intervals as

I (b . B)IT ” - B)IIL
I](;) = [7"1(;)"’6,—5_6], II(J) = [_§+€7_€_€]7 11(7) = [_

=SB
+
“m
el
|
O,

I,S”’W =[5 +e5 —€, Ing)v =[5+ e,fz(;b) — €], where b =10,1,2,3.

Then for each index a = (o, 9. ..., 04,), Where «, is “I”7, “II”, “III", “IV” or
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“V”, let us denote

0 = {(ZE17.CC27 ...,In)T € H"|x](00) S I]go)%,x](ol) S Iél)a"ﬁ”,x?) S 1152)“2"*7’,

xfj’) € I]gg)o"“”“’,for p=1,2 ..,n},

and

Q= {Qa|a = (a1, a9, ..., ayp) With «, is “I7, “I1”, “IIT”, “IV”, or “V”}.

Clearly, Q consists of 5% disjoint regions of the type Q% Moreover, each region

Q% € Q is a closed and bounded set.
Theorem 2.1. Suppose that Assumption 2.1 holds, then DQVNNs (2.1) have at
least 5% EPs such that each is located in one of the regions Q € Q if

—T

<) T A(b
G;>(§)>O,G;>( 5

) <0, (2.14)

where b=0,1,2,3 and p=1,2,...,n.

Before giving the proof of the Theorem 2.1, let us present a proposition to identify
the relationship between the parameters of the system (2.1) to make the proof of
Theorem 2.1 more understandable.

Proposition 2.1. Conditions in (2.14) imply that (bé? + c,(,%)) > 0,—a, + B(b](f;) +

(0) (0) (0)

oy ) > 0 and —a, — 3(byp + ¢y ) <0, where p=1,2,...,n.

Proof. From (2.14), we have Gz(gb)(g) >0 i.e.,

s

(b
5+ (00 + ) + 7P > 0.
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Since a, > 0, then we must have

s

sap+ (0 + i) + i > 0. (2.15)

Owing to G,(,b)(%”) < 0 and condition (2.15), we have
Ty + (0O + ) 4 kO > Ty 4 (30 4 0y 1 50 5
6 ? pp Pp P =P pp Pp "Iy ’
and

T T . T
Gt B9 + ) + kP > 20— 0% + Oy +7®) > 20— (09 + 0y + k).

0 0 4
Therefore, (bép) + cép)) > 50 > 0. (2.16)

Equation (2.16) implies that (bz(f;,) + cl()%)) > 0 and —a, — 3(b§,§? + c,(,(,),)) < 0. Again
from equation (2.16), we have —ap+%(b§,%) +cz(,2,)) > 0. As & < 3 and (bg;,) +c;(,%)) > 0,

we have —a, + 3(65,2,) + c;%)) > 0. This completes the proof of the proposition. [
Now, we wish to give the proof of the Theorem 2.1 as follows.

Proof. For any h = (hy, ha,...,h,) € H", let us define the real valued continuous
functions Gy(gb)(-) on R in the form of (2.12). For better understanding, the following

discussions are presented in the point-wise form.

(a) Since Gz(,b)(ﬁ(,b)) > 0 and from (2.13), we have Géb)(fz()b)) > 0. Again, from

A,()b)(_?”) < 0 and from (2.13), we get Gg’)(_?“) < 0. Hence, because of continuity of
G (+), there is a point i e ['f'éb) + €, 5 — €] such that G}(,b)('r*,(,b)l) =0.
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(b) From the above point (a), note that G(b)( T) < 0. Now, G(b)(T’T) = —a,(F) +
(b + i)’ (FF) + ) = ap(§) + (b + cip)) + 7 and by using (2.15), we get
G(b)( T) > 0. Owing to (2.13) and G(b)(%) > 0, we obtain G(b (%) > 0. Hence,

because of continuity of Gp (-), there is a point 7y (DI

G (™) — 0.

€ [F + ¢, % — €| such that

(c) From the above point (b), note that G(b)(%r) > 0. Since, él(,b)(%) = —ay(g) +
(b,(,%)—l—c,(,% )g,()b)(%)—{—f),(,b) = —ap(§)— (b(o)—i—cpp )—0—77;, Next, from (2.14) we must have
G () = —ap(F) + (U + g () +i” = ap(5) — (b + ) +7” 0. There-
fore, it can be conclude that G(b)( ) < 0. and because of (2.13), we get GV (5) <o.
PP e [=X + ¢, % — €] such that G(b)( b)m) = 0 due to

Hence, there is a point 7

continuity of Gp (+).

(d) From the above point (¢) and equation (2.15), we have G(b)( ) < 0and G(b)( ) >

0, respectively. Owing to (2.13) and G,(Jb>(§) > 0, we obtain G,(,b)(g) > 0. Hence,

because of continuity of G;b)() there is a point 7"

b) / ~(b)IV
Gy ™y = 0.

€ [5 + e 5 — ¢ such that

(e) Since G'(b)( Tp ) < 0 and from (2.13), we have G(b)( p)) < 0. Again, from
G’;S,b)(g) > 0 and from (2.13), we get G (3) > 0. Hence, because of continuity

of G (+), there is a point iV e €5 +e A — €] such that GY (@()b)v) = 0.

From the above discussion, we can see that there exist exactly five points r( )t

Ipb)I FOI < I o N(b)m € I(b)m N(b)w € I(b)lv and f Ve I OV such that

G(b)( (b)I) G(b( (b)II) G(b)( (b)III) G(b( b)IV) G(b)( (b)V) 0.
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For any given region Q% let us assume an index a = (aq, ag, ..., au,), Where a, is
“I7, “Ir, CIII7, “IV? or “V7. By choosing h = (hy, ha, ..., hy,) € Q% be any arbitrary
and putting it into (2.12), we obtain the functions of the G,(,b) (r) and exactly one
F = (1, Fo. ooy oy € Q, where 7 = 707 4 7002 20w 5y GSBner g gych that
Gz()b) (fﬁ.”)“b””) =0withb=0,1,2,3and p =1,2,...,n. Then a mapping is defined as
F Q% — Q% such that F(h) = r. Obviously, the mapping F' is continuous. Hence,
it can be concluded from Brouwer’s fixed point theorem, the mapping F' has at least
one fixed point 7 € Q% which is also an EP of the system (2.1) in Q®. Hence, there

exist 5 EPs of the system (2.1) and each of those lies in one of the 5% regions

Q% € Q. This completes the proof of the theorem. O
Again, for the index = (b1, fa, ..., Bn) where (3, is I, IIT or V, let us denote

I8 = {($17x27 “_71,“)T c Hn‘ﬂﬁz(go) c [150)04;,73:;1) c ngl)om+p7x§2) c IPSQ)OCQW,+P7

2@ € [®nts for p=1,2, n}
and
Il = {H*ﬂﬁ = (61)52, B4n) with ﬁp is thw’ uIII,,7 or “V”}7

where I = [ 46,2 — o, I = [~ 46T — o, [PV = [T 47 — 4,

with b=0,1,2,3, and p=1,2,...,n.

Clearly, there are 3*" disjoint regions I1¥ € II and each II” is a closed and bounded

set. Moreover, it is easy to see that IT C Q.
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Theorem 2.2. Under the Assumption 2.1, if DQVNNs (2.1) satisfy the following

conditions for p =1,2,...,n:

ééb)(%ﬂ) 0, ééb)(g) >0, 6=0,1,2,3. (2.17)

Then each region I1° € I is positively invariant.

Proof. Using the inequality (2.13), we can conclude that, the conditions given in
(2.17) are stronger than the conditions in (2.14). It means that if DQVNNs (2.1)
satisfy the conditions in (2.17) then it also satisfies the conditions given in (2.14).
Moreover, with the same method as used in Preposition 2.1, from the conditions in
(2.17), we can obtain that b§3) > 0, —a, + sz(,%) > 0 and —a, — Sbé?,) < 0, where

b=0,1,2,3and p=1,2,....n.

We may write inequalities in equation (2.17) as

2oy, —T -7 —T. 2

G;@(j) = _ap(T) + b;?;)gf)b)(7) +7 <0, (2.18)
<o T T T .
GOEY = —a, (D) + 5090 C) 450 > 0, (2.19)

2 2

From (2.18) and (2.19), we can obtain the following conditions as

™ —T 2
—ap(5) + b;?}gf,b)(T) +a® <0, (2.20)
™ s x
a(g) +b;2,)g;b>(§) +73 > 0. (2.21)
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Since the conditions (2.14) hold, according to Theorem 2.1 the DQVNNs (2.1) can
have 5% EPs and each of them lies in one of the 5" regions Q% € Q. Next, we
want to show that each 3% region II° € II is positively invariant. That is, for each
I1° € 11, if any state trajectory h(t) of the system (2.1) with the initial condition is
chosen from TT°, then h(t) € TI° for all ¢ > 0. It means, h(t) will stay in II? for all

t>0.

Without loss of generality, suppose the initial condition for the QVNNs (2.1) is

hp(0) = h{(0) + KD (0)i + 1P (0)5 + hS () k

— 00 (0) + 1V (0)i + ¢2(0)j + 6P (O)k, 0 € [-7,0), (2.22)

where p = 1.2,..m: & (6) € [ + ¢, =5~ " (6) € [§ +e. 5~ 0,7(0) €
[5 + e,f'z(f) —€l; 1(;3)(9) €[5 te f,(gs) —€]. Now, we claim that for all ¢ > 0, the state

trajectory hy,(t) of the system (2.1) satisfies

. ™ s e
r;°>+e§h,g0>(t)g—§—e, —g+e§h§}>(t)gg—e,
g +e<hP(t) <) —e, g +e<hP) <P —¢ p=12..,n (223)

The proof of this claim will be done by using the contradiction method. If possible,
let us suppose that (2.23) is not true, then there exist an index p; € {1,2,...,n} and

a time time tg > 0, such that for all p=1,2,...,n:

m m
——+e<hll(t) < 56

(@)

g e hPM) <P —e,  Tae<hPO <P —a telot)  (224)
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and one of the following cases holds:

hj(o,ol) (to) = 7‘1()0) +e and i'LZ(,?) (to) <0, (2.25)
1O (tg) = ,g —e and (1) >0, (2.26)

1V () = —% +e and AV () <0, (2.27)

D (to) = g —¢ and A{D(t) >0, (2.28)
h](fl) (to) = g +e¢ and h;?)(to) <0, (2.29)
2 (tg) =72 —¢ and AP (to) > 0, (2.30)
h (tg) = g +e and WP(t) <0, (2.31)

hg) (to) = f:l()?)) —e and hz(a?;) (to) > 0. (2.32)
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For the case (2.25), noting that g\ (b (to)) = g (B2 (to — T )) = gD ) =

P1

gz()?) (7‘1(,?)) = —1. Therefore, from (2.3) and (2.9), we can compute
WD (t) = —ap b (t0) + 3 |69 (10 (t0)) — b0l (D (ko)) = b2 g2 (P (ko))

g=1

b 09000+ 3 [l Bt — ) — B 4P o — )~
qg=1

292 (WDt — 7)) — g (WP (to — 7)) | + Y

n

> a7+ + 40, + e a6+~ 3 4 + el
q=1,9#p
> ll(bé? +ep )+ [05e) + S+ 10 + eS| + KLY
q=1

n

= )~ e+ O+ G — S [+~

q=1,q9#p
> [ub;iz] w1+ 2, + )+ 12 + e | + K0
q=1
= GW(FEY) = ap,e >0, (2.33)

which contradicts (2.25).

For case (2.26), noting that g](g?)(_?” —€) = g}(o?)(_?”) = —1. Therefore, from (2.3) and
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(2.17), we can compute

fbfg?)(to)=—amh§?)(to)+z[b(o (0P (t0)) = bigs (h§) (t0)) — b5pas? (B (o)) -

q=1
b2 (hS? (1)) +Z (6@ 0O (to — 7)) — g (D (k0 — 7))
1()1ng2)(}1(2)( — 7)) — plqg(SS)(h(s (to ))] + kz,(o)

- n
< —ap (5~ b 95

-7
'p1p19p1 (- 9 €) + Z 1(3)(1‘ +Z|C(0)

q=1,q#p1

n

1 2) 2 3 0
S (B8 + 21+ 1681] + 3= [l + 12y + 1] + KO
q=1 q=1
— 'n' n
—ay, () Fap et b0 () + D é?)q|+2|c(°)

q=1,q#p1

n

> [0 + 162+ 2 ] + Z (1l + 162y + e ] + kD

- ég’)(%) +ape <0, (2.34)

which contradicts (2.26).

For the case (2.27), noting that g,(,l)(%) =1= gl() )( ). Since € is very very small,
hence we can conclude, g5’ (—§+e)+e= g(l)(—%). Then from (2.4) and (2.21), we
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may compute

W (to) = —ap D (ko) + - [0l (nD (t0)) + B, 00 (1 (t0)) + b2yl (P (1)~
q=1
b (g2 (1 }+Z[p‘?qgé” (g (t0 — 7)) + hyaf? () (o — 7))+
2,087 (WPt = 7)) = 2082 (W2 (b0 = )] + kfY)
T n
> —ap (—g T UG (E - D bl - Zlcé%
q=1,q#p1
n n
1 2 2 1
7 (18501 + 65251+ 16521 = D7 [Iefyl + eyl + lelyl ] + kS
q=1 q=1
v T n
= —ap (= 6)_“p1€+b§1219§1)(_g+6)_ > bl - Z@?)q_
q=1,g#p1
n n
2) 2 1
> (1060 + 1620+ 1] = D el + eyl + 1] + kD
g=1 q=1
= ()4 80,00 (2 + ) + 7D — ape
T
= 4 (3) + 0, 08 (- 2) i) — elap, +1) 2 0, (2:35)

which contradicts (2.27). For the case (2.28), noting that g(l)(T’r) =-1= gﬁ)( ).

Since € is very very small, hence we can conclude g( )(— —€)—€e= g&) (5)- Then,
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from (2.4) and (2.20), we may compute
WD (to) = —ap, h{D (to) +Z [b@) U (hEV (1)) + L) O (hD (1)) + b2 g3 (WD) (1)) —

birags? (WPt }+Z[p?)qgé” (hD(t0 = 74)) + chiyay” (b (to — 7))+

A28 (W (b0 = 7)) = ey 982 (12t = 7)) + kLY

™ ™ n
< —ap (5 =T 00 (5~ D b +Z|c
q=1,q9#p1

S (18550l 166251 + B ] + D7 [lebuyl + el + eyl | + kS
g=1 q=1
T n
= _am(g) +ap €+ b(l)plgg)% €+ Z |bz(7?)q| + Z|°1(o?)q
q=1,qg#p1

1 2) 2 1
> [0+ b2y + 16| + Z (1Ll + 1e62)) + ey 1] + kD

q=1
= —ay () + W gV (5 = ) i) + e <0
= —ap, (Z) + B0, 980 (Z) + 1)) + (ap, + De <0, (2:36)

which contradicts (2.28).
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For the case (2.29), noting that g( )(g) =1= g,§1>( +¢). Therefore from (2.5) and (2.19),

we can compute

P2 (to) = —ap b2 (t0) + > b9 (h) 0)) + bZ,90) (60 (t0)) — b9l () (t0))+
q=1
52,0 (D (10))| + Z (9 (0P (10 = 7)) + el (P (ko = 7)) -
eha) (P (b0 = 7)) + 2,9 (W 0 — )| + kD
n
> _am(2 €) + b(&ngpl (2 +e€) — Z bz(n?q Z|Cp1q
q=1,q#p1
S [1E801+ B241 + ] = 3 [Jehl + 12+ e8] + K
q=1 q=1
T "
- 7a171(§) - aple+b(1;>192(0?)(2 +6) Z 1()?)ql Z‘C;?)q
q=1,q#p1
S (105001 + 1B+ 16621 = 37 [Iebs 4 eyl + eS| + k5
q=1 g=1
= —am( )+ b0 g}f)( +e) + 2 — ape >0, (2.37)

which contradicts (2.29).
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For the case (2.30), noting that g(z)(h(z)( to)) = gzgl)(h(g)(to Tp)) = gpl)( A — €) =

g2 (7$?) = 1. Therefore, from (2.5) and (2.9), we can compute

mw>—%mm+ZL%fW (t0)) + B9 040 (10)) — W, (1D (t0)+

b0 (Do) + D [ gD 1D (1o — 7)) + eZygl (D (1o — 7))~

L=
—_

ehng (B (b — 7)) + gl (D (t0 — 7)) + K2

< —ap, (75 =€) + (b, + Gy )gp (757 =€)+

n
>0 + ) \+Z (B8 + )+ (682 + D) + b3 + B[ | + &R
q=1,q7#p
= —ap i)+ apet (b, + cfi)gs () + D 1B+ )+
q=1,q#p
3 1043 + el + 1062, + el + 5% + el + i
q=1
=GR () + ape <0, (2.38)

which contradicts (2.30). Similarly, we can infer that cases (2.31) and (2.32) do not
hold.

To sum up, we can obtain that cach II? € II is positively invariant of DQVNNs

(2.1). This completes the proof. O

Theorem 2.3. Under the Assumption 2.1, suppose the conditions (2.18)-(2.19) are
hold. If there also exist positive real constants §£b), éb),...,@(ﬁ) for b = 0,1,2,3

satisfying the following conditions:

—ap(fl()o))l—l—?){ > e +Z|bp +Z|b(2) YN +Z|b3>|><

q=1,q#p
£0)- +Zw +zw RS QI +ZW> 9] <o
qg=1

(2.39a)
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~n@ w5 3 I+ A+ I ¢
q=1,q#p q=1
L )+ S N ) <o
q=1 q=1
(2.39b)

n

—ap(ﬁff))_l”{ S 1) +Z|b<2> +Z|b<1> 1+Z|bg;>|x

q=1,q#p
+Z|c (€)= +Z\c<2> 1+Z|c§,};| +Z\c<3> 1} <0,
q=1

(2.39¢)

n

ap(5£3)>]+3{ > IbglE)” +Z|b +Z|b<”\£(2) +Z|b2)|\x

q=1,9#p
+Z|v°>|£<d> +ZW| °>>1+Z|c () +Z\v<2>| )] <o

(2.39d)
then DQVNNs (2.1) have 5% EPs, among which 3" are locally stable.
Proof. Let h(t;¢) be the solution of the DQVNNs (2.1) with the random initial

condition ¢(0) € 11°, where § € [—7,0]. By Theorem 2.1, DQVNNs (2.1) have

exactly one EP h = (hyhy, ..., h,) in the region II°. By setting z(t) = h(t) — h, the
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50

systems (2.3)-(2.6) can be transformed into

50(t) = — 4,20 (1) +Z[p2>9q“>z°> 1) — WG (0 (1)
BD3P (1) — 3D (1) |

£ a0 = 7)) — a0 - )

q=1

— D3P EO - 7)) - IO - 7).

n

20(t) = — a2 (1) + Z [b(o) D) + 60589 (20 ¢))+

g=1

B3O 0(0) ~ b5 (2 0)]

£ 30 AP D = 7)) + a0 G - 7))

+ e O ) — e P )],

n

(1) = = a, D) + > PP P 0) + 02 (0 (1)~

q=1

1)~(3 3 3)~(1 1
BRI (D) + YD (0 (1)

p

n

+ 3 [ P = ) + €2 G - 7))

q=1

— D = 7)) + IO = 7).

(2.40a)

(2.40D)

(2.40c)
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21()3) (t) = — apz(3) Z [5(0) @) (3) () + bz(az).ééo)(zéo) (t))+

bGP (2D (1)) — b@g! (zé”(t))}

pqq qu

£ 30 [eRaP P =) + 0 (= 7))

+ gD (D — 7)) — DE O - 7)], (240)
where p = 1,2, .0, g1 (z,(t)) = 0" (0 (1)) — g (R))), 3 (24 (t = 7)) = 9 () (¢~

7)) — géb)(fng)) withp=1,2,....,nand b=0,1,2, 3.

Let,

(b) ={q| h(b (t) € Iéb)l, g=1,2,..,n},
N(b) {q] hb) (t) € Iéb)m, g=1,2,..,n},

— {q | h((zb)(t) € [éb)v, g = 172’,,_771}’

for each b = 0,1,2,3; Nl(b),Néb),Néb) are subsets of {1,2,....,n} and Nl(b) U Néb) U

- {1,2,...,n}, Nl(b) AND = @, where [ # m;l,m = 1,3,5. Since I1° is pos-
itive invariant, we can obtain that h(t;¢) € II° V ¢ > 0. When h(t; ¢) € 119, then
quN@ gD APy and geN® 9P (n) are constants. That is 3 4en® gD (WD) =
Yen g (hg”) and 32 v 95" (0 (8) = 3,y g5 (hg”). By virtue of La-

grange’s mean value theorem, there exist 'y(gb) between h( )( t) and ng), and also m(]b)

between h'’ (t —7,) and A such that ~(b)( (1)) = g(gb) (1 )) (b)( t) and gt (Néb)(
7)) = g,gb) (k (b)) (gb)(t —7,) for q € N( ). Clearly, for b=0,1,2,3 and q € Néb), we
have -3 < g(b) (fyq ) <0and -3 < g(b) (K ((Ib)) < 0. According to (2.39a)-(2.39d), we
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can get a very small number e such that

(—ap+EMN ™+ D 3@l +Z3|b(1) (1~ +Z3|b2>|

q=1,q#p

23“,(3 () er{ S 3]0y + 23|C<1)| (€V)
q=1
> 3lel2E) Z3|03)| } (2.41a)
q=1 1

(—ap +e) (M) + Z 316001y~ +Z3|b(1 +Z3|b(2 G
q=1q#p
ZSIb G ”{ZBJ” 1+23\c§,?|<5<°>—
Z3|c,<,%)| (3))~ +Z3|c(3)| GRR } (2.41b)
q=1

n

(—ap+aE) 7+ D0 3IEP) +Z3Ib(2)|£(°> +Z3|b”|

q=1,9#p

> 3P + ”{qucpq (€~ +Z3|c<2>|g<0)

q=1
23|c§,1q>| G0N ~|—Z3|03>| } (2.41c)
q=1

(—ap +e)(EP) 7 + Z 31689 (e)~ +23|b(“)|£(°) +ZS|bl)|

q=1,9#p

S I+ A+ Sl

q=1
3 31|(E) +23|02>| } (2.410)
q=1
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Let HP(t) = etz (t): H(t) = (HO(t); HO(t): HO(¢); HO)(t)) with HO(t) =
HO 1), HY (1), ..., HP ()T, where b =0, 1,2, 3.

Let us define
M(t) =sup |[H(u)lle, t >0, (2.42)
u<t

where || ()¢ = mas {[[ O (u) e [ HO () e [ HO(w) e [ HO(w) o } with
10 () e = o {671 ()]}, b= 0,1,2,3.

We claim that M (t) is bounded, consequently || H (u)]||¢ is bounded too. According
to the definition of M(t), we have ||H(u)|¢ < M(t) for all ¢ > 0. If at a special time

point ¢y > 0 such that || H(t)||¢ = M (to), we have the following four possibilities:

Case 2.1. An index p(® = pO)(ty) € Nz( ) depending on tj exists such that

IH (to)lle = I1H ) (t0) [ eor = € 5tey | HL) (t0) - (243)

Case 2.2. An index pt) = pM(tg) € N( ) depending on tj exists such that

| H (to)lle = | HM (to)llw = &) 1L (to)). (2.44)

Case 2.3. An index p® = p@(t) € NQ(Q) depending on tj exists such that

| H (to)le = || H® (to)llg = &5 1 H' (to)). (245)
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Case 2.4. An index p® = p®)(t) € NQ(B) depending on ty exists such that

1 (to)lle = 1H (1) o = €62 1HE) (10)]. (2.46)

Here, only Case 2.1 will be discussed. The rest of the cases can be proved in a similar
way.
For Case 2.1, we have (0))7Y[|H (to) [l = [H\() (to)]. Due to (2.40a) and (2.41a), we

can get

D7|H) (to)| = sign{H Q) (to) L0 (t)
= szgn{z (0 (tg)}eeetoz( 3) (to) + szgn{z () (tg)}edoz(?)) (to)

= sign{=\(0, (to)ee™02\(), (t0) + sign{=\), <to>}ed°{ — apy 20 (to) +

D (850038 G0 k) = b0 380 (80 ) = 5, 5 P (k)

q=1
byt (47 (10 }+Z[,,<o> IO (to = 7)) — e, G500 0 = 7))

— 0 AP (to = 7)) — ) G (to — 7)) }

0 0
<ee€t°z;<3)<to>|+e“°{—a,,<o>|z,ﬁ(3><to>+ S a0 O )+
aeN, q#p(©

Z ‘p(O)quq ( (to))|+ Z ‘bpm)q||g(2)( )(to))|

geN{V qeN$?
0
+ >0 B AP PN+ Do 1l 135 (= (to — 7)1+
qEN(J) qENéO)
1 2
S 1l gD Pt =)l + 3 165, 1157 (8t — 7))+
qENQ(U quz(Q)

S 18 g Pt — 7 ))}

quéd)



Chapter 2. Coezistence of locally multistable equilibrium points for n-neuron.... 55

< (=aym + e[ (¢ >|+"“°{ ST D9 ()0 1))

(0)
prq
qEN(O)7 q#p©)

+ 3 1B e 1P to) [+ R Nl (DI (ko))

qeNS geN

+ 30 1B 9 1P o)+ D 1€l Nl (51 (o — 7)1+
qu(S) qu(o)

S 1o 19 5D (to — )+ D 1D 198 (5@ 122 (to — 7)1+

‘]EN2(1) qué2>

> 16 g (5§ 2 <OT>|}

qeNt?

< (—ay0 + I H (o) + { S5 B e (I (ko) |+
qeNS”, q#p©®

Z |b§i))q||gql)/( (gl))HH (to)| + Z |b (O)q (2)/ (2))||H52)(t0)|+

quQ(U qu@)
3
SIS N NI (o)l + D 1l ol (ki [H (to — 7)o+
qu(S) qum)
S 1 Mgt EDIED (b0 = 7)le™ + 3 16l 119" (eI HP (to — 7)o+
gengY ¢eN®
S 1), 1o (s 3>>||Hq<3><to—7q>|ew}
quz(‘;)

< (—ap0 + E) T NED Collew + Y B 9 ({1

geN”, g#p©

x JEQ o) leor + 3 b5 Nad” GEIED)  IHD (o)l + 3 BE|
qu(l) q€N§2)

! (3) -
x 1952 (EENNER) M IHP (to)llecor + 2(3)\bp<o>q g (FENNEP) HHD (o) [leco
qEN,

+ 50 1D 10 kO ED) T HD (2 — )llewe™ + > 1) 19 (+§D)]

geNy” genV

x (€M) HP (b — 7)™ + Y 1l 198 (EIER) T IHP (b0 — 7) | gre™
q€N2(2)

+ >0 1l 198 (EEDI ) THHE (to — 74) g e
q€N2(3)

p<°)q
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s{(—ap<o>+e><§§3<£>)l+ S0 R lE) T+ Y 8k, )

geN”, g£p(© qeNV

(2) 2 (3) 3 —1
Z 3|bp(0)q ( + Z 3|bp(0)q () + Z 3|cp(0)q 667q+ Z 3
qeNS? qeN® qeN® qeNSY

1 2 3 3y, —
I G e+ T 3, ) e S 8 e) 1ew}M<to>

qENéz) qué‘j)
<0. (2.47)

From the above incquality, it means that ||H(t)|¢ is strictly decreasing when time passes
the point 3. Now from Case 2.1- Case 2.4 and from the definition of M (t), we can conclude
that M(t) is non-increasing. Clearly M(t) and ||H(t)||¢ are bounded. Consequently, for
b=0,1,2,3, each |H® ()|l is bounded. Therefore, for p = 1,2,...,n and b = 0,1,2,3,
each |H]gb)(t)| is bounded, hence there exist positive constants )\Z(b) > 0 such that \H,(,b) )] <

AI(,b), V t > ty. Hence, we must have
206 < APeet i > tg, pe N (2.48)

Consequently, fz,,(,b) satisfies the definition of Lyapunov stability when p € N2(b). So, for any

€® >0, we can find §® > 0 such that the following inequality

S A COON+ S BRIE @)+ S BRI P o)+ S )

qEN(U) qGN(l) qu(Q) q€N<3>
< PO+ 3 MO @ - )+ S gD (¢ — )+
e sen
Do ANaP P =)+ D 1G5 (= 7g))] < €. (2.49)
q€N2(2) qENQ(S)

holds ¥ p € N\” and ¥V ¢ > 0, when [A”(0) — I\”| < 6© for all p € N3 and 6 € [r,0].

According to (2.40a) and (2.48), we can obtain

D {00} < —aplz0(t) + €@, t>0, pe NOUN,
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which immediately assures that

(0)
W < e PO) + —1—e ), 120, pe NTUNSL (2500)
P

Similarly, we can obtain

(1)

DO < e DO+ — -, t>0, peNVUNS (2500)
P
(2)

D0 < e DO + =1 —e), 120, pe NPUNPL (2500)
ap
(3)

123 (1)] < e (D (0)] + 6@—(1 —emwty, t>0, pe NP UND. (2.50d)
4

According to (2.50a)-(2.50d), it is seen that for b =0,1,2,3, Béb) satisfies the definition of
Lyapunov stability when p € NQ(b) UN?Eb) . Therefore, we can observe that h is stable in IT°.
Then from (2.48) and (2.50a)-(2.50d), for all p = 1,2, ..., n, we can get limy_,oc |2 ()| = 0.

It follows that the EP h is attractive in IT°.

Hence, the EP h is locally asymptotically stable in TI?. Since II? is any arbitrary in I,

therefore DQVNNs (2.1) have 3" locally stable EPs. This completes the proof. O

Remark 2.2. In [7] and [43], the theory of multistability of QVNNs was established, in
which the authors showed that QVNNs could have 24" locally stable EPs. Whereas,
the present chapter has increased the number of locally stable EPs of QVNNs by
taking continuous piecewise nonlinear activation functions. It should be noted that
no one can ignore the role of activation functions. In [7], multistability analysis
with piecewise linear activation functions is discussed. And in [43], the authors
have studied multistability using two different types of activations, the first one is

a bounded sigmoid function and the second one is a non-decreasing function with
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saturation. So it is clearly seen that the considered DQVNNSs (2.1) have more stable

EPs as compared to the QVNNs taken in [7] and [43].

2.4 Numerical example

In this section, Two numerical examples are presented to illustrate the effectiveness

of the derived results.

Example 2.1. Forn = 2, assume the parameters of DQVNNs (2.1) are as follows:

a; 0 bi1 b2 €11 C12
A= s B = y C = s k1:k2:0, T = T2 = 1,
0 a9 ba1  bao Co1 C22
(2.51)
with the activation functions as
(
-1, —oo<r<—3%
b b
0'(r) =g () = { —sin(3r), -z<r<z (2.52)
1 5 <1< +00
where b=0,1,2,3, and
b1 =3 + 0.0125¢ 4- 0.01255 + 0.0125F, b12 = 0.0125 4 0.0125¢ + 0.01255 + 0.0125k,

ba1 =0.0125 + 0.0125¢ 4 0.01255 + 0.0125F, boa = 3 + 0.01257 + 0.01255 + 0.0125k,

c11 =0.0125 + 0.01257 4+ 0.01255 4+ 0.0125k, c12 = 0.0125 4 0.0125¢ + 0.01255 + 0.0125k,

co1 =0.0125 + 0.0125¢ 4 0.01255 + 0.0125k, c22 = 0.0125 4 0.01257 + 0.0125;5 + 0.0125k.
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1stpartof h,

2nd part of h,
2nd part of h,,

1stpartofh,

1st part of h
2nd part of h

3rd part of h,
ard part of h,,

4th part of h‘
4th part of h,,

3rd part of h
4th partof h

(c) (d)

FIGURE 2.2: Figures (a)-(d) demonstrate the state trajectories of the 1st part-4th
part of the system (2.1), respectively.

Then, we have
92 b ~(b é b ~(b
(1 )(/"> =-r 3.9%0)(7') 7/5 )7 é )(7') =T 3950) (7) Tlé )7

=(b (b =(b (b
GO0 = —r+3¢0m) +47,  GV0) = —r +3¢0(r) + 77,

where 7" = 0.1875, i\ = —0.1875, 7y} = 0.1875, 7" = —0.1875, b = 0,1,2, 3.

Consequently, we can get

~ A~

Ggw(_g) — 1.241 <0, GS”(—%) = —1.241 < 0,

éﬁ”)(g) = 1.241 > 0, é(”)(g) = 1.241 > 0,
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which implies that the conditions (2.18) and (2.19) are satisfied. Furthermore, there
exist éb) = éb) =1, b=0,1,2,3 such that with parameters (2.51), the conditions
(2.39a)-(2.39d) are satisfied. Hence, we can see that all the conditions proposed in
Theorem 2.1-2.3 are satisfied for DQVNNs (2.1). Therefore, the DQVNNs (2.1)
have 5% EPs, among which 3% are locally stable. By employing the Quaternion Tool-
box for MATLADB and the fourth-order Runge—Kutta method, we perform numerical
simulation of the DQVNNs. Since the program may take several days to execute,
so we are just executing the program here with one hundred random initial condi-
tions. Next, By setting one hundred random initial conditions, we have obtained
one hundred corresponding numerical solutions. It is observed that these numerical
solutions converge to 100 stable states. Then, we have obtained approximations of

the 100 EPs, five of which are listed as follows:

—3.0627 4 2.96277 — 3.06275 + 2.9627k —3.0131 4 2.9619: — 3.06195 — 3.0619k
—3.0627 — 3.0123¢ + 2.91235 — 0.0025k —3.0131 — 3.01317 — 0.00755 + 2.9131k
0.0075 — 3.1131: — 3.01315 — 3.0131k —3.0375 — 3.0375¢ — 3.03755 — 3.0375k
—2.9131 — 3.11317 + 2.96195 — 3.0131k —3.0375 4+ 2.9375i 4 2.93755 + 2.9375k

3.0375 4 3.0375¢ — 2.93755 — 2.9375k

3.0375 — 2.9375i 4 3.03755 + 3.0375k
Due to the limitations of pages, here we only five EPs are listed. The dynamical
behavior of all four components of the considered system is displayed in Figures
2.2(a)-2.2(d), where one hundred random constant quaternion-valued vectors are
chosen as the initial conditions. From Figures 2.2(a)-2.2(d), it can be easily seen

that each neuron state converges into a stable state.

Remark 2.3. The results obtained in both [7] and [43] are validated with one example
each. In both examples, the QVNNs are considered with two neurons with piecewise

linear activation functions, and the authors showed that the QVNNs have 3% EPs
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FI1GURE 2.3: Plot of the original color image of pattern “#”.

and 2% of them are locally stable. However, the Example 2.1 of the present chapter
is also demonstrated with two neurons and piecewise nonlinear activation functions
defined in (2.52). Here we have been able to show that the DQVNNs (2.1) with two
neurons and with the help of activation functions in (2.52) can have 5° EPs out of
which 3% are locally stable. It is obvious that the number of the EPs of DQVNNs
herein is higher than that of QVNNs in [7] and [43]. Thus, the addressed DQVNNs
with continuous piecewise nonlinear activation functions are less conservative for the
type of activation functions and are better than the QVNNs in [7] and [43] to the

associative memory applications.

Example 2.2. In this example, the color image pattern “#7 is considered as shown
in Figure 2.3 of size 12x-12 pizels and design the networks in the form of DQVNNs
(2.1) for the application of associative memory. Here, a DQVNNs (2.1) consisting of
144 neurons is constructed which contains a 144-dimensional EP storing the image

Y#7. Assume the parameters of DQVNNs (2.1) as follows:

a, =125 x 1072 (2.53)
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t=0 t=1 t=1.5

5 10

0 5 10
t=2 t=2.5

o

FI1GURE 2.4: Simulation of restoring the pattern “#” with random initial values
at t =0,1,1.5,2 and 2.5.

444x107% —3x 1071+ 5 x 107k, p=q
bpg = (2.54)
4x107P =5 %107 +5x 107 —3x 107k, p#gq
(
—2x107'4+2x 107 =5 x 107 +4x 107k, p<q
Cpg = 42+3x 1074 —2x 1071 — 3 x 1071k, p=gq (2.55)

1x107'—2x107 Y +3x107j—5x 107k, p>gq

\
with the activation functions (2.2) where p,q = 1,2,...,144. To recall the image
“#7. the EP of the system (2.1) must be

h = (hla h’27 ey h144) € H1447

where hy = 0+ 15 x 1072 + 3 x 10715 + 15 x 1072k, hy = 0 + 15 x 107% + 3 x
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1071+ 14 x 102k, ..., higa = 0+15 x 1072 +05 + 0k, which correspond to the color
(15x1072,3 x 1071, 15 x 1072), (15 x 1072,3 x 107,14 x 107%), ..., (15 x 107%,0,0)
of the pizels in the pattern “#7. The external input correspond to the above # is as

follows:

k= (klvk% seey k:144) € H1447 (256)

where k; = —628 x 107! + 2275 x 1072 — 905 x 10715 — 725 x 1072k, ky = —63 +
2095 x 10727 — 905 x 10715 — 566 x 1072k, ..., k1aqa = —914 x 107" — 23465 x 1072 —
908 x 10715 +2214 x 10~ 1k. Here, due to limitations of space, we list only three of the
components of h and k. One simulation with random initial conditions performed in
Figure 2.4 shows that the considered DQVNNs (2.1) with parameters (2.53)—(2.56)

have the ability to retrieve the above true color image “#7 reliably.

Remark 2.4. In [44], the authors have discussed that to store a 12 x 12-pixel figure
the designed CVNNS needs 432 neurons. Whereas through this chapter we have
successfully shown that the DQVNNs (2.1) require only 144 neurons to store a 12
x 12 pixel image. As a result, we have effectively reduced the number of neurons
need to store a 12 x 12-pixel color image through the adoption of DQVNNs which

is significantly less than is the case with CVNNs.

2.5 Conclusions

In this chapter the coexistence of multistable EPs of n-neuron DQVNNs has been
investigated, in which the continuous and piecewise nonlinear functions are used
as the activation functions. Since the state variables are quaternions, hence the

DQVNNSs given in equation (2.1) are decomposed into four equivelent RVNNs. Then
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by decomposition technique, the state space H" is decomposed into 5% disjoint
regions. And then by applying Brouwer’s fixed point theorem, and Lagrange’s mean
value theorem, some novel sufficient conditions have been derived to ensure the
coexistence of 5" EPs in which 3*" of those are locally stable. At the end of this
chapter two numerical examples have been given, the first example validated the
theoretical results and second example discussed the associative memory application

of DQVNNSs given in (2.1).
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