CHAPTER 3
VARIATIONAL METHOD FOR ANALYZING

SEISMIC STABILITY OF VARIAOUS SOIL
SLOPES

3.1 INTRODUCTION AND REVIEW OF EXISTING STUDIES

Almost for the last eight decades, the slope stability problems were studied
rigorously by several researchers with the help of conventional limit equilibrium
method. With the significant advancements in computational capabilities in recent
decades, different numerical methods have been employed for slope stability analysis.
Newmark (1965) developed the sliding block theory for estimating the permanent
displacement of slopes during earthquakes. He considered the plane sliding surface for
homogeneous dams and embankments consisting of cohesionless soil. Goodman and
Seed (1966) proposed a planar rupture surface for earthquake-induced slope stability.
They assumed the soil to be cohesionless. Sarma (1975) considered a circular rupture
surface for homogeneous dams and embankments under seismic forces. Leshchinsky
and San (1994) used Baker and Garber’s (1978) variational approach to analyze the
stability of slopes under seismic loading conditions with applied horizontal seismic
acceleration. Ling and Leshchinsky (1995) predicted the seismic performances of
slopes by considering a log-spiral failure surface. Kramer and Smith (1997) considered
the dynamic response of soil above the slip surface and introduced the permanent
displacement effect of soil above the rupture surface. Sarma (1999) calculated the
seismic bearing capacity of shallow foundations constructed near sloping surfaces.
Rathje and Bray (2000) analyzed the earth structure by considering nonlinear coupled

seismic sliding. Wartman et al. (2003) studied the dynamic response and deformation
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of rigid inclined blocks due to shaking using analytical methods. Choudhury et al.
(2007) analyzed the stability of slopes under static and seismic conditions using the
limit equilibrium approach. They considered the failure surface of the slope to be
circular.

Several studies were also conducted to assess the undrained stability of
nonhomogeneous clayey slopes, utilizing various methods such as (i) the limit
equilibrium method (Gibson and Morgenstern 1962; Hunter and Schuster 1968;
Koppula 1984a, 1984b; Low 1989), (ii) the upper bound rigid block method (Booker
and Davis 1972 and Chen et al. 1975), (iii) the conventional displacement-based finite
element method (Chai et al. 2009; Griffiths and Yu 2015), (iv) the finite element limit
analysis method (Li et al. 2009, 2010), and (v) the variational method (Li et al. 2018).
Investigations on stability were also performed for soil slopes comprising of different
combinations of soil layers (Loukidis et al. 2003; Zolfaghari et al. 2005; Kumar and
Samui 2006; Hammouri et al. 2008; Kahatadeniya et al. 2009; Shiau et al. 2011; Li et
al. 2012; Qian et al. 2014; Lim et al. 2015; Qin and Chain 2017; Deng et al. 2019; Li et
al. 2020; Zuo et al. 2022). Loukidis et al. (2003) employed limit analysis to examine the
stability of a three-layered soil slope under seismic loading conditions. Zolfaghari et al.
(2005) analyzed the stability of layered soil slopes under the influence of vertical and
horizontal seismic forces, as well as surcharge loads, using a genetic algorithm to
consider non-circular slip surfaces. Kumar and Samui (2006) computed the stability of
layered soil slopes subjected to pore-water pressure and horizontal seismic force
through upper bound limit analysis. Hammouri et al. (2008) assessed the stability
analysis of the layered slopes by considering the effects of rapid drawdown and tension
cracks with the aid of PLAXIS 8.0 and SAS-MCT 4.0 software. Kahatadeniya et al.

(2009) used ant colony optimization to identify the critical failure plane of layered soil
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slopes that were exposed to vertical and horizontal pseudo-static forces, as well as
uniform vertical overburden forces. Shiau et al. (2011) and Qian et al. (2014) examined
the undrained stability of two-layered purely cohesive soil slopes by applying the finite
element limit analysis. Li et al. (2012) investigated the stability of a layered slope that
experiences both vertical and horizontal pseudo-static forces by identifying the sliding
surface. On the other hand, Qin and Chain (2017) analyzed the stability of a two-stage
layered slope that contains a strip footing located close to the top of the slope under the
influence of pseudo-static vertical and horizontal forces. By employing the finite
element LB limit analysis method, Lim et al. (2015) provided stability charts for
frictional fill material placed on purely cohesive soil. Deng et al. (2019) developed a
limit-equilibrium stress method and established a failure mechanism for analyzing the
stability of layered slopes using composite slip surfaces. Li et al. (2020) analysed three
layered soil slopes by considering an artificial neural network (ANN) and finite element
limit analysis technique. On the basis of upper bound limit analysis, Zuo et al. (2022)
extended the log-spiral rotational failure mechanism for layered slopes using a
multicentre method.

From the available literature, it can be concluded that very few research works
on homogeneous and heterogeneous soil slopes under seismic forces by using the
variational approach had been carried out earlier. This was the prime motive behind the
work presented in the current chapter. By using variational approach, it is intended to
determine the critical factor of safety and corresponding failure surface of four types of
soil slopes, namely (i) homogeneous cohesive-frictional slope, (ii) heterogeneous
(continuously varying cohesion) slopes, (iii) two-layered cohesive-frictional slope, (iv)
two-layered slopes where cohesive-frictional soil is placed over non-homogenous

cohesive soil. The Mohr-Coulomb (MC) criterion is chosen to model the saturated soil
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conditions. The computed results obtained from the analysis have been compared with

the available solutions in the literature.

3.2 PROBLEM STATEMENT

A rectilinear slope of angle, g, is subjected to certain seismic loadings. Based on
the soil configurations, the following four cases are considered:
Case 1: Homogeneous c-¢ soil
Case 2: Non-homogeneous undrained cohesive soil (¢4,=0°)
Case 3: Two layered cohesive-frictional soil
Case 4: Homogeneous c-¢ soil underlain by non-homogeneous clays

Fig. 3.1 shows the considered cases along with the chosen domain. The
heterogeneity of the clay layer in Cases 2 and 4 are realized by the following linear
relationship, as proposed by Bishop (1961) for normally-consolidated, undrained, and

completely saturated clays:

C, =Cyo +MZ (3.1)

This equation shows the linear increment of cohesion (c,) with depth. Here, (i)
m indicates the gradient at which the undrained shear strength increases, and (ii) c,o and
cy are the undrained shear strength of clays at the top surface of the cohesive layer and
at a certain depth, z, below the ground surface, respectively. The top surface of the
cohesive layer is the ground surface (for Case 2) or the layered interface (for Case 4).
For Case 3, the strength parameters of the top and bottom layers are (c1, ¢1) and (Cz2, &),
respectively.

Based on the past few studies, the analysis procedure is simplified by idealizing
the inertial forces in the dynamic loading with the pseudo-static forces. According to

Dalembert's principle, the pseudo-static forces are computed by using the product of
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mass and acceleration. Despite its inherent limitations, the pseudo-static method is
simple, inexpensive, less time-consuming, and provides reasonably satisfactory
solutions for many practical scenarios.

For all four cases, the soil is considered isotropic and governed by Mohr-
Coulomb (MC) failure criterion. The size of the domain is kept adequately large
enough so that the failure or slip surface remains within the domain, and it is noted that
the domain size does not influence the computed solution. It is intended to determine
the critical failure surface and corresponding critical factor of safety (Fs) for the

considered four slopes.
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Fig 3.1 Schematic diagram of considered slopes for (a) Case 1, (b) Case 2, (c) Case 3,
and (d) Case 4.

3.3 ANALYSIS PROCEDURE

To analyze the stability of a slope, the variational method is employed within

the framework of the ordinary method of slice, as proposed by Fellenius (1936).



34 Chapter 3

Broadly speaking, obeying Revilla and Castillo (1977) and Baker and Garber (1978),
the following steps are employed for finding the critical factor of safety:
Step 1: Obtaining the discrete formulation of factor of safety (F)
Step 2: Transforming the discrete formulation into an integral form
Step 3: Identifying the functional forms
Step 4: Employing the Euler-Lagrangian equation to obtain the expression of F
Step 5: Integrating (twice) the expression of Fs to obtain the form of slip
surfaces
Step 6: Evaluating the unknown parameters of Step 5 by enforcing the
following criteria: (a) transversality, (b) continuity, (c) natural

boundary, and (d) intersection conditions

3.3.1 Step 1: Obtaining the discrete formulation of F

The soil encompassed within an arbitrary slip surface is discretized into n
segments (as shown in Fig. 3.2a). The resisting shear strength and the mobilized shear
stress developed along the entire slip surface is considered to be the summation of the
corresponding components along each slice. The free-body diagram of an arbitrary slice
is demonstrated in Fig. 3.2b. The discrete formulation of F is obtained by using the
conventional definition of factor of safety along with the Mohr-Coulomb yield equation
in 7 —o,space and the force equilibrium equations. Mathematically, F is written as:

n

i c tan
_ available shear strength ;Tf ~ ;[ +0,; tang] 2
mobilized shear stress : n :
ZTi ZTi
=1

i=1

Here, o,;and 7, are the normal and shear stresses developed in an arbitrary i slice.
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The expressions of o,;and z; are obtained by satisfying the static equilibrium equations
for the slice, i, along x and y directions:

. (W,—F,;)cos@ —F;sing,
o= l — ( i VI) i hi i (333.)
Al Al

S; _W,sing +F,cosd —F,sing,
LAl Al,

(3.3b)

where, (i) Ax;, &, and Al; (=Ax;j/cos@&,) are the width, inclination angle and the length of
the i slice (as shown in Fig. 3.2), respectively; (ii) W; represents weight and Fy; (=k,W;)
and Fp; (=k,W;) are the vertical and horizontal pseudo-static forces acting on the i slice,
and (iii) n represents the total number of slices. Here, k, and k, are the horizontal and

vertical seismic acceleration coefficients, respectively.

i"slice

(@)

Fig 3.2 (a) Arbitrary slip surface with n number of discretized segments, (b) force

distribution in any arbitrary i" slice.

Substituting Eqg. (3.3a) and Eq. (3.3b) into Eq. (3.2), and plugging the expressions of

F., Fn and Al;, the following expressions of factor of safety are obtained.



36 Chapter 3

3 [chi sec? 6, +W. {(1—k,)—k, tan @, }tan ¢]
Case 1 and 3: F=4

- (3.4)
>Wi[a-k,)tand, +k]

3 [cqui sec’ ei]
Case 2: F=—=™ (3.5)
W[k, )tan 8, +k,]

i

3 [(cuO +mz)Ax, sec? 6, + W, {1 -k, )—k, tan g, }tan ¢]
Case 4: F=1 ) (3.6)
>W[(1-k,)tan g, +k,]

3.3.2 Step 2: Transforming the discrete formulations into integral

forms

The discrete formulations (as demonstrated in Eq. 3.4-3.6) are being
transformed into the continuous form by considering the width of the slice to be very

small (Ax;, — 0). Table 3.1 shows the integral form of F. In this expression, the weight

of each slice is expressed as: W, = y(f, —y, JAx,; where, » is the unit weight of soil, and

fi and y; represent the slope and the slip surfaces, respectively. The slope surface is
defined distinctly in each region marked in the defined domain. Fig. 3.3 shows the
demarcation of the regions. The domain corresponding to Cases 1 and 2 and Cases 3
and 4 are divided in three and four regions, respectively. Table 3.2 shows the
expression of the slope surfaces in each region. The expression of the slip surface for a
certain region will be unique owing to the fact that the form of the slope surface within
each region is constant. Hence, the complete form of the slip surface can be found by

distinctively computing the equation of yi(x) in each region.
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Fig. 3.3 Form of the failure slip surface computed by variational method for (a) Case 1,
2 and (b) Case 3, 4.
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3.3.3 Step 3: Identifying the functional forms

From Table 3.1, it is well observed that the denominator and the numerator of F
explicitly depend on the x-coordinates, slip and slope surfaces. The slip (y) and the
slope (f) surfaces are unknown and known functions of x-coordinates, respectively.
Therefore, the factor of safety can be represented as a ratio of two functionals which
can be expressed as follows:

TR (x, v, y)0x

F=2
[Ri(x,y, y)dx

)

(3.7)

Table 3.3 depicts the expressions of P; and R; functionals for all the four cases. The

integral expression can be further divided in the chosen regions.

Table 3.3 The expression of P; and R; for four cases

Cases P ?
Caset ooyl o |3
N+

) e
|

Case3 e+ v )+ #(f, -y )x -k, )=k, yi tan g M i
A

Cased | (6w +me v o (1 -y ) fi—k)—kyyifeng] | T | <
—

The expression of the factor of safety in Eq. (3.7) takes the following form (x;

coordinates are marked in Fig. 3.3a and 3.3b):

Xy X, Xs
[ ROy, y )dx+ [ Py(x,y,y)dx+ [Py (x,y,y")dx

Case 1, 2: F =2 X X (3.8)
X X X

=

2 3
R (X, Y,y )Jdx+ [ Ry(x,y,y")dx+ [Ry(x,y,y")dx

X X, X,

o
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X X, X, X,
[ B0xy,y)dx+ | Py(x,y,y)dx+ | P3(x,y,y)dx+ [P, (x,y,y)dx
0 Xl X2 X3
XZ X3 X4
Ry(% Y,y )dx+ | Ry(x,y,y)dx+ | Ry(x,y,y)dx+ [R,(x,y,y")dx
X, X, X,

<

Case 3,4: F= (3.9

X
X

=<

X

o

3.3.4 Step 4: Employing the Euler-Lagrangian equation to obtain the
expression of
To obtain the critical slip surface, which corresponds to the critical factor of
safety (Fs), the above functionals (F) must be minimized using the Euler-Lagrangian

equation as follows:

F = ' (3.10)

By employing Euler-Lagrangian equation the expression of critical factor of

safety for four cases can be depicted as follows:

2cy! + y tan ¢[(1— k,)— fi'kh]

Case 1: Fe = - =123 (3.11)
S (TS N (=123
2c,y! .
Case 2: Fe = VY : =123 (3.12)
s 7[(1_kv)fi+kh] ( )
Case 3: r - 2o rtangld-k,) - ik, (i=12,3,4) (3.13)
y[a-k,)f/+k,]
Case 4: F = Acwrmalylytandl(k) = k] g 554 (3.14)

7/[(1— k,) fi'+ kh]
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3.3.5 Step 5: Integrating (twice) the expression of F¢ to obtain the

form of slip surfaces

Corresponding to each case, the slip surfaces in the prescribed regions can be
obtained by integrating Eqgs. (3.11-3.14) twice. These surfaces are constructed by
assuming that the factor of safety remains constant along the entire slip surface. After
performing the integration, the generalized quadratic form of the slip surface in each
region can be expressed as below:

= Ax*+Bx+D;; (Case 1, 2:i=1, 2, 3; Case 3, 4: i=1, 2, 3, 4) (3.15)

Here, (a) Ai’s are the known coefficients presented in Table 3.4

(b) Bi’s and D;’s are the unknown integration constants.

Table 3.4 The expression of A; for four cases.

Case 1 Case 2
A=A = tan¢(1_kv)+4[:| ) {(1—kv):+kh}
- h : _ 1
AZ———tan(;ﬁ{(l k)—hﬂkh A=A (1+4)NR’ A (1+ 2)Nh
Pk ) Here, N (=Cw/(Fs/h)) and A(=mh/
4Nh ) uo: S (—m CuO)
indicate the stability number and the

Here, N(=c/ Fsﬂ“) indicates  the | conesion coefficient, respectively.
stability number.

Case 3 Case 4
Y ok, h
=A =———tang,(1-Kk, )+ —k )—
A=h=-gr A=k, )+ o . {(1 kv)h1+kh}
AZ___tm{(l o2, } A=A g N T a
4c, ? ] A :_ytan¢(1—kv)+ k,
! 4c,, 4Nh
+ 2 @a- k)
8Nh h,
7 k, Here, A(=mah/cy) and N (=cu/(Fsh))
A = 1-k
! 4c1 tan¢2( ) 8Nh indicate the cohesion coefficient and the
Here, N (=ci/(2Fsh)) indicates the stability number, respectively.

stability —number. a(= ci/cy)
represents the ratio of cohesion of
two layers.
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The equation of slip surface in each region consists of two unknown integration
constants. Cases 1 and 2 involve three regions each, contributing to a total of six
integration constants (3 Bi’s and 3 Dj’s). Additionally, as the shape of the failure
surface remains unspecified, the endpoints (X, and x3) and the critical factor of safety
(Fs) are also unknown. In both Cases 3 and 4, featuring four regions each, the existence
of eight unknown integration constants (4 Bi’s and 4 Dy’s) is noted. The uncertainty
surrounding the shape of the failure surface encompasses the undetermined endpoints
(xo and xg), intersection point of the slip surface and the interface layer (x3) and the
critical factor of safety (Fs).

For Cases 1 and 2, there are total nine unknown parameters:
(1) xo and x3 (two endpoints), (ii) Fs and (iii) 3 Bi’s and 3 Dy’s.
For Cases 3 and 4 total number of unknown parameters are twelve:
(1) Xo, Xa (two end points), xs (intersection point of the slip surface and the
interface layer), (ii) Fs and (iii) 4 Bi’s and 4 Dy’s.
The end points can also be regarded as the intersection points, denoting the locations

where the slip surface and slope surface intersect each other.

3.3.6 Step 6: Evaluating the unknown parameters of Step 5

To obtain a well-defined, smoothened, continuous slip surface the following
constraints are enforced:
(a) Two transversality conditions specified at two end-points of the boundary surfaces

i=0,3 (For Cases 1 and 2)

[Py =FsRy LT ()= )1+ P=FsRlx=x; =0: ‘i=0,4 (For Cases 3 and 4) (3.16)
(b) Continuity conditions specified at the intermediate points:

_ i=1,2 (For Cases 1and 2)
Yi (%) = Yia (X )|i:1,2,3 ( For Cases 3 and 4) (3.17)
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(c) Natural boundary conditions specified at the intermediate points

, , i=1,2 (For Cases 1, 2)
yi(X) = yi+1(Xi)|i=1,2,3 (For Cases 3, 4) (3.18)

(d) Intersection conditions of slip and the slope surfaces:
Case 1 and 2: y1(Xo) = f1(X0); Ya(xs) = fa(x3) (3.19)
Case 3and 4: yi(xo) =f1(X0); Ya(Xa) =fa(Xa); Ya(X3) = f5(x3) (3.20)

where, f,(x)=h(h, <x<x,) (for Case 3);
f,(x)=a,h(h, <x<x;) (for Case 4); a=bottom layer thickness

coefficient
(e) The equation for Factor of Safety, as provided in Eq. (3.8) for Cases 1 and 2 and in

Eq. (3.9) for Cases 3 and 4.

3.3.6.1 Determining the integration constants and stability numbers

It appears that Cases 1 and 2 generate nine known equations and Cases 3 and 4
give rise to a total number of twelve known equations. As the number of equations and
unknowns are the same, therefore the system guarantees to provide a unique solution.
Table 3.5 shows the expression of the unknown integration constants and Table 3.6

shows the expression of the stability number (N) for all the considered cases.

3.3.6.2 Determining the intersection points

Most of the seismic failures in homogenous soil slopes are reported
(Leshchinsky and San 1994; Ling et. al 1997; Ausilo et. al 2000; Loukidis et. al 2003)
to fail by developing toe failure surface. A few literature (Griffiths and Yu 2015; Li et
al. 2018) also reported that non-homogeneous soil slope under seismic condition fails
by developing toe failure surface (xo=0). Hence, in the present analysis, the value of X
is invariably considered equal to zero. However, the present formulations can be further

extended for base and slope failures.



Chapter 3

44

;zN ooz "oz
S T g w_v_m_;w_quff%%iiuvm
O
Mz  UN(Y+T)z unz] UN(Y+Dp  UN(Y+T)z N +y "3z UN(Y+T)Z UNZ £
X (-mguad S ST XN X+ He- yM-1) = d a+x ("4-T)¢ uey £ A;V_ ! D -8 |
"oy UN(Y +T)y  UNY UN(Y +T)p UN(Y +7)
3 € _ _ Y Oy — Cpq _ 1T
m_+NxA>v_|HvﬁcS\m Xy Oy a- Xy Tx=a=a % %G'0 I-="a=14
UNg “op Uy UNy 9z ~ , UNY
x0T (=D Fue X (X ="NY (%= )Yy AWXL%VT%E{ 8 (7T gy
‘g N 2 % e i ‘2 A ¢ _ ¢ m
onlmxx\,v_l._”vwﬁcﬂf\m X+ Yz - Av_ ._”vf»u._. Nuey—; fs\m d H&CSI % ue v_l._”vﬂl g |w
SZw ko % y ;zmw “op Ny ¢z
‘a+(o- @ N\ Bum %um - Hv X0 +H(M-1)%Pue - 5 -%=‘a="g ox_“v_d ~("-7)PuRrS +T-="a="Tg
O
UN(Y+T)P  UN(Y +T)2 N+ o UN(YHDY o . | UN(Y+T) UN(Y +T)2 £
I T e R T = i U R A A L
)7/ 0
X(™M-T)puers X
Hclezv+ UNZ ar4 LNy )7 _ g o UN ¢ a) N %
XN (X=%)UN (X=%) M -Tguem iy (N-T)Y - puer gyl N0 (M-Tpueigo 0|2
Oy cZ¢+ Oy o ~%=°q="Qq Oy cZNlox ¢ +1-=°g="g
< (Y -T)pur 4 ") (M -T1)puer4
mn_D ma_m

"S9SBD INO0J J0J SJULISUOI UolRIBalul JO UoNeINWIO) 8yl G'E ajge.l




Chapter 3 45

For Cases 1 and 2, the closed-form expression of the other end point, xs is easily
attainable. However, for Cases 3 and 4, the additional intersection point, X3 generate
nonlinear sets of algebraic equations which are implicit in nature; this prevents in

achieving straight-forward analytical solution of the end point x,.

2
Case 1: v B+ JB? —4AC 1)
’ 2
2 2
where. a-endlok ) ghtngk o k) -naek,)
4c 4c
B —h(1—k,)- hk - ZNiks tand _ sy tang(i—k, ]
' h 4c 4¢
Case 2: (1K, )Xh, +h) 02

BT k) -k ]

Case 3: The xzand x4 are obtained by using Newton-Raphson method, as done for Case

4 too. The detailed description is there in Case 4.

Table 3.6 The expression of N for four cases.

Cases Expression for N
caed -k )+ (- x,)
N= 4 Mtangk, n ytang—k, Jx; —x;)
c c
Case 2 \ _hL—k,)+k, (% = %)
41+ A)h
Case 3 K k
_ a1, G x0) 5 )
4_ 2k, tan ¢, + 7tan¢2(1_ kv)(X3 - Xo)+ Vtan¢1(1_ kv)(X4 - Xs)
CZ CZ Cl
Case 4 \ _[HE =K, )+ K, (% = %)+ K, L+ A )X, = %5)]
H(l+i){4+ytanf(l_kV)(m—xs)}
uo
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Case 4: Eq. (3.20) generates the following two nonlinear equations in terms of x3 and Xj.
9, (X3, X, ): M2 = M,x2 + Myx2 + M x;h — Mox,h = Mx, + M, =0 (3.23)

9, (X5, X, ): =(2M; + M, )x2 + (L4 2M X, X, + M X2 + M, X0, — Mo x,h, — M X, + M, =0

(3.24)
where, Mlzytanfc(ulo_kV)—;;\'l‘h; M5=2Ml+hil;

M, = 1+4(1+k;)Nh, M, = 2M,h, ~1

M, =M, -M,; 7=%— —h:

M, =2(M, +M,); M8:%—2hl—azh

The system of equations can be represented in the compact formas: g(X) =0 (3.25)
where, g(X) =[9:(X) g2(X)]", X=[xs x4]"and0=[0 0]"

The step-wise procedure for solving Eq. (3.25) is mentioned below:

Step 1: Start with initial guess of the unknown vector, X and set the initial counter k as

1.

Step 2: Compute the Jacobian (J) matrix @ k™ iteration using the following equation

6gl(Xk) agl(x")
J(k) _ 0Xg ) 0X, ) (3.26)
aQz(x ) agz(x )
S Xy |
Step 3: Compute the unknown vector, X, at (k+1)™" iteration as follows:
-1
XD = x W [30] " g(x1) (3.27)

Step 4: Check whether the following convergence criterion is met or not:

\/ZZZ(Xik“ ~ X )2 < & ornot. (3.28)

i=1
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where, ¢ is a specified tolerance value and is chosen here as 10™.
If the algorithm has converged, the solution will be X ®*V: else, proceed to Step 5.
Step 5: Update the iteration counter k to k+1 and continue at Step 2.

A schematic flow chart has been shown in Fig. 3.4.

Initial Guess: X = X©
Set counter k equals to 1

\ 4

: : g
Compute the Jacobian matrix: J, = EXﬁ
“J @kthiteration

\ 4

\ 4

Compute X&) 1 x 10 = x (8 {J,(A-)T g(X“"))

Stopping
Criteria:

Solution Variable:
x(k+1)

k=k+1

Fig. 3.4 Algorithm flowchart for the Newton-Raphson method.

3.4 RESULTS AND DISCUSSIONS

In this particular section, the findings related to four different cases are

discussed in details.
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3.4.1 Case 1: Homogeneous c-¢ soil

Some typical homogeneous slopes are analyzed using the formulation derived
by using the calculus of variation. The cohesion (c=5 kN/m?), the unit weight of soil
(=20 kN/m®) and the height of the slope (h=10m) are maintained to be the same for all
the cases. The critical factor of safety is calculated for different combinations of ¢ and
3 corresponding to varying k, and k,. The slope inclination angle () is varied within
the range of 20° to 90° with a 5° interval. For each specific value of f, (i) three different
internal friction angle, namely, 35°, 40°, and 45° are chosen. The magnitude of k, is kept
equal to 0.1, 0.2, and, 0.3 and corresponding to each ky the vertical seismic coefficient
ky is varied as 0, 0.5ky, and k.

Table 3.7 shows the typical results of critical factor of safety for slopes with
different ¢ and £ and subjected to different combinations of horizontal and vertical
seismic forces. The results are presented for four different values of S, namely, 20°, 30°,
40° and 50°.

Fig. 3.5 depicts the variation of critical factor of safety with ky, for different
values of k./k,. The graphs present the critical slip surface for different values of
friction angle corresponding to four different value of g -- 25°, 35° 55° and 65°. It is
clearly observed from the obtained solutions that the critical factor of safety decreases

with increase in horizontal and vertical seismic acceleration coefficient.

For an example, for f=25° and ¢=35°, when the value of ky, increases from 0 to
0.1, Fs reduces by 21% and for the same slope F reduces by 34% when the value of kj
increases from 0 to 0.2. It is also noticed that Fs reduces with (i) increase in gand (ii)
decrease in ¢. For ky =0.2, ky = 0.5k, and =25°, Fs improves by 18% with the increase

in ¢ from 40° to 45°. Reduction of the slope angle further improves the stability of the
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slope. The critical factor of safety increases by 25% with the decrease of angle of slope
from 35° to 25° for ¢=45° soil and ky=k,=0.2.

Table 3.7 Critical factor of safety for different slopes corresponding to different

seismic coefficients

=20° =30° =40° /=50°

ki K ¢ 35% | 40° | 45° | 35° | 40° | 45° | 35° | 40° | 45° | 35° | 40° | 45°
Vv

0 0 206 | 244 | 288 | 1.36 | 1.60 | 1.88 | 1.00 | 1.17 | 1.36 | 0.78 | 0.90 | 1.04
000 | 157 | 186 | 220 | 1.11 | 1.31 | 1.53 | 0.84 | 098 | 1.14 | 0.66 | 0.76 | 0.87

010 | 0.05 | 155 | 1.84 | 217 | 110 | 1.30 | 1.52 | 0.83 | 0.97 | 1.13 | 0.65 | 0.75 | 0.86
010 | 1.54 | 182 | 215 | 109 | 1.29 | 151 | 0.82 | 096 | 1.12 | 0.64 | 0.74 | 0.85
000 | 1.26 | 150 | 1.77 | 093 | 1.09 | 1.28 | 0.71 | 0.83 | 0.96 | 0.56 | 0.64 | 0.73

020|010 | 122 | 144 | 170 | 091 | 107 | 125 | 0.70 | 0.82 | 0.95 | 0,55 | 0.63 | 0.72
020 | 1.17 | 1.38 | 1.63 | 0.88 | 1.03 | 1.21 | 0.69 | 0.80 | 0.92 | 0.54 | 0.62 | 0.71
0.00 | 1.06 | 1.25 | 148 | 0.80 | 0.94 | 1.10 | 0.62 | 0.72 | 0.83 | 0.48 | 0.55 | 0.62

030015 | 098 | 116 | 137 | 075 | 0.88 | 1.04 | 0.60 | 0.68 | 0.79 | 0.46 | 0.53 | 0.60
030 | 0.89 | 1.05 | 1.24 | 0.70 | 0.82 | 0.96 | 0.56 | 0.64 | 0.74 | 0.44 | 0.50 | 0.57

Fig. 3.6 illustrates the shape of the critical slip surface for f =60° and 80° with
different combination of k, and k,. The volume of soil within the failure surface
decreases as the strength of the soil (¢) increases. This feature is being observed
irrespective of all slope angles. The shape of the slip surfaces changes significantly as
the geometric profile of the slope changes. The figure also gives an impression that

incorporation of the seismic forces increase the volume within the critical slip surface.

3.4.2 Case 2: Non-homogeneous undrained cohesive soil (¢,=0°)

Some typical non-homogeneous clayey slopes are analyzed by using the
formulation derived in the preceding section. The solutions are presented in the form of
the critical factor of safety (Fs). The height of the slope (h), the unit weight of soil ()

are to be maintained
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Fig. 3.5 Variation of critical factor of safety with ky, for: (a) p=25°; (b) £=35%; (c)

B=55°; (d) f=65°.

identically for all cases. The critical factor of safety is evaluated for different combinat-

ions of cohesion coefficient (1) and slope inclination angle (f) corresponding to

varying ki and k,. The value of f has been varied within the range of 20° to 90° at an

interval of 5°. Three different values of A, namely, 0, 1.5, and, 3.0 are chosen for each

specific value of S. The magnitude of kj, is considered as 0.0, 0.1, 0.2, and, 0.3. For

these values of ki, corresponding magnitudes of k, are 0, 0.5k, and k.
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Fig. 3.6 Form of the critical slip surfaces for: (a) 4=60° kn=k,=0; (b) p=60°,
kn=0.3,k,=0 ; (c) 4=60°, ky=k,=0.3; (d) A=80°, kn=k,=0; (e) 4=80°, k,=0.3, k,=0; and (f)
/=80°, kn=k,=0.3.
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Table 3.8 depicts the typical result of Fs of non-homogeneous soil slopes for a
different combination of A, S subjected to the different magnitude of k, and k,. The
results are presented for four different values of 3, namely, 45°, 55°, 65°, and 75°. Fig.
3.7 shows the variation of Fs with k, for different values of k./kn. The graphs represent
the variation of Fs values for different combination A values corresponding to four
distinct values of S, namely, 20°, 30°, 40° and 50°. It is clearly noticed from the

obtained solutions that the magnitude Fs decreases with the increase in k, and k, values.

Table 3.8 F for different slopes corresponding to different seismic coefficients

f=45° /=55° f=65° p=T5°

Kn 00 |15 |30 |00 |15 |30 |00 |15 |30 |00 |15 |30
ky

0 |o 050 |1.25 |20 |050 |1.25 |20 |050 |1.25 |20 |050 |1.25 |20
000 | 048|120 |1.75 | 047 |117 |1.88 |046 |114 |183 |044 |1.11 |1.78

0.10 [0.05 |046 |114 |1.83 |045 |112 |1.80 | 044 |1.09 |1.75 | 043 |1.06 |1.70
0.10 |0.44|1.09 |1.92 | 043 |1.07 |1.72 | 042 |105 |168 |041 |1.02 |1.64
000 |043|110 |1.76 |0.42 |1.05 |1.68 |0.40 |1.00 |1.60 |0.37 |04 |1.50

020 [0.10 | 041|102 |1.63 |039 |098 |157 | 037 | 093 | 149 |0.35 |0.88 | 1.41
020 |0.38|095 | 152 | 037 |091 | 146 | 035 |0.88 |140 | 033 |083 |1.33
0.00 | 037|091 | 146 |034 | 085 |136 |03L |0.78 |126 |029 |0.71 |1.14

030 [0.15 |0.35|087 |1.39 | 033 |0.82 |1.31 | 030 |0.76 |1.22 | 028 |0.70 |1.12
030 032|081 | 129 |031 |0.77 |123 |029 |0.72 | 116 |027 |0.67 |1.08
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Fig. 3.7 Variation of critical factor of safety (Fs) with kj, for: (a) £=20°; (b) /=309 (c)
[=40% (d) f=50°.

For example, for #=20° and A=3, when the magnitude of kj increases from 0 to 0.1, F;

reduce by 10.50%, and for the same slope, the reduction of Fs is 66.67% when the

magnitude of ky increases from 0 to 0.3. It is also observed that Fs reduce with (i)

increase in S and (ii) decrease in A. For k, =0.3, k, = 0.5k, and £=20°, Fs improves by

75.21% with the increase in A from 0 to 3. The stability of the slope further improves

by reducing S. Fs increases by 32.14% with the decrease of £ from 50° to 20° for A=3

and kn=k,=0.3.
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Fig. 3.8 illustrates the shape of the critical slip surface for f=20°, 40°, 60°, and
80° with a different combination of k,. The magnitude of 1 and k, are kept 3 and 0,
respectively. The shape of the critical slip surface changes markedly with the geometric
profile of the slope. Moreover, the shape of critical slip surface is dependent on the
unknown end point x3, a variable influenced by slope height (h), slope angle (5),
seismic acceleration coefficients (kn, ky). When slope height and seismic acceleration
coefficients remain unchanged, the horizontal extent of endpoint x5 is more pronounced
for flatter slopes than for steeper ones. Consequently, the critical slip surface exhibits a
considerably deeper-seated nature on flatter slopes in contrast to steep slopes. The
figure also gives the impression that the volume of soil within the critical slip surface

increases with the increment of the magnitude of seismic forces.

3.4.3 Case 3: Two layered cohesive-frictional soil

In the present analysis, some typical two layered slopes are analyzed using the
formulations derived in the previous section. The solutions are presented in the form of
non-dimensional stability number as expressed in Table 3.6 for Case 3. It is to be
observed that for the non-seismic case, the stability number for non-frictional soil will
be equal to ci/(4c,) and this further resorted to 0.25 for homogenous undrained
cohesive soil as mentioned in the work of Revilla and Castillo (1977). The unit weight
of soil and the height of the slope are maintained to be the same for all the cases. The
stability number is calculated for different combinations of ci/c; (=) and
L corresponding to varying ky and ky. The slope inclination angle () is varied within the

range of 45° to 75° with a 10° interval.



Chapter 3 55
(@) (b)
101 — 107
it ’;" ;
- -"f’ f“" a“/ ;l _
E > A ) T
— 7t ! / =
8 -fl .v‘l f‘f ff 8
5 0 7 //‘ K g 0
"S -5 ‘//' E -5
5 ! 5
= .10 > .10 k,=0, 0.1, 0.2, 0.3
k\=0, 0.1, 0.2, 0.3
-15 -15
-20 0 20 40 60 20 0 20 40 60
() Horizontal distance (m) (d) Horizontal distance (m)
107
g g 9
g g 0
E 5 k=0, 0.1, 0.2, 0.3 g 5 k,=0, 0.1, 0.2, 0.3
5 5
= -10 Z 10
-15 : : : -15
-20 0 20 40 60 -20 0 20 40 60

Horizontal distance (m)

Horizontal distance (m)

Fig. 3.8 Form of the critical slip surfaces for: (a) 4=20°, 1=3, k,=0; (b) p=40°,
253, k=0; (c) f=60°, 1=3, k,=0 (d) /=80°, 1=3, k,=0.

For each specific value of g, ci/c;, is varied from 0.2 to 0.8 corresponding to two

different cases: (i) Case A (£=18°,#=30°) and (ii) Case B (¢#=¢=30°). The magnitude

of ky, is kept equal to 0.1, 0.2, and, 0.3 and corresponding to each ki the vertical seismic

coefficient k, is varied as 0, 0.5 k, and k. The top layer is considered to be weaker than

the bottom layer and the slope angle is considered to be greater than 45°, and, hence,

according to the literatures (Kumar & Samui, 2006; Lim et al., 2015; Sazzad, et al.

2017) the soil will fail by developing toe failure surface (x0=0).

Figs. 3.9 and 3.10

shows the variation of stability number with k, for different values of k,/k, and ci/c,
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corresponding to four different values of g, namely, 45°, 55°, 65° and 75°; Fig. 3.9
depicts the graph for Case A and Fig. 3.10 shows the graph for Case B. It is clearly
observed from the figures that for a certain ci/c; ratio, the stability number increases
with increase in horizontal seismic acceleration coefficient. The rate of increment in N,
or, in other words, the rate of decrement in Fs seems to increase as the kj, increases. It is
further noticed that the stability number increases with (i) increase in ci/c,, (ii) decrease

in ¢/ ¢, and, (iii) increase in £.

(@) (b)
0.12 -
"1 k=00 - kk= 0.0
....... 010 { — ky/k,=0.5
008 { — ko/ky=0.5 L e k,/ko= 1.0 c,/c,=0.8
------ kV/kh= 1.0 e 0.08
0.06 4 =0.6
N =¥ - 0.06 -
0.04 //
=0.2 0.04 /
0.02 002 1
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0.00 T T w 0.00 ‘ ‘ ‘
0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30
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010 | 012 { — k,/k,= 0.5 R

0.08 | 010 1
0.08 +
0.06
N 0.06 1
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Fig. 3.9 Variation of stability number with ky, for Case A soil with: (a) f=45°; (b)
B=55°; (c) p=65°; (d) p=75°.
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In Figs. 3.9 and 3.10, the significant increment in the magnitude of the stability number

is observed as k./kn enhances, particularly noticeable in the context of steeper slopes.

The figures also suggest that the influence of vertical seismic acceleration is not

significant as its horizontal

slopes.

@@ ..
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Fig. 3.10 Variation of stability number with k, for Case B soil with: (a) f=45°; (b)

B=55°; (c) p=65°; (d) B=75°.

Fig. 3.11 illustrates the shape of the critical slip surface for £ =55° and 75° with

different combination of k, and k,. The shape of the slip surfaces changes significantly

as the geometric profile of the slope changes. The figure also shows that the volume of

soil within the critical slip surface increases as the ratio of c;/c;, decreases. The
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horizontal extent of the failure surface for ci/c,=0.2 is quite higher than the other
considered c,/c; ratio. The figure also gives an impression that the incorporation of the

seismic forces increases the size of the failure surfaces.

3.4.4 Case 4. Homogeneous c-¢ soil underlain by non-homogeneous
clays
Some typical two layered slopes, consisting of c-¢soil (top layer) and non-
homogeneous undrained cohesive soil (4,=0°) with varying cohesion along with depth
(bottom layer) are analysed by using the formulation depicted in Section 3.3. In all
cases the height of the slope (h) and the unit weight of soil () have been maintained
identically. The critical factor of safety is estimated for different combinations of slope
inclination angle (), cohesion coefficient (1), angle of internal friction (¢), and top
layer thickness coefficient («) corresponding to varying ki and k. The value of g has
been varied from 20° to 90° at an interval of 5°. Three different values of 1 such as 0,
1.5, and, 3 are chosen for each specific value of g. The magnitude of kj, is taken as 0.0,
0.1, 0.2, and, 0.3. For each value of ky, the magnitudes of k, are chosen as 0, 0.5k, and
kn. The value of angle of internal friction (¢) is adopted as 35°, 40°, and 45°. All these
input parameters are chosen by studying previous literatures (Koppula 1984,
Choudhury et al. 2007; Griffiths and Yu 2015; Li et al. 2018) to cover wide possible
ranges of various combinations of parameters in the field.
Tables 3.9-3.11 display the computed value of F for various soil slopes (4, g, ¢,
and ¢ ) subjected to different combinations of k; and k,; Tables 3.9, 3.10, and 3.11
correspond to ¢ = 35°, 40° and 45°, respectively. The thickness of the top layer is varied
between 20%-80% of the slope height. From Tables 3.9-3.11, it has been noticed that

the influence of £ on the value of F is more visible for the pseudo-static case. For the
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chosen combinations of input parameters, the extent of top layer always contributes
towards the improvement of F; for both static and pseudo-static case.

Tables 3.12 and 3.13 show the percentage enhancement of Fs due to increment
of ¢ from 35° to 40° and 35° to 45°, respectively. It can be interpreted that irrespective
of the bottom layer strength, top layer thickness, slope angle, and seismic conditions,
the improvement of F; is almost double for the case when ¢ changes from 35° to 45° in
contrast to the case when ¢ changes from 35° to 40°. The strength improvement of the
top layer zone is more beneficial in seismic prone area. For an instance, when ¢
changes from 35° to 45° correspond to $=65°, «; =0.2, the 8% improvement of F for
static loading (k,=k,=0) turns out to be 13% for-pseudo-static loading (k,=0.3, k,=0).
Furthermore, when the top layer thickness is relatively shallower, improvement of top
layer strength is more beneficial for the steep slope (e.g. #=65°) than the gentle slope
(e.g. B =25°). The enhancement of the bottom layer cohesion and the extension of the
top layer thickness further improve the stability. In a nutshell, improving the strength of
the top layer becomes more effective for the steep slopes with high value of 1 and
subjected to extreme seismic loading. The percentage improvement of Fs corresponding
to 1=3, =0.8, kn=k,=0.3, B =65° is reported to be high as 22.5% when top layer
frictional strength changes from 35° to 45°.

To illustrate the combined effect of A, S, «i, kn, ky On Fs pictorially, Figs. 3.12
and 3.13 are drawn. This figures shows the variation of Fs with k; corresponding to
three A’s (0, 1.5, 3), four ,8"5, three seismic coefficient ratios (ky/k,=0.0, 0.5, 1.0); Fig
3.12 correspond to «=0.2 and Fig 3.13 correspond to ;=0.6. The Fs -k, profile

becomes more nonlinear with increase in A values.
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Fig. 3.12 Variation of critical factor of safety (Fs) with ky, for: (a) f=20°; (b) f=30°; (¢)
S=40°; (d) p=50° corresponding to ¢;=0.2.

Fig. 3.14 illustrates the shape of the critical slip surface for f=20°, 40°, 60°, and 80°
with a different combination of k,. The magnitude of A4 and k, are kept as 3 and O,
respectively. The shape of the critical slip surface changes markedly with the geometric
profile of the slope. The figures also give an impression that the volume of soil
encompassed within the critical slip surface grown in size with the increment of the

seismic forces and decrement of the slope angle.
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Fig 3.13 Variation of critical factor of safety (Fs) with ky, for: (a) /=20°; (b) £=30° (c)

£=40% (d) S=50° corresponding to a;=0.6.

3.5 VERIFICATIONS WITH EXISTING LITERATURES

The computational results for four cases obtained from the analysis, in Section

3.5, have been compared with the available literature and these comparisons have been

presented accordingly in this particular section.

3.5.1. Case 1: Homogeneous c-¢soil

Table 3.14 shows the comparison of the present obtained solutions from the

variational approach with the results provided by Newmark (1965) and Choudhury et
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Fig 3.14 Form of the critical slip surfaces for: (a) =20°,

A=3, a1=0.4, k,=0; (c) p=60°,

A=3, 01=0.4, k=0 (d) /=80°, A

Horizontal distance (m)

:3, a1=0.4, k\FO.

A=3, 01=0.4, k=0; (b) f=40°,

al. (2007). The comparisons are carried out for different values of ¢ and ky correspond

to three different B, namely, 20° 25° and, 30°. In this comparative study, the

magnitude of k, is kept equal to zero. The present analytical solutions are quite

agreeable with the available solutions. It is to be noted that Newmark (1965) assumed

the failure surface to be planar and Choudhury et al. (2007) considered the failure

surface to be circular. However, in the present study there was no such approximation

prior to the analysis.
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Table 3.14 A comparison of Fs values obtained by Newmark (1965) and Choudhury et

al. (2007) with the present solutions considering k,=0

£=20° p=25° £=30°

=< 5 = < 5 = << 5 =

o h = c - c sl == <
s | E€/S58/ 8558|358 8358|358 83
s el gl od | xS | go|lodl &Y g9

=2 (@) =z O Z @)

350 0.1 | 1.45 1.31 157 | 1.37 1.25 1.30 - - 1.11
0.2 | 1.15 1.15 1.26 - 1.08 - - 0.93
01 | 1.74 1.35 186 | 1.72 1.34 154 | 1.48 119 | 131
40° 0.2 | 1.38 1.2 150 | 1.34 1.1 1.27 - - 1.09
0.3 | 1.13 1.04 1.25 - - 1.08 - - 0.94
0.1 | 2.08 1.63 220 | 2.01 1.61 1.81 | 1.79 143 | 1.53
45° 0.2 | 1.64 1.44 1.77 | 1.62 1.43 1.49 | 1.52 1.30 |1.28
03 | 1.34 1.28 148 | 1.31 1.21 1.27 - - 1.10

3.5.2 Case 2: Non-homogeneous undrained cohesive soil (¢,=0°)

Table 3.15 shows the comparison of the present solution evaluated from the

variational method with the available solution provided by Koppula (1984) and Li et al.

(2018) for the static case. The comparison is carried out for different values of cohesion

coefficient (1) corresponding to various g for both static and pseudostatic case. The

Table 3.15 A comparison of F values obtained from the present study with the solution

of Koppula (1984) and Li et al. (2018) considering kn= k,=0 for = 45°

P Present | Koppula | Lietal.

study (1984) (2018)
0.5 0.75 1.00 1.00
1 1.00 1.27 1.27
2 1.50 1.79 1.79
3 2.00 2.31 2.31
4 2.50 2.83 2.83
5 3.00 3.34 3.34
10 5.50 5.92 5.92
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present solution is compared with the available solution for a particular slope consisting
of non-homogeneous purely cohesive soil with slope height, h=10m, = 16 kN/m?, and

Cuo= 20 kPa.

Table 3.16 depicts the comparison between the present solution and the result
presented by Li et al. (2018) for the pseudostatic case. Koppula (1984) employed the
conventional limit equilibrium method (LEM) where the shape of the slip surface was

pre-assumed as circular. Conversely, Li et al. (2018) applied variational method based

Table 3.16 A comparison of Fs values obtained from the present study with the

solution of Li et al. (2018) considering k,=0

[=60° [=75°

ke P Present | Lietal. Present Li et al.
study (2018) study (2018)

0 0.44 0.57 0.43 0.50

0.5 0.66 0.74 0.64 0.66

1 0.88 0.96 0.85 0.78

0.1 1.5 1.10 1.14 1.06 0.89

2 1.31 1.25 1.28 1.04

25 1.53 1.39 1.49 1.25

3 1.75 1.79 1.70 1.39

0 0.38 0.54 0.36 0.45

0.5 0.57 0.66 0.54 0.57

1 0.76 0.83 0.72 0.69

0.2 1.5 0.95 0.96 0.90 0.83

' 2 1.14 1.14 1.08 0.96

2.5 1.33 1.25 1.26 1.04

3 1.52 1.39 1.43 1.25

on LEM, assuming a circular slip surface in the case of ¢=0. In contrast, the present
analysis does not necessitate such prior assumption regarding the shape of the slip
surface. Moreover, the present computed slip surfaces seem to encompass larger soil

mass; this eventually indicates larger driving force and, hence, leads to a lower
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estimation of Fs. Consequently, the magnitude of Fs prescribed by Koppula (1984) and
Li et al. (2018) are identical and the estimated F, values from the present study are
smaller than the solutions obtained from Koppula (1984) and Li et al. (2018). The

present analytical solutions are quite agreeable with the available solutions.

3.5.3 Case 3: Two layered cohesive-frictional soil

Table 3.17 shows the comparison of the present solutions obtained from the
variational approach with the results provided by Kumar and Samui (2006). The
comparisons are carried out for different values of¢ and ¢, corresponding to three

different S, namely, 45°, 65°, and, 75°. In this comparative study, the magnitude of k, is

Table 3.17 The comparison of stability number obtained by Kumar and

Samui (2006) with the present solutions considering k,=0 and c;/c,=1

¢ | 42 B=45° =65° S=75°
(°) | (°) | Present Kumar Present | Kumar | Present Kumar
study and study and study | and Samui
Samui Samui (2006)

(2006) (2006)

20 | 0077 | 0072 | 0104 | 0111 | 0118 | 0.125
(0.091) | (0.100) | (0.120) | (0.133) | (0.136) | (0.154)
30 | 0058 | 0056 | 0084 | 0080 | 0.099 | 0.091

10 (0.069) | (0.083) | (0.099) | (0.125) | (0.118) | (0.143)
40 | 0.044 | 0024 | 0069 | 0.045 | 0.084 | 0.067
(0.066) | (0.071) | (0.092) | (0.100) | (0.107) | (0.128)

30 | 0057 | 0043 | 008l | 0067 | 0.094 | 0.111

20 (0.060) | (0.059) | (0.090) | (0.091) | (0.102) | (0.125)

40 | 0044 | 0015 | 0067 | 0033 | 0081 | 0.050
(0.052) | (0.048) | (0.078) | (0.077) | (0.095) | (0.111)
30 | 40 | 0043 | 0013 | 0065 | 0.027 | 0.078 | 0.045
(0.051) | (0.036) | (0.075) | (0.071) | (0.091) | (0.100)

Note: The values in the parenthesis are for k,=0.1

kept equal to zero and the value of ki is taken to be 0 and 0.1. The present analytical
solutions are quite agreeable with the available solutions. It is to be noted that Kumar

and Samui (2006) assumed the shape of the failure surface as log-spiral. However, in
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the present study, the shape of failure surface is obtained as parabolic in different
segments as expressed in Eq. (3.15). The expression of N as considered in the work of
Kumar and Samui (2006) is reciprocal to the present definition and hence, the

numerical solutions reported in their work are inverted and compared thereafter.

3.5.4 Case 4: Homogeneous c-¢soil underlain by non-homogeneous
clays

The comparison is carried out for various magnitudes of cohesion coefficient (1)
corresponding to different £ for both static and pseudostatic case. Table 3.18 illustrates
the comparative study between the present solution and the obtainable result provided
by Hunter and Schuster (1968), Griffiths and Yu (2015) and Hossley and Leshchinsky
(2019) for Static case (kn= k,=0). Hunter and Schuster (1968) applied ¢=0 limit
equilibrium method to solve the non-homogeneous slope with linearly varying cohesion
problem considering circular slip surface. Hunter and Schuster (1968) considered the
cohesion of soil at the ground surface (cyo) greater than zero. Griffiths and Yu (2015)
implemented Matlab optimization programs to assess the location of critical slip circle
and evaluate corresponding critical factor of safety of linearly increasing undrained
cohesive slopes. Hossley and Leshchinsky (2019) employed lower bound finite element
limit analysis and studied the influence on slope stability for various slope geometry,
slope of soil profile and inclination of ¢, profile. These three researchers presented the
results in terms of stability number (N) but in the present analysis, the solutions are
provided as factor of safety (Fs). To enhance comprehension of the comparison, the
stability number solutions presented by Hunter and Schuster (1968), Griffiths and Yu
(2015), and Hossley and Leshchinsky (2019) are converted into a factor of safety. This

conversion is accomplished by employing the mathematical relationship between the
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stability number and factor of safety, as outlined in their respective research articles
(Ns= Fsy /m).The comparison is carried out for the slope of height, h=10m by taking
into account material parameters, » = 20 kN/m®, cyo= 20 kPa and m= 1 kN/m®. As
comparing the present solution with the available result presented by Hunter and
Schuster (1968), Griffiths and Yu (2015) and Hossley and Leshchinsky (2019), a
similar increasing trend of F is observed

Table 3.18 A comparison of F values obtained from the present study with the solution

of Hunter and Schuster (1968), Griffiths and Yu (2015) and Hossley and Leshchinsky
(2019) considering kn= k,=0

Present H;Jrr]'éer Griffiths | Hossley and
S (o) A Study | Schuster and Yu | Leshchinsky
(2015) (2019)
(1968)

0.5 0.60 0.47 0.46 0.44

30 1.0 0.80 0.61 0.61 0.60
2.0 1.20 0.94 0.93 0.92

05 0.60 041 0.39 0.38

40 1.0 0.80 0.55 0.55 0.54
2.0 1.20 0.86 0.85 0.84

05 0.60 0.35 0.34 0.34

50 1.0 0.80 0.48 0.48 0.47
2.0 1.20 0.77 0.76 0.75

0.5 0.60 0.31 0.30 0.30

60 1.0 0.80 0.42 0.42 0.42
2.0 1.20 0.70 0.69 0.68

05 0.60 0.28 0.28 0.27

70 1.0 0.80 0.34 0.34 0.35
2.0 1.20 0.62 0.61 0.61

0.5 0.60 0.24 0.24 0.23

80 1.0 0.80 0.33 0.33 0.34
2.0 1.20 0.56 0.56 0.55

0.5 0.60 0.22 0.22 0.21

90 1.0 0.80 0.29 0.29 0.30
2.0 1.20 0.49 0.49 0.48

when A changes. Table 3.16 depicts the comparison between the present solution and

the result presented by Li et al. (2018) for the pseudostatic case. Although Li et al.
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(2018) applied variational method to analyze soil slopes but the formulations are quite
different from the present analysis. The present analytical solutions are quite agreeable

with the available solutions.

3.6 SUMMARY

The present chapter focuses on the development of the variational method to
account the effect of heterogeneity, seismicity, and frictional strength. Based on
D'alembert's principle, the pseudo-static approach is adopted to model the effects of
seismic loading. The solution of variational method appears to be more realistic than
the conventional LEM solutions as there is no need of incorporating any static and
kinematical assumptions. By performing functional optimization, the critical slip
surfaces and the corresponding critical factor of safety are attained. Based on the
configuration of soil profiles four different cases are dealt with: (i) homogeneous c-¢
soil, (ii) non-homogeneous undrained cohesive soil (4,=0°), (iii) two layered cohesive-
frictional soil, and (iv) homogeneous c-¢ soil underlain by non-homogeneous clays. For
each case, the design charts are prepared to showcase the effects of various material
properties, geometrical configurations, seismic loadings on the critical factor of safety.
It is observed that the factor of safety decreases with an increase in seismic forces and a
decrease in soil strength. The increase in slope angle appears to be more detrimental for
the slopes experiencing pseudo-static loading. The critical slip surfaces are plotted for
several cases, and the obtained solutions are compared with existing solutions,
validating the accuracy and reliability of the variational method used. Overall, the
provided design charts and analytical formulations offer practical tools for assessing the
stability of slopes in different scenarios, be it homogeneous or non-homogeneous soil

slopes subjected to seismic forces.
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3.7 LIMITATIONS

As the variational method is primarily developed on the principles of LEM,
therefore few shortcomings such as, ignoring stress-strain and strain-displacement
relationships, incapability of tackling complicated geometries, arbitrary boundary
conditions, complex loading conditions, and random soil properties, associated with the
LEM, are also retained over here. Hence, the present solutions are not rigorous and
cannot be guaranteed as either of the extremities (upper/lower bound) on the true
collapse load. The proposed formulations are based solely on the strength parameters;
therefore, the computed Fs values are insensitive to the stiffness parameters. Moreover,
the proposed stability charts are applicable within specific parameter ranges; in cases
where the required field falls outside these ranges, determining the critical factor of
safety can be readily achieved through the provided formulations. However, the novelty
of the present work is to propose new formulation for estimating the safety factor of

different pseudostatic soil slopes using the calculus of variation.



