CHAPTER 3

ON THE SOLUTION OF A THERMOELASTIC
PROBLEM OF FUNCTIONALLY GRADED
HOLLOW DISK UNDER STRAIN AND
TEMPERATURE-RATE DEPENDENT THEORY

3.1 Introduction!

The present chapter is concerned with the recently introduced theory by Yu et al.
(2018), who have incorporated the strain-rate term in the GL theory and formulated
the modified Green-Lindsay thermoelasticity theory (MGL theory). Quintanilla (2018)
has discussed the spatial behaviour of the solutions for the thermoelastic problems
based on this MGL theory and established that the solution decays exponentially with
time under this model.

Composite laminated plates have wide applications in various engineering appli-
cations due to the efficient use of superior material properties of individual material
constituents. However, in some cases, a composite laminated structure fails because of
thermal stresses at the interface of two different materials. Therefore, attempts are be-
ing made to form more accurate composites. The functionally graded materials (FGM)
are the new generation of advanced composite materials that have continuously chang-

ing material properties (Birman and Byrd (2007)). These new materials are developed

!Content of this chapter is published in European Journal of Mechanics A/Solids, Vol. 80, pp.
103914, 2020.
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with the purpose of designing structures that can withstand suddenly applied loads.
The properties of FGM vary by a gradual change in the composition of the constituent
materials through the geometry of the structure. This gradual change in material prop-
erties of FGMs makes them appropriate for the application at abruptly high applied
load. Moreover, the smooth variation of properties within FGMs results in lower stress
concentration, intensity factors, higher fracture toughness and improved residual stress
distribution as compared to the traditional laminated composites. Therefore, FGMs
have wide applications as thermal shields, wear-resistant linings, heat exchanger tubes,
heat engine components and even prostheses (see Birman and Byrd (2007) and Bagri
and Eslami (2007a) and references therein). The analysis of FGM structures has there-
fore drawn the serious attention of researchers to analyze the response of FGM under
different applied mechanical and thermal loads. Several researchers have worked on
FGM to optimize its potential and developed different modeling strategies depending
on their responses to various thermomechanical loads (see articles by Fukui (1991);
Obata and Noda (1995); Markworth et al. (1995); Zimmerman and Lutz (1999) and
refs. therein). The article reported by Swaminathan et al. (2015) is worth to be men-
tioned here for a state of the art review of FGM plates for stress, vibration and bulking
analysis. Dai et al. (2016) have also reviewed the works on FGM cylindrical structures.
Swaminathan and Sangeetha (2017) have explored the various modeling techniques and

solution methods for the thermal analysis of FGMs.

In the previous chapter, a complete finite element method is successfully imple-
mented for the solution of a coupled thermoelastic problem that investigated the temperature-
rate dependent thermoelasticity (TRD) theory. The complete FEM is shown to be used
as an alternative method to the trans-FEM method to solve such problems. However,
it is worth to discuss more about the efficiency of this method over other existing meth-
ods. In chapter 2, the predictions of the TRD (GL) theory have been compared with

LS thermoelasticity theory and the variations in field variables due to temperature-
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rate terms in governing equations have been discussed. Some researchers, including
Chandrasekharaiah and Srikantiah (1987), Dhaliwal and Rokne (Dhaliwal and Rokne,
1989) and Ignaczak and Mrowka-Matejewska (1990), have investigated that TRD the-
ory exhibits the discontinuity in the displacement field which suggests that one part of
matter penetrates into the other, which disobeys the continuum hypothesis. In order
to remove this unrealistic behaviour, Yu et al. (2018) have suggested to incorporate the
effect of strain-rate along with the temperature-rate term in the constitutive relations
for modeling the coupled thermoelasticity theory. This new thermoelasticity theory is

yet to get attention and deserves to be investigated further.

The present chapter is therefore aimed at investigating this modified Green-Lindsay
thermoelasticity theory involving additional strain-rate effects. Here a problem involv-
ing coupled thermomechanical interactions inside a functionally graded hollow disk is
considered where thermal shocks are applied at both its stress-free inner and outer
boundaries. The material properties of the disk are assumed to be non-homogeneous
and change along the radial direction according to a volume fraction rule with a power
of non-homogeneity index term. The problem is formulated by considering the basic
governing equations of GL and modified GL thermoelasticity theories in a unified form
to derive a linear system of coupled partial differential equations with variable coeffi-
cients. There are two major objectives of this chapter, first is to show the efficiency of
the complete finite element method over the other existing FEM techniques for solving
coupled dynamical problems, and the second is to investigate the newly proposed ther-
moelasticity theory and analyze the effects of the strain-rate term for a thermoelastic
problem. The system of equations is solved by applying Galerkin’s approach of FEM
for the space domain and derive the time differential system of equations. In order to
solve the time differential system of equations, complete Galerkin’s type FE approach
is applied. For the validation of results, the time differential system is also solved by

employing the Newmark time integration approach (see article by Rincon et al. (2005)).
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The results obtained from these different approaches are compared, and it is observed
that the solution obtained by complete Galerkin’s approach of FEM perfectly matches
with the corresponding solution obtained from the Newmark time integration scheme.
Further, a comparison is also made for the present solution with the corresponding
solution by the trans-FEM method. The CPU time taken by the first two methods are
compared with the CPU time taken by the trans-finite element method using bar plots,
and it reveals the efficiency of the present method over the trans-FEM method. The
variation of different physical field variables with space and time is discussed for various
values of the non-homogeneity index by highlighting the difference in the results under

the GL model and modified GL model.

3.2 Basic Governing Equations and Problem Formu-
lation

The present study is attempted to investigate the temperature-rate dependent (GL)
thermoelasticity theory (Green and Lindsay (1972)) and strain temperature-rate de-
pendent (modified GL (MGL) theory Yu et al. (2018)) theory. Therefore we derive
the unified basic governing equations in the contexts of these two theories for isotropic

media. Firstly, the governing equations for MGL theory are taken as follows:

The equation of motion in absence of external body force:

Oijj = puz (321>

The stress-strain-temperature relation:

045 = )\(ekk + tlekk)% + 2#(6@' + tléz’j) — 5(5,J<9 + t19) (322)

The entropy equation without heat source:
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The heat conduction law:

The energy equation:

In case of GL model, the Egs. (3.2.2) and (3.2.3) will be replaced by the following
equations:

0ij = Aewdij + 2pei; — BOi;(0 + t10), (3.2.6)

pToS = ﬂekk + IOT()CE(Q + t20). (327)

Hence, Eqs. (3.2.1-3.2.5) constitute the basic equations for MGL theory and Egs.
(3.2.1,3.2.4-3.2.6), and (3.2.7) constitute the corresponding equations in the context of
GL theory.

Now, from Eqs (3.2.3-3.2.5), we derive the heat conduction equation under MGL theory
as

(K0;),; = B(éxr + l2€) + pTocr (0 + ta0). (3.2.8)

Similarly, Eqs. (3.2.4-3.2.5,3.2.7) yield the heat conduction equation in the context of
GL model as

(K0.),; = Béxx + pTock (0 + t26). (3.2.9)

In view of Eqgs. (3.2.2,3.2.6) and Eqs. (3.2.8-3.2.9), the unified form of stress-strain-
temperature relation and heat conduction equations for GL and MGL models can be
written in the following forms:

(K0,) ;= Bléwn + ptatrr) + pToce(0 + t26), (3.2.11)

where p is the parameter used to write the unified equations of GL and MGL theory.

The Eqgs. (3.2.1,3.2.10-3.2.11) represent the equations for GL and MGL models in a
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Figure 3.2.1: (a) Variation on volume fraction for different n, (b) Distribution of metallic
(shown in red color) and ceramic (shown in black color) property inside the hollow disk
forn=1

unified form, and these equations can be obtained under two different theories by setting

the values of parameter p as follows:
Case I: p =0 (GL theory)
Case II: p =1 (MGL theory).

Also, by combining the Egs. (3.2.1) and (3.2.10), the unified form of equation of motion

can be given as

[/\(ekk —I—ptlékk)&j —+ 2#(61']' + ptléij) — B(Q + tlé)] o puz = O (3212)
»J

Statement of the Problem:

A coupled thermomechanical plane stress problem of a functionally graded hollow disk
is considered, which is composed of two different materials, metallic and ceramic (see
Fig. 3.2.1(a,b)). It is assumed that the properties of the material are varying radi-
ally and follow a volume fraction rule with the power of a non-homogeneity index term.

Based on this assumption, the formula for effective material properties can be written as

M= (Z:Z>n(]\/[m—Mc)+Mc. (3.2.13)
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where M stands for any material property, where the subscripted m and c are denoting
the metallic and ceramic nature. a and b are the inner and outer radius of the disk,
r is the radial position of any point inside the disk. n is the non-homogeneity index,
and with variation in the values of n, we can obtain the different profiles of material
parameters. For n = 0 the material is metallic, and it will be ceramic if n — oo.

It is assumed that all the material properties, except relaxation parameters used in
Egs. (3.2.1-3.2.12) are not constant but dependent on radial coordinate r and satisfy
the relation (3.2.13). The inner and outer boundaries of the disk are taken at the same
initial reference temperature Ty and thermal shocks are applied at its inner and outer
boundaries. Now, the Egs. (3.2.10-3.2.12) with the assumption of the plane stress con-

dition, will reduce to the forms:

0 ou < [(O0u u 8
0 < (0 _ 0
o = (1 + oty ar) {2# + 2 (a—:f v %)1 _3 (1 +pt18t) 0, (3.2.15)
0%0 100 0K 00 0\ 00 o\ 0 (Ou u
K(ﬁ-i- 7”87“)+ o oy PeE (1+t28 ) at—BTo <1+pt20t) ot (5-{-;) =0,
(3.2.16)

0 < o? 10 Ou o\ +2 O\
(1+rg) [<A+2M>(_“+__“_ﬂ)+_uw+“ -

ot 0 ror 12 or or r Or
89 85 9*u B

where \ = /\+2 2L\ and B = )\H#B

In addition to the basic equations given by Eqs. (3.2.14-3.2.17), the homogeneous initial

conditions together with the boundary conditions are considered as

f=1—e10" 5, =0, atr =a
(3.2.18)

Y
f=1—e10"% 5. =0, atr =0
Now, the following non-dimensional transformations of the variables are used:
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r_ r_ 6 ooy 2 r_ c1no(Am+24m) (@rri0g)

r=cnor, 00 =7, (8,10, 15) = cno(t, by, b)), v = ==5gmp=mmiu, (o), 04,) = 5,
2 _ Qm+2um) — pmep

where cf = “==s, ng = Sk

By substituting the above non-dimensional variables and parameters, dimensionless

form of Eqs. (3.2.14-3.2.17) are obtained as

o (1o O[22 Ow A (Ou NI B, DY,
P9t ) | Oon + 200m) 08 O + 20m) \OF 7 o Yot )"

(3.2.19)
0 24 u A Ju u 6 0
1 t = — 4 — — = (14+t=— 10
70 (““a)[u F2m) T O+ 20m) (aﬁrﬂ ﬁm( " 16%) |
(3.2.20)
K (0% 106 1 0K 00 PCE 0 0
K—(mﬁa) K. 0r 0 plca)m (1”% £l (32.21)
B d\ 0 (Ou u\
3. (1+pt28t) ot (87" + 7’) =9,
0 Pu  10u u Oud(\+2u)  udA
(”p%t) {W m(@r *W‘ﬁ) *aTﬁE] B
O\ (A + 2ftm) 06 282u_
(Htlat) 7 {5 O —pdio =0, (3222)

o
where ¢ = ~ BinTo

S Tt v e In the above equations, we omitted the primes for simplicity.

3.3 Finite Element Formulation

Now, in order to solve the problem as described in the previous section, firstly, the
generalized formulation of finite element equations for Eqs. (3.2.21-3.2.22) in the space
domain is derived. For this the radial domain [a,b] is discretized in h sub-intervals
([riyrisa], @ =1,2...h) of equal length [. Therefore, each sub-interval will denote a sep-
arate element of the domain. For any element (e), we approximate the nodal functions

u and 60 as
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©) = U;(t)Ny + U1 (t)N:

U K] 7

N+ Uia ()N (3.3.1)
0(6) = ®z<t)N1 + @i+1 (t)N

where U;, ©; and U1, ©,,1 are the values of nodal functions v and 6 at nodal points

r; and 7;41, respectively. Ny and N, are taken as the Lagrangian shape functions.

Now, applying the Galerkin’s approach of FEM over any base element (e) of volume

V¢ and taking N, as weight function, we have

K (9* 10 1 0K 00 pc 00
L 2 ) ple ikl E 9
/e Ny {Km ((97"2 + 7“87") 7o+ K,, Oor Or pm CE)m ( ) (3.3.2)

—56%(1+pt2> (83 1) }dvzo,

o\ [+ 9 10 1 9 0A+2u)  10A]
/eNk [<1+pt1§> |:(/\+2[L) (a +;E_ﬁ)+57+rar:|u

0\ O+ 200) [50 05 0%

(3.3.3)

Further, for the radial disk, the infinitesimal volume element dV = rdr is assumed
and hence, deriving the weak form of Eqs. (3.3.2-3.3.3) with the assumption of nodal

functions as Eq. (3.3.1), the simplified equations are obtained as

/”“ K 8Nk3N1@‘+8Nk8N2
r " or or ' Or Or

@i+1> d’/’+

Ti4+1 pCE . .
r—m—/— (NkN1®z + Nk:NQGi-i-l) dT—f—
T P (CE)m

Titl PCE .. ..
to r——m— <N]€N1@l + NkN26i+1> dr
T pm(cE)m

i3 ONy Ny - ONy Ny -
+5/ NEEA L 22U (2 2 Ui | drt
v B o or r

Tl 3 ON; N, ONy, N, K 00|+
tlé‘/r; Tﬁ_me|:(7+ r>U+(8r + T)Ul+1:|d7’ TNkK_E y

(3.3.4)
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Tit1 B
/ ({O\ +2u) (TaNk ONy + N]i\ﬁ) T@Nk]\ﬁ} U;

or Or 0
- ON, ONy  NiN, o\
+ {()\ + 2u) (r o or + . ) +T8—NkNQ:| Ui+1) dr
Tt ON, ON; N,N; o\
[ ([ (o + M) o)

< ON}, ON- NN
+ [()\ + 24) ( or : 87’2 £t +7’—NkN2] Uerl) dr+

_|_
A4 2p [Tt ON, ON,
e (g o o ()

A+ 2 it ON aN
+t1A;f a / {rNk (5—1 > O, + rN, B2 ) @m} dr
Tit1 . . 0 K Ou Tit1
+/Tl TNkpC%(NlUZ + NQUH_l)dT = NkT (]_ +pt18t) K—mg .
(3.3.5)

Now, in view of Egs. (3.3.4-3.3.5) and taking k = 1, 2, the element matrix is found as

COX +BOX 4+ 4+A0X = F©), (3.3.6)
(e) (e) (e)
Al 412 Bl p12 onoon2
where A©) = , B = L0 =
A2 A2 B2 B2 o2 02
(€) (e)
F U
Fle) = v and X = and
Fe C)

Al = [T [()\—l—Qu)( ANy, D 87’] +NkN ) +7da,\]\[k]\[} dr,

Ti or

Bl = ph [7 [+ 20) (r 20000 4 B0 ) 4y AN N ar, Gl =0

A,ﬁ - I\gju r:H—l [ Ni <Baf;\[] + N 8r>:| dr,

B2 =, 22 [r g [ (6? L4 NS )} dr, C}2 =0

AP =0, B = e [ LN (B0 + )] dr,
OB = [T 1 N[<J+ %] ar

22 _ (ri+1,, K [ ONy ON; 22 _ [Titl,. pCE__
AR = [T (DR ) ar, B2 = [T (NLN;) dr,

T4 i Pm (CE

C = to [ v (N,N;) dr.
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Ui O; —Ner(1 +pt1%)K_ﬁl%
U= s 6= s FU = " and
Ui-i—l ®i+1 Nkr(l —i—ptl%)K—ig—ﬁ
Tit1
N
Fo = i
TNkKLm%
Tit1

Next, to obtain the global matrix of finite element, the element equation (Eq. (3.3.6))
is assembled for all elements under the consideration of boundary conditions (3.2.18),
and global finite element equation is obtained in time differential form for the whole
space domain as

CY+ By+ Ax =F. (3.3.7)

where C', B and A are the global matrices corresponding to element matrices C'(¢), B(¢)

and A©®) respectively, and

X=|U U; 69 Us U, @3 e. Up_1 @h—l Uy,

3.4 Formulation for the Time Domain

3.4.1 I: Galerkin type FEM Formulation

In this subsection, an alternative approach (see refs. Stasa (Stasa, 1985); Balla (Balla,
1989)) based on Galerkin’s type finite element is derived to solve the system of differ-
ential Eq. (3.3.7). For this FEM approach, the time domain [0,7™] is divided into a
finite number of sub-intervals of equal length 2A¢ and for each sub-interval [t; 1, t;4],
three nodal values x;_1, Xi, Xi+r1 are considered at nodal points ¢; 1, t;, t;11. Then, for
the interval [t;_1,t;.1], we take the approximation of x as

X = Mi_1xi—1 + Mixi + MisviXiv1, (3.4.1)

where M; 1 = —s(1 —s)/2, M; = (1 +s)(1 — s), Mi41 = s(1 4 5)/2, are taken as the

t—t;
tit1—t;’

quadratic shape functions and s = for t; 1 <t <tj.
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Similarly, it can also be assumed that

F=M_Fi_ 1+ MF,+ M 1Fi. (3.4.2)

Next, the Galerkin’s approach of FEM is applied on Eq. (3.3.7) for any element,
[ti—1,tiv1] and consider infinitesimal time dt with shape function M, (see ref. Stasa

(1985)). Then, Eq. (3.3.7) yields
Lit1 B B _ _

ti—1
Therefore, by substituting the relations (3.4.1-3.4.2) into Eq. (3.4.3), and deriving the
weak form of Eq. (3.4.3), we find an explicit iterative scheme as

YiviXiv1 = Yixi + Yicixion + F7, (3.4.4)

where

i1 = C + 1.5AtB + 0.8(At)?A

T, =2C + 2AtB — 0.4(At)?A
i i i (3.4.5)

F* = (At)?[0.8F,_; + 0.4F; — 0.2F;_4] )
Hence, using Eq. (3.4.4) along with Eq. (3.4.5), the solution of the present thermoelastic
problem can be obtained for any time steps if the values of x; are known for : = 0, 1.
For i = 0, xo is known from the initial conditions and to determine y;, we use the
Crank-Nicholson iterative scheme, which can be given as

2 o - At 2 o - At . At

3.4.2 1II: Newmark Scheme

Now, for the validation of the results as obtained by above method, further the Newmark
time integration method (see Rincon et al. (2005), Hasanpour and Mirzaei (2018)) is
employed. For this, the time domain [0,7*] is partitioned into m sub-intervals s.t.
t; = iAty for i = 0,1,...m. Now, if it is assumed that x(t;) = xi, x(t;)) = 7 and

X(t;) = Z;, then from the homogeneous initial conditions, we have yo = 0 and v = 0.
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Therefore, by following Hasanpour and Mirzaei (2018), the approximations for y;,1 and

Yi+1 18 given as

Aty)?
Xit+l = Xi + Atl”}/z —+ ( 21) [(1 — 2w)Z1 + 2le-+1],

and

Vi1 =Y + At [(1 —w1)Z; + w1 Ziga).

where w and w; are the parameters determining the stability and accuracy of the

method. Now, we adopt the following Newmark predictor-corrector scheme

(Aty)?

X = E At 4 2= (1 20) 7, (3.4.7)
The Egs. (3.4.7-3.4.8) can be modified as
= x4 w(An)2Z, 4.9
Xi+1 = Xit1 + w(At1)* Ziya, (3.4.9)
vir1 = YEL w1 ABZi . (3.4.10)
For the first step, we calculate Z, from
CZy = F(0) — Byy — Axo, (3.4.11)

and for the further iterations, we use the relation

(C + wlAhB + w(At1)2fl)Zi+1 = F(ti+1> — B’}/Z(f_)l — AXEI—&)-)I (3412)

Following this predictor-corrector scheme given by Eqgs. (3.4.9-3.4.12), the solution for
each time step is derived by taking a suitable choice of constants w and w;. Newmark
method can be implicit or explicit and conditionally or unconditionally stable based on

different values of these constants (Hasanpour and Mirzaei (2018)).

7



CHAPTER 3. On the solution of problem of functionally graded hollow disk ...

3.5 Numerical Results and Discussion

Now, the MATLAB programs are developed for both approaches (Newmark and com-
plete FEM), as discussed in the previous section, to obtain the numerical results of the
present problem. Here, the objective is to analyze the effects of the non-homogeneity
parameter and space-time variation of the field variables (displacement, temperature,
radial stress and circumferential stress) inside the hollow disk under the MGL the-
ory and GL theory. The hollow disk is initially assumed at the reference temperature
Ty = 293 K, subjected to homogeneous initial conditions and boundary conditions
(3.2.18). The functionally graded material is taken to be a composite of Titanium
metal and Zirconia ceramic material and following the rule given by Eq. (3.2.13). For
the Newmark method the parameters w, w; are taken as w = 1/4 and w; = 1/2 (see
Hasanpour and Mirzaei (2018)). The numerical values of the parameters are taken as
follows (Bahtui and Eslami (2007)):

For Titanium:

E,, = 66.2 GPa, v, = 0.321, (a4),, = 10.3 x 107K, (¢g),, = 808.3 J kg 'K~ 1,

pm=4410 kg m~3, K,,=18.1 K=t 571,

For zirconia:

E. =117 GPa, v, = 0.333, (o). = 7.11 x 107K, (cg). = 615.6 J kg 71K~

pe=5600 kg m~3, K.=2.036 K~! s71.

The Lame’s parameters are calculated as A = (1+1/)FE+21/) and u = ﬁ The
dimensionless values of a and b are assumed as 1 and 5, respectively, and we consider
T* = 1. For both space and time, the general formulation of global finite element
equation is derived. For showing numerical results, both space and time domain are
divided into 100 sub-intervals.

The relaxation times are also the material dependent parameters, and these param-

eters can also be assumed to be the function of spatial coordinates and vary like other
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parameters of FGM. However, for simplicity we have considered the fixed values of these
parameters, i.e. the values of relaxation parameters are assumed as t; = 0.15 x 107135,

ty = 0.60 x 107 1s,
Validation of the present method: The results computed by implementing the

complete FEM and FEM with Newmark method are compared. It found that there
is a perfect match in the results (see Fig. 3.5.1 and also Figs. 3.5.11-3.5.14), which
validates the successful implementation of the present method. We further compare
our results with the corresponding results obtained from a well established trans-finite
element technique. The trans-finite element techniques employ an integral transform
technique to eliminate time derivatives from the coupled equations. Then, the finite
element method is applied to determine the solution in the transformed domain and
further, the solution in the desired time domain is obtained by implementing a nu-
merical inversion technique (see refs. Stehfest (1970); Bellman et. al. (1966), etc.).
Here, the trans-finite technique is considered, which involves Laplace transform and
numerical inversion of Laplace transform techniques. The details of this method can
be found in the article by Bagri and Eslami (2008). For numerical inversion of Laplace
transform, the Bellman method of Laplace inversion (Bellman et al. (1966)) is consid-
ered. A perfect match is observed in the solutions of all field variables obtained by all
three methods (present method, FEM with Newmark method and trans-finite element).
However, we display only the temperature distributions computed by all three methods
and show the perfect match in the behaviour of the field variables which verify the
present FEM formulations to be correct. Further, the computation time is calculated
to run the MATLAB programs for each of the three methods for 4 different values of
non-homogeneity index n. The bar plot (Fig. 3.5.2) showing the computation time
taken by all three methods clearly indicates that the computation time of the present
method is the same as FEM with Newmark method. However, it is much smaller as
compared to the trans-FEM method and reflects the efficiency of the present complete

finite element method over the trans-FEM method.
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Figure 3.5.1: Temperature distribution at ¢ = 0.40 and ¢ = 0.69 under MGL theory for
all methods
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Figure 3.5.2: Comparison of CPU time for three different methods: Complete FEM,
FEM with Newmark and Trans-FEM methods

Next, the results of the present problem predicted by the MGL model in various
figures show the difference in results obtained by this theory with the corresponding
results under GL theory. In order to show the effects of the non-homogeneity index on
the behaviour of all field variables, the computation is carried out by taking various
values of n. Here, the results obtained from the complete FEM approach are shown by
3D plots representing the space-time variations of all field variables for the cases when
n = 0 and 2. The 3D Figs. 3.5.3-3.5.10 show the variation of the field variables with
respect to space and time simultaneously in the context of the present (MGL) and GL
model obtained by employing complete FEM. The behaviour of the field variables at
any particular time can be observed closely from these 3D plots. Figs. 3.5.3 (a,b), 3.5.5
(a,b), 3.5.7 (a,b) and 3.5.9 (a,b) represent the variations of displacement, temperature,
radial stress and circumferential stress, respectively, for GL theory and Figs. 3.5.4 (a,b).
3.5.6 (a,b), 3.5.8 (a,b) and 3.5.10 (a,b) are representing the variation of displacement,
temperature, radial stress and circumferential stress, respectively, in the context of

MGL theory for two different values of non-homogeneity index n.
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Figure 3.5.3: Variation of displacement (u) with r and ¢ under GL theory for different
n, (a) n =0 and (b)n =2
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Figure 3.5.4: Variation of displacement (u) with r and ¢ under MGL theory for different
n, (a) n =0 and (b)n =2
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Figure 3.5.5: Variation of temperature () with r and ¢ under GL theory for different
n, (a) n =0 and (b)n =2
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Figure 3.5.6: Variation of temperature (#) with r and ¢ under MGL theory for different
n, (a) n =0 and (b)n =2
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Figure 3.5.7: Variation of radial stress (o,,) with 7 and ¢ under GL theory for different
n, (a) n =0 and (b)n =2
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Figure 3.5.8: Variation of radial stress (o,,) with r and ¢ under MGL theory for different
n, (a) n =0 and (b)n =2
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Figure 3.5.9: Variation of circumferential stress (044) with 7 and ¢ under GL theory for
different n, (a) n =0 and (b)n = 2
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Figure 3.5.10: Variation of circumferential stress (o44) with 7 and ¢ under MGL for
different n, (a) n =0 and (b)n =2
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GL FEM n=0

L4 GL Newmark n=0
MGL FEM n=0

L4 MGL Newmark n=0
GL FEM n=2

®  GL Newmark n=2
MGL FEM n=2

® MGL Newmark n=2

Figure 3.5.11: The effect of non-homogeneity on displacement (u) at ¢ = 0.40 under
GL and MGL model

GL FEM at n=0

®  GL Newmark at n=0
MGL FEM at n=0

o MGL Newmark at n=0
GL FEM at n=2

®  GL Newmark at n=2
MGL FEM at n=2

° MGL Newmark at n=2

Figure 3.5.12: The effect of non-homogeneity on temperature () at ¢ = 0.40 under GL
and MGL model
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GL FEM n=0
° GL Newmark n=0
MGL FEM n=0
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Figure 3.5.13: The effect of non-homogeneity on radial stress (o,,.) at t = 0.40 under
GL and MGL model

GL FEM at n=0
o GL Newmark at n=0
MGL FEM at n=0

° MGL Newmark at n=0
GL FEM at n=2

L d GL Newmark at n=2
MGL FEM at n=2

® MGL Newmark at n=2

Figure 3.5.14: The effect of non-homogeneity on circumferential stress (o44) at ¢t = 0.40
under GL and MGL model
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Figures 3.5.3-3.5.10 (a) are plotted to show the case when n = 0, i.e. material is
entirely metallic and Figs. 3.5.3-3.5.10 (b) display the case when n = 2. Further, the
line plots are used to compare the results obtained from the complete FEM approach
and FEM with Newmark method. Figs. 3.5.11-3.5.14 show the line plots of different
field variables along the radial direction at t = 0.40 for n = 0 and 2, under GL and
MGL theories for both methods. A perfect match is observed in the solutions obtained

by employing both approaches.

From the Figs. 3.5.3-3.5.10 (a,b) and Figs. 3.5.11-3.5.14, it is noticed that all
field variables have the same pattern of behaviour for GL and MGL theories, and the
results of the temperature field almost coincide for GL and MGL theories. However,
a significant difference in predictions by GL and MGL theories can be seen for the
displacement and both the stress components. The line plot shown in Fig. 3.5.11 yields
that the displacement grows to higher values in the case of GL theory as compared
to the case of MGL theory. However, the plots (Figs. 3.5.13-3.5.14) indicate that the
radial and circumferential stresses for MGL theory attain a higher range of values in
comparison to GL theory. The effective domain of influence in the case of MGL theory
is much larger than the domain of influence under GL theory for all field variables,

except the temperature field.

As the thermal shocks are applied on both the inner as well as outer boundaries of
the disk, the behaviour of field variables are oscillatory in nature near the boundaries,
and the differeneces in predictions by GL and MGL models are very much significant
in this region. The effect of non-homogeneity index n is also prominent in the regions
nearer to the boundaries. Here, the material of the disk is considered in such a way
that its ceramic property is decreasing, and the metallic property is increasing radially
from the inner boundary to the outer boundary. The prominent effect of n is observed
in the region nearer to inner boundary, i.e., for FGMs with more ceramic component,

and it is more significant for stress fields.
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At the initial time of interaction, the effect can be visible only in the region nearer
to the boundaries. However, as time increases, the effect can be observed on the larger
domain, implying that the effective domain of influence increases with the increase
of time. The disagreement of the two theories also increases at the higher time of

thermomechanical interactions.

The effect of the non-homogeneity index, n is significant under both GL and MGL
models. Figs. 3.5.3-3.5.14 indicate that the effective domain decreases as we increase
the values of n. Moreover, the effect of the non-homogeneity index is most significant

in the context of the MGL theory as compared to GL theory.

3.6 Conclusion

The present work is concerned with the mathematical modeling for a coupled problem of
thermoelasticity for a functionally graded hollow disk under strain and temperature-rate
dependent theory by applying a complete Galerkin’s approach for both space and time.
The unified equations for the temperature-rate (GL), as well as strain and temperature-
rate (MGL) dependent theories, are derived, and a complete Galerkin’s finite element
method is applied to obtain the finite element equations of the space domain, and
then we have implemented a FE approach as an alternative to the Newmark method.
Galerkin’s approach is employed to derive the explicit iterative scheme to obtain the
final solution in the space-time domain. Next, for the validation of the method, the
Newmark time integration scheme is applied for solving the time differential system of
equations. From the line plots field variables, it is shown that the results obtained by

our method match completely with the results by FEM with Newmark method.

A detailed analysis of our results highlights the effects of non-homogeneity of mate-
rial properties on the variations of different field variables for GL and MGL theories. A

significant difference in the predictions by MGL theory as compared to the predictions
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by GL theory is observed. It is investigated that all the variables finally tend to zero
values after some distance from the inner and outer boundaries, which is the source of
thermomechanical interactions inside the hollow disk. The effective domain increases
with the increase in time and decreases with the increase in the non-homogeneity index.
The stress fields are noted to be largely affected due to functionally graded material
properties. Further, the MGL model indicates a larger effective domain. The validation
of the present formulation is also confirmed by comparing the present results with the
corresponding results obtained by employing trans-FEM. The present method is found
to be more efficient like FEM with Newmark method as compared to trans-FEM, since
it lowers calculation time by at least 3-4 times. Hence, the method based on the com-
plete FEM approach is assumed to be an efficient method for solving the dynamical

problems of coupled thermoelasticity for homogeneous or non-homogeneous mediums.
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