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We study here the intensity distribution and formation of optical polarization Mobius strips by tightly
focusing of C-point singularity beams. These beams are characterized by a central circular polarization
point (C-point) surrounded by a spatially varying elliptic polarization. Under tight focusing
conditions, the different polarization components of the beam interfere and exhibit clear difference
between left-handed and right handed input beams. The transverse polarization distribution at the
focal plane is similar to the input distribution for left-handed lemon beam, but exhibits 180° rotation
for right handed lemon beam. Moreover, the longitudinal polarization component exhibits spiral
phase distribution, owing to spin-orbit angular momentum conversion at the focal plane, with
opposite winding directions for the left-handed and right-handed input beams. We show that the
shape of the resulting Mébius strip is determined by the helicity of the C-point and by the polarization
singularity index, which is the contour integral of polarization ellipse angle around the singularity. It is
found that inverting the helicity leads to 180° rotation in the focal plane intensity distribution,
accompanied by handedness inversion for the polarization ellipses. The number of separatrices in the
input polarization distribution is equivalent to the number of twist points of the Mébius strip in the
focal plane, as well as to the number of intensity zeros in the z-component of the focused field. These
phenomena are observed for beams with a bright C-point, but also for dark C-point, in which the
electric field is zero at the center of the beam.

1. Introduction

The polarization degree of freedom is a useful tool for controlling the properties of light beams. Usually, the
polarization is assumed to be nearly uniform in the transverse plane, but in recent years, there was an increasing
number of applications that utilized the variation of polarization vector across the transverse plane of the light
beam. This enabled to achieve sharper focusing with respect to linearly polarized light [1-4], and to generate
significant longitudinal polarization component [2, 4], 3D-polarization structures and singularities [5, 6]. The
longitudinal field components enable the formation of complex 3d polarization topologies as optical cones,
twisted ribbons and Mébius strips, as predicted by I Freund in 2005 [7] and experimentally demonstrated by T
Bauer etalin 2015 [8, 9]. Generally, these topologies appear around generic ellipse field singularities, namely,
C-points (points of pure circular polarization) and L-points (points of pure linear polarization), in which the
orientation or handedness of polarization ellipse is undefined, respectively. First simple but yet striking
examples of three-dimensional polarization topologies have been demonstrated recently [8—18], not only by
tight focusing but also off-axis interference of two specially synthesized structured beams [10], scattering from
high-index dielectric nanoparticles [12], and by the application of all-dielectric metasurfaces [14]. The three-
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Tight Focusing Geometry
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Figure 1. (A)The example shows left and right-handed stars and the corresponding optical Mébius strips at the focal plane. (B) The
orientation angle () and the C-point index (I¢) for a polarization ellipse and a lemon distribution are shown.

dimensional structured fields show interesting topological structures such as polarization Mébius strip [7-11,
19-25]. Since it was first proposed, a lot of effort has gone into investigating the polarization Mobius strip

[8,9, 11, 24] and realizing the similar topological structures in various other types of waves [26, 27]. Various
topological features of optical Mbius strips are recently investigated [19-23, 25, 28], for example the
dependence of polarization Mbius strip on the closed trajectory around the singular point [11, 22, 25]. Itis
shown that a polarization M6bius strip can become a Mobius-like topology due to a point with photonic wheel
[9]. An interesting experiment with Mobius strip microlasers, fabricated with high optical quality by direct laser
writing, were studied recently [29].

In this paper, we concentrate on a specific class of beams that contain circular polarization singularities,
surrounded by elliptic polarization with continuously varying azimuthal angles. Obviously, at the singularity
point, owing to its circular polarization, the azimuthal angle () of the polarization ellipse is not defined. These
beams are characterized by the singularity index, I [30-32] which is contour integral i 35 V+ - dl around the
singularity, and can acquire only integer or half-integer values. The state of polarization (SOP) distribution for
the C-point consists of ellipses and therefore the C-point is also characterized by its helicity, being either left-
circular or right-circular [33]. These singular beams can be formed by a superposition of vortex beams with right
and left circular polarization, leading to a dark singularity point. In the special case in which one of these two
beams is a non-vortex plane wave beam, the singularity point becomes bright. It is interesting to note that the
studies that were made so far [8, 13] concentrated only on the latter case of bright singular points. Some of the
recently reported applications of polarization singularities are in optical signal processing [34], optical chirality
measurements [35], optical trapping and manipulation [36], optical lattices [37, 38], material machining [39],
optical skyrmions [40] and structured illumination microscopy [41].

The unique properties of the circular polarization singularities become dominant when the beam is tightly
focused, so that different polarization components are mixed, which also leads to the creation of a longitudinal
polarization component, in addition to the two transverse components. Recently, polarization singularities with
V-points [42,43] (i.e. vector beams with undefined linear polarization at the singular points) and C-points
[8, 13, 44] have been used to shape the focal spot intensity distribution. Owing to the emerging interest and vast
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applications of these beams, there is a need for a complete study on the effects of helicity and singularity index,
for both the bright and the dark singularities, and to compute the intensity, phase distribution and optical
Mobius strips at the focal plane in these cases. Specifically, we compare beams that have the same C-point
singular index, but opposite helicity [45, 46]. This comparison is made for three different values of the
singularity index.

2. Ellipse field singularities and tight focusing

Polarization singularities (C-points and V-points) are generally identified by using the complex field known as
Stokes field S;,(x, y) = Si(x, y) + iS2(x, y) = [S12(x, ¥)| exp(ieh;, (x, ¥)). The Stokes phase is ¢1,(x, y) = 2(x,
) and it can be shown that it is the phase difference between left and right -handed components in the circular
basis, i.e., $12(x, ¥) = (%, ¥) — dr(x, y). Therefore, phase vortices of Sy, Stokes field are polarization
singularities (C-points and V-points). The expression of ellipse field singularities in paraxial optical fields, under
circular polarization basis decomposition [8, 30, 47], can be given by,

E(r, 9) = \I/LéL =+ \I/RéR = B1r|m|eim"éL -+ Bzrlnlei(naJreO)éR, (1)

where € and éy are left and right circular unit basis vectors respectively. In equation (1), the integers m, n are the
topological charges of the phase vortex beams with amplitude scaling factors B; and B, respectively, 0 is
azimuthal angle and 6, is initial phase shift given to one of the beams. For a bright C-point either 1 or nis zero
and |m| = |n|. So far, most studies concentrated on this type of beam [30, 32]. However, as noted above, there is
also another case, where |m| = |n|, and both indices are non-zero, that results in a non-generic dark C-point
[48-50]. Since || and |n| are non-zero, the component vortex beams forming the C-point singularities
themselves as well as the resultant field have intensity nulls at the singular point. The handedness of the dark
C-point is therefore taken as a limiting case of the handedness as we approach the singularity in the radial
direction [48]. The superposition described by equation (1) can be realized by the Mach—Zehnder type
interferometer, where the two arms carry the right circular and left circularly polarized beams, respectively. For
the field given by equation (1), the C-point index (I¢) is Ic = (n — m)/2, where |m| = |n|.

Let us now consider what happens when these beams are focused by a lens with a numerical aperture (NA),
givenby NA = ny sin ¢,,., where n is the refractive index of the focal region and ¢, is the maximum angle of
convergence. For an optical system shown in figure 1(A), the electric field components in the focal region of an
aberration-free aplanatic lens are given by [51, 52]

max

I3 2w P .
Eu, v) = (—iA/\) fo j; Eo(6)P (6, 0)Ap(@)el i 0 030=0)

x e(’i cos0) sin Odedo. )

where A is linked to the optical system parameters and ) is the wavelength of light in the medium with refractive
index (1) in the focal region and ¢ is the focusing angle. E,(¢) is given by

Ege 1" = Eoel~I"sin*0/sin*0us) — ) (¢), 3)

where Ej is the amplitude of the beam, p = sin ¢/sin ¢, is the radial distance of a point from the center,
normalized by the radius (a) of the lens. The truncation parameter is given by I' = a/w, where wis the beam
waist. Itis a measure of the fraction of the beam inside the physical aperture of the lens. P(¢, §) denotes
polarization distribution at the exit pupil and A,(¢) is the apodization factor. For an aplanatic lens system A,(¢)
is \/cos¢ . The polarization distribution (P(¢, 8)) of the input field at the exit pupil can be expressed as

a;1(cos ¢ cos? @ + sin? ) + by(cos ¢ sinf cos — sin 6 cos )
a;(cos ¢ sin@ cos @ — sin 6 cos @) + by (cos ¢ sin? 6 + cos?0) |, 4
—ay sin ¢ cos — by sin ¢ sin 6

where a;(r, 0) = (r"leim0 4 rlrle?yand by (r, §) = i(rI™leim? — rlnlein?) are the strengths of the xand y
components of the input field respectively.

3. Spin-orbit angular momentum coupling and inversion of transverse polarization
distribution in C-point singularities

The optical angular momentum of photons is one of the fundamental properties of the electric field. In a seminal
paper by Zhao et al [53] it is shown that optical spin to orbital angular momentum conversion can occur in a
homogeneous and isotropic medium. Photons have two different types of angular momenta, namely spin
angular momentum (SAM), with angular momentum fic (o = +/—1 for left/right circular polarization) and

3



I0OP Publishing Phys. Scr. 98 (2023) 055507 SKPaletal

Input plane
Polarization

Q Q
Focal plane Focal plane Focal plane Focal plane Focal plane Focal plane
Intensity Phase Intensity Phase Intensity Phase

X-component

Y-component

Z-component

Focal Plane

Transverse
Polarization

Figure 2. Spin to orbital angular momentum conversion in left-handed lemon. Input plane polarization distributions are shown in
row I. Focal plane intensity and phase corresponding to x, y, and z-components are shown in row II, row III, and row IV respectively.
Focal plane transverse polarization distributions are shown in the bottom row.

Table 1. Parameters of ellipse field singularity beams. The C point index is
Ic = (n — m)/2. Forall cases, the number of half twists is (|21 — 2). The
direction of rotation is clockwise (counter-clockwise) for negative (positive)
value of I — 2).

Figure Ic (m,n) Direction of rotation No. of half-twists
4(a) 3 ©,1) Clockwise 1
4(b) % (-1,0) Clockwise 1
4(c) %1 ©,— 1) Clockwise 3
4(d) %1 (1,0) Clockwise 3
4(e) % 0,3) Counter-clockwise 1
4D % (-3,0) Counter-clockwise 1
4(g) %3 ©,—3) Clockwise 5
4(h) 2 (3,0) Clockwise 5
4(i) 3 1,2) Clockwise 1
4()) G ) Clockwise 1
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Figure 3. Spin to orbital angular momentum conversion in right-handed lemon. Input plane polarization distributions are shown in
row I. Focal plane intensity and phase corresponding to x, y, and z-components are shown in row II, row III, and row IV respectively.
Focal plane transverse polarization distributions are shown in the bottom row.

orbital angular momentum (OAM), with angular momentum I, where lis an integer number. The SAM is
associated with circular polarization, whereas OAM is linked to the helical phase of light respectively. In the case
of a trapped particle, the spinning of a particle around its own axis is due to SAM, whereas the orbiting of the
particle around the beam axis is due to OAM of the optical field [54, 55]. The evidence of inter-transfer of spin-
to-orbital angular momentum is shown by tight focusing left and right circularly polarized vortex beams. It was
shown that the phase of the longitudinal component of a focused beam contains the term e "%, where 6 is the
azimuthal angle [56].

Whereas the input beams that were considered so far in [54, 55] had homogeneous transverse polarization
(i.e. having either right of left circular polarization over the entire transverse plane) in this article, we consider
input beams with spatially varying polarization [57]. We show that also in this case of tight focusing of left and
right-handed C-point polarization singularities, the spin—orbit coupling plays an important role. In order to
understand it, we shall examine the focusing properties of left-handed and right-handed lemon beams. A left-
handed lemon is realized by combining a left-handed circularly polarized light(r = 0) with a right-handed
circularly polarized vortex beam(n = 1), whereas a right-handed lemon is realized by combining a right-handed
circularly polarized light(n = 0) with a left-handed circularly polarized vortex beam(m = — 1). Figure 2 shows
the component intensity and phase distributions of a left-handed lemon at the focal plane of a high numerical
aperture lens. The longitudinal component is shown in the fourth row, where for the left circularly polarized
light, the transfer of spin-to-orbital angular momentum is manifested by an helical phase front at the focal plane,
whereas for the right circularly polarized vortex beam, the phase contributions of the spin and orbital angular
momenta cancel each other and the phase becomes nearly constant at the central region. The focal plane
distribution of the focused left-handed lemon is obtained by combining these two fields, which leads to the spiral
winding phase. This is a manifestation of spin—orbit coupling for a beam with structured polarization profile.
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Figure 4. Three-dimensional polarization topology of non-paraxial ellipse field singularities. The numerically calculated polarization
topology in the focal plane of (a)-(b) Ic = %; (c-d) Ic = %1; (e-H Ic = %; (g-h) Ic = %3 and (i) Ic = % dark C-point respectively.
Left and right helicity are denoted as hy and hy respectively. By tracking the sign of cvin equation (5), in order to make the twist of the
Mgbius strips more clear, one half of the major axis of the local polarization ellipse is colored blue, and the other halfis colored red.
Here, (a)—(h) are the examples of bright C-point, and (i)—(j) are the examples of dark C-points respectively. The projection of the

polarization major axis onto a plane (xy-plane) transverse to the propagation direction zis shown at the bottom of each 3D
polarization structure.

The focal plane transverse polarization distributions are shown in the bottom rows of figures 2 and 3. It can be
seen that for a left-handed lemon (figure 2) the orientations of the input and the focal plane polarizations are
identical. In the rectangular basis, the elipticity and handedness of polarization ellipse depends on the amplitude
ratio of X and Y-components and the phase difference between these two components respectively. From column V/
of figure 2 it can be seen that, in the top box as indicated by red arrows, the amplitude of X-component is higher than
the Y-component and thus the polarization is horizontal in this region. On the other hand, at the bottom portion, as
indicated by yellow arrows, the polarization is vertical as the Y-component is higher than the X-component. At the
central portion both X and Y-components have equal amplitudes and phase difference between them in /2. Hence,
the polarization is circular at the center. The handedness of focal plane transverse polarization distribution remains
same as the phase difference between the X and Y-components remains constant across the entire plane.

Figure 3 shows the component amplitude and phase distributions of a right-handed lemon at the focal plane
of a high numerical aperture lens. Also here, it can be seen that there is a spin—orbit coupling in the longitudinal
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Figure 5. Bright ellipse field singularities with (A) lemon type, Ic = % ;and (B) star type, Ic = %1 The top row shows the SOP,
intensity, and S, Stokes field phase distributions of two tightly focused beams. Focal plane transverse polarization distributions are
shown as insets. The values of m and # for realizing the input C-points are given as insets. Focal plane intensities corresponding to x, y
and z-components are shown in row II (|E,|?), row III (|, |*) and row IV (|E,|*) respectively. Total intensity (|E|*) distributions are
shown in row V. Left and right helicity are denoted as h; and hy respectively. Both intensity and phase distributions corresponding to
left and right helicity C-point singularity for a given C-point index are presented. Phase distributions of the field components at the
focal plane are shown on the right side of the intensity distributions. Phase distributions are found to be embedded with optical
vortices of charge £1.

component for both left-handed circularly polarized vortex beam (1 = — 1) and right-handed circularly
polarized beam(n = 0). The total longitudinal component therefore shows a spiral phase front, but in this case
the winding direction is opposite to what was obtained for the left-handed lemon case. Interestingly the focal
plane transverse polarization distribution undergoes 180° rotation from its initial orientation. This rotation can
again be understood by inspecting the X and Y polarization components of the beam at the focal plane for a
right-handed lemon. The rotation is easily observed by examining the top and bottom parts of the two field
components, denoted by red and yellow arrows, in column V of figure 3. Spin-orbit coupling for the longitudinal
component, as well as inversion (or lack of inversion) for the transverse polarization distribution would also
occur for other C-point singularities. Specifically, the inversion of the helicity leads to 180° rotation in the focal
plane intensity distribution in all the cases we will study. The transverse polarization distribution at the focal
plane, as well as the intensity and phase distribution for different types of C-point singularities will be discussed
in section 5.

4. Optical polarization Mobius strips

We adopt the approach introduced by M V Berry [31] to find out the 3D orientation of the polarization ellipse
around the ellipse field singularity (C-point). In this representation, the major axis («), the minor axis (3), and
the normal to the polarization ellipse (I') in the complex representation of the electric field are described by the
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Figure 6. Bright ellipse field singularities with (A) I = % sand (B) Ic = _73 The top row shows the SOP, intensity, and S;, Stokes field
phase distributions of two tightly focused beams. Focal plane transverse polarization distributions are shown as insets. The values of
and # for realizing the input C-points are given as insets. Focal plane intensities corresponding to x, y and z-components are shown in
row I1 (|E,|*), row I (|E,|*) and row IV (|E,|*) respectively. Total intensity (| E|*) distributions are shown in row V.. Left and right
helicity are denoted as h; and hy respectively. Both intensity and phase distributions corresponding to left and right helicity C-point
singularity for a given C-point index are presented. Focal plane phase distributions corresponding to E,, E,, and E,-component of
ellipse field singularities are shown on the right side of the intensity distributions. Note that all the phase distributions are embedded
with phase vortices of charge+1.

parameters as

1
=—— Re[EXVE-E
a N el ]

1
=—— Im[E*VE - E
b= g mENE - E]

I = Im[E* x E], (5

where Reand Im denote real and imaginary parts of a complex field. E* denotes the complex conjugate of the
electric field. The sign of I further indicates the handedness of the polarization ellipse. In this representation, a
C-lineis aline in the direction of propagation, in which the major and minor axes of the ellipse become
degenerate, hence the polarization becomes circular. In order to visualize and plot the polarization topology in
3D space, we considered only the polarization configuration in a plane orthogonal to the C-line, which is known
as the principal plane. In particular, we considered only the focal plane, where the field’s z-component is the
largest. We then calculated the major and minor («, 3) axes of the polarization ellipses at all points lyingon a
circle in the focal plane, with a singular point (C-point) at its center. As mentioned earlier, the points at which the
z- component intensity goes to zero correspond to polarization ellipses lying in the transverse plane and
therefore the vector parameter I has vanishing x and y components. Helicity inversion of the C-point leads to
handedness inversion at these specific polarization ellipse points which can be seen by the sign inversion for I'.

8



10P Publishing

Phys. Scr. 98 (2023) 055507 SKPaletal

yQ s\
Input plane P oSN o Input plane
polarization 299 NN A polarization

N Focal plane
Focal plane Q0092 Transverse

Tralns_ve:_se z polarization
polarization

@

0.5 pm

Figure 7. Nongeneric dark ellipse field singularities with (A) lemon type, Ic = ]5 ;and (B) star type, Ic = %1 The top row shows the
SOP, intensity, and S;, Stokes field phase distributions of two tightly focused beams. Focal plane transverse polarization distributions
are shown as insets. The values of 1 and n for realizing the input C-points are given as insets. Focal plane intensities corresponding to
x,y and z-components are shown in row I1 (|E,|*), row I (| E,|?) and row IV (|E,|*) respectively. Total intensity (| E|*) distributions are
shown in row V. Left and right helicity are denoted as h; and hy respectively. Both intensity and phase distributions corresponding to
left and right helicity C-point singularity for a given C-point index are presented. Phase distributions of the field components at the
focal plane are shown on the right side of the intensity distributions. Phase distributions are found to be embedded with optical

vortices of charge £1.

In order to numerically calculate the intensity distributions, phase distributions, and the formation of
optical Mobius strips of the ellipse field singularity beams, we consider an optical system with a relatively high
NA 0f 0.95 and an optical wavelength of 633 nm. For plotting the Mobius strips, the major axis of the 3D
polarization ellipse is marked as a function of position on a circle of 200 nm radius centered on the beam axisi.e
coinciding with the center of the C-point. Since a strong longitudinal component of the electric field is generated
upon tight focusing, the major axis of the polarization ellipse undergoes a twist out of the focal plane in 3D space
and forms a Mobius strip.

In figure 4 M6bius strips for four bright C-points (the four upper lines) and one non-generic dark C-point
(the fifth line) with different polarization, singularity indices are shown and its dependence on the helicity can be
clearly seen by comparing the Mobius strips in left and right column of figure 4. For a given polarization
singularity index, the optical Mobius strips corresponding to left and right-handed ellipse fields are shown in the
left and right columns respectively. Specifically, the Mébius strips for left and right handed bright lemon type
polarization singularity, that we discussed in the previous section, are shown in figures 4(a) and (b) respectively.
In table 1 number of half-twists, direction of rotations of Mébius strips, values of (1, 1) and I - values for all cases
of figure 4 are presented.

It is clear from these different cases that the shape of the Mobius strips and the number of half twists depends
on the helicity as well as on the sign and value of the singularity index. In figure 4 Mbius strips corresponding to
Ic = 3 has counterclockwise rotation direction, where as all other Mébius strips have clockwise rotation
direction. This can be seen by fixing a symmetrical axis at a twist point [58]. By observing our results in figure 4,
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we conclude that the number of half-twists for a given C-point with a C-point index (I) is (|21 — 2[). Moreover,
if (2Ic — 2) is positive the rotation direction of Mobius strip is counter-clockwise and if (21 — 2) is negative the
rotation direction is clockwise. It is found that the 3D polarization topology of the focal field remains unchanged
but undergo a global rotation depending on the propagation distance.

5. Tight focusing and focal plane intensity distribution

In order to gain further insight, we study the intensity distribution of the different components of the electric
field at the focal plane. For each input polarization distribution, the total intensity, S;, Stokes field phase
distributions, and focal plane transverse polarization distributions are shown as insets. The circles on which the
Mobius strips were plotted are shown as a dashed white or black line in the total intensity distribution of figures 5
to 7. It can be seen that in all cases the twist points correspond to zeros of the longitudinal component of the
electric field. At these points, polarization ellipses lie in the transverse plane, and therefore the vector parameter
I" has vanishing x and y components as can be seen from equation (5). Helicity inversion of the C-point leads to
rotation of all the component intensity distributions, as well as total intensity distribution by 180° with respect to
the axial point. This is accompanied by handedness inversion at these specific polarization ellipse points which
can be seen by the sign inversion for I'. Interestingly, for a positive index right handed C-point the focal plane
transverse polarization distributions undergoes 180° rotation. In case of a negative index polarization singularity
the focal plane transverse polarization distributions undergoes 180° rotation only for the left handed C-point.
This can be observed from figures 5-7.

Furthermore, for a bright C-point, the number of half-twists of the Mobius strips for a given input
polarization distribution is the same as the number of intensity peaks present in the longitudinal component at
the focal plane. The polarization distribution of positive and negative bright C-point, with index Ic = =+ (1/2)
and I = =+ (3/2) are shown in figure 5 and figure 6 respectively. In both cases, the C-point is bright. The case of
dark C-points with Ic = £ (1/2), is shown in figure 7. For a given C-point index, both left and right-handed
C-points have the same intensity and S;, Stokes field phase distributions before tight focusing. The focal plane
intensity corresponding to x, y, and z-component are shown in row I, row Il and row III respectively. In row IV
total intensity distribution at the focal plane is shown. The phase corresponding to x, y, and z-component fields
are shown on the right sides. In the case of bright C-points the x, ¥, and z-components of the field at the focal
plane are found to be embedded with phase vortices of charge £1. For negative polarization singularity index
bright ellipse field singularities the z-component of the focal field is hosted with a central phase vortex, whereas
the negative index dark ellipse field singularity does not contain any central phase singularity in the z-
component of the focal plane.

Even though both bright and dark star and lemon type singularities have same polarization singularity index,
the strength of longitudinal components for dark singularities are significantly higher than the corresponding
generic bright C-points. In the case of bright star type singularities (figure 5(B)) there is an intensity null in the
longitudinal component, whereas there is intensity maxima in the dark star type singularities (figure 7(B)).
Furthermore, for dark lemon type singularities there is a central minima in the longitudinal component, which
is not present in the bright lemon type singularities, as shown in figure 7(A), in comparison to figure 5(A).

6. Conclusion

In conclusion, we explored the focal plane intensity, phase, and polarization distribution of tightly focused
ellipse field singularity beams. We have discussed the spin—orbit coupling and its effect on the longitudinal
component of the focused beam. We have studied the formation of polarization Mébius strips, for different
values of the singularity index and for opposite values of the helicity. Our work extends the family of input ellipse
field singularity beams, to include the case of dark ellipse field singularities. We have also derived rules for
determining the number of half-twists in polarization Mobius strips, for the case of non-integer singularity
index. Our work reveals the important role of helicity in the formation of polarization Mébius strips. We show
that helicity is a useful tool in shaping the focal plane amplitude and phase distributions, with potential
applications in optical micromanipulation [36], material machining [39] and high-resolution microscopy [59].
The methods we discussed here can be further extended to study the focal plane amplitude distribution of
Poincaré vortices [60].
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