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Abstract— In this paper, a new definition for Atanassov 

intuitionistic fuzzy metric space is presented using the concept of 

Atanassov intuitionistic fuzzy point and Atanassov intuitionistic 

fuzzy scalars. The distance metric introduced here is then applied 

to an interesting problem called the orienteering problem that 

finds application in several industries like the home delivery 

system, robot path planning, tourism industry etc. and in each of 

these practical applications, the two parameters involved i.e. 

score and distance travelled, as well as the position of locations 

cannot be predicted precisely. To tackle these uncertainties we 

use trapezoidal Atanassov intuitionistic fuzzy numbers for 

representing the parameter score. The uniqueness of this paper is 

the consideration of uncertainty in the position of a city or a 

location and handling this type of uncertainty using the idea of 

Atanassov intuitionistic fuzzy points and the distance metric 

between Atanassov intuitionistic fuzzy points. Further, a method 

for ranking trapezoidal Atanassov intuitionistic fuzzy numbers 

has been presented and used for modelling the scores. 

 
Index Terms— Intuitionistic fuzzy metric space, intuitionistic 

fuzzy point, intuitionistic fuzzy scalars, orienteering problem, 

ranking, trapezoidal intuitionistic fuzzy numbers. 

 

I. INTRODUCTION 

HE concept of fuzzy set, which deals with the non-

probabilistic uncertainty, was introduced by Zadeh in 

1965 [1].  Since then many researchers have defined the 

concept of fuzzy metric that has been widely used in the fields 

of pattern recognition, routing, scheduling, transportation, 

fuzzy optimization etc. [2]-[4]. A metric space can be defined 

as ��, �� where � is a set of points and � is a metric on � i.e. 

a function that defines the distance between every pair of 

elements belonging to �. Two methods of defining fuzzy 

metric space include: (1) use of fuzzy numbers for defining a 

metric in an ordinary space and (2) use of real numbers for 

measuring the distance between fuzzy sets. Using these two 

approaches, fixed point theorems were given [5], Hausdorff  
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topology [6]-[7], and fuzzy normed spaces [8]-[9] were 

defined by several authors. 

   The idea of Atanassov intuitionistic fuzzy sets (AIFS) 

which is a generalization of fuzzy sets was proposed by 

Atanassov [10]. An AIFS � in � can be denoted as � =
	〈�, �
���, �
���〉|� ∈ �� where �
���, �
��� ∈ �0,1� with 

the constraint that 0 ≤ �
��� + �
��� ≤ 1         ∀� ∈ � and 

represents the degree of membership and non-membership 

respectively. Though AIFS is an extension of fuzzy sets 

proposed by Zadeh, there are several situations that can be 

modelled using AIFS but cannot be represented using ordinary 

fuzzy sets. For example, let us consider a travelling salesman 

who has a limit on distance travelled that prevents him from 

visiting all the cities but he has some information about the 

cities where maximum sales can take place. So the aim here is 

to maximize the total sales within the limit on distance 

travelled. If � is a set consisting of all those cities which can 

be visited by the salesman and � ∈ � represents a city visited 

by the salesman, then the membership degree of the cities 

visited by the salesman can be stated as ����. In this case, an 

ordinary fuzzy set can be used but this ordinary fuzzy set 

cannot represent the situation where the need is to evaluate the 

number of cities that could not be visited by the salesman. For 

this, we need AIFS where the degree of non-membership can 

be computed as ���� = 1 − ����. Moreover, there can be a 

situation where the salesman visited a city but could not sell 

his product due to unavailability of the customer or shop being 

closed, then such situations can be represented through the 

hesitancy degree as ���� = 1 − ����� + ���� . Also, there 

are a few operators like the modal operators that can be 

defined for AIFS but not for ordinary fuzzy sets. These 

operators provide for a detailed estimation of the available 

information. Also, AIFS is more powerful as it allows 

geometrical interpretation and helps in managing the existing 

uncertainty in a much better way [11]. In 1994, Shannon and 

Atanassov introduced the idea of Atanassov intuitionistic 

fuzzy graphs (AIFGs) [16]. Some properties of AIFGs were 

presented in [17]. In 2014, a modified definition of AIFG and 

some operations on AIFG were proposed by Parvathi et al 

[18]. Later the concept of Atanassov intuitionistic fuzzy metric 

space was introduced using continuous t-norms and 

continuous t-conorms [12].  Some theorems and properties 

were also stated for Atanassov intuitionistic fuzzy metric 

space [19].   

Fuzzy Metric Space Induced by Intuitionistic 

Fuzzy Points and Its Application to the 

Orienteering Problem 

Madhushi Verma and K. K. Shukla 
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    In 2004, Xia and Guo suggested a method of defining 

fuzzy metric spaces. They used the concept of fuzzy points 

and fuzzy scalars to measure the distance between the fuzzy 

points [13]. The concept of Atanassov intuitionistic fuzzy 

point (AIFP) was introduced by Coker and Demirci in [14]. 

The idea of AIFP was then used by researchers to prove some 

relations and theorems [20]-[21]. The concept of AIFP can be 

used to study some general structures like those introduced in 

[22]-[23]. In this paper, we use the concept of AIFP and 

Atanassov intuitionistic fuzzy scalars for proposing a new 

definition of the Atanassov intuitionistic fuzzy metric space. 

The proposed definition of distance metric is then applied to 

the orienteering problem resulting in the formulation of the 

Atanassov intuitionistic fuzzy orienteering problem (AIFOP) 

where for a given graph !�", ��, the task is to compute a 

Hamiltonian path # that connects the stated source�$%� and 

target�$&� along with a subset of vertices �"'� of the vertex 

set " and also satisfies the upper limit on the distance covered 

�()*+�. The Atanassov intuitionistic fuzzy version of the 

problem has been considered for the first time and we deal 

with both, the uncertainty in the parameter score using 

trapezoidal Atanassov intuitionistic fuzzy number and the 

uncertainty in the position of a city/location using Atanassov 

intuitionistic fuzzy points. Further, an algorithm for solving 

AIFOP has been suggested in section IV (B) of this paper. An 

Atanassov intuitionistic fuzzy point ,�-, .� can be defined in 

the following form [14]: 

,�-, .� = 	〈�, ,/, 1 − ,%01〉|� ∈ ��     (Here, , ∈ � is the 

support of ,�-, .� and - and . represents the degree of 

membership and degree of non-membership respectively of 

,�-, .�). 

Where � is a nonempty set and , ∈ �. - ∈ � 0, 1 � and 

. ∈ � 0 , 1� are two real numbers such that - + . ≤ 1.  

    In this paper the notation used to signify an Atanassov 

intuitionistic fuzzy point is ��, -, 2�. #34��� denotes the set of 

all Atanassov intuitionistic fuzzy points defined on �. When 

� = 5, Atanassov intuitionistic fuzzy points are called 

Atanassov intuitionistic fuzzy scalars and 634�5� denotes the 

set of all Atanassov intuitionistic fuzzy scalars. An Atanassov 

intuitionistic fuzzy point is said to belong to an Atanassov 

intuitionistic fuzzy set K if  

� = 	��, -, 2�|�
��� ≥ -, �
��� ≤ 2 � 

II. ATANASSOV INTUITIONISTIC FUZZY METRIC SPACE 

In this section a few necessary definitions are presented: 

Definition 1: Let �8, -, 2� and �9, :, ;� be two Atanassov 

intuitionistic fuzzy scalars then we say that: 

(1) �8, -, 2� ≽ �9, :, ;�  if 8 > 9 or �8, -, 2� = �9, :, ;� . 

(2) �8, -, 2� is said to be no less than �9, :, ;� if 8 ≥ 9 denoted 

by �8, -, 2� ≻ �9, :, ;� or �9, :, ;� ≺ �8, -, 2�. 

(3) �8, -, 2� is said to be non-negative if 8 ≥ 0. The set of all 

the non-negative Atanassov intuitionistic fuzzy scalars is 

denoted by 634@ �5�. 

Here, both the operators ≻ and ≽ denote partial ordering. 

 

Definition 2: Let � be a nonempty set and 

�34: #34��� �  #34��� → 634@ �5� be a mapping. For any 

	��, -, 2�, �C, :, ;�, �D, E, F�� ⊂ #34���, if �34 satisfies the 

following three conditions: 

(1) Non Negative: �34���, -, 2�, �C, :, ;� ≥ 0 and 

�34���, -, 2�, �C, :, ;� = 0 iff  � = C, - = : = 1, 2 = ; =
0   (in �34���, -, 2�, �C, :, ;� = 0, 0 denotes the 

Atanassov intuitionistic fuzzy scalar with membership 

degree 1 and non-membership degree 0 ). 

(2) Symmetric: 

 �34���, -, 2�, �C, :, ;� = �34��C, :, ;�, ��, -, 2�  . 

(3) Triangle Inequality: �34���, -, 2�, �D, E, F� ≺
�34���, -, 2�, �C, :, ;� + �34��C, :, ;�, �D, E, F�  . 

Here, the summation is defined as: 

��, -, 2� + �C, :, ;� = �� + C, �2H	-, :�, �8�	2, ;�� . 

Then, �#34���, �34� is called an Atanassov intuitionistic fuzzy 

metric space. Here, ��, -, 2�, �C, :, ;�, �D, E, F� are Atanassov 

intuitionistic fuzzy points, �34 is the Atanassov intuitionistic 

fuzzy metric defined in #34��� and �34���, -, 2�, �C, :, ;�  is 

the Atanassov intuitionistic fuzzy distance between two 

Atanassov intuitionistic fuzzy points. 

 

Proposition 1: Let ��, �� be an ordinary metric space. If 

��, -, 2� and �C, :, ;� are two Atanassov intuitionistic fuzzy 

points in #34���, then we define the distance between them as 

�34���, -, 2�, �C, :, ;� = ����, C�, �2H	-, :�, �8�	2, ;�� 

Here, ���, C� denotes the distance between � and C defined in 
��, ��. Therefore, �#34���, �34� is an Atanassov intuitionistic 

fuzzy metric space if it satisfies the three necessary conditions 

stated in Definition 2. 

Proof: Here we show that �34 obeys the three conditions given 

in Definition 2: 

(a) Non-Negative: Let ��, -, 2� and �C, :, ;� be two AIFPs in 

#34���. If ���, C� is the distance between � and C then 

we can say ���, C� ≥ 0. From Definition 1, it follows that 

�34���, -, 2�, �C, :, ;� = ����, C�, �2H	-, :�, �8�	2, ;�� is 

a non-negative Atanassov intuitionistic fuzzy scalar and 

�34���, -, 2�, �C, :, ;� = 0 iff ���, C� = 0, �2H	-, :� =
1, �8�	2, ;� = 0 i.e. � = C, - = : = 1, 2 = ; = 0. 

(b) Symmetric: Let ��, -, 2� and �C, :, ;� be two AIFPs in 

#34���, then we have  

�34���, -, 2�, �C, :, ;� = ����, C�, �2H	-, :�, �8�	2, ;��  

                                    = ���C, ��, �2H	:, -�, �8�	;, 2��   
                                    = �34��C, :, ;�, ��, -, 2� . 

(c) Triangle Inequality: Let ��, -, 2�, �C, :, ;� 8H� �D, E, F� be 

three AIFPs, then 

 �34���, -, 2�, �D, E, F� = ����, D�, �2H	-, E�, �8�	2, F�� 

                    ≺ ����, C� + ��C, D�, �2H	-, E, :�, �8�	2, F, ;��                                              
                     = ����, C�, �2H	-, :�, �8�	2, ;�� +
                                                      ���C, D�, �2H	:, E�, �8�	;, F�� 

                 = �34���, -, 2�, �C, :, ;� + �34��C, :, ;�, �D, E, F�  

 

Proposition 2: Let 5I be the H −dimensional Euclidean space 

and J an Atanassov intuitionistic fuzzy linear space defined in 

5I. Suppose ��, -, 2� and �C, :, ;� be two arbitrary Atanassov 

intuitionistic fuzzy points 9KFLHM2HM NL J, then the distance 

between them can be defined as: 

�34O���, -, 2�, �C, :, ;� = ��O��, C�, �2H	-, :�, �8�	2, ;��  

Here, �O denotes the Euclidean distance. So, �J, �34O� is also 

an Atanassov intuitionistic fuzzy metric space, where J can be 
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considered as the set of Atanassov intuitionistic fuzzy points 

that 9KFLHM NL the Atanassov intuitionistic fuzzy set J. 

Proof: In the ordinary sense, 5I is a metric space and J can be 

viewed as a subset of #34�5I�. Therefore, �34O is an 

Atanassov intuitionistic fuzzy metric. (from the proof of 

Proposition 1)  

 

634@ �5� is not a complete ordered set. Therefore, in Definition 

2 for triangle inequality ≤ is replaced by ≺. ≺ is much weaker 

than ≤, so the natural query that arises is as follows: 

Is there some kind of Atanassov intuitionistic fuzzy metric 

space that can satisfy the triangle inequality with some partial 

order which is stronger than ≺ like ≼. 

The answer to the query is YES and such kind of metric 

spaces are called strong Atanassov intuitionistic fuzzy metric 

spaces. 

 

Definition 3: Let � be a nonempty set and 

�34: #34��� �  #34��� → 634@ �5� be a mapping. �#34���, �34� 

can be called a strong Atanassov intuitionistic fuzzy metric 

space if it fulfils the first two conditions of Definition 2 and 

for any ��, -, 2�, �C, :, ;� 8H� �D, E, F� in #34��� we have: 

�3'� �34���, -, 2�, �D, E, F� ≼  �34���, -, 2�, �C, :, ;� +
�34��C, :, ;�, �D, E, F�   

 

Proposition 3: Suppose J is an Atanassov intuitionistic fuzzy 

linear space defined in 5I, then the distance between any two 

Atanassov intuitionistic fuzzy points on J can be stated as:   

�34O���, -, 2�, �C, :, ;� = ��O��, C�, �2H	-, :�, �8�	2, ;��  (1) 

�O denotes the Euclidean distance, �J, �34O� is a strong 

Atanassov intuitionistic fuzzy metric space and J is the set of 

Atanassov intuitionistic fuzzy points on the Atanassov 

intuitionistic fuzzy set J. 

Proof: Here we only consider the third property of triangle 

inequality as the first two properties can be proved in the 

similar way as shown in Proposition 1. 

Suppose ��, -, 2�, �C, :, ;� 8H� �D, E, F� are three arbitrary 

Atanassov intuitionistic fuzzy points on J. As stated earlier, 

�5I, �O� is a metric space, so 

�O��, D� ≤  �O�C, D� + �O��, C�                                            (2) 

If the above stated inequality (2) holds strictly, then condition 

(3') is obviously satisfied from Definition 1(1). For the other 

case, where the “ = ” relation is considered, there must exist 

some - ∈ �0,1� such that C = �1 − -�� + -D. Let . =
�2H	-, E� and R = �8�	2, F�. Then we can say that 	�, D� ⊂
J1,S. As, J is an Atanassov intuitionistic fuzzy linear space, 

J1,S is a linear subspace of 5I. It follows that C ∈ J1,S  i.e. 

: = �T�C� ≥ . = �2H	-, E�. This implies that �2H	-, E, :� =
�2H	-, E�. Similarly, ; = �T�C� ≤ R = �8�	2, F�. This implies 

that �8�	2, F, ;� = �8�	2, F�. 

Thus it can be stated that: 

�34O���, -, 2�, �D, E, F� = ��O��, D�, �2H	-, E�, �8�	2, F��                                      

= ��O��, C� + �O�C, D�, �2H	-, E, :�, �8�	2, F, ;��                    

= �34O���, -, 2�, �C, :, ;� + �34O��C, :, ;�, �D, E, F�  

III. RANKING OF TRAPEZOIDAL ATANASSOV INTUITIONISTIC 

FUZZY NUMBERS 

The centroid of a fuzzy number signifies its geometric  

 
Fig. 1. The point of reference (ULU) used for ranking a trapezoidal 

Atanassov intuitionistic fuzzy number. 

  

centre and is denoted using the formula: 

V �W�����X
0X V W�����X

0XY . A trapezoid can be divided into 

three parts i.e. one rectangle and two triangles and centroid of 

each when joined forms a triangle. The centroid of this 

resultant triangle can be considered to be a better point of 

reference for the purpose of ranking. A trapezoidal Atanassov 

intuitionistic fuzzy number 〈�8, 9, ,, ��, �K, W, M, ℎ�〉 can be 

seen as two trapezoids, one representing the membership 

function and the other representing the non-membership 

function. Each of the trapezoids can be further divided into 

three parts. For the trapezoid denoting the membership 

function, M%, M[ and M\ are the centroids of the two triangles 

and one rectangle respectively. Similarly, M], M^ and M_ 

signifies the centroids of the two triangles and one rectangle 

respectively of the trapezoid representing the non-membership 

function as shown in Fig. 1. The centroid values of these two 

resultant triangles can be computed using the following 

formulas: 

The centroid of the triangle M%M\M[ = U%           

U% = ��%, C%� = `�\*@a@bc@\d�
%e , b

%ef                                        (3) 

The centroid of the triangle M]M_M^ = U\                                

U\ = ��\, C\� = `�\g@h@\i@bj�
%e , %%

%ef                                        (4) 

Then, the value that can be used for ranking can be evaluated 

using the following formula: 

UKHNkL2� LW ,KHNkL2�l �ULU� = mn+o@+p
\ q\ + nro@rp

\ q\
    (5) 

After the ULU values are computed for the total collected 

score of each feasible path, then 58Hs �5� is assigned to each 

of the paths i.e. the path with higher ULU value gets a higher 

rank. 

IV. ATANASSOV INTUITIONISTIC FUZZY ORIENTEERING 

PROBLEM (AIFOP) 

A.  Formulation of AIFOP 

We apply the above derived formula of distance between 

two AIFPs (Proposition 1) on Orienteering Problem (OP) 

which can be represented as an undirected graph !�", �� 

where � signifies the set of edges and " = 	$%, … … . . , $&� is 

the set of vertices. Let the two functions i.e. distance function 

on edges be denoted as �: � → ℜ@ and the function for score 

on vertices can be stated as 6: " → ℜ@. The goal here is to 

determine a Hamiltonian Path �#� that satisfies the distance 

bound �()*+�, connects the source �$%�, target �$&� and a 

subset of vertices �"'� of " such that the total collected score 



1063-6706 (c) 2015 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TFUZZ.2015.2452948, IEEE Transactions on Fuzzy Systems

 

 
Fig. 2. Input graph ! with number of nodes �w� = 5 , source �$%� = 1, target �$&� = 5 and the co-ordinate values (Atanassov intuitionistic fuzzy points) and the 
score values ( trapezoidal Atanassov intuitionistic fuzzy numbers) of each node. 

 

is maximized [15]. OP finds several real life applications 

which include the fields of logistics, home delivery system, 

disaster management system, tourism industry etc. In each of 

the stated applications, the parameters involved i.e. score and 

distance cannot be determined precisely. Also, there exists 

some uncertainty in the position of the city or location. This 

leads to the need of using some technique to tackle this 

uncertainty. One such method is the use of Atanassov 

intuitionistic fuzzy points to model the uncertainty in the 

position and Atanassov intuitionistic fuzzy numbers to tackle 

the imprecise nature of the parameter score. 

B. An Algorithm for solving AIFOP 

Input: A given graph ! with nodes represented as 

Atanassov intuitionistic fuzzy points and score of each node 

represented as a trapezoidal Atanassov intuitionistic fuzzy 

number. 

Output: A path �#� that satisfies the distance bound ()*+ and 

maximizes the total collected score. 

Step 1: Calculate the Atanassov intuitionistic fuzzy distance 

values (i.e. the weight of each edge denoted as ��yz) using the 

following formula: 

�34���, -, 2�, �C, :, ;� = ����, C�, �2H	-, :�, �8�	2, ;��      (6) 

Where, ���, C� denotes the Euclidean distance between two 

nodes. 

Step 2: Determine all possible paths connecting the source and 

target. For each path calculate: 

 

 

 

(a) the total distance covered by the path using the following 

formula: (addition of two Atanassov intuitionistic fuzzy 

points)                       

 ��, -, 2� + �C, :, ;� = ��� + C�, �2H	-, :�, �8�	2, ;�    (7) 

(b) the total score collected on traversing a path using the 

following formula: (addition of two trapezoidal Atanassov 

intuitionistic fuzzy numbers).                        

〈�8%, 9%, ,%, �%�, �K%, W%, M%, ℎ%�〉 +
〈�8\, 9\, ,\, �\�, �K\, W\, M\, ℎ\�〉  

                     = 〈�8% + 8\, 9% + 9\, ,% + ,\, �% + �\�,
�K% + K\, W% + W\, M% + M\, ℎ% + ℎ\� 〉         (8) 

Step 3: Discard those paths from the set of all possible paths 

that do not satisfy the ()*+ values (using Definition 1(1)). 

Step 4: Rank the scores of the remaining paths to determine 

the most desirable path (i.e. the path that satisfies the upper 

limit on the distance covered and has the best total collected 

score value) using (3)-(5). 

So, the path with 5 = 1 is considered to be the most 

desirable path and returned as output. If two paths have the 

same score values then their rank values are computed on the 

basis of the total distance covered by those paths (i.e. the path 

that covers less distance, gets higher ranking). 

V. ILLUSTRATIVE EXAMPLE 

Consider the network in Fig. 2. 

Step 1: The �yz value of each edge is computed using (6) and 

the values are presented in Table I. 
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TABLE I 

THE �yz  VALUE OF EACH EDGE 

Edge Label Distance Values of each Edge �{|}  

1 − 2 A �0.76, 0.6, 0.3� 

1 − 3 B �7.64, 0.5, 0.5� 

1 − 4 D �7.88, 0.6, 0.3� 

1 − 5 C �9.38, 0.6, 0.3� 

2 − 3 E �7.03, 0.5, 0.5� 

2 − 4 G �7.14, 0.7, 0.2� 

2 − 5 H �7.15, 0.8, 0.2� 

3 − 4 I �2.62, 0.5, 0.5� 

3 − 5 J �6.77, 0.5, 0.5� 

4 − 5 K �4.39, 0.7, 0.1� 

 

TABLE II 
THE VALUE OF TOTAL DISTANCE COVERED AND TOTAL SCORE COLLECTED ON 

TRAVERSING EACH PATH 

Path Total Distance 

Covered by the 

Path 

Total Score Collected by the 

Path 

#%: 1 − 5 �9.38, 0.6, 0.3� 〈�1,2,8,9�, �0,2,8,10�〉 

#\: 1 − 2 − 5 �7.91, 0.6, 0.3� 〈�9,11,19,21�, �6,10,20,24�〉 

#[: 1 − 3 − 5 �14.41,0.5,0.5� 〈�4,7,17,20�, �1,6,18,23�〉 

#]: 1 − 4 − 5 �12.27,0.6,0.3� 〈�18,22,32,36�, �14,20,34,40�〉 

#_: 1 − 2 − 3 − 5 �14.56,0.5,0.5� 〈�12,16,28,32�, �7,14,30,37�〉 
#̂ : 1 − 3 − 2 − 5 �21.82,0.5,0.5� 〈�12,16,28,32�, �7,14,30,37�〉 
#b: 1 − 2 − 4 − 5 �12.29,0.6,0.3� 〈�26,31,43,48�, �20,28,46,54�〉 

#e: 1 − 4 − 2 − 5 �22.17,0.6,0.3� 〈�26,31,43,48�, �20,28,46,54�〉 

#�: 1 − 3 − 4 − 5 �14.65,0.5,0.5� 〈�21,27,41,47�, �15,24,44,53�〉 

#%�: 1 − 4 − 3 − 5 �17.27,0.5,0.5� 〈�21,27,41,47�, �15,24,44,53�〉 

#%%: 1 − 2 − 3 − 4 −
5  

�14.8,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 

#%\: 1 − 2 − 4 − 3 −
5  

�17.29,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 

#%[: 1 − 3 − 4 − 2 −
5  

�24.55,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 

#%]: 1 − 4 − 3 − 2 −
5  

�24.68,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 

#%_: 1 − 4 − 2 − 3 −
5  

�28.82,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 

#%^: 1 − 3 − 2 − 4 −
5  

�26.2,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 

 

TABLE III 

THE SOLUTION SET AFTER DISCARDING THOSE PATHS THAT DO NOT SATISFY 

THE DISTANCE BOUND �()*+� 

Path Total Distance 

Covered by the 

Path 

Total Score Collected by the 

Path 

#%: 1 − 5 �9.38, 0.6, 0.3� 〈�1,2,8,9�, �0,2,8,10�〉 
#\: 1 − 2 − 5 �7.91, 0.6, 0.3� 〈�9,11,19,21�, �6,10,20,24�〉 
#[: 1 − 3 − 5 �14.41,0.5,0.5� 〈�4,7,17,20�, �1,6,18,23�〉 
#]: 1 − 4 − 5 �12.27,0.6,0.3� 〈�18,22,32,36�, �14,20,34,40�〉 
#_: 1 − 2 − 3 − 5 �14.56,0.5,0.5� 〈�12,16,28,32�, �7,14,30,37�〉 
#b: 1 − 2 − 4 − 5 �12.29,0.6,0.3� 〈�26,31,43,48�, �20,28,46,54�〉 
#�: 1 − 3 − 4 − 5 �14.65,0.5,0.5� 〈�21,27,41,47�, �15,24,44,53�〉 
#%�: 1 − 4 − 3 −
5  

�17.27,0.5,0.5� 〈�21,27,41,47�, �15,24,44,53�〉 
#%%: 1 − 2 − 3 −
4 − 5  

�14.8,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 
#%\: 1 − 2 − 4 −
3 − 5  

�17.29,0.5,0.5� 〈�29,36,52,59�, �21,32,56,67�〉 
 

TABLE IV 

RANKS ASSIGNED TO THE PATHS TO DETERMINE THE MOST DESIRABLE PATH 

Path Total Distance 

Covered by the 

Path 

CoC Values 

for Score 

Rank 

#%: 1 − 5 �9.38, 0.6, 0.3� 4.417 10 

#\: 1 − 2 − 5 �7.91, 0.6, 0.3� 11.51 8 

#[: 1 − 3 − 5 �14.41,0.5,0.5� 9.846 9 

#]: 1 − 4 − 5 �12.27,0.6,0.3� 20.006 6 

#_: 1 − 2 − 3 − 5 �14.56,0.5,0.5� 17.396 7 

#b: 1 − 2 − 4 − 5 �12.29,0.6,0.3� 27.171 3 

#�: 1 − 3 − 4 − 5 �14.65,0.5,0.5� 25.504 4 

#%�: 1 − 4 − 3 − 5 �17.27,0.5,0.5� 25.504 5 

���: � − � − � − � − � �14.8,0.5,0.5� 32.670 1 

#%\: 1 − 2 − 4 − 3 − 5  �17.29,0.5,0.5� 32.670 2 

 

Step 2: All the possible paths are determined and the 

following values are calculated and presented in Table II. 

(a) Total distance covered by the path using (7). 

(b) Total score collected on traversing a path using (8). 

Step 3: Those paths that do not satisfy the distance bound 

�()*+� are discarded using Definition 1(1) and the remaining 

paths that form the solution set are stated in Table III. 

Step 4: The paths obtained after Step 3 are ranked using (3)-

(5) to determine the most desirable path and the values are 

stated in Table IV. 

So, the most desirable path is #%% that collects the maximum 

possible score within the specified distance constraint. 

VI. CONCLUSION 

In this paper, we proposed a new definition for Atanassov 

intuitionistic fuzzy metric space using the idea of Atanassov 

intuitionistic fuzzy point and Atanassov intuitionistic fuzzy 

scalars. We use the concept of AIFP and apply the distance 

measure thus proposed for the first time on the Atanassov 

intuitionistic fuzzy orienteering problem to model the 

uncertainty present in the position or location and the two 

parameters involved i.e. distance and score. Also, with the 

help of an illustrative example, we suggested a method to 

solve AIFOP. In future, we plan to use some heuristic or meta-

heuristic like the ant colony optimization algorithm, firefly 

algorithm, flower pollination algorithm etc. to replace the 

exhaustive search method and apply the proposed technique 

for larger graphs. 
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ABSTRACT
Several algorithms exist to determine the shortest path in a network for the crisp case where the weights are 
real numbers. In the real world, these weights represent parameters like cost, packet arrival time, link capacity 
etc which are not naturally precise. To model the uncertainty involved, for the first time we use the Gaussian 
fuzzy numbers as weights and a method has been presented in this paper to determine the fuzzy shortest path. 
Gaussian membership functions are preferred over other membership functions (triangular and trapezoidal) that 
are easy to analyze because it is continuous and differentiable enabling efficient gradient based optimization 
and it is simpler to represent because it requires fewer parameters. The issue of performing fuzzy arithmetic 
operations to calculate the fuzzy shortest path length and the corresponding fuzzy shortest path in the network 
has been addressed and to tackle it the concept of decomposed fuzzy numbers has been used. Also, a greedy 
algorithm which is an extension of Dijkstra’s algorithm for fuzzy shortest path problem has been proposed.

Keywords:	 Decomposed Fuzzy Numbers, Fuzzy Shortest Path, Fuzzy Shortest Path Length, Link Preference 
Index, Quasi-Gaussian Fuzzy Numbers, Ranking

INTRODUCTION

In the field of mathematics and computer sci-
ence, graphs are structures used to depict the 
pair wise relations between the objects from a 
collection. A graph can be represented as 
G V E= ( ),  where V  is the set of vertices and 
E  is the set of edges connecting pair of verti-
ces. In a network, a path is an alternating se-
quence of vertices and edges connecting a source 
node and a destination node. In general, there 

can be more than one path connecting the source 
node and the destination node, the shortest path 
is one where the sum of the weights assigned 
to the edges is minimum. The problem of find-
ing the shortest path is of great importance in 
graph theory as it finds various real life ap-
plications like communication, computer net-
works, transport, routing, supply chain manage-
ment etc. (Elizabeth & Sujatha, 2011; Hernandes 
et al., 2007; Ravishankar et al., 2012). An ex-
ample of finding the shortest path could be to 
determine the route between city A and city B 
on a road map with minimum travel time. Here 
the various connecting cities between city A DOI: 10.4018/ijfsa.2013040104
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and city B can be represented as vertices and 
their connecting road segments can be repre-
sented as edges connecting the vertices. In the 
real world the weights assigned to these edges 
correspond to cost, time, capacities or demand 
which are represented as real numbers. How-
ever these parameters are not naturally precise 
and the uncertainty involved cannot be modelled 
using real numbers. This gives rise to the fuzzy 
shortest path problem (FSPP) where the weights 
are taken as fuzzy numbers in order to deal with 
the uncertainty. In a graph, various types of 
fuzziness are possible which are given by Blue 
et al (2002) as:

•	 Type I: Fuzzy set of crisp graphs;
•	 Type II: Crisp vertex set and fuzzy edge set;
•	 Type III: Crisp vertices and edges with 

fuzzy connectivity;
•	 Type IV: Fuzzy vertex set and crisp edge 

set;
•	 Type V: Crisp graph with fuzzy weights.

To tackle the non-statistical uncertainty 
in problems, fuzzy set theory was proposed 
by Zadeh (1978) and using this theory a lot of 
work has been done in the area of shortest path 
problem. Dubois & Prade (1980) first intro-
duced the “Fuzzy Shortest Path Problem” and 
found the fuzzy shortest path length (FSPL) in 
a network using the Floyd’s algorithm and the 
Ford’s algorithm. However, the corresponding 
shortest path may not be present in the network. 
A dynamical programming recursion-based 
fuzzy algorithm was proposed by Klein (1991) 
and in 2006 another dynamic programming ap-
proach was used to solve FSPP using triangular 
fuzzy numbers (Kung et al., 2006). Later, an 
attempt was made to determine the fuzzy short-
est path present in the network corresponding 
to the calculated FSPL using different fuzzy 
numbers (triangular, trapezoidal and discrete 
fuzzy numbers) as arc lengths and was suc-
cessfully accomplished by using the concept 

of “Similarity Measure” where a comparison 
was made between each path length and the 
shortest path length, the one with the highest 
similarity degree was concluded as the fuzzy 
shortest path (FSP) (Chuang & Kung, 2005; 
Chuang & Kung, 2006; Sujatha & Elizabeth, 
2011). Other than similarity measure, “ranking 
index” has also been used for determining the 
FSP in the network by comparing individual 
path lengths with the shortest path length and 
assigning ranks in order to determine the FSP 
(Elizabeth & Sujatha, 2011).

All of the reported research work is based 
on piece-wise linear membership functions 
like trapezoidal or triangular (Ebrahimnejad, 
2012; Elizabeth & Sujatha, 2011). Although 
these membership functions are easy to ana-
lyze, they are unsuitable for applying gradient 
based parameter optimization methods (Don-
grui, 2012). Gaussian membership function 
is simpler to represent since it requires fewer 
parameters. It is continuous and differentiable 
enabling efficient gradient based optimization 
in cases where actual measurement data is 
used to identify the parameters of membership 
functions while using parameter estimation and 
system identification techniques, continuity and 
differentiability and fewer parameters are highly 
desirable (Grauel & Ludwig, 1999). Kashtiban 
et al. (2008) have used a recursive extended 
Kalman filter to obtain very good estimates of 
membership function from observed data, their 
method also requires the membership function 
to be continuous and differentiable leading to 
a choice of Gaussian functions.

The proposed method is applicable to all 
problems related with computer networks, 
vehicle routing, job scheduling etc. In all these 
applications, the parameters are not exactly 
known but estimated from samples of past ob-
servations. For example, in computer networks, 
specially wireless networks, the signal to noise 
ratio (SNR) is a crucial parameter. Networks 
suffer from several noise types- thermal, in-
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duced, crosstalk, impulse or atmospheric noise. 
In such a case, the Shannon capacity of a link 
is given by:

capacity bandwidth SNR= × +( )log
2
1 	

Since in practical situations noise is a net 
effect of several independent phenomena, it 
tends to follow Gaussian distribution (the cen-
tral limit theorem). By limiting the Gaussian 
function to 3σ  on either side of the mean gives 
a 6σ  design where 99.99966% values are 
taken care of by the model. Similarly, in ve-
hicle routing applications, traffic conditions 
and in job scheduling processing times are 
naturally modelled by the proposed Quasi-
Gaussian fuzzy numbers. Thus, we find that 
Quasi-Gaussian fuzzy numbers represent a 
realistic model for many real applications.

In this paper we first give a description of 
the problem and justify the techniques used. 
Then we provide the definition and explanation 
of the terms and techniques used in this paper. 
Afterwards an explanation of the steps and 
process of solving the FSPP using an illustra-
tive example is presented. Next we present an 
extension of the classical greedy shortest path 
algorithm for the case of fuzzy numbers. Finally, 
the paper is concluded in the last section.

PROBLEM FORMULATION

In this paper, type V graph is considered where 
the weights assigned to the edges are fuzzy num-
bers. There are several types of fuzzy numbers 
(triangular, trapezoidal, and Gaussian etc.) and 
the one used here is a variation of Gaussian 
fuzzy numbers called Quasi-Gaussian fuzzy 
numbers which are taken as weights allotted 
to the edges of the graph.

It is therefore highly desirable to have 
a shortest path algorithm that models uncer-
tainty in link weights with Gaussian function 
expressed as:

µ σ
σ

x x m exp
x x

m

; , ,( ) = −
−

















1

2
	

where, x  is the centre, σ  is the width and m  
is the fuzzification factor. Various shapes come 
into existence by varying the values of these 
parameters showing different degree of fuzzi-
ness which are shown in Figure 1:

To model the FSPP, here we use a variation 
of Gaussian membership function called 
Quasi-Gaussian membership function, the 
definition and explanation of which has been 
presented in the next section of preliminaries. 
The concept of decomposed fuzzy numbers is 
used to execute the fuzzy arithmetic operations 
on these Quasi-Gaussian fuzzy numbers and 
the process of conversion and execution of 
arithmetic operations has been explained in a 
later section of this paper. The technique used 
for determining the minimum of two decom-
posed fuzzy numbers using the concept of 
lattice of fuzzy numbers and α -cuts is preferred 
over other ranking methods like those discussed 
in the paper by Ramli and Mohamad (2009) 
using the centroid index that falls under the 
category of fuzzy scoring techniques. These 
centroid indexes can be used for ranking of 
triangular and trapezoidal fuzzy numbers as 
most of it involves calculating the area under 
the curve which requires less number of calcu-
lations in case of triangular and trapezoidal 
fuzzy numbers and more calculations when 
Gaussian fuzzy numbers are involved, thereby 
increasing the complexity of the operations. 
Another reason for using this method of deter-
mining the minimum of two decomposed fuzzy 
numbers is that the centroid methods fail to 
rank fuzzy numbers with the same centre values 
x( )  but different spread or width values σ( )  

but in our case this situation can be easily 
handled and the minimum of two fuzzy numbers 
can be generated as the concept of α -cuts is 
used here.
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PRELIMINARIES

In this section some definitions are stated and 
some fuzzy arithmetic operations and ranking 
indexes are reviewed which are the requisites 
for solving the FSPP.

Definition 1: Quasi Gaussian 
Fuzzy Number

Fuzzy numbers find a lot of practical applica-
tions and Gaussian fuzzy numbers can be applied 
in various fields so it is beneficial to limit the 
Gaussian fuzzy numbers and derive a new 
category called “Quasi-Gaussian fuzzy number” 
(QGFN). QGFN is a Gaussian fuzzy number 
with finite support i.e. the value of x beyond 
x  - 3σ

l
 and x  + 3σ

r
 is zero where x  is the 

modal value, σ
l
 and σ

r
 denote the left and 

right spreads respectively corresponding to the 
Gaussian distribution’s standard deviation. We 
use Hanss (2005) notation as follows:

p = gfn* x
l r

, ,σ σ( ) 	 (1)

Here p is a QGFN and the membership 
function µ

p
x( )  is defined as the equation shown 

in Box 1.

Definition 2: Decomposed Fuzzy 
Numbers (DFN)

Fuzzy arithmetical operations like addition, 
subtraction etc. can be performed in several 
ways using Zadeh’s extension principle, LR 
fuzzy numbers (Dubois & Prade, 1978; Dubois 
& Prade, 1979), discretized fuzzy numbers 
(Hanss, 1999; Hanss & Willner, 2000) and 
decomposed fuzzy numbers (Moore, 1966). 
Here we prefer decomposed fuzzy numbers 
which implements interval arithmetic because 
in case of Zadeh’s extension principle, the same 
output is generated by an infinite number of 
combinations of the input values and thus it is 

Figure 1. Different shapes obtained by varying the value of fuzzification factor m
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not useful for practical implementations. When 
L-R fuzzy numbers are used in fuzzy arithme-
tic for performing the elementary operations, 
it is necessary to introduce certain approxima-
tion procedures due to which significant amount 
of information is lost and therefore it is not 
suitable for practical implementation. To over-
come the drawbacks of the above stated two 
methods, the concept of discretized fuzzy 
numbers was introduced where the continuous 
membership functions of the fuzzy numbers 
were discretized and the  µ -axis was divided 
into intervals. But it was observed that after 
performing the elementary operations when the 
continuous counterpart of the result was recon-
structed by joining the lines between the ele-
ments of the discretized fuzzy number (output), 
the resultant fuzzy number did not satisfy the 
convexity property of fuzzy numbers so some 
more operations were performed to eliminate 
the invalid elements from the final discretized 
fuzzy number generated as the output of the 
elementary operations. To avoid the extra cal-
culation involved in case of discretized fuzzy 
numbers, the idea of decomposed fuzzy numbers 
came into existence that implements the concept 
of interval arithmetic and performs the elemen-
tary operations using the α -cut values and is 
well suited for practical applications (Hanss, 
2005). This is the approach taken in the present 
paper as well.

A fuzzy set A can be represented as se-
quence of α -cuts. An α -cut Aα( )  of A is 
defined as (Hanss, 2005):

Aα  = α -cut (A) = x x
A

|µ α
�

�( ) ≥{ } 	

where α  ∈  0 1,

 .

To reduce the infinite number of α -cuts 
and make the decomposed fuzzy numbers us-
able for practical applications, the infinite set 
is reduced to a finite one by selecting some 
discrete values α

j
 = µ

j
 for α  [18].

The finite set is created by dividing the 
interval [0, 1] into k  sub-intervals by applying 
the following formula (Hanss, 2005):

∆µ =
1

k
	

Now the discrete values are:

� �
�
,�� , , .µ

j

j

k
j k= = …………0 1 	

with the properties:

Box 1. 

µ

σ

p

l

x

for x

x

x

x

( ) =

≤ −

−
−( )

�� ������������������������ � � � �

exp
�

0 3
2��

������������ � � � � �

�

����������

2
3

2σ
σ

l

l
for xx x



















− < <

��������������������������� � � ������������             ∀ ∈x R ������

exp
�

����������� � � � �

�

−
−( )

















≤ < +
x

for x
x

x x
r

2

22σ
33

0 3

σ

σ

r

r
for x x��������������������� � � �> +











                                      (2)
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µ µ
0 1

0 1= =, 	

� � � ,��� , , .µ µ µ
j j

j k+ = + = ………… −
1

0 1 1∆ 	

The parameter k  which controls the degree 
of refinement is called the decomposition num-
ber. The decomposed form of the fuzzy number 
p
i
 that corresponds to the finite number of 
α -cuts is represented by the set:

P X X X
i i i i

k= …………{ }( ) ( ) ( )� ,� ,� ..,
0 1  of	  

k +( )1  intervals 	 (3)

where:

X a b cut p
i

j

i

j

i

j

ij

( ) ( ) ( )= 




= ( )� ,� � µ 	

a b j k
i

j

i

j( ) ( )≤ = ………………� ,�� , , .1 2 	

These k +( )1  intervals are called intervals 
of confidence.

Definition 3: Addition 
Operation Using DFN

If two decomposed fuzzy numbers X j

1

( )  and 

X
j

2

( )  represented by the interval a b
j j

1 1

( ) ( )





,  and 

a b
j j

2 2

( ) ( )





,  respectively, are to be added to form 

the result Z j( )  shown by the interval a b
j j( ) ( )





,  

then:

a b a b

a a b

j j j j

j j

a
j

1 1 2 2

1 2

( ) ( ) ( ) ( )

( ) ( )






+ 





= +
( )

, ,

,
11 2

j j

b

b
j

( ) ( )+

















( )

��
	 (4)

The concept of interval arithmetic induced 
by the decomposed fuzzy numbers is preferred 
over other methods of performing fuzzy 
arithmetic operations due to its less complex 
implementation (Hanss, 2005).

Definition 4: Minimum 
Operation Using DFN

As stated by Klir and Yuan (1997), the set of 
real numbers R is linearly ordered and a pair 
of value p  and q  can be stated as either p q≤  
orq p≤ . Here, the lattice R,≤( )  can be pre-
sented by an operation:

min p q
p if p q

q if q p
,( ) =

≤
≤








 	

for every p q R, ∈ 	

However, this kind of linear ordering can-
not be applied on fuzzy numbers and the 
minimum operation on two fuzzy numbers AB,  
is expressed as MIN A B,( ) .

Let S denote the set of all fuzzy numbers 
then the triple <S MIN MAX, , > is a distribu-
tive lattice in which MIN  corresponds to meet 
and MAX  corresponds to join operation (Klir 
& Yuan, 1997).

It is possible to define partial ordering on 
the lattice <S MIN MAX, , >.

The decomposed fuzzy numbers are rep-
resented in terms of α -cuts and these α -cuts 
can also be utilized in finding the partial order-
ing of the fuzzy numbers.

For any A B S, ∈  and α ∈ 

0 1,  if the 

α -cut of A  is expressed as Aα  and that of B  
as Bα  where A a aα = 


1 2

,  and � ,B b bα = 

1 2
. 

Then:

MIN A B min a b min a bα α, , , ,( ) = ( ) ( )



1 1 2 2
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Similarly, in case of decomposed fuzzy 
numbers X andX

j j

1 2

( ) ( )� �  represented by the in-

terval a b
j j

1 1

( ) ( )





,  and a b
j j

2 2

( ) ( )





,  respectively, the 

minimum of the two fuzzy numbers can be 

represented as Z
min

j( )  stated as interval a b
j j( ) ( )





,  

then:

Z a b

min a a min b b

min

j j j

j j j j

( ) ( ) ( )

( ) ( ) ( ) ( )

= 





= ( ) (
,

, , ,
1 2 1 2 ))






�

	 (5)

Definition 5: Link 
Preference Index (LPI)

The LPI defines the ranking order where each 
path length Z

I( )  is compared with the FSPL

Z
min( )  which is shown in Figure 2. The path 

Z
I( )  with the highest LPI is preferred to all 

other paths and is the fuzzy shortest path i.e.:

Z Z iff LPI Z Z LPI Z Z
min min1 2 1 2

< <( )> <( )��
� �

The formula for LPI using QGFN is derived 
as follows:

Z gfn x
min l r
= ( )* , ,σ σ 	

Z gfn x
I I I Il r
= ( )� ,�� ,��* σ σ 	

Let µ
d

 be the membership function.
If x x x

r
≤ < + 3σ :

µ σ
d r
exp x x= − −( )







2 22/ 	

=> =
−( )

log
1

2

2

2µ σd r

x x
	

� � log=>










= −( )2

12 2
σ

µr
d

x x 	

�� � log=>










= −σ

µr
d

x x2
1 	

� log � �=> =










+

















x x
r

d

σ
µ

2
1 	 (6)

Figure 2. Link preference index diagram
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If x x x
I Il

− < <�3σ :

µ σ
d I I
exp x x

l
= − −( )











2
22/ 	

� � log � �=> =










+

















x x
I

d
Il

σ
µ

2
1 	 (7)

Equating (6) and (7):

=>











+ =










+

σ
µ

σ
µ

r
d

I
d

I
x x

l

2
1

2
1

log

log

	

=> − =











−











� � � log

� log

x x
I I

d

r
d

l
σ

µ

σ
µ

2
1

2
1

	

�� � � � log �� �=> − = −( )x x
I

d
I rl

2
1

µ
σ σ 	

� �� log �
�

�
=>











=

−( )
−( )

2
1

µ σ σd

I

I r

x x

l

	

Squaring on both sides:

� log � /=>










= −( ) −( )





2
1 2

µ
σ σ

d
I I r

x x
l

	

� ��log � /=> = −( ) −( )





1 1

2

2

µ
σ σ

d
I I r

x x
l

	

µ σ σ

σ σ

d I I r

I r

exp x

where

x
l

l

= − −( ) −( )











≠

� / ,��

��

2 2

2
     (8)

We take:

LPI exp x

if

x
I I r

I r

l

l

= − −( ) −( )











≠

� / �

� �

2 2

2 σ σ

σ σ
    (9)

The above stated formula can accurately 
rank the Quasi-Gaussian fuzzy numbers but 
cannot tackle situations where the left spread 
 σ
Il
( )  of Z

I
 becomes equal to the right spread 

σ
r( )  of  Z

min
. To deal with such a situation, we 

consider the following three cases:

Case I:

if x x
I I rl

��� �− < +3 3σ σ 	

=> − < +( )��x x
I I rl

3 σ σ 	

� � �=> − = +( ) < <x wherex
I I rl

3 0 1ε σ σ ε 	

� � �� / �=> + = −





σ σ ε
I r Il

x x 3 	

Let x x x
I

   −( )=∆ 	

� � �� / �=> + = 

σ σ ε

I rl
x∆ 3 	 (10)

Squaring on both sides:

=> + + = ( )







� � /σ σ σ σ ε
I r I rl l

x2 2 2 22 9∆ 	

� �=> + =σ σ
I rl

2 2 ∆x
I rl

( )






−

2 29 2/ ε σ σ   (11)

Substituting 11( )  in 9( ) , we get:

LPI exp x
I rl

= − −( ) −( )











∆
2 2

2/ σ σ 	
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=>
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     (12)

Similarly we get the following equations 
for Case II and Case III:

Case II:

if x x
I I rl

�� �− = +3 3σ σ 	

LPI exp
x

x
I rl
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( )
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Case III:

if x x
I I rl

�� �− > +3 3σ σ 	
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Box 2. 

LPI
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I Il
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ILLUSTRATIVE EXAMPLE

The fuzzy shortest path for the following net-
work shown in Figure 3 is determined using 
link preference index.

The following steps are applied on the 
network shown in Figure 3:

Step 1: Construct a network � ,G V E= ( ) .

Figure 3 shows a network G   with 
V and E= =6 8� �  where V andE   are the set 
of vertices and set of edges respectively. The 
edge weights in the form of QGFN are as fol-
lows:

S gfn= 





* , ,9 3 2 	

Q gfn= 





* , ,20 6 4 	

R gfn= 





* , ,10 2 2 	

U gfn= 





* , ,15 5 5 	

� , ,*V gfn= 



14 4 5 	

W gfn= 





* , ,8 1 2 	

� , ,*Y gfn= 



16 3 4 	

G gfn= 





* , ,20 6 4 	

Step 2: Find all possible paths P
I( ) , from 

source vertex to the destination vertex.

In the considered network G four paths are 
possible from the source vertex 1 to the destina-
tion vertex 6 which are as follows:

P S U W G
1
= + + + 	

P S U Y
2
= + + 	

�P S R V G
3
= + + + 	

P Q V G
4
= + + 	

Step 3: Convert the weights (QGFN) of the 
edges present in the path P

I( )  to DFN, 
using Definition 2.

The above stated edge weights are now 
converted into decomposed fuzzy numbers 
which are shown below.

Let the value of �K = 2 , and then the fol-
lowing intervals are generated:

Figure 3. Network



International Journal of Fuzzy System Applications, 3(2), 55-70, April-June 2013   65

Copyright © 2013, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.

� , , . , . , ,

,

.
S

Q

= 











{ }

= 





0 15 5 5 11 5 9 9

2 32

0 0 5 1

0
,, , , ,

.
13 25 20 20

0 5 1








{ }

	

R

U

= 













{ }

= 





4 16 7 5 12 5 10 10

0 30

0 0 5 1
, , . , . , ,

,

.

 






{ }0 0 5 1

9 21 15 15, , , ,
.

	

V

W

= 












{ }

= 





2 29 9 20 5 14 14

4 14

0 0 5 1

0

, , , . , ,

, ,

.

66 5 10 5 8 8
0 5 1

. , . , ,
.







{ }

	

Y

G

= 













{ }

= 




7 28 12 5 21 16 16

1 22

0 0 5 1

0

, , . , , ,

,

.

,, . , , ,
.

4 5 13 7 7
0 5 1







{ }

	

Step 4: Compute the path length Z
I( )  for each 

of the paths P
I( )  found using Definition 

3 I n= …………( )1 2, ., .

Let the path lengths be denoted by 
Z Z Z Z

1 2 3 4
, , ,  of paths P P P P

1 2 3 4
, , ,  respec-

tively. As per the Definition 3, the following 
path lengths are generated:

Z
1

0 0 5 1
5 81 25 5 56 39 39= 



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Step 5: Compute the fuzzy shortest path length 
Z
min( )  using Definition 4.

Using Definition 4, the FSPL Z
min( )  is 

calculated considering � , , � �Z Z Z andZ
1 2 3 4

:

Z
min
= 





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


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
{ }5 73 25 5 53 5 39 39

0 0 5 1
, , . , . , ,
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Step 6: Convert Z for I n
I
��� � , , .,= …………1 2  

and Z
min

 to QGFN.

Now the path lengths Z Z Z Z andZ
min1 2 3 4

, , ,  
are converted back from decomposed fuzzy 
numbers to QGFN:

Z gfn
1

39 11 15= 





* , , 	

Z gfn
2

40 11 11= 



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* , , 	

� , ,*Z gfn
3

40 10 14= 
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
 	

� , ,*Z gfn
4

41 13 15= 



 	

Z gfn
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= 





* , ,39 11 12 	

Step 7: Calculate the LPI between Z
min

 and 
Z for I n
I
����� �� , , ..,= ………1 2  u s i n g 

Definition 5. Assign ranks to each of the 
paths P

I( ) .

Using equation 15 of Definition 5, we get 
the LPI and ranks seen in Table 1.

Step 8: Identify the fuzzy shortest path as the 
one with the highest LPI.

The different paths along with their ranks 
are shown in the following Figure 4.

The fuzzy shortest path in the network 
considered is P

1
 which has the highest LPI 

value and hence the greatest rank 1.If all the 
weight spreads are set to zero, the QGFN is 
reduced to its crisp value and then it can be 
easily determined that the shortest path is P

1
 

which is the same as generated using LPI. The 
two path lengths Z

2
 and Z

3
 have the same 

modal values 40. Hence, using the centroid 
method, we cannot rank the two path lengths 
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but LPI has the advantage of ranking these two 
path lengths.

EXTENDED DIJKSTRA’S 
ALGORITHM USING FIBONACCI 
HEAP AND QUASI-GAUSSIAN 
MEMBERSHIP FUNCTIONS

The algorithm stated below is an extended ver-
sion of the Dijkstra’s algorithm that generates 
the shortest path for a source-destination pair. 

Table 1. LPI value and ranks of different paths 

Path Equation LPI Value Rank

P
1

1 2 4 5 6: − − − − LPI Z Z
min
<( )1 1 1

P
2

1 2 4 6: − − − LPI Z Z
min
<( )2 0.98 2

P
3

1 2 3 5 6: − − − − LPI Z Z
min
<( )3 0.97 3

P
4

1 3 5 6: − − − LPI Z Z
min
<( )4 0.136 4

Figure 4. Ranking of paths in the network



International Journal of Fuzzy System Applications, 3(2), 55-70, April-June 2013   67

Copyright © 2013, IGI Global. Copying or distributing in print or electronic forms without written permission of IGI Global is prohibited.

If one requires all the shortest paths emanating 
from the source, the algorithm can be rerun 
using different targets or destination nodes. In 
steps 1-3, the array maintaining the value of 
LPI for each vertex is initialized with  −∞ . In 
the next step, for the vertex chosen as source 
the value of LPI is replaced with a zero. In step 
5, the INSERT () function is used to initialize 
the priority queue Q with the LPI value of each 
vertex. In step 6, an array  V

T
, used to store the 

sequence of nodes in the shortest path is initial-
ized. From steps 7-21, a while loop runs inside 
which u  is a variable that holds the vertex with 
the maximum value of LPI in Q and DE-
LETE_MAX () is a function used to delete that 
vertex from Q and store it in variable u*  which 
is then placed in the array  V

T
. Then in step 

14-15, for each neighbour v  of vertex  u , the 
new LPI value is calculated using the function 
LPI between_ ,V v

T( )  that uses equation 15. 

For the sequence of nodes in  V
T

, first the 
weights of the edges connecting them is added 
then that value is compared with the weights 
of the edges connecting the neighbouring ver-
tices v  of u . This new LPI value of vertex v  
is saved in the variable  val . In steps 16-17, we 
compare to see if the new LPI value of v  is 
greater than the previous one stored in the array 
LPI, if yes the value LPI [v ] is updated and 
the INCREASE () function is used to update 
the LPI value of vertex v  in Q. In step 21 the 
while loop is ended when u t=  where t  is 
the specified destination vertex. Finally, in step 
22 the array  V

T
 is returned which stores the 

shortest path.
When the priority queue Q is implemented 

as an ordinary array or a linked list, the running 

time of the algorithm is �O V
2





 . When an 

adjacency list is used for storing a graph and a 
Fibonacci heap is used for implementing the 
priority queue Q, the running time of the algo-
rithm is O E V V+( )log  (Cormen et al., 
1990). Also, since exponent is a monotonic 
function of its argument, the algorithm can still 

work if in step 15 of Algorithm 1, exponentia-
tion is avoided and only the argument values 
are used.

CONCLUSION

In this paper we have suggested a method that 
determines the shortest path in the fuzzy envi-
ronment using link preference index, the for-
mula for which has been derived for the Quasi-
Gaussian fuzzy numbers. The LPI assigns ranks 
to the different paths present in the network and 
the one with the highest LPI value is con-
cluded as the shortest path which has been 
shown with an illustrative example. The 
method chosen for the intermediate fuzzy 
arithmetic operations lead to simpler calcula-
tions and satisfactory results. At the same time, 
the method can be applied in varied situations 
like when the value for k  is small, the number 
of sub intervals are less but the evaluation is 
faster and can be implemented on a slower 
machine however for a faster machine by in-
creasing the value of k  we can get more and 
more accurate results. Also, an extended Dijk-
stra’s algorithm has been proposed that can be 
implemented using a Fibonacci heap, deals with 
Quasi-Gaussian fuzzy numbers as weights and 
determines the fuzzy shortest path for a given 
network.

The LPI proposed in this paper is a mono-
tonic decreasing function of  ∆x . Links closer 
to FSPL are preferred by the index. It can also 
take care of non symmetry in the membership 
function. It tends to increase if Z

min
 is long 

tailed towards right or ZI  is long tailed towards 
left (i.e. the two functions lean towards each 
other). In the future, it will be interesting to try 
and simplify the LPI expression and generalize 
it to LR fuzzy numbers modelled as parametric 
Bezier curves. Finally, the technique can be 
extended to other graph problems like travelling 
salesman problem, minimum spanning tree 
problem etc where fuzzy numbers can be used 
to represent uncertain path lengths.
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1    for  each vertex v  in  G :

2         LPI v

←−∞   ;          // Initialization of the array storing the 

                                     Link Preference Index (LPI). 

3    end�for
4    LPI s


←� �0 ;                 // s is the source vertex.

5    INSERT Q v LPI v, , 


( ); 

// Initialize the Priority Queue Q and function INSERT () is used to update  

   the queue. 

6    V
T  

  ←∅ ;                    // V
T
 is an array storing the sequence of 

                                    nodes in the shortest path. 

7    while u t≠ :                 // t is the destination vertex.

8         u   ←  vertex in Q  with greatest    LPI 

 ;

9              if  LPI u

 = −∞

10                  break�;
11             end�if
12        u*← DELETE_MAX Q( ) ; 
// DELETE_MAX () is used to remove the vertex with the greatest LPI value from  

   the priority queue Q. 

13        V V u
T T
� � � � *← { }∪ ;

14                  for  each neighbour v  of  u :
15                      val V v

T
� _ ,�← ( )LPI between ; 

// LPI_between () is a function that determines Link Preference Index (LPI)  

   using equation 15( ) .
16                          if  val LPI v> 





17                             LPI v val


← ;

18                             INCREASE Q v LPI v, , 


( ); 

// INCREASE () function updates the value of LPI for vertex v in the priority queue Q. 

19                          end�if  

20                 end�for
21    end�while
22    return V

T
     // the sequence of nodes in the shortest path is returned.

23 end  Fuzzy_Dijkstra

Algorithm 1. Fuzzy_Dijkstra G s t, ,( )
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This paper deals with the orienteering problem (OP) which is a combination of two well-known problems (i.e., travelling salesman
problem and the knapsack problem). OP is an NP-hard problem and is useful in appropriately modeling several challenging
applications. As the parameters involved in these applications cannot be measured precisely, depicting them using crisp numbers
is unrealistic. Further, the decision maker may be satisfied with graded satisfaction levels of solutions, which cannot be formulated
using a crisp program. To deal with the above-stated two issues, we formulate the fuzzy orienteering problem (FOP) and provide
a method to solve it. Here we state the two necessary conditions of OP of maximizing the total collected score and minimizing
the time taken to traverse a path (within the specified time bound) as fuzzy goals and the remaining necessary conditions as crisp
constraints. Using the max-min formulation of the fuzzy sets obtained from the fuzzy goals, we calculate the fuzzy decision sets (𝑍
and 𝑍

∗) that contain the feasible paths and the desirable paths, respectively, along with the degrees to which they are acceptable.
To efficiently solve large instances of FOP, we also present a parallel algorithm on CREW PRAMmodel.

1. Introduction

The orienteering problem (OP) is an NP-hard problem,
derived from the game of orienteering where the player is
required to start from the initial control point and arrive at
the final control point within the specified time limit, at the
same time collecting the rewards (Score) assigned to each
of the checkpoints that link the initial control point to the
final control point. All those players who arrive at the final
control point after the time expires are disqualified and the
player reaching the final control point within the allotted
time and with the maximum collected score is declared as
the winner of the game. This game reflects many real life
situations related to the field of logistics, tourism, building
telecommunication networks, home delivery systems, and
so forth, which can be modelled as OP [1]. There are four
types of OP which include the simple orienteering problem,
team orienteering problem, orienteering problem with time
window, and team orienteering problem with time window.
TheOP can be observed as a combination of two well-known
problems, that is, travelling salesman problem (TSP) and the
knapsack problem (KP), where the objective of maximizing
the score is derived from KP and the objective of minimizing

the time taken to travel from the initial control point and
final control point is similar to the objective of TSP with the
difference that in TSP all the vertices connecting the source to
the target should be visited once, but in OP it is not necessary
to visit all the intermediate checkpoints [1]. One real life
application of OP is in the tourism industry where tourists
come to visit the cities which are rich in culture and traditions
and have some historical significance. The aim is to visit as
many locations (including palaces, museums, monuments,
and restaurants) as possible within their duration of stay.
Due to the restriction of time it is not possible to visit all
the places, so depending upon the choice and taste of the
tourist, the guide can assign priorities to the various locations
to be visited and then explore as many of them as possible
within the time frame available so as to make their trip as
economical and as beneficial as possible [2]. As seen in the
stated example, the two parameters involved, that is, time
and score, cannot be determined precisely as the priorities
differ from one tourist to another and the time taken to travel
from one location to another cannot be predicted exactly. So,
the uncertainty in both the parameters can be modelled in a
better way by representing them using fuzzy numbers instead
of crisp or real numbers.
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Since the orienteering problem is NP-hard, several heu-
ristic algorithms and a few approximation algorithms are
available in the literature. Some of the first heuristics for
OP were the stochastic (S-algorithm) and deterministic (D-
algorithm) ones suggested byTsiligirides in 1984 [3]. In 1987, a
center-of-gravity heuristic was proposed by Golden et al. [4].
A four-phase heuristic was introduced by Ramesh and Brown
in 1991 [5]. An artificial neural network based approach was
proposed by Wang et al. in 1995 [6] and, in 1996, a five-step
heuristic was suggested by Chao et al. [7]. A branch-and-cut
heuristic for OP was stated by Fischetti et al. in 1998 [8]. The
first genetic algorithm for OP was developed by Tasgetiren in
2001 [9]. In 2002, Liang et al. proposed and compared a tabu
search and an ant colony optimization approach for OP [10].
The approximations known for Prize Collecting Travelling
Salesman Problem can be easily extended for the unrooted
version of OP [11, 12] and, for the rooted version, a constant
factor approximation was suggested by Blum et al. [13]. A
heuristic method based on the greedy randomized adaptive
search procedure and the path relinking methodologies was
proposed in 2013 by Campos et al. [14].

This paper reports the first use of fuzzy logic to tackle the
uncertainty involved in the two parameters (score and time).
We introduce the fuzzy orienteering problem (FOP) and
model the parameters involved as trapezoidal fuzzy numbers
(TFNs). Several types of fuzzy numbers exist like Gaussian
fuzzy numbers, exponential fuzzy numbers, quadratic fuzzy
numbers, triangular fuzzy numbers, and trapezoidal fuzzy
numbers, but here we prefer TFN because its computation is
simple; it has a linear membership function and is the most
generic class, so it is widely used in the applied engineering
problems and in the scientific field.

In Section 2, we state necessary definitions and Section 3
provides the explanation of fuzzy optimization. In Section 4,
the problem definition is stated. Section 5 explains the fuzzy
formulation of OP along with the steps to deal with it and
obtain a solution. The proposed method of solving FOP is
demonstrated in Section 6 through an illustrative example.
In Section 7, the parallel algorithm for FOP is presented and,
finally, the paper is concluded in Section 8.

2. Preliminaries

Definition 1 (trapezoidal fuzzy numbers (TFNs)). A fuzzy
number is an extension of the crisp or real number which
refers to a set of possible values represented by a membership
function, each of which is assigned a weight called its grade
of membership between 0 and 1 whereas the crisp number is
associated with a single value.

For any crisp set 𝑋 which is a subset of the universal set
𝑈, the membership function is denoted by 𝜇

𝑋
which assigns

a value within [0, 1] called the grade of membership to every
element of 𝑋. So, the set 𝑋 = {(𝑥, 𝜇̃

𝑋
(𝑥)) : 𝑥 ∈ 𝑈} is called a

fuzzy set. A fuzzy set𝑋, whose membership function possess
the properties stated below, is called a fuzzy number [15]:

(a) 𝜇̃
𝑋
is piecewise continuous,

(b) 𝑋 is convex (𝜇̃
𝑋
(𝛼𝑥
1
+ (1 − 𝛼)𝑥

2
) ≥ min(𝜇̃

𝑋
(𝑥
1
),

𝜇̃
𝑋
(𝑥
2
)) ∀𝑥
1
, 𝑥
2
∈ R, ∀𝛼 ∈ [0, 1]),

(c) 𝑋 is normal (𝜇̃
𝑋
(𝑥
0
) = 1, 𝑥

0
∈ R), where R is the

universal set of real numbers.

Fuzzy numbers are used to represent those parameters
which are imprecise and, in several real life applications,
parameters like cost, time, demand, capacity, and so forth
are involved for which it is not possible to specify exact
values. In these situations, it is appropriate to use a fuzzy
number instead of a crisp number as they provide a more
practical presentation of the real world. There are several
types of fuzzy numbers, each of which can be defined by
a membership function. In this paper, to represent the two
parameters time and score as fuzzy numbers, we use TFN. For
a trapezoidal fuzzy number represented as𝐴 = (𝑎

1
, 𝑎
2
, 𝑎
3
, 𝑎
4
),

the membership function is as follows [15]:

𝜇̃
𝐴
(𝑥) =

{{{{{{{{{{{{{

{{{{{{{{{{{{{

{

0, 𝑥 < 𝑎1

𝑥 − 𝑎1
𝑎2 − 𝑎1

, 𝑎1 < 𝑥 ≤ 𝑎2

1, 𝑎2 < 𝑥 < 𝑎3
𝑎4 − 𝑥

𝑎4 − 𝑎3
, 𝑎3 ≤ 𝑥 < 𝑎4

0, 𝑥 > 𝑎4,

(1)

where 𝑎1 ≤ 𝑎2 ≤ 𝑎3 ≤ 𝑎4.

Definition 2 (addition of TFN). In applications where the
goal is to maximize or minimize some fuzzy quantity, some
intermediate mathematical operations are to be performed
which mostly include addition. For the problem stated here,
we need to maximize the score acquired within a given time
bound and for this we need to add the weights assigned to
the vertices to calculate the score and the weights assigned
to the edges to determine the time taken by a path. As
stated the parameters here are considered to be TFNs and the
mathematical operations performed on fuzzy numbers (like
addition) differ from the usual crisp case.

Two TFNs represented as 𝐴 = (𝑎1, 𝑎2, 𝑎3, 𝑎4) and 𝐵 =

(𝑏1, 𝑏2, 𝑏3, 𝑏4) can be added using the following formula [15]:

𝐴+𝐵 = (𝑎1, 𝑎2, 𝑎3, 𝑎4) + (𝑏1, 𝑏2, 𝑏3, 𝑏4)

= (𝑎1 + 𝑏1, 𝑎2 + 𝑏2, 𝑎3 + 𝑏3, 𝑎4 + 𝑏4) .
(2)

Definition 3 (ranking of TFN). In case of crisp numbers,
there exists a natural ordering which clearly states that a
real number is greater/smaller than other real numbers, but
the absence of such a natural ordering in case of fuzzy
numbers leads to the requirement of formulating a ranking
method, using which the fuzzy numbers can be ordered.
Here we use the circumcenter of centroids (COC)method for
ranking TFN. Several methods are available in the literature
for ranking of TFN, most of which use the centroid of
the trapezoid for ranking considering it to be a balancing
point, but in the method suggested by Rao and Shankar, the
COC value is used for the ranking purpose. The COC is
considered to be a better point of reference as it is obtained by
calculating the circumcenter of the triangle formed by joining
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the centroids of the three subparts of the trapezoid which
include two triangles and one rectangle [16].

As suggested by Rao and Shankar [16], if 𝐴 = (𝑎
1
, 𝑎
2
, 𝑎
3
,

𝑎
4
), then

COC (𝐴) = (𝑥, 𝑦) = (
𝑎1 + 2𝑎2 + 2𝑎3 + 𝑎4

6
,

(2𝑎1 + 𝑎2 − 3𝑎3) (2𝑎4 + 𝑎3 − 3𝑎2) + 5
12

) .

(3)

Using this value of COC(𝐴), the rank of the TFN 𝐴 is
obtained using the following formula:

𝑅 (𝐴) = √𝑥2 + 𝑦2. (4)

If we have two fuzzy numbers 𝐴 and 𝐵, then 𝐴 > 𝐵 if
𝑅(𝐴) > 𝑅(𝐵) and vice versa. When 𝑅(𝐴) = 𝑅(𝐵), it is difficult
to determine the ordering and some additional information is
used as suggested by Rao and Shankar to tackle the situation.

Index of Optimism. The degree of optimism of the decision
maker was taken care of by this index as stated by Rao and
Shankar in [16]. So the decision maker’s view point was also
considered and, for any TFN𝐴 = (𝑎

1
, 𝑎
2
, 𝑎
3
, 𝑎
4
) andCOC(𝐴),

the formula for the index is as follows [16]:

𝐼
𝛿
(𝐴) = 𝛿𝑦+ (1− 𝛿) 𝑥 where 𝛿 ∈ [0, 1] . (5)

Larger value of 𝛿 shows that the decision maker is optimistic,
whereas smaller values depict the situation where the deci-
sion maker is pessimistic.

Index of Modality. Another index was introduced by Rao and
Shankar to tackle the situation where the rank of two TFNs
becomes equal because the index of optimism alone may not
be sufficient in such a case to determine the ranking as it
considers only the importance of extreme values. The index
of modality considers the importance of central value as well
as the extreme values and the formula to determine the index
is as follows [16]:

𝐼
𝛿,𝛾

(𝐴) = 𝛾(
(𝑥 + 𝑦)

2
)+ (1− 𝛾) 𝐼

𝛿
(𝐴) ,

where 𝛾 ∈ [0, 1] .

(6)

If we have two TFNs 𝐴 and 𝐵, with 𝑅(𝐴) = 𝑅(𝐵), then 𝐴 > 𝐵

when 𝐼
𝛿,𝛾
(𝐴) > 𝐼

𝛿,𝛾
(𝐵) and vice versa.

Definition 4 (expected value of trapezoidal fuzzy number
(EV)). To determine the grade of membership of a TFN,
that is, to find out the degree to which the TFN satisfies the
specified requirement, we need to calculate its expected value
and then use Definition 1. The formula for expected value as
used by Jimenez et al. in [17] is as follows.

For a given TFN 𝐴 = (𝑎1, 𝑎2, 𝑎3, 𝑎4),

EV (𝐴) =
1
4
(𝑎1 + 𝑎2 + 𝑎3 + 𝑎4) . (7)

This defuzzification technique is used as it is the simplest pos-
sible and gives satisfactory results for the fuzzy orienteering
problem. It will be interesting to study other defuzzification
techniques although the general conclusions of the paper will
remain unaffected.

Definition 5 (fuzzy decision set (𝑍)). Fuzzy decision set is
a set of elements providing a feasible solution to the stated
problem. The fuzzy linear programming problem can have
several goals, each represented by amembership function and
a fuzzy set (𝐹

𝑙
) containing the elements along with their

grades of membership obtained using the membership func-
tion [17].

We define the fuzzy decision as

𝑍 = 𝐹1 ∩𝐹2 ∩ ⋅ ⋅ ⋅ ∩ 𝐹𝑙

i.e. 𝜇
𝑍
(𝑥) = 𝜇

𝐹1
(𝑥) ∗ 𝜇

𝐹2
(𝑥) ∗ ⋅ ⋅ ⋅ ∗ 𝜇

𝐹𝑙
(𝑥) ,

(8)

where ∗ represents a 𝑡-norm which can be any operation
like minimum, algebraic product, and so forth. In case of
OP, ∗ represents 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 operation. To obtain the most
desirable solution, we determine the element with the highest
membership degree in the fuzzy decision set 𝑍, that is, the
value of 𝑥 that maximizes the membership function of fuzzy
decision 𝑍 denoted by 𝑥∗, using the equation stated below:

𝜇
𝑍
∗ (𝑥
∗

) = max {𝜇
𝑍
(𝑥)} , (9)

where 𝑍∗ denotes the fuzzy set of the most desirable solu-
tions.

3. Fuzzy Optimization

In engineering design or decision making problems, a large
number of feasible solutions are available and to choose the
solution which is the best one from this set, we need to con-
centrate on the uncertainty associated with the variables that
lead to the optimal solution. Probabilistic concepts can take
care of the randomness that arises due to natural fluctuation
or natural variations, but the uncertainty that comes into exis-
tence due to qualitative statements, vague statements, vague
nature of the objective, and linguistic statements showing the
willingness of the decision maker (like the solution is accept-
able, low, satisfactory, etc.) cannot be addressed through
probabilistic concepts, so we introduce the concept of fuzzy
logic in solving the optimization problems. In the crisp
definition of optimization problems, we have crisp conditions
where solutions violating the constraints or not satisfying the
objective function are completely unacceptable, but, in fuzzy
optimization, the concept of degree is introduced. The solu-
tion becomes a matter of degree; that is, degree of acceptabil-
ity or degree of satisfaction is associated with the constraints
and the objective functions, and this waywe provide a latitude
to the acceptability of a solution. This degree of acceptability
linked with the objective functions and constraints can be
reflected through fuzzy membership functions.

To deal with the situations where several stakeholders
vaguely state their preferences as constraints or objective
functions using linguistic statements, we convert these state-
ments into fuzzy sets or fuzzy membership functions and
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then using some technique find out the best “compromise
solution.” In fuzzy optimization, we do not distinguish
between the objective functions and the constraints; instead
we refer to them as fuzzy goals, represented in the form of
fuzzy sets defined by their respective membership functions.
So, the latitude or uncertainty present in the decision making
is tackled through these membership functions. In addition
to the fuzzy goals, we can also have crisp constraints mod-
elling the physical conditions or technological feasibility that
have to be met in a particular solution.

The whole idea of fuzzy optimization is to allow for
latitude in the constraints and flexibility in the objective
function. Instead of a 0-1 type solution, we allow for some vio-
lation of the original constraints to some degree, set certain
limit for the objective function, and accept solutions on both
sides of the limit to different degrees. The objective function
and the set of constraints are converted into fuzzy sets; their
associated membership functions are defined and then all
the membership functions are combined to determine the
fuzzy decision. Through fuzzy optimization, the preferences
of the decision maker are quantified and the uncertainty due
to vagueness, imprecision, and so forth, which is common
in decision making problems, is tackled using membership
functions [18–20].

4. Problem Definition

The orienteering problem can be represented by a completely
connected undirected graph 𝐺(𝑉, 𝐸), where 𝑉 = {V

1
, . . . , V

𝑁
}

is the set of vertices and 𝐸 is the set of edges. A score 𝑆
𝑖
is

associated with every vertex V
𝑖
∈ 𝑉 and the time taken to

traverse each edge 𝑒
𝑖𝑗

∈ 𝐸 is denoted by 𝑡
𝑖𝑗
. The goal here

is to determine a path 𝑃 connecting any subset of 𝑉 that
necessarily includes the start vertex (V

1
) and the end vertex

(V
𝑁
), satisfies the time bound 𝑇max, and also maximizes the

total collected score [1].
In this paper, we present the fuzzy orienteering problem

(FOP) where the two quantities involved, that is, time and
score, are considered to be fuzzy numbers. The reason to
introduce fuzziness into the formulation of OP is that the
crisp mathematical formulation is very strict in three ways:
(1) the objective function should be either maximized or
minimized, (2) none of the constraints should be violated
as it leads to an infeasible solution, and (3) all constraints
are given equal importance. However, these three necessary
requirements lead to an unrealistic representation of the real
world. By partly relaxing these using fuzzy logic, we can
model the physical world in a more realistic manner. Several
situationsmight exist in real life applications that can be easily
represented in the fuzzy environment which may include the
following [21].

(1) Thedecisionmaker is notwilling tomaximize ormin-
imize the objective function; instead hewants to reach
some aspiration level like “improving the present fuel
consumption situation to some extent” in transporta-
tion problems which cannot even be defined or stated
in the crisp case.

(2) Maybe the decision maker is willing to accept small
violations in the constraints especially when the
objective function deals with the aspiration levels and
the less than or greater than relation is not required to
be followed in the strict mathematical sense. More-
over, the parameters or variables involved may have
vagueness which cannot be expressed in the crisp
formulation.

(3) In the crisp representation, all constraints are of equal
importance but maybe, for the decisionmaker, differ-
ent constraints have different importance and small
violations of different constraints may be acceptable
to different degrees.

In this fuzzy formulation of OP, we have recognized that the
parameters time and score are fuzzy in nature and in the
fuzzy version we provide latitude to the desired solution by
relaxing the constraints to some extent and stating the degree
up to which they are feasible. Here we do not distinguish
between objective function and constraints; instead the two
necessary conditions of maximizing the total collected score
and following the time bound are represented as two goals
which are conflicting as one is to be maximized and the
other one is to be minimized. These are represented as linear
membership functions and the rest of the constraints are
considered to be crisp. The detailed explanation of the fuzzy
formulation is presented in the next section.

5. Fuzzy Formulation of OP

The fuzzy version can be represented in the following way
showing by tilde the parameters that have a fuzzy character:

𝑁−1
∑

𝑖=1

𝑁

∑

𝑗=2
𝑆
𝑖
𝑥
𝑖𝑗
≿ 𝑆min, (10)

𝑁

∑

𝑗=2
𝑥1𝑗 = 1,

𝑁−1
∑

𝑖=1
𝑥
𝑖𝑁

= 1,

(11)

𝑁−1
∑

𝑖=1
𝑥
𝑖𝑘
≤ 1 ∀𝑘 = 2, . . . , 𝑁 − 1, (12)

𝑁

∑

𝑗=2
𝑥
𝑘𝑗
≤ 1 ∀𝑘 = 2, . . . , 𝑁 − 1, (13)

𝑁−1
∑

𝑖=1

𝑁

∑

𝑗=2
𝑡
𝑖𝑗
𝑥
𝑖𝑗
≾ 𝑇max, (14)

2 ≤ 𝑢
𝑖
≤ 𝑁 ∀𝑖 = 2, . . . , 𝑁, (15)

𝑢
𝑖
−𝑢
𝑗
+ 1 ≤ (𝑁− 1) (1−𝑥

𝑖𝑗
) ∀𝑖, 𝑗 = 2, . . . , 𝑁, (16)

𝑥
𝑖𝑗
∈ {0, 1} ∀𝑖, 𝑗 = 1, . . . , 𝑁. (17)
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0 if x ≤ Smin − P
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if Smin − P < x < Smin

1 if x ≥ Smin

𝜇S(x) =

Figure 1: Membership function for total collected score of a path.

1

0
x

L

Tmax

𝜇T(x)

Tmax + L

{

{

{))

))
𝜇T(x) =

0

Tmax − x + L

L

1

if

if

if

x ≥ Tmax + L

Tmax < x < Tmax + L

x ≤ Tmax

Figure 2: Membership function for total time taken to traverse a path.

As stated above, the constraints represented by (10) and (14)
are considered to be fuzzy and represent the two conflicting
goals of maximizing the total collected score and minimizing
the time taken to traverse a path, respectively. The symbols
𝑆
𝑖
and 𝑡

𝑖𝑗
in (10) and (14) represent the fuzzy score and

fuzzy time values, respectively. The remaining constraints
represented by (11), (12), (13), (15), (16), and (17) remain crisp.
The variable 𝑢

𝑖
denotes the position of vertex V

𝑖
in the path

and if vertex V
𝑗
is visited after vertex V

𝑖
, then 𝑥

𝑖𝑗
= 1; else

𝑥
𝑖𝑗

= 0. The necessary condition that each path starts in
V
1
and ends in V

𝑁
is ensured by (11). The constraint that

each path remains connected and no vertex is visited more
than once in a path is taken care of by (12)-(13) and the
requirement of eliminating subtours is implemented by (15)-
(16) [1]. The symbols “≿” and “≾” are the fuzzy version of
“≥” and “≤” representing the “fuzzy greater than or equal to”
and “fuzzy less than or equal to,” respectively.Themeaning of
these symbols is that the constraints can be violated to some
extent and, depending on the importance of the constraint,
this violation leads to different degree of acceptance [22].
For example, in (10), the symbol “≿” indicates that the total
collected score of a particular path should be greater than

𝑆min (most desirable case), but those paths which have their
total collected score slightly less than 𝑆min, that is, up to
𝑆min − 𝑃, are also acceptable but to a lesser degree. Similarly,
in (14), the total time taken to traverse a path should be less
than 𝑇max (most acceptable case), but paths having their total
time greater than𝑇max are also acceptable to different degrees
up to the limit of 𝑇max + 𝐿 as signified by the symbol “≾.”
The two fuzzy goals can be represented by their membership
functions as shown in Figures 1 and 2. The fuzzy decision
sets 𝑍 and 𝑍

∗ are depicted in Figure 3. It denotes the best
“compromise solution” which is obtained by the following
max-min formulation:

𝑍 = 𝐹1 ∩𝐹2,

𝜇
𝑍
(𝑥) = min {𝜇

𝑇
(𝑥) , 𝜇

𝑆
(𝑥)} ,

𝜇
𝑍
∗ (𝑥
∗

) = max {𝜇
𝑍
(𝑥)}

= max {min {𝜇
𝑇
(𝑥) , 𝜇

𝑆
(𝑥)}} .

(18)

The intersection of the two fuzzy sets (𝐹
1
and 𝐹

2
) is the

minimum value of the two fuzzy sets for each 𝑥, which forms
the fuzzy decision set 𝑍 (as shown by dark straight lines) and
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𝜇Z(x)

Goal F1 Goal F2

0

1

𝜇Z∗ (x∗)
Decision Z

x∗ x

Best compromise solution

Goal F1 = total time taken
Goal F2 = total collected score

Figure 3: Fuzzy decision sets 𝑍 and 𝑍∗.

the maximum value of this decision set 𝑍 forms the other set
𝑍
∗ which holds the most desirable solution (as shown by the

dashed line) of Figure 3.

FOP Algorithm.The following are the steps to determine the
path that maximizes the total collected score within the spec-
ified time limit for a given 𝐺(𝑉, 𝐸) with𝑁 nodes.

(1) Determine all the possible paths (𝑊
𝑚
) connecting V

1

and V
𝑁
(using (11), (12), (13), (15), (16), and (17)).

(2) For each possible path,

(a) calculate the total time taken to traverse the path
and the total collected score (using Definition 2
and (2));

(b) calculate the expected value of the total time
taken to traverse the path and the total collected
score (using Definition 4 and (7));

(c) calculate its membership degree for the mem-
bership function of time (using (14) and Fig-
ure 2); let it be denoted by fuzzy set 𝐹

1
;

(d) calculate its membership degree for the mem-
bership function of score (using (10) and Fig-
ure 1); let it be denoted by fuzzy set 𝐹

2
.

(3) Determine the feasible paths denoted by the fuzzy
decision set 𝑍 obtained using Definition 5 and (8).

(4) The most desirable path (final solution) is denoted by
the fuzzy decision set 𝑍∗ obtained using Definition 5
and (9).

(5) If the fuzzy decision set 𝑍∗ contains more than one
path, the total collected score (𝑆

𝑖
) for each of the paths

2

3

4

A
B

C

D

E

G

H

I

J

K

1

5

Figure 4: Input graph𝐺(𝑉, 𝐸)with source vertex = 1 and destination
vertex = 5.

Table 1: The values of edge weights (time taken to travel from one
node to another).

Edge Label Fuzzy time values
𝑒
12

A (1, 4, 6, 9)

𝑒
13

B (6, 9, 13, 16)

𝑒
14

D (14, 15, 21, 22)

𝑒
15

C (4, 6, 8, 10)

𝑒
23

E (2, 3, 3, 4)

𝑒
24

G (5, 8, 8, 11)

𝑒
25

H (14, 18, 22, 26)

𝑒
34

I (5, 8, 12, 15)

𝑒
35

J (0, 2, 10, 12)

𝑒
45

K (1, 2, 2, 3)

𝑇max = 20, 𝐿 = 15

Table 2: The values of node weights (score values).

Node Label Fuzzy score values
V
1

1 (1, 2, 8, 9)

V
2

2 (8, 9, 11, 12)

V
3

3 (3, 5, 9, 11)

V
4

4 (17, 20, 24, 27)

V
5

5 (1, 2, 4, 5)

𝑆min = 25, 𝑃 = 13

in 𝑍
∗ can be ranked (using Definition 3 and (3), (4),

(5), and (6)) to determine the path thatmaximizes the
total collected score.

6. Illustrative Example

Consider the network 𝐺(𝑉, 𝐸) in Figure 4 with total number
of nodes 𝑁 = 5 and the value for edge weights and node
weights of 𝐺 are stated in Tables 1 and 2, respectively.
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Step 1. All possible paths connecting V
1
and V
5
are found that

satisfy (11), (12), (13), (15), (16), and (17) and are as follows:

𝑊1: 1-5,

𝑊2: 1-2-5,

𝑊3: 1-3-5,

𝑊4: 1-4-5,

𝑊5: 1-2-3-5,

𝑊6: 1-3-2-5,

𝑊7: 1-2-4-5,

𝑊8: 1-4-2-5,

𝑊9: 1-3-4-5,

𝑊10: 1-4-3-5,

𝑊11: 1-2-3-4-5,

𝑊12: 1-2-4-3-5,

𝑊13: 1-3-4-2-5,

𝑊14: 1-4-3-2-5,

𝑊15: 1-4-2-3-5,

𝑊16: 1-3-2-4-5.

(19)

Step 2. (a) Table 3 shows the total time taken to traverse and
total collected score for each of the above stated paths which
is calculated using Definition 2 and (2).

(b) Next we calculate the expected value of the total time
taken to traverse the path and the total collected score using
Definition 4 and (7) for each of the paths𝑊

1
to𝑊
16
as shown

in Table 4.
(c) and (d) The grade of membership of each possible

path from𝑊
1
to𝑊
16
is determined for both the membership

functions (time and score) using (10) and (14) and Figures 1
and 2 and their values are shown in Table 5.

So, the two fuzzy sets 𝐹
1
and 𝐹

2
for the total time taken

and total collected score, respectively, are as follows:

𝐹
1
= {𝑊1/1,𝑊2/0.67,𝑊3/1,𝑊4/1,𝑊5/1,𝑊6/0.06,

𝑊7/1,𝑊8/0,𝑊9/0.8,𝑊10/0.06,𝑊11/1,𝑊12/0.4,

𝑊13/0,𝑊14/0,𝑊15/0, 𝑃16/0.73} ,

𝐹2 = {𝑊1/0,𝑊2/0.23,𝑊3/0,𝑊4/1,𝑊5/0.77,

𝑊6/0.77,𝑊7/1,𝑊8/1,𝑊9/1,𝑊10/1,𝑊11/1,𝑊12/1,

𝑊13/1,𝑊14/1,𝑊15/1,𝑊16/1} .

(20)

Step 3. Now the fuzzy decision set 𝑍 is obtained using
Definition 5 and (8) to determine all the feasible paths along
with the membership grades stating the degree up to which
each of the feasible paths is acceptable.

Table 3: The total time taken and total collected score values for
each of the paths.

Path Total time taken to traverse Total collected score
𝑊
1

(4, 6, 8, 10) (1, 2, 8, 9)

𝑊
2

(15, 22, 28, 35) (9, 11, 19, 21)

𝑊
3

(6, 11, 23, 28) (4, 7, 17, 20)

𝑊
4

(15, 17, 23, 25) (18, 22, 32, 36)

𝑊
5

(3, 9, 19, 25) (12, 16, 28, 32)

𝑊
6

(22, 30, 38, 46) (12, 16, 28, 32)

𝑊
7

(7, 14, 16, 23) (26, 31, 43, 48)

𝑊
8

(33, 41, 51, 59) (26, 31, 43, 48)

𝑊
9

(12, 19, 27, 34) (21, 27, 41, 47)

𝑊
10

(19, 25, 43, 49) (21, 27, 41, 47)

𝑊
11

(9, 17, 23, 31) (29, 36, 52, 59)

𝑊
12

(11, 22, 36, 47) (29, 36, 52, 59)

𝑊
13

(30, 43, 55, 68) (29, 36, 52, 59)

𝑊
14

(35, 44, 58, 67) (29, 36, 52, 59)

𝑊
15

(21, 28, 42, 49) (29, 36, 52, 59)

𝑊
16

(14, 22, 26, 34) (29, 36, 52, 59)

Table 4: The expected value of the total time taken to traverse the
path and the total collected score for each of the paths.

Path EV (total time taken) EV (total collected score)
𝑊
1

7 5
𝑊
2

25 15
𝑊
3

17 12
𝑊
4

20 27
𝑊
5

14 22
𝑊
6

34 22
𝑊
7

15 37
𝑊
8

46 37
𝑊
9

23 34
𝑊
10

34 34
𝑊
11

20 44
𝑊
12

29 44
𝑊
13

49 44
𝑊
14

51 44
𝑊
15

35 44
𝑊
16

24 44

Here, 𝜇
𝑍
(𝑥) = min{𝜇

𝑇
(𝑥), 𝜇
𝑆
(𝑥)}, where 𝑥 = 𝑊1 to𝑊16 is

used to calculate 𝑍:
𝑍 = {𝑊1/0,𝑊2/0.23,𝑊3/0,𝑊4/1,𝑊5/0.77,𝑊6/0.06,

𝑊7/1,𝑊8/0,𝑊9/0.8,𝑊10/0.06,𝑊11/1,𝑊12/0.4,

𝑊13/0,𝑊14/0,𝑊15/0, 𝑃16/0.73} .

(21)

Step 4. Finally, the fuzzy decision set 𝑍∗ is obtained using
Definition 5 and (9) that contains the desirable path:

𝑍
∗

= {𝑊4/1,𝑊7/1,𝑊11/1} . (22)

Step 5. As can be observed from Step 4, there are three paths
that are desirable as they fulfil all the crisp constraints and
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Table 5: The grade of membership of each possible path for the
membership functions of both time and score.

Path (𝑊
𝑚
) 𝜇

𝑇
(𝑊
𝑚
) 𝜇

𝑆
(𝑊
𝑚
)

𝑊
1

1 0
𝑊
2

0.67 0.23
𝑊
3

1 0
𝑊
4

1 1
𝑊
5

1 0.77
𝑊
6

0.06 0.77
𝑊
7

1 1
𝑊
8

0 1
𝑊
9

0.8 1
𝑊
10

0.06 1
𝑊
11

1 1
𝑊
12

0.4 1
𝑊
13

0 1
𝑊
14

0 1
𝑊
15

0 1
𝑊
16

0.73 1

the two fuzzy goals. To concludewith onemost desirable path
among the three available in 𝑍

∗, we use the ranking method

described in Definition 3 and use (3), (4), (5), and (6) to rank
the score of each path in 𝑍

∗ and determine the best one. The
values for which are shown in Table 6.

So, the most desirable path is 𝑊
11

as it has the highest
rank.

7. Parallel Formulation of FOP

To solve the FOP more efficiently and to yield a better and
improved performance when applied on large instances, we
present a parallel algorithm for FOP that uses the CREW
PRAM (Concurrent Read Exclusive Write Parallel Random
Access Machine) model. In a PRAM model, several proces-
sors are connected to a common block of shared memory.
This sharedmemory can be accessed by all the processors and
these processors communicate with each other by reading
from or by writing to the shared memory. In a PRAMmodel,
each processor is like a sequential RAM and can perform
the arithmetic operations, assignment, comparison, memory
access, and so forth in unit time. In CREWPRAM,more than
one processor can read concurrently from the same cell of the
shared memory but cannot write into the same cell concur-
rently; that is, write operation has to be exclusive [23, 24]. For
each parallel algorithm, the following terms are computed to
determine whether it is work optimal or not [24]:

(a) speed up =
runtime of the best known sequential algorithm

runtime of the parallel algorithm for a 𝑝-processor machine

(b) total work done = 𝑝 ∗ runtime of the parallel algorithm for a 𝑝-processor machine

(c) efficiency =
runtime of the best known sequential algorithm

total work done
.

(23)

Any parallel algorithm is said to be work optimal if it has a
linear speedup and an efficiency of 1.

If we have a graph with 𝑛 nodes, then the maximum
number of edges possible in the path connecting the source
vertex (V

1
) and the destination vertex (V

𝑛
) is 𝑛 − 1, so the

total number of possible paths can be calculated using the
following formula:

Total no. of paths (𝑝) =

𝑛−1
∑

𝑖=1

(𝑛 − 2)!
[𝑛 − (𝑖 + 1)]!

. (24)

Figure 5 shows the several steps of the proposed parallel
algorithm for FOP.

In the parallel formulation of FOP, themodule SEQ-NOP
computes the total number of possible paths (𝑝) for a given
input graph {𝐺, V

1
, V
𝑛
}using (24) sequentially.We assume that

the number of processors is equal to the total number of paths
(𝑝).This value is utilized by the following parallel modules to
output the path in 𝐺 connecting V

1
and V

𝑛
that maximizes

the total collected score and minimizes the total travel time.
If the module PAR-MAX returns more than one path with
the same maximum value of membership value (MV), then
the module SEQ-RDP sequentially ranks the total collected

score (TS) of the paths with the same maximum value of MV
using the COC method of ranking fuzzy numbers and using
Definition 3 and (3), (4), (5), and (6). Finally, the path with
the highest rank is returned as themost desirable path.

The pseudocode for each of the modules is as follows.

𝑃𝐴𝑅-𝑃𝐴𝑇𝐻. See Pseudocode 1.The𝑝 valid paths can be com-
puted in 𝑂(1) time using 𝑝 CREW PRAM processors.

So,

speed up =
𝑂 (𝑝)

𝑂 (1)
= 𝑂 (𝑝) ,

total work done = 𝑂 (1) ∗ 𝑝 = 𝑂 (𝑝) ,

efficiency =
𝑂 (𝑝)

𝑂 (𝑝)
= 1.

(25)

Therefore, this parallel module is work optimal.

𝑃𝐴𝑅-𝑇𝑂𝑇. See Pseudocode 2. The values for TTT and TS for
each of the paths in𝐷

𝑘
can be obtained in 𝑂(1) time using 𝑝

CREW PRAM processors.
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Shared memory
A weighted adjacency matrix storing the fuzzy travel time values 

Compute all 
valid paths in 

parallel

Compute 
TTT and TS 
for paths in 

parallel

Compute MV of 
TTT and TS for 
paths in parallel 

Compute the 
min MV for 
each path in 

parallel

Select the path 
with max MV

in parallel

PAR-PATH PAR-TOT PAR-MEMB PAR-MIN PAR-MAX

Compute the number 
of possible paths

SEQ-NOP

Rank the TS of the 
paths using COC 
with the same max

MV values

SEQ-RDP

Control flow
Data flow

TTT: total time taken TS: total collected score 
MV: membership value COC: circumcenter of centroid 

{G, �1, �n}

Most desirable path 

D

DWT
WT,
WS, A

A B
B

L

L

An array of arrays (D) storing the valid paths.
A 2D array (A) storing the TTT and TS values for each path in (D).

An array (L) storing the minimum of MV values for each path in (D).
A 2D array (B) storing the MV of TTT and TS values in (A) for each path in (D).

for each edge of G (WT).
An array storing the fuzzy score values for each vertex of G (WS).

Figure 5: Several steps of the parallel formulation of FOP.

𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟 𝑘 (in parallel 𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑝) does:
{

𝑐𝑝 := 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑎 𝑢𝑛𝑖𝑞𝑢𝑒 𝑝𝑎𝑡ℎ 𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑖𝑛𝑔 V1 𝑎𝑛𝑑 V
𝑛
;

𝑖𝑓 (𝑐𝑝 == 𝑉𝐴𝐿𝐼𝐷) 𝑡ℎ𝑒𝑛 // A path is valid if it satisfies the constraints stated in (11), (12), (13), (15), (16) and (17).
𝐷
𝑘
:= 𝑐𝑝;

𝑒𝑙𝑠𝑒

𝐷𝐼𝑆𝐶𝐴𝑅𝐷 𝑐𝑝;
}

Pseudocode 1

Table 6: The ranks of the desirable paths.

Path Score Rank

𝑊
4

(18, 22, 32, 36) 3

𝑊
7

(26, 31, 43, 48) 2

W11 (29, 36, 52, 59) 1

So,
speed up =

𝑂 (𝑝)

𝑂 (1)
= 𝑂 (𝑝) ,

total work done = 𝑂 (1) ∗ 𝑝 = 𝑂 (𝑝) ,

efficiency =
𝑂 (𝑝)

𝑂 (𝑝)
= 1.

(26)

Therefore, this parallel module is work optimal.
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𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟 𝑘 (in parallel 𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑝) does:
{

𝑓𝑜𝑟 (𝑗 = 0) 𝑑𝑜:
{

𝐴
𝑘𝑗
:= 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑇𝑇𝑇 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑉𝐴𝐿𝐼𝐷 𝑝𝑎𝑡ℎ 𝑖𝑛 𝐷

𝑘
;

// TTT (Total Time Taken) for each VALID path is calculated using Definition 2 and (2).
}

𝑓𝑜𝑟 (𝑗 = 1) 𝑑𝑜:
{

𝐴
𝑘𝑗
:= 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑇𝑆 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑉𝐴𝐿𝐼𝐷 𝑝𝑎𝑡ℎ 𝑖𝑛 𝐷

𝑘
;

// TS (Total Collected Score) for each VALID path is calculated using Definition 2 and (2).
}

}

Pseudocode 2

𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟 𝑘 (in parallel 𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑝) does:
{

𝑓𝑜𝑟 (𝑗 = 0) 𝑑𝑜:
{

𝐵
𝑘𝑗
:= 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑀𝑉 𝑓𝑜𝑟 𝑇𝑇𝑇 in 𝐴

𝑘𝑗
𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑉𝐴𝐿𝐼𝐷 𝑝𝑎𝑡ℎ 𝑖𝑛 𝐷

𝑘
;

// MV (Membership Value) for TTT (Total Time Taken) is calculated using Definition 4 and (7), (14) and Figure 2.
}

𝑓𝑜𝑟 (𝑗 = 1) 𝑑𝑜:
{

𝐵
𝑘𝑗
:= 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑀𝑉 𝑓𝑜𝑟 𝑇𝑆 in 𝐴

𝑘𝑗
𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑉𝐴𝐿𝐼𝐷 𝑝𝑎𝑡ℎ 𝑖𝑛 𝐷

𝑘
;

// MV (Membership Value) for TS (Total Collected Score) is calculated using Definition 4 and (7), (10) and Figure 1.
}

}

Pseudocode 3

𝑃𝐴𝑅-𝑀𝐸𝑀𝐵. See Pseudocode 3. The membership values for
TTT and TS for each of the paths in 𝐷

𝑘
can be calculated in

𝑂(1) time using 𝑝 CREW PRAM processors.
So,

speed up =
𝑂 (𝑝)

𝑂 (1)
= 𝑂 (𝑝) ,

total work done = 𝑂 (1) ∗ 𝑝 = 𝑂 (𝑝) ,

efficiency =
𝑂 (𝑝)

𝑂 (𝑝)
= 1.

(27)

Therefore, this parallel module is work optimal.

𝑃𝐴𝑅-𝑀𝐼𝑁. See Pseudocode 4. The minimum of the two
membership values for TTT and TS for each of the paths
in 𝐷
𝑘
can be computed in 𝑂(1) time using 𝑝 CREW PRAM

processors.

So,

speed up =
𝑂 (𝑝)

𝑂 (1)
= 𝑂 (𝑝) ,

total work done = 𝑂 (1) ∗ 𝑝 = 𝑂 (𝑝) ,

efficiency =
𝑂 (𝑝)

𝑂 (𝑝)
= 1.

(28)

Therefore, this parallel module is work optimal.

𝑃𝐴𝑅-𝑀𝐴𝑋. See Pseudocode 5. Themaximumvalue amongst
the values present in the array 𝐿 can be determined in 𝑂(𝑝)

time using 𝑝 CREW PRAM processors.
So,

speed up =

𝑂 (𝑝
2
)

𝑂 (𝑝)
= 𝑂 (𝑝) ,

total work done = 𝑂 (𝑝) ∗ 𝑝 = 𝑂 (𝑝
2
) ,

efficiency =
𝑂 (𝑝

2
)

𝑂 (𝑝2)
= 1.

(29)

Therefore, this parallel module is work optimal.
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𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟 𝑘 (in parallel 𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑝) does:
{

𝑓𝑜𝑟 (𝑗 = 0) 𝑑𝑜:
{

𝐿[𝑘] := MIN(𝐵[𝑘][𝑗], 𝐵[𝑘][𝑗 + 1])

\\ Compute the minimum of the two values using Definition 5 and (8).
}

}

Pseudocode 4

𝑃𝑟𝑜𝑐𝑒𝑠𝑠𝑜𝑟 𝑘 (in parallel 𝑓𝑜𝑟 1 ≤ 𝑘 ≤ 𝑝) does:
{

𝐺[𝑘] := 𝐺𝑅𝐴𝐷𝐸 𝑜𝑓 𝐿[𝑘];
// GRADE of any element 𝐿[𝑘] in 𝐿 is equal to one plus the number of elements in 𝐿 smaller than 𝐿[𝑘].
PRINT the path in𝐷 with the greatest 𝐺𝑅𝐴𝐷𝐸 in 𝐺.

}

Pseudocode 5

8. Conclusion

In this paper, we deal with the orienteering problem which
is an NP-hard problem and suggest a method to solve the
fuzzy orienteering problem. As stated before, in these types
of problems, the parameters involved like time and score
are naturally imprecise, so representing them using real or
crisp numbers leads to an unrealistic presentation of the
real world. To provide a realistic model, fuzzy numbers can
be used as they are capable of modelling the uncertainty
present in the parameters and here we use trapezoidal fuzzy
numbers to represent the values of the parameters involved
(i.e., time and score). In the literature, the integer program
formulation of OP has been stated. For these kinds of
formulations, the objective function (either maximization
or minimization) and the constraints are to be followed
strictly in mathematical sense. However, this may not be
the case in real life application where the decision maker
may be willing to relax the constraints to some extent to
generate a solution that can achieve a level of satisfaction
which cannot be represented by the crisp formulation, but
the fuzzy version can take care of these requirements. In our
work, the two necessary conditions of maximizing the total
collected score and that too within the specified time bound
is represented by two fuzzy goals and the other requirements
like each vertex is visited once, no sub tours are formed etc.
are represented as crisp constraints. By representing the two
necessary conditions in the form of fuzzy goals we provide
a latitude to the desired solution by relaxing the constraints
as can be observed in Figures 1 and 2 where we have fixed a
time bound 𝑇max and a minimum score 𝑆min for the desired
solution, but we accept solution up to 𝑇max + 𝐿 and 𝑆min − 𝑃

up to different degrees and this helps the decision maker
to achieve the level he wants in his solution. This approach
requires that the shapes and parameters for the membership
functions be decided depending on the application at hand

taking into account the extent of uncertainty prevailing. To
make the proposed method applicable to large instances, we
also present a work optimal parallel formulation of FOP.
When provided with several graphs as input, further speedup
can be expected since the stages will form a 5-stage linear
pipeline providing a speedup of 5 ideally when all the stages
are busy. In this way the method suggested above provides a
more practical illustration of the physical world and generates
a solution that is more appropriate and realistic.
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ABSTRACT 

Orienteering problem (OP) is an NP-Hard graph problem. The nodes of the graph are associated with scores or rewards 
and the edges with time delays. The goal is to obtain a Hamiltonian path connecting the two necessary check points, i.e. 
the source and the target along with a set of control points such that the total collected score is maximized within a speci-
fied time limit. OP finds application in several fields like logistics, transportation networks, tourism industry, etc. Most of the 
existing algorithms for OP can only be applied on complete graphs that satisfy the triangle inequality. Real-life scenario 
does not guarantee that there exists a direct link between all control point pairs or the triangle inequality is satisfied. To 
provide a more practical solution, we propose a stochastic greedy algorithm (RWS_OP) that uses the roulette wheel selec-
tion method, does not require that the triangle inequality condition is satisfied and is capable of handling both complete as 
well as incomplete graphs. Based on several experiments on standard benchmark data we show that RWS_OP is faster, 
more efficient in terms of time budget utilization and achieves a better performance in terms of the total collected score as 
compared to a recently reported algorithm for incomplete graphs. 

Keywords  

Orienteering problem; complete graphs; incomplete graphs; roulette wheel selection method; Heuristic algorithm. 
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1 INTRODUCTION 

Orienteering problem (OP) is a challenging NP-Hard combinatorial optimization graph problem that originated from a water 
sport where players need to visit a set of control points, starting at the source and reach the destination within a fixed time 
frame with an objective of collecting maximum possible rewards (associated with each control point). This problem is a 
combination of the travelling salesman problem (TSP) and the Knapsack problem (KP). The goal of maximizing the total 
collected score in OP is derived from KP and that of minimizing the total travel time from TSP. Unlike TSP, in OP it is not 
mandatory to visit each and every node of the network (Vansteenwegen et al., 2011). Many real-life situations can be 
modeled as OP like the transportation networks, home delivery system, telecommunication networks, logistics, trip plan-
ning in tourism industry, robot path planning, etc. In disaster management, a robot can be used with a map of its surround-
ing area to supply the necessary items like food, medicines, etc. to the affected locations. However, because the robot is 
battery operated, it cannot visit all the locations and the need here is to determine a path connecting the maximum number 
of locations (which are highly affected and requires immediate attention) that can be visited within the time bound (battery 
life of the robot) (Blum et al., 2003). Another example is that of a travelling salesman who does not have enough time to 
visit all the cities, but has some knowledge about the cities where maximum sales can take place. Therefore, the goal here 
is to maximize the total sales, but within the time constraint of a day or a week (Tsiligirides, 1984). In each of the stated 
applications, the task is to determine a solution, i.e. a path that collects the maximum rewards possible and also satisfies 
the time bound (Vansteenwegen et al., 2011; Schilde et al., 2009). Several variants of OP exist, which include team orien-
teering problem, orienteering and team orienteering with time window and the generalized orienteering problem (Vans-
teenwegen et al., 2011). 

As stated earlier, OP is an NP-Hard problem so an exact algorithm is not practically feasible in terms of execution time 
for larger instances. However, a few exact algorithms were suggested by Laporte et al and Hayes et al based on the con-
cepts of linear programming and dynamic programming (Laporte and Martello, 1990; Hayes and Norman, 1984). Other 
methods available in the literature include heuristic and approximation algorithms for OP. In 1984, one of the first heuris-
tics for OP was proposed by Tsiligirides (1984). A four-phase  heuristic and a centre-of-gravity heuristic was suggested by 
Ramesh and Brown and Golden et al respectively (Ramesh and Brown, 1991; Golden et al., 1987). Later, Fischetti et al 
stated a branch and cut heuristic for OP (Fischetti et al., 1998). Several other methods like artificial neural network, tabu 
search, pareto ant colony optimization, pareto variable neighbourhood search, etc. were introduced to deal with OP 
(Schilde et al., 2009; Wang et al., 1995; Gendreau et al., 1998). In 2013, Campos et al presented a Greedy Randomized 
Adaptive Search Procedure and the Path Relinking approach to solve OP (Campos et al., 2013). An approximation for the 
un-rooted version of OP was suggested (Awerbuch et al., 1999; Johnson et al., 2000) and Blum et al proposed an approx-
imation algorithm for the rooted version of OP (Blum et al., 2003). Fomin et al, introduced an approximation algorithm for 
the time-dependent variant of OP (Fomin and Lingas, 2002). Most of the suggested algorithms for OP can be applied on 
complete graphs only but considering the practical applications of OP, it can be observed that many situations cannot be 
modeled only through complete graphs. The first genetic algorithm (GA) for OP was proposed by Tasgetiren (Tasgetiren, 
2001) but Ostrowski et al presented a genetic algorithm for OP that can be solved for both complete as well as incomplete 
graphs (Ostrowski and Koszelew, 2011). 

Here, we propose a stochastic greedy heuristic for OP (RWS_OP) that uses the roulette wheel selection method for de-

termining the path that maximizes the total collected score within the specified time frame ( ). The algorithm is guaran-

teed to reach the destination node ( ) since the starting node ( ) and the final node ( ) are always the end points for 

all the generated paths. One necessary condition of OP is to ensure that a node is visited at most once, which in our algo-
rithm is implemented by removing the explored nodes from the set of available nodes. This algorithm can be applied on 
both complete as well as incomplete graphs. We also compare our results with those reported by Ostrowski et al for large 
instances to show that RWS_OP executes more efficiently. Ostrowski et al proposed two algorithms one for incomplete 
graphs (IG) and the other that requires conversion of IG to complete graphs (CG) before OP can be solved. Few draw-
backs of their paper are: (1) The paper does not categorically provide conclusive evidence about which of these algo-
rithms is better. (2) Further, the authors allow each vertex to be visited more than once, but the reward is collected only on 
the first visit. This strategy is not only disadvantageous from the time budget point of view, but also produces invalid re-
sults (i.e. Non-Hamiltonian path). (3) In the second version of their algorithm, virtual edges need to be added using 
Dijkstra’s algorithm, which results in unnecessary complication. (4) Their strategy requires application-specific complex 
crossover and mutation operations that often produce infeasible partial solutions that require additional correction/repair 
operations. In this paper, we propose a stochastic greedy algorithm that uses roulette wheel selection to avoid the search 
getting trapped in local maxima and removes all the disadvantages of Ostrowski’s method mentioned above. It also out-
performs Ostrowski’s algorithm by improving the score and utilizing the time budget up to almost 99%. The objective func-
tion used in our method is motivated by greedy adaptive search procedure and path relinking (GRASP) technique sug-
gested by Campos et al (Campos et al 2013). We show that roulette wheel selection with our new instance coding tech-
nique outperforms full GA implementation by Ostrowski et al in terms of both quality of solution and search time and 

space. In our method of candidate representation, we start with the shortest path between  and  and using the rou-

lette wheel proportionate selection scheme, keep adding nodes until  is reached. At each step, the probability of se-

lecting a node is proportionate to its fitness defined in equation 9. Thus, without using crossover and mutation and without 
the need to maintain a population of possible solution, this algorithm is able to outperform GA based technique reported 
by Ostrowski et al. In section 2 of this paper, the problem formulation of OP is explained. Section 3 presents the various 
steps of the proposed algorithm. The observations based on the experiments performed on standard benchmarks are 
explained in section 4 and 5. Finally, the paper is concluded in section 6. 
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2 PROBLEM FORMULATION 

The orienteering problem can be modelled using a (complete or incomplete) weighted undirected graph  where 

 denotes the set of vertices and  denotes the set of edges. Let the time function on edges be  

and a score function on nodes be . So if  then  and if  then . The 

task is to compute a Hamiltonian path , within the stated time bound  that connects the specified source , tar-

get  and also includes a subset  of  such that the total collected score is maximized (Vansteenwegen et al., 

2011). To achieve the stated goal, here we use roulette wheel selection for exploring the various possible paths and return 
one that maximizes the total collected score within the specified time limit . 

The OP can be presented as an integer programming problem and the formulation for the same is as follows (Vans-
teenwegen et al., 2011): 

 

                                                                                              (1) 

                                                                               (2) 

                                                                     (3) 

                                                                     (4) 

                                                                                      (5) 

                                                                               (6) 

                                        (7) 

                                                                                  (8) 

  

Here, the variable  denotes the position of vertex  in the path and if a vertex  is visited after vertex  , then  = 1 

else  = 0.  Equation 1 ensures that the objective of OP, which is maximization of the total collected score is fulfilled. The 

necessary condition that each path starts in  and ends in  is ensured by equation 2. The constraint that each path 

remains connected and no vertex is visited more than once in a path is taken care by equations 3-4. The total time taken 
to traverse a path is within the specified time limit is ensured by equation 5. The requirement of eliminating sub tours is 
implemented by equation 6-7. 

 

 

Fig 1: The process of selecting a path using roulette wheel selection function where the number in () denotes the 
probability of node selection. 
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3 ALGORITHM RWS_OP 

Input: A graph  with (time taken to traverse) value of each edge connecting vertex  and ,  (Score) 

value of each vertex  and the (maximum number of paths considered at each level). 

Output: A Hamiltonian path with the highest possible collected score such that total travel time is within the specified time 

budget. 

 

 is an array of nodes or vertices, which is a sequence connecting the source and the target.  

, and , are all queues and each of its element is a   is a constant 

whose value defines the maximum number of paths to be considered after each iteration. 

 

 

1.                                                   // Array of paths which is initially empty. 

2.  

3.                                  // Shortest path between source  and target . 

4.  

5. ; 

 

 

1.              // Queues storing paths. 

  

  

2.  

;      // will contain children generated from each path in 

. 

3.                                 // Selecting best  children for next generation. 

    // The path with the maximum total score. 

  

 ;  

  

   

4.                           // Terminate if no new child is generated and return the .                       

        

 

5.  

 

( )                                 //  is an array of nodes that forms a path. 

1.     

2.  

3.                                                          // If a node is already present in the path then ignore it. 

 

                                             // The time increment due to insertion of  at its best position.     
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 ; 

  

      

4.                                   // Array of candidate nodes used for roulette wheel selection.  

5.                                                    

6.  

7.  

  

               //  is the greediness parameter that decides which node should 

participate in roulette wheel selection. 

               

8.  

                                                // If no new nodes are added then insert the parent path .                                  

                                                                                                              

     

9.                                  // Generates  number of  children paths from path P.        

                                                                                                   

10.  

  

 

 

                

                         

 

 

1.  

2.  

                                          // , where  

3.  

4.  

5.  

6.  

                  

. 

7.  

 

  

1.  
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2.  

     // Score ( ) is the sum of the rewards associated with each node 

of  

                                                                              .                         

  

3.  

 

     The main aim of RWS_OP algorithm is to connect the source and the destination vertex and in between visit as many 

nodes as possible to collect the highest possible score within the given time bound. In lines 1-5 of , Dijkstra’s 

algorithm is applied to find the shortest path connecting the source and target, and the path obtained is stored in . A 

queue of , i.e.  is maintained that contains the list of  obtained after each iteration and is initialized with 

the shortest path  .  

Lines 1-5 of  denotes that in each iteration (i.e. each run of),  function inserts a node into the 

 obtained by the previous iteration. So, an iteration of  function accepts a list of  in the form of 

 and for each  in the , it calls the  function. Another queue of , i.e.  is 

maintained, which is initially empty. It stores the child paths generated using the  function for each  of 

. After each iteration, we consider only number of  at a time. So number of 

(  is the one which has the highest value for total collected score) from the are inserted 

into another queue of , i.e. . Then the termination condition is checked to determine whether a new 

child is generated by the function or not. If no new child is generated (i.e. all paths in the queue,  

is the same as that of ), then the function will return the  from the  else, the 

 function is recursively called for . 

The function is used for generating  from . This function generates a  which con-

tains one node more than that already present in . This function decides the node to be inserted and its location in 

. As shown in line 3 of (), for each vertex that has not yet been inserted in , its best position (one 

that leads to smallest increment in time, ) is evaluated and then the ratio  is computed. The ratio  is calculated in 

the following way: 

 

In lines 4-7 of (), another list of nodes, named is created which is initially empty. All those nodes 

which satisfy the following inequality are inserted in the : 

 

Here is the greediness parameter. Greater value of  denotes a more greedy solution and smaller value of denotes a 

more random solution. As the value of  decreases, more nodes will be selected for the . As stated in lines 

8-10 of (), if the  is empty,  is inserted in the queue , else  se-

lection method is used to choose a node from the . The chosen node is removed from the 

and inserted at its best position in  to generate a  which is then en-queued into 

. This process of extracting nodes from the is repeated until a constant ( ) num-

ber of   are generated or   becomes empty. 

    Roulette wheel selection is a population-based selection method used in genetic algorithms that stochastically picks out 
a node based on their fitness value i.e. a node having greater fitness value has more chances of getting selected, al-
though nodes with lower fitness also have a nonzero probability of selection. This assists the search in escaping local 
maxima. It is conceptually equal to giving each individual option, a portion of a circular roulette wheel proportional in area 

to the individual’s fitness value (Zhang et al., 2012). As it can be seen, lines 1-7 of the selects a node 

from the  using  approach where an element is randomly chosen, but the 

probability of choosing an element with higher fitness is greater than choosing an element with lower fitness value.  In our 

selection process, the fitness of an element of  is computed using the following equation: 

, where                               (9) 

Therefore, nodes having  a higher value of  and lower value of time increment , have a greater probability of getting 

selected and also the nodes having low  and high  values can be selected but with a lesser probability .  



ISSN 2277-3061 

4133 | P a g e                                                          A p r i l  0 2 ,  2 0 1 4  

The time complexity of   algorithm is  where  is the number of vertices in the Graph. In the 

 function, there exists an iterative loop that runs  times and because the  can 

contain  nodes, therefore the time complexity of  will be  

In the selection function, line 2 is an iterative loop running for all the vertices of  i.e. times and in each iteration, the 

best position of node  in the current  is found which takes  time. Line 6 represents another iterative loop, 

which takes  time as it also runs for all the vertices of  and  operation in the is similar to sim-

ple insertion in an array and takes time.  operation in  will take  or  

time.  operation in  takes  time as  time is required to bring the element to the front of  

 queue and   to dequeue it. operation in   takes  time. The iteration of line 9 takes 

 time as it runs for  times, and each iteration takes   time. So the overall time 

complexity of  function is , which is equivalent to  as 

. 

For the  function, time complexity of line 2 which is an iterative loop is  as it runs for 

all the paths in  and there can be at most  in this queue. In each iteration, it calls the  

function that takes   time. The  function will take  time. Since it is a recursive function, 

after each recursion, the  contained in  will increase by 1. The function will terminate when no new node is 

available that can be inserted in the . So, the recurrence relation can be written as: 

 

Here,  is the time complexity for the function where,  is the number of nodes that can be added to the 

 contained in  and after one iteration the function calls itself with  number of nodes that can be added 

to the   of . Solving the above recurrence, we get the overall complexity as . 

The main function, i.e. RWS  uses the Dijkstra’s algorithm (  time),  function (  time) and 

 function (  time). Therefore, the overall time complexity of  is . The memory consump-

tion of RWS_OP is  as opposed to Ostrowski_CG and Ostrowski_IG methods that occupies 

 memory where . 
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Fig 2: Progression of RWS_OP algorithm for a graph with 25 nodes with source , destination  

and  70. 

4 EXPERIMENTAL ANALYSIS 

Most of the standard benchmark instances available for the orienteering problem include Set 1, Set 2 and Set 3 given by 
Tsiligirides, Set 64 and Set 66 given by Chao etc. (www.mech.kuleuven.be/en/cib/op/). In each of the available instances, 
only scores and coordinates of each vertex are specified leading to the formation of complete graphs satisfying the trian-
gular inequality. However, in the real world, there is no guarantee that two nodes will be connected through a direct path. 
To deal with such cases, graphs are usually complemented with fictional edges by running Dijkstra’s algorithm for every 
node before applying the classic OP algorithms available for complete graphs, but this results in a considerable increase 
in the search space size. Our method, works on complete as well as incomplete graphs without the need to insert fictional 
edges. 

We have implemented our code in C++ using CodeBlocks on an Intel Core i5 650 at 2.20 GHz. As stated before, 
RWS_OP is capable of handling both complete as well as incomplete graphs, and here we present a few observations by 
applying RWS_OP on a real road network data based on 160 and 306 cities of Poland (http://piwonska.pl/p/research/). It 
consists of two text files -cities.txt and distances.txt. The file cities.txt specifies the names of the cities and the score of 
each, which is assigned based on the number of inhabitants in that city, i.e.  . The dis-

tances.txt file was created from the real map of Poland representing the roads as edges in the graph stating for a particu-
lar city, its adjacent cities and their corresponding edge lengths. 
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5 DISCUSSION 

The following tables and plots show a comparison of our results with those obtained by applying the genetic algorithm 
suggested by Ostrowski et al on the same instances (Ostrowski and Koszelew, 2011). As can be seen in Table 1 and Fig. 

3, it is observed that RWS_OP performs better for larger  values ( taking the same first and last node i.e. source = 

destination) than the one proposed by Ostrowski et al because the highest total collected score attained for a graph with 
306 nodes is greater in our case. Furthermore, the mean score and 95% confidence interval (CI) of mean for 30 runs 

 are higher in our case when compared to the values obtained by the 

genetic algorithm. Fig. 4 shows that for the same  value, there is a significant decrease in the execution time of 

RWS_OP as compared to the CG (Complete Graph version) and IG (Incomplete Graph version) of the genetic algorithm 

proposed by Ostrowski et al. It is also seen that the execution time increases linearly with the increase in  because 

increase in  leads to the exploration of more number of nodes. Fig. 5 presents the effect on scores by varying the 

value of the greediness parameter , which balances the degree of randomness and greediness. Increasing the value of 

the greediness parameter  makes the algorithm more greedy and the value of score obtained as a result of several 

executions of our code is the same most of the times i.e. lesser variation in the score, whereas decreasing the value of  

leads to a situation with greater randomness, i.e. more variation in the scores obtained as shown through smaller and 

larger boxes respectively. It is also observed that the maximum score achieved increases with the increase in  howev-

er, for a large number of executions, a greater maximum score can be obtained even for smaller values of . RWS_OP 

is also efficient in terms of the time utilization (as shown in Table 2) as almost 99% of the specified time budget  is 

utilized, which helps in determining a better path that covers almost 70% of the cities, thus leading to greater total col-
lected score. As the algorithm progresses, one node is added to the final path after each iteration, which results in an in-
crease in the total collected score and decrease in the given time budget as shown in Fig. 6. Most of the experiments are 

performed at   because at 0.6, both randomness and greediness come into play and as stated before, decreasing 

the value of  makes the algorithm more random and increasing it makes RWS_OP greedier. RWS_OP uses roulette 

wheel selection for choosing a node to be added in the path so different runs of the same algorithm with the same input 
parameters may result in selection of different nodes for being added in the final path and the trend in the utilization of time 

budget and an increase in the total collected score for three different runs at  and  for 160 cities in-

stance is shown in Fig. 7. Fig. 8 shows how the time budget is utilized, and the total collected score increases with each 

iteration of RWS_OP for different values of  at . The proposed heuristic is capable of exploring almost 70% 

of the search space as shown in Fig. 9 (a) and 9 (b) is a box plot showing the percentage of nodes explored and unex-

plored at  for different values of . As can be observed in 9 (b), the percentage of nodes explored (NE) is 

higher than the percentage of nodes unexplored (NU). Furthermore, the percentage of score collected for the explored 

nodes is higher than the percentage of score left out (score that could not be collected) for lower values of , as a lower 

value of  induces more randomness into RWS_OP. RWS_OP is efficient both in terms of time and space complexity 

when compared to Ostrowski_CG and Ostrowski_IG methods, therefore, RWS_OP can be implemented for larger values 

of   which helps in achieving a higher total collected score for the considered instances as shown in Table 3 and Fig. 

10. 

 

Table 1. Comparison of maximum, mean and confidence Interval (CI) for mean of scores obtained by RWS_OP 

(keeping  i.e. ) with those obtained by executing the Ostrowski’salgorithm (Please refer 

Ostrowski and Koszelew, 2011, their Table 5 for Ostrowski_CG and Table 7 for Ostrowski_IG) on Real Road 
Network database with 306 cities of Poland. 

 

RWS_OP(α=0.6) 
Ostrowski_CG  

(highest fitness/travelTime) 

Ostrowski_IG  

(fitness-
Gain

2
/travelTimeIncrease) 

  Mean 
CI for 
Mean 

Maximum Mean 
CI for 
Mean 

Maximum Mean 
CI for 
Mean 

Maximum 

500 56.56 ±3.5 73 61.9 ±3.5 92 47.5 ±3.3 66 

1000 107.9 ±2.64 117 109.5 ±5.4 144 88.3 ±6.0 132 

1500 153.3 ±9.29 233 146.7 ±8.8 204 157.4 ±13.5 225 

2000 206.5 ±13.1 283 190.6 ±9.7 248 216.6 ±12.8 283 

2500 256.9 ±13.07 330 219.1 ±10.7 281 227.2 ±13.9 292 

3000 302.7 ±13.4 386 256.9 ±11.4 320 257.3 ±15.2 331 
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(a) 

 

 

 

(b) 

Fig 3: Comparison of (a) maximum score and (b) mean score of each method with respect to time budget 

based on 30 runs at   for Real Road Network database with 306 cities of Poland. 
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Fig 4: Comparison of execution time of each method with respect to time budget   based on 30 runs at 

  for Real Road Network database with 306 cities of Poland. 

 

. 

 

(a) 

 

 

  

Alpha Value (α) 
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. 

 

(b) 

Fig 5: Comparison of score with respect to  for (a) and (b)  for a Real Road Network 

database with 306 cities of Poland. 

 

Table 2. The Highest Score Collected, Mean of Score Collected, Mean Time to Traverse the Path and % of Time 

Budget Utilized values obtained by RWS_OP at  (keeping  i.e.  for 306 cities 

and  for 160 cities) when implemented on a Real Road Network database with 306 cities and 

160 cities of Poland. 

 

306 cities (α=0.6) 160 cities (α=0.6) 

  
Highest 
Score 

Collected 

Mean of 
Score 

Collected 

Mean 
Time to 

Traverse 
the Path  

% of Time 
Budget 
Utilized 

Highest 
Score 

Collected 

Mean of 
Score 

Collected 

Mean 
Time to 

Traverse 
the Path 

% of 
Time 

Budget 
Utilized 

500 122 120.1 495.1 99.02 49 48.83 496.67 99.34 

750 154 150.3 743.4 99.12 67 65.1 747.07 99.6 

1000 177 174.3 995.1 99.51 88 76.8 990.8 99.08 

1250 210 195.1 1246.53 99.72 104 102.3 1230.3 98.42 

1500 243 220.4 1495.33 99.69 117 115 1488.37 99.25 

1750 261 243.6 1742.72 99.58 129 127.9 1739.1 99.38 

2000 286 270 1993.4 99.67 145 142.6 1993.63 99.68 

2250 310 291 2244.8 99.77 162 156.1 2242.4 99.66 

2500 324 312.4 2493.76 99.75 185 176.4 2485.8 99.43 

2750 345 332.5 2744.8 99.81 202 193.2 2736.4 99.5 

Alpha Value (α) 
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3000 371 349.6 2993.1 99.77 214 205.1 2980.3 99.34 

3500 411 392.1 3495.47 99.87 250 243.6 3488.9 99.68 

4000 451 436.9 3995 99.88 271 265.1 3982.7 99.57 

4500 502 487.1 4494.3 99.87 306 290.23 4479.4 99.54 

5000 537 524.5 4995.2 99.90 314 307.53 4960.9 99.22 

5500 574 561 5491.7 99.85 322 316.9 5319.9 96.73 

6000 620 593.3 5990.7 99.85 322 314.7 5336 88.93 

 

 

 

. 

(a) 

 

. 

(b) 
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. 

(c) 

Fig 6: Plots showing (a) utilization of the time budget and (b) increase in the total collected score at  and 

 for a Real Road Network database with 160 cities of Poland. As the RWS_OP algorithm progresses, 

with each iteration, a node is added to the final path which results in an increase in the total collected score and 
decrease in the time budget as shown in (c). 

 

. 

(a) 
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. 

(b) 

Fig 7: Plots showing the observation of three different runs of RWS_OP with  and  for a Real 

Road Network database with 160 cities of Poland. As the algorithm progresses, it results in (a) decrease in the 
time budget and (b) increase in the total collected score as shown above. 

 

. 

(a) 
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. 

(b) 

Fig 8: Plots showing (a) utilization of the time budget and (b) increase in the total collected score for three 

different  values at  for a Real Road Network database with 160 cities of Poland. 

 

 

. 

(a) 
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. 

(b) 

Fig 9: Plots showing (a) the percentage of nodes explored with the increase in  values at  and (b) per-

centage of nodes explored and unexplored for different values of  at  for a Real Road Network data-

base with 160 cities of Poland for 30 runs. 

 

Table 3. The Highest Score Collected, Mean of Score Collected and confidence interval ( CI ) for Mean of Score 
Collected obtained by RWS_OP when implemented on a Real Road Network database with 306 cities of Poland for 

different  values at  (keeping  i.e. ). 

 

RWS_OP(α=0.6) 

  
Mean of 
Score 

Collected  

CI for 
Mean of 
Score 

Collected 

Highest 
Score Col-

lected 

500 56.56 ±3.5 73 

1000 107.9 ±2.64 117 

s1500 153.3 ±9.29 233 

2000 206.5 ±13.1 283 

2500 256.9 ±13.07 330 

3000 302.7 ±13.4 386 

3500 353.16 ±14.9 430 

4000 427.8 ±12.54 460 

4500 466.7 ±13.5 508 

5000 506.1 ±12.2 548 

5500 553.2 ±11.12 593 

6000 595.2 ±6.4 645 

7000 653.1 ±6.64 686 

8000 718.2 ±4.23 743 

9000 767.8 ±4.75 784 

10000 769 ±8.04 792 

11000 769 ±7.33 793 
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Fig 10: Plot showing that RWS_OP can achieve higher total collected score for larger   values as compared to 

Ostrowski_CG and Ostrowski_IG methods when implemented on a Real Road Network database with 306 cities of 

Poland at . 

 

6 CONCLUSION 

In this paper, we considered the orienteering problem which is a NP-Hard combinatorial optimization problem and sug-
gested a heuristic that uses the roulette wheel selection process for obtaining a Hamiltonian path that satisfies the time 
bound and helps in maximizing the total collected score. RWS_OP differs from the other techniques available in the litera-
ture as it can be applied on both complete as well as incomplete graphs whereas most of the existing algorithms can only 
be applied on complete graphs. Through experimental analysis, we showed that RWS_OP is more efficient than the pre-
viously suggested method by Ostrowski et al for incomplete graphs in terms of execution time. For a particular time bound, 
the proposed heuristic (RWS_OP) achieves a higher total collected score than the genetic algorithm of Ostrowski et al, 
utilizes almost 99% of the given time budget and is capable of exploring 70% of the considered search space. It is ex-
pected that when our algorithm is augmented with path relinking meta-heuristic (Glover and Laguna, 2000) its effective-
ness will be further enhanced. In the future, we plan to integrate elite sub-paths found at earlier stages of the algorithm to 
produce new near optimal solutions. It will also be interesting to study the effect of incorporating adaptive or incremental 
beam search with the heuristic used in this paper. 
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Abstract. This paper deals with the constrained shortest path problem (CSPP) which gives the cheapest
path whose end-to-end delay consumption is bounded by a given constant. It is an NP-Complete problem
that finds application in various fields which include multimedia, scheduling, networking, wireless sensor
networks etc. where managing the uncertainty in the network is an important task in order to provide the
assurance of Quality of Service (QoS).The best way to tackle this uncertainty is the use of fuzzy numbers for
representing the parameters. Here the algorithm proposed by Chen et al. is extended to deal with the fuzzy
environment and generate a solution for the constrained fuzzy shortest path problem (CFSPP) by representing
the parameter cost using trapezoidal fuzzy numbers and applying a ranking procedure to determine the ordering
of the fuzzy numbers. Three popular techniques for ranking of fuzzy numbers were implemented and their
performances were compared on power law random graphs generated using gengraph-win. Based on a large
number of experiments on random graphs we show that Weighting Function method is best in terms of
execution time and cost whereas the Circumcenter of Centroids method gives minimum path discretization
error.

Keywords: Constrained shortest path problem, Constrained fuzzy shortest path problem, Ranking,
Circumcenter of centroids, Maximizing set and minimizing set, Weighting function.

1. Introduction

The shortest path problem (SPP) is a well-known and well-studied combinatorial optimization problem, the solution
for which can be generated in polynomial time. The goal in SPP is to find a path between two points i.e. the source
and the target with the smallest possible length. The domain of the problem is a graph with a real number representing
the weights assigned to each of the edges of the graph and the shortest path is a sequence of edges connecting the
source and the target such that the sum of their weights is minimized [1,2]. Adding additional requirements in SPP, of
fulfilling a set of constraints that can be minimum bandwidth requirement, inclusion/exclusion of nodes, end to end
delay etc. makes it intractable [1]. One such variation of SPP is the Constrained Shortest Path Problem (CSPP) which
is a well-known NP-Complete Problem and in CSPP the shortest path generated must obey a set of constraints [1].
CSPP finds many real life applications like traffic engineering, communication networks, multimedia applications like
voice/video calls, web broadcasting, cable television networks, ATM circuit routing, computer networks etc. [2,3]. The
obstacle in such problems is to tackle the uncertainty involved in the network of the stated applications and at the same
time provide Quality of Service (QoS) assurance. In such a network environment, the uncertainty is due to the presence
of parameters like delay, cost, time, energy etc. which are not naturally precise and can be appropriately modelled using
Fuzzy numbers leading to an extension of CSPP i.e. Constrained Fuzzy Shortest Path Problem (CFSPP). Fuzzy version
of SPP has been studied by a number of researchers but as far as we know very few papers report the constrained
version of fuzzy CSP [4–6]. Joksh in [7] proposed one of the first algorithms for CSPP. As stated earlier CSPP is
a NP-Complete problem and the methods suggested in the literature to tackle such problems is to use Heuristic or

∗Corresponding author
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Approximation algorithms. So most of the algorithms available for CSPP fall in either of the two stated categories and
incorporate the strategies of Dynamic Programming (DP) or Lagrangian Relaxation (LR) [1,2,8–17].

In this paper we consider the problem of determining the delay constrained least cost shortest path. Two parameters
are involved i.e. delay and cost. The exact values of these parameters are usually not available. Statistical methods
can model the uncertainty due to noise with a given probability distribution function. The uncertainty due to lack of
precision can be tackled using fuzzy memberships. We represent one of the parameters i.e. cost in the form of fuzzy
numbers to model and tackle the non-statistical uncertainty involved in the network. Various types of fuzzy numbers
exist which include Exponential fuzzy number, Gaussian fuzzy numbers, Triangular fuzzy numbers, Quasi-Gaussian
fuzzy numbers, Quadratic fuzzy numbers, Trapezoidal fuzzy numbers (TFN) etc. We have used TFN for representing
the parameter cost as fuzzy number for two reasons: one it has a linear membership function and out of all the
types of fuzzy numbers, TFN is the most generic class so it can be widely applied in the scientific field and applied
engineering problems for modelling the uncertainty. The second reason is that its concept is easy to understand and
the simplicity of its computation makes it more popular and so TFN is more widely used in solving problems like
CSPP [18].

One requirement in problems like CSPP is the ordering of fuzzy numbers when the parameters involved are
represented in the form of fuzzy numbers. In such problems, the task is to determine the shortest path i.e. the one
with the least cost fulfilling certain constraints which in our case is the delay requirement. The problem that arises in
ranking the fuzzy numbers is the absence of the natural ordering that is present in the case of real numbers. A number
of techniques have been suggested in the literature to rank or determine the ordering of fuzzy numbers but most of
them use some strategy of converting the fuzzy number to real number and then it is analyzed. However, in this
process, significant information is lost hence several researchers have attempted to design strategies that can rank the
fuzzy numbers such that the loss of information is minimized. The idea of ranking fuzzy numbers was first proposed
by Jain [19] and since then many methods and techniques have been developed for ranking. According to Wang and
Kerre [20,21], all the strategies available for ranking fuzzy numbers can be divided into three categories based on fuzzy
scoring, fuzzy mean and spread and preference relation. In this paper we have fuzzified the algorithm suggested by
Chen et al. [1] for CSPP to tackle the uncertainty in the environment and also used three different methods for ranking
the fuzzy numbers based on Circumcenter of Centroids, Weighting functions and Maximizing set and Minimizing set
proposed by Rao and Shanker [22], A. Saeidifar [23] and Chou et al. [24] respectively with the aim to determine the
method that can generate the best result.

2. Pre-requisites

2.1 CFSPP problem

Given a graph G(V , E) with a fuzzy cost and a crisp delay associated with each edge, find the cheapest path that
satisfies the given delay constraint.

2.2 Trapezoidal fuzzy numbers (TFN)

Unlike Boolean logic, fuzzy logic considers the set of values between true (1) and false (0) and a fuzzy number is
represented by a membership function whose domain is this set of values between 0 and 1. So, all types of fuzzy
numbers can be defined by a membership function which represent the real world in a more realistic manner and to
every possible value of the universal set, a value between 0 and 1 is assigned depending on the membership function
which is called its ‘grade of membership’. The membership function of a trapezoidal fuzzy number represented as
A = (a1, a2, a3, a4) is as follows [18]:

μA(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

0, x < a1

x−a1
a2−a1

, a1 < x ≤ a2

1, a2 < x < a3

a4−x
a4−a3

, a3 ≤ x < a4

0, x > a4

(1)

where a1 ≤ a2 ≤ a3 ≤ a4.
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2.3 Addition of TFN

In problems where the goal is to determine the shortest path we need to find out the sum of the weights assigned
to the edges and when the weights are fuzzy numbers, the procedure is not the same as that for real numbers.
As stated in Section 2.2, each TFN is represented by a set of four values and if we have two such TFN represented as
A = (a1, a2, a3, a4) and B = (b1, b2, b3, b4), then the formula for their addition is as follows [18]:

A + B = (a1, a2, a3, a4) + (b1, b2, b3, b4) = (a1 + b1, a2 + b2, a3 + b3, a4 + b4). (2)

2.4 Ranking of TFN

As discussed earlier, one important property that exists in case of real numbers is that of natural ordering which is
lacking in case of fuzzy numbers. Several methods have been suggested for ranking TFN. In the literature, these
methods are usually compared against each other using small handpicked examples. Three recently introduced
techniques of ranking TFN are discussed below and their behaviour is compared on a non-trivial constrained fuzzy
shortest path problem in subsequent sections.

Definition 1: Circumcenter of centroids (COC)

Many of the methods proposed use the centroid of the trapezoid for ranking of TFN as it can be considered the
balancing point but the technique suggested by Rao and Shanker [22] considers the COC to be a better reference point
as it is determined by joining the centroids of the three sub parts of the trapezoid i.e. two triangle and one rectangle.
We get another triangle on joining the three centroids and the circumcenter of this resultant triangle when used as a
reference point for ranking of TFN, gives a more accurate result. For details see figure 2.

According to Rao and Shanker, the following formula can be used to determine the COC of any given TFN. If A =
(a1, a2, a3, a4), then

COC(A) = (x, y) =
(

a1 + 2a2 + 2a3 + a4

6
,
(2a1 + a2 − 3a3)(2a4 + a3 − 3a2) + 5

12

)

(3)

This value of COC(A) is then used to determine the rank of fuzzy number A using the following formula:

R(A) =
√

x2 + y2 (4)

For two given fuzzy numbers A and B , R(A) > R(B) implies A > B and R(A) < R(B) implies A < B . In the third
case, when R(A) = R(B), we need some additional information to determine the rank of A and B and for that we use
the following procedure:

Index of optimism

An index was defined by Rao and Shanker [22] that relates to the decision maker’s view point by considering his degree
of optimism. If we have a fuzzy number A = (a1, a2, a3, a4) and COC(A) then the index of optimism can be stated as:

Iδ(A) = δ y + (1 − δ)x where δ ∈ [0, 1] (5)

If the value of δ is large, it shows that the decision maker is more optimistic and vice versa.

Index of modality

Another index called index of modality was proposed by Rao and Shanker [22] for ranking of fuzzy numbers A and
B which considers the importance of both the central value as well as the extreme values. The index of optimism was
alone not sufficient enough for ranking as it considered only the extreme values of COC. The index of modality can
be represented as:

Iδ,γ (A) = γ ((x + y)/2) + (1 − γ )Iδ(A) where γ ∈ [0, 1] (6)

Following the index stated above we can tackle the situation where R(A) = R(B) by calculating Iδ,γ (A) and
Iδ,γ (B). If Iδ,γ (A) > Iδ,γ (B) it implies A > B and vice versa.
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Definition 2: Maximizing set (MAS) and minimizing set (MIS)

A concept of total utility(combination of left and right utility values) using MAS and MIS was proposed by Chen [25]
for ranking fuzzy numbers but some shortcomings were discovered in this method like the incapability of ranking those
fuzzy numbers which had the same left, right or total utility values. To overcome these limitations, Chou et al. [24]
suggested a revised ranking approach in which two left and right utilities were considered instead of just single
left and right utility value while calculating the total utility. In addition, the revised approach also considers the
degree of optimism of the decision maker and has the capability of differentiating between various types of fuzzy
numbers.

In [24], for a TFN = (a1, a2, a3, a4), f L
A and f R

A are used to represent the left and right membership functions,
which according to equation 1 are as follows:

f L
A (x) = x − a1

a2 − a1
and f R

A (x) = a4 − x

a4 − a3
(7)

If n trapezoidal fuzzy numbers are considered i.e. Ai , i = 1, 2, . . . , n with membership function μAi then the MAS(M)
and MIS(G) with membership functions fM and fG respectively are represented as follows:

fM (x) =
{

[(x − xmin)/(xmax − xmin)]k, xmin ≤ x ≤ xmax

0, otherwise
(8)

fG (x) =
{

[(xmax − x)/(xmax − xmin)]k, xmin ≤ x ≤ xmax

0, otherwise
(9)

where xmin = inf S, xmax = sup S, S = ∪n
i=1 Si , Si = {x/μAi (x) > 0} and k = 1.

As stated earlier, in this revised approach suggested by Chou et al., pair wise computation is performed and for each
Ai , two left utilities and two right utilities are calculated. The formulas for utilities are stated below:

Right utilities

UMi1 = supx ( fM (x) ∧ f R
Ai

(x)), i = 1, 2. (10)

UGi2 = supx ( fG (x) ∧ f R
Ai

(x)), i = 1, 2. (11)

Left utilities

UGi1 = supx ( fG (x) ∧ f L
Ai

(x)), i = 1, 2. (12)

UMi2 = supx ( fM (x) ∧ f L
Ai

(x)), i = 1, 2. (13)

The formula for total utility which also considers the decision maker’s degree of optimism by using the parameter
α is as follows:

Uα
T (i) =

{

α[UMi1 (i) + 1 − UGi2(i)] + (1 − α)[UMi2 (i) + 1 − UGi1(i)]

}/

2 i = 1, 2. (14)

The functions fM and fG of MAS(M) and MIS(G) respectively intersects the left membership function f L
A

and the right membership function f R
A of the fuzzy number A. The points of intersection for a TFN Ai =

(ai1 , ai2 , ai3 , ai4 ) can be denoted as Mi1, Mi2 and Gi1, Gi2 and the following equations can be used to determine their
values:

xMi1 = ai4 xmax − ai3 xmin

(ai4 − ai3) + (xmax − xmin)
(15)

UMi1 = ai4 − xMi

(ai4 − ai3)
= ai4 − xmin

(ai4 − ai3) + (xmax − xmin)
(16)
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xGi1 = ai2 xmax − ai1 xmin

(ai2 − ai1) + (xmax − xmin)
(17)

UGi1 = xGi − ai1

(ai2 − ai1)
= xmax − ai1

(ai2 − ai1) + (xmax − xmin)
(18)

So for each fuzzy number Ai , the total utility value is given by:

Uα
T (i) = 1

2

(

α

[
ai4 − xmin

(ai4 − ai3 ) + (xmax − xmin)
+ ai3 − xmin

(ai3 − ai4) + (xmax − xmin)

]

+(1 − α)

[
ai1 − xmin

(ai1 − ai2) + (xmax − xmin)
+ ai2 − xmin

(ai2 − ai1) + (xmax − xmin)

])

, i = 1, 2. (19)

For two given fuzzy numbers A1 and A2, if Uα
T (A1) > Uα

T (A2) then A1 > A2 and vice versa.

Definition 3: Weighting function (WF)

Another method of ranking fuzzy numbers was proposed by Saeidifar [23]. The interesting fact about this ranking
technique is that it uses two things i.e. fuzzy numbers are defuzzified and a weighting function is applied. In this
approach a weighted distance measure is defined on fuzzy numbers and then this distance is minimized to obtain the
point approximations and the weighted interval of fuzzy numbers.

According to Saeidifar [23], a few definitions for a fuzzy number A with [A]β = [a(β), a(β)] and a weighting
function f (β) = ( f (β), f (β)) are as follows:

(i) Nearest f = ( f , f ) – weighted interval approximation (NWIA):

NWIA f (A) =
[∫ 1

0
f (β)a(β) dβ,

∫ 1

0
f (β)a(β) dβ

]

(20)

(ii) f -weighted mean:

L f (A) =
∫ 1

0 f (β)a(β) + f (β)a(β)

2
dβ (21)

Therefore, for the fuzzy number, the weighting mean L f (A) is denoted as:

L f (A) = 1

2

∫ 1

0
f (β)a(β)dβ + f (β)a(β)dβ =

∫ 1
0 f (β)a(β)dβ + ∫ 1

0 f (β)a(β)dβ
∫ 1

0 f (β)d(β) + ∫ 1
0 f (β)d(β)

(22)

If we have two fuzzy numbers A and B and a WF ( f ) then the ranking can be determined in the following way:

A ≺ B if and only if L f (A) < L f (B),

A ∼ B if and only if L f (A) = L f (B),

A 	 B if and only if L f (A) > L f (B)

2.5 Path delay discretization

CSPP is a NP-Complete problem and techniques have been proposed to reduce the problem into a polynomial time
solvable one by using the method of discretization. However, the effectiveness of such techniques is dependent on
the amount of error induced due to discretization. Chen et al. [1] suggested two techniques for discretization which
include path delay discretization and randomized discretization considering two important factors i.e. providing more
efficient network functions and optimum usage of limited resources.

816 © Elsevier Publications 2014.
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In this paper we prefer the path delay discretization method for solving CFSPP because the problem of error
accumulation that occurs in case of randomized discretization is absent here as the interval partitioning method is used
to perform discretization on path delays [1].

For any path, with delay d(P), delay requirement r and an integer λ that bounds the delay requirement, the
discretized delay can be determined using the following equation:

d ′(P) =
[

d(P)

r
λ

]

(23)

where [X] = floor(X) is the largest integer not greater than X .

3. Problem Definition

A network can be represented by an ordered pair G(V , E) where V denotes a set of nodes and E denotes a set of edges
such that |V | = n and |E | = m. Each edge is denoted by a pair of nodes as (u, v) ∈ E . The notation used to represent
the delay consumption and cost values of an edge is d(u, v) and c(u, v) respectively and the same for path is denoted
as d(P) and c(P) respectively such that

d(P) =
∑

(u,v)∈P

d(u, v) (24)

c(P) =
∑

(u,v)∈P

c(u, v) (25)

L represents the longest path present in the network and l(P), the length (number of hops) of P .
Any path P is called feasible if d(P) ≤ r and the cheapest feasible path is one that obeys the condition d(P) ≤ r

in terms of delay and has the minimum cost c(Ps,t) among all available paths linking the source and the target nodes
denoted by s and t respectively [1]. As in this paper we are dealing with the fuzzy version of the problem (CFSPP), the
cost c(u, v) is represented as TFN so to find out the value of c(P), we use equation 2 of Section 2.3 and to decide the
cheapest feasible least cost path, each of the three methods specified in Section 2.4 is used with the aim to determine
the method that is more efficient and accurate. The fuzzy version of CSPP algorithm is given below:

CFSPP algorithm
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The stated algorithm is an extension of the Path Delay Discretization Algorithm (PDA), presented by Chen et al. [1].
The algorithm is capable of handling the fuzzy environment. Here we are dealing with two constraints i.e. cost and
delay. Each edge of the graph has two values associated with it (cost and delay) and in the fuzzy version of the
algorithm we consider one of the parameters i.e. cost as a fuzzy number and the other parameter which is delay is
represented as a real number. Both the values are initially generated randomly using r and (). From these crisp values
the trapezoidal fuzzy number for each cost value is generated using Get−abcd(). alpha and stretch are the two constant
values supplied by the user for the formulation of TFN. w[v, i ], π[v, i ] and z[v, i ] are the three two dimensional arrays
used which are all initialized by the function Initialize (V , s, λ). The cost of the cheapest path P connecting s and v
with dr (P) = i is stored in the array w[v, i ], ∀v ∈ V and i ∈ [0, . . . , λ]. z[v, i ] is an array that keeps a track of the
minimum delay of paths connecting s and v for which discretized delays are i . π[v, i ] is another array storing the last
link of the path. FPDA−Dijkstra(G, s, λ) evaluates w[v, i ] and π[v, i ] for any target v and any given λ. This function
determines the cheapest path among different delay paths, dr (P) ∈ [0, . . . , λ]. Let the cheapest path be denoted as
Pv . The function FPDA(G, s) calls FPDA−Dijkstra(G, s, λ) iteratively with increasing value of λ (as can be observed
in the lines 31–34 of CFSPP algorithm) till d(Pv ) is less than (1+ ∈)r for all v ∈ V .

For a detailed explanation of the algorithm, the readers are suggested to refer to [26]. Here it uses three different
methods for ranking of fuzzy numbers with the aim to compare their performances. The experimental analysis along
with the results are presented in the next section of this paper. The time complexity of the algorithm remains the same
as specified in[1], i.e. O((m + n log n)L/ε) since the number of arithmetic operations in the fuzzy version increases
only by a constant factor.

4. Experimental Analysis

We implemented CFSPP algorithm in C language and compiled using CodeBlocks for running on an i5 based system
running at 3.20 GHz with 3 GB RAM. Three versions of the program were written with the three different ranking
methods as per equations 3, 4, 5, 6, 19 and 22. These programs were verified by comparison with hand calculations
on small graphs. Also, it was verified that for large graphs when the width of fuzzy numbers is set to zero the path
obtained agrees with algorithm for the crisp case as given by [1].

Many real networks like the World Wide Web links, biological networks, and social networks are known to be
scale-free, i.e. the fraction of nodes in the network having a given degree follows a power law. Therefore, we created
test cases using power law random graph model. The test graphs generated using gengraph-win. The parameters used
for the random graph generation were (n, alpha, min, max, z), where n is an integer denoting the count of degree
number or the number of nodes, min is the minimum degree, max is the maximum degree and alpha is the exponent
of the power law distribution which is a random number between 1-2.5. The command “distrib n alpha min max z”
was used to generate a sample of n integers in the range specified by min-max from a heavy-tailed distribution of
exponent alpha and average z. The experiments were repeated sufficient number of times with n = 250, alpha = 2.5,
min = 25, max = 75 and z = 45 and conclusions are drawn based on the average behaviour. The graph generator
gengraph-win gave un-weighted power law graphs with random structure. Random weights were assigned to the edges
using uniformly distributed random numbers in the range 10 to 100 obtained using the C rand() function.

The results are shown in the following figures. In figure 1(a), the defuzzified cost of the shortest path found is
plotted against the delay requirement. It is observed that as we relax the delay requirement, the cost of the shortest
path found by the algorithm decreases and finally at very large values of delay requirement, the delay constraint
becomes insignificant and the algorithm runs like the classical shortest path algorithm i.e. Dijkstra’s algorithm giving
the same result for both the algorithms. In terms of cost, MAS/MIS and WF methods provide better results than COC.
In figure 1(b), the path discretization error that comes into existence due to discretization is shown for all the three
methods and it is observed that in terms of path discretization error, COC shows better performance than the other
two methods. This may be due to the fact that COC is equidistant from each vertex (i.e. centroids of the two triangles
and central rectangle) as shown in figure 2. Figure 1(c) shows how the change in delay requirement, affects the CPU
execution time of the three methods and from the graph it is visible that WF is better than the other two techniques
in this aspect. We also notice that the CPU execution time generally increases when the delay requirement is relaxed
(i.e. increased). This is because with relaxed delay constraint there is an increase in number of feasible paths thereby
increasing the size of search space that has to be explored by the algorithm.

As the delay requirement is relaxed, the cost of cheapest path found decreases and for very high delay requirement
value, the cost of shortest path reduces and tends to Dijkstra’s values as shown by the blue part of the plot in figure 3.
In the same figure, the green and red regions of the surface demonstrate the effect of the proposed algorithm and shows
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Figure 1a. Behavior in terms of cost of shortest path shown by different ranking methods by varying the delay requirement on a
random graph with 250 nodes generated by gengraph-win. The solution tends to the unconstrained crisp case solved by Dijkstra’s
algorithm.

Figure 1b. Behavior in terms of path discretization error shown by different ranking methods by varying the delay requirement
on a random graph with 250 nodes generated by gengraph-win.

Figure 1c. Behavior in terms of CPU Execution time shown by different ranking methods by varying the delay requirement on a
random graph with 250 nodes generated by gengraph-win.
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Figure 2. The point considered as Circumcenter of Centroid (COC) is shown by X .

Figure 3. A surface plot with the delay requirement, cost and CPU execution time of WF.

Figure 4. Box and Whisker plot showing the fuzzy cost as a TFN with four parameters at the delay requirement = 30 units.
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how the cost of shortest path found by the algorithm increases with stricter delay constraint. The behaviour of the
proposed algorithm shows a marked deviation from Dijkstra’s algorithm when delay constraint is strict (i.e. small), as
is clearly seen in figure 3. The cost obtained by all the three methods in the form of a trapezoidal fuzzy numbers with
respect to a constant delay constraint of 30 is shown using a box and whisker plot in figure 4. As visible in figure 4,
the cost obtained by COC method of ranking is much higher than the cost obtained by the other two methods i.e.
MAS/MIS and WF.

5. Conclusion and Future Work

In this paper, we have dealt with two aspects namely uncertainty and multiple delay constraints in the shortest path
problem. The original PDA algorithm was suggested by Chen et al. [1] and its fuzzy version for CFSPP is capable
of tackling the uncertainty by representing the parameter cost as a fuzzy number and the other parameter i.e. delay,
is represented by the crisp value in the same manner as in [1]. To determine the ranking of the fuzzy numbers we
have used three different techniques which include Circumcenter of Centroids, Maximizing Set/Minimizing Set and
Weighting Function and by comparing different output values of cost, path discretization error and CPU execution
time with respect to varying delay requirement, we have concluded that the most efficient method of them all is the
WF technique. So, the shortest path between a specified source and target, taking into consideration the multiple delay
constraints and the uncertainty, can be most efficiently and accurately determined using WF as it is the best method
in terms of execution time and cost however the method that gives minimum path discretization error is Circumcenter
of Centroid method. In future, we plan to study the effects of fuzziness in delay requirement with crisp cost as well as
the case when both the parameters are fuzzy. In these cases it would be interesting to see which fuzzy number ranking
method gives better results.
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Abstract— In this paper we introduce a new stochastic greedy 

heuristic algorithm for the orienteering problem (OP) which is 

an NP-Hard combinatorial optimization graph problem. The 

goal of OP is to determine a Hamiltonian path that connects 

the specified source and target, includes a set of control points 

and achieves the best possible total collected score within the 

fixed time frame. This problem finds application in several 

fields like logistics, telecommunication networks, tourism 

industry etc. In each of these applications, it is necessary to 

provide a practical modelling and the best way to tackle this 

situation is to use incomplete graphs. However, most of the 

techniques available in the literature can only be applied on 

complete graphs. Unlike other algorithms, our algorithm can 

be applied on both complete and incomplete graphs. We have 

implemented our algorithm using four different selection 

procedures and evaluated their performance on standard 

benchmarks. We find that the algorithm works best with the 

roulette wheel selection. 

Keywords- Orienteering problem, selection methods, incomplete 

graphs.  

I.  INTRODUCTION  

Orienteering Problem (OP) which is a combination of two 
well-known problems i.e. travelling salesman problem 
(TSP) and Knapsack problem (KP) originated from a water 
sport where the goal is to determine a path connecting the 
source and the target and at the same time explore a set of 
control points. Not all control points can be visited because 
of the limit on available time (or total distance travelled) [1]. 
OP is an NP-Hard combinatorial optimization problem and 
finds application in various fields like the tourism industry, 
robot path planning in disaster management, home delivery 
system, telecommunication networks, logistics, 
transportation networks etc. Several variants of OP like 
team orienteering, orienteering and team orienteering with 
time window, generalized orienteering are defined in the 
literature which models different real life situations [1]. 
     In 1990, Laporte et al suggested an exact algorithm for 
OP using the concept of linear programming [2].  Another 
exact algorithm was introduced by Hayes et al based on the 

concept of dynamic programming [3]. However, as OP is 
NP-Hard, it is not feasible in terms of execution time to 
implement exact algorithms for large instances. So, the 
efficient technique to solve OP is to use some heuristic or 
approximation algorithm and the first heuristic for OP was 
proposed by Tsiligirides in 1984 [4]. In 1991, a four-phase 
heuristic was suggested by Ramesh and Brown [5]. Golden 
et al introduced the centre-of-gravity heuristic in 1987 [6]. 
A well-known branch and cut method to solve OP was 
presented by Fischetti et al [7].  Later, methods like tabu 
search and artificial neural networks were proposed to solve 
OP [8-9]. In 2009, pareto ant colony optimization and pareto 
variable neighbourhood search techniques were suggested 
by Schilde et al to deal with OP [10]. Campos et al in 2013, 
introduced a method called Greedy Randomized Adaptive 
Search Procedure (GRASP) which is an efficient heuristic 
for tackling the orienteering problem [11]. For the time 
dependent variant of OP, an approximation algorithm was 
suggested by Fomin et al [12]. Other approximation 
algorithms for the un-rooted version and rooted version of 
OP were proposed by Awerbuch et al., Johnson et al and 
Blum et al respectively [13-15]. As stated earlier, OP finds 
several real life applications and most of the practical 
situations cannot be modelled through complete graphs 
only. A more realistic picture can be presented by modelling 
such situations using incomplete graphs. However, most of 
the algorithms available in the literature for OP can be 
applied on complete graphs only. Tasgetiren proposed the 
first genetic algorithm for OP but in 2011, Ostrowski et al 
presented another genetic algorithm that can be applied on 
both complete as well as incomplete graphs [16-17]. 
     In this paper, we present a heuristic for OP (SEL_OP) 
which can be implemented on both complete as well as 
incomplete graphs. In our algorithm, we use different 
selection procedures and compare the results to determine 
the selection method that helps in achieving the best 
possible score for the orienteering problem. 

2014 5th International Conference on Computer and Communication Technology (ICCCT)

978-1-4799-6758-2/14/$31.00 ©2014 IEEE 59



II. PRE-REQUISITES 

A. Problem Definition 

In OP the aim is to determine a Hamiltonian Path �  that 
connects the stated source ���� and target ����,  includes a 
subset �	��� of the vertex set � such that the total collected 
score can be maximized within the stated time budget ������. OP can be represented by an undirected weighted 
graph (complete or incomplete) ���,	� where � is the set 
of vertices and 	  is the set of edges. We associate two 
functions i.e. a time function and a score function to the 
edges and vertices respectively. Let 
:	 → ℜ�  denote the 

time function and �:� → ℜ�	signify the score function. So, 
for a subset ���
	� and 	��
		, we have ����� = ∑ ���∈	�  

and 
�	�� = ∑ 
���
∈��  respectively [1]. 
      The OP can be stated as an integer programming 
problem which is as follows [1]: ���∑ ∑ ����
�


��
���
���                                                           (1) ∑ ��
�


�� = 1				,			 ∑ ������
��� = 1                                         (2) ∑ ������

��� ≤ 1						∀	� = 2,…… . ,� − 1                              (3) ∑ ��
�

�� ≤ 1						∀	� = 2,…… . ,� − 1                              (4) ∑ ∑ 
�
��
	�


��
���
��� 	≤ 	 ����                                                  (5) 

2 ≤ �� ≤ �					∀	� = 2,…… . ,�                                         (6) �� − �
 + 1 ≤ �� − 1��1 − ��
�			∀	�, � = 2,……… ,�    (7) ��
 	�	�0,1�			∀	�, � = 1,…… ,�                                            (8) 

Equation 1 represents the objective function of OP i.e. 
maximization of the total collected score. Few other 

constraints like a path should have �� as its starting and �� 
as its ending node is taken care by equation 2 and no vertex 
is visited more than once and the path remains connected is 
ensured by equation 3-4. The important condition that the 

path satisfies the time bound ������  is represented by 
equation 5. The need to eliminate sub tours is executed by 

equations 6 and 7. Variable ��  signifies the position of 

vertex ��  in the path and ��
  = 1 if �
  is visited after �� 
otherwise, ��
  = 0. 
B. Selection Methods  

1) Tournament Selection   

       In this selection technique, one individual is chosen 

from a population of individuals. Several tournaments are 

run among the randomly selected individuals from a 

population and the best ones are copied to the next 

generation (those that win the tournament i.e. have the 

best fitness value). The process is repeatedly performed 

several times to saturate the population. The tournament 

size is denoted by q and the most common tournament 

size is q=2. By altering the tournament size, the selection 

pressure can be easily adjusted. In case the tournament 

size is large then weak individuals have a lesser chance of 

getting selected. Some advantages of this method are (1) 

it does not require any sorting mechanism and therefore 

can be implemented in O(n) time and (2) it supports 

parallel architecture [18-20].        

2) ��,�� Selection 
           This selection technique was formulated with the 
idea of reducing the offspring population generated as a 
result of recombination and mutation. In this case, the 

offspring population of size � ≥ � is reduced by selecting � 
best offspring individuals as new parents for the next 
generation. It is an easy to implement technique, takes less 
time and practically follows the greedy approach therefore 
generates good results and helps in most of the cases [18-
20]. 
 

3) Roulette Wheel Selection 
          This selection method is also called proportional 
selection method and uses the fitness proportionate 
approach. It selects an element randomly from a list on the 
basis of the fitness function. The elements having a higher 
fitness value have a greater probability of getting selected, 
however, even the elements with a lesser fitness value has a 
non-zero probability of getting selected [18-20]. 

 

4) Random Selection  
           It is a non-probabilistic and the simplest selection 
method. In this technique, any node is randomly selected 
from the set of available candidate nodes i.e. a node is 
selected only because it is readily available and can be 
conveniently used for further operation without performing 
any other processing. This method can explore a large 
search space and provides a wide range of answers. Also, if 
the technique is allowed to run large number of times, it 
may generate the best possible solution [18-20]. 

III. ALGORITHM  

Input: A graph ���,	�  with 	
�
  (time taken to traverse) 

value and ��  (Score) value of each edge and each vertex 
respectively. A constant ��
ℎ�� 
��!�	value which denotes 
the maximum number of paths that are considered at each 
level. 
Output: A Hamiltonian path with the best possible total 
collected score such that total travel time is within the stated 
time bound. �	�_	"���,��
ℎ�� 
��!�,����� 

1. #$%&'%	��
ℎ�� 
;                                                  
// Array of paths which is initially empty. 

2. ��
ℎ�� 
 ← ∅; 

3. ��
ℎ	P ← (��� 
)����,���;                                  
// Shortest path between source ���� and target ����. 

4. *+,%$'	�	
�	��
ℎ�� 
; 
5. $%'-$+	��.�)�
��.���
ℎ�� 
�; 

 ��.�)�
��.���
ℎ�� 
� 
1. #$%&'%	��/��
ℎ�� 
	,0ℎ�123�
ℎ�� 
;                 

// Queues storing paths. 
 ��/��
ℎ�� 
 ← ∅; 

 0ℎ�12��
ℎ�� 
 ← ∅; 
2. 45$	� ← 0	
�	|��
ℎ�� 
| 
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�. ��1�7
��.���
ℎ�� 
8�9,0ℎ�12��
ℎ�� 
�;    
//�ℎ����	
ℎ���
	will contain children generated from 

each path in �	
ℎ���
. 
3. 45$	� ← 0	
�	��
ℎ�� 
��!�         

// Selecting best �	
ℎ���
����  children for next 

generation. �.0ℎ�12��
ℎ = :� 
��
ℎ�0ℎ�12��
ℎ�� 
�; 
// The path with the maximum total score. 

 ;%<5=%	0ℎ�12��
ℎ	
)�>	0ℎ�12��
ℎ�� 
; 
 *+,%$'	0ℎ�12��
ℎ	
�	��/��
ℎ�� 
;  
 ?. @4	|0ℎ�12��
ℎ�� 
| == 0 

  ?)���; 
4. @4	��/��
ℎ�� 
 == ��
ℎ�� 
    

 // Terminate if no new child is generated and return the 

���
�	
ℎ.      
 $%'-$+	:� 
��
ℎ���
ℎ�� 
�; 

5. $%'-$+	��.�)�
��.���/��
ℎ�� 
�; 
 ��1�7
��. ���
ℎ	�,0ℎ�12��
ℎ�� 
�                                 
 //�	
ℎ is an array of nodes that forms a path. 

1. A��� ← 	0;    

2. 45$	� ← 0	
�	|�| 
3. �. @4	� ∈ �                                                         

 // If a node is already present in the path then ignore it. 

             B5+'@+-%;  														?.#&CB-C&'%∆
�	;	                                         
// The time increment due to insertion of �� at its best position.                                                                                             

           	7. A� = D �� |∆
�|⁄ , 													∆
� 	≥ 1��, 													 −1 ≤ ∆
� < 1�� ∗ |∆
�|, 										∆
� < −1		 
 

           2. @4A��� ≤ 	 A� 
                    A��� ← A�  

4. 0)��
�	0�.2�2�
��� 
	;                                
 // Array of candidate nodes used for selection.  

5. 0�.2�2�
��� 
 ← ∅;                                                   

6. 45$	� ← 0	
�	|�| 
7. �. @4	� ∈ � 

                  B5+'@+-%;  
              ?. @4	(A� 	≥ 	F	A���)&&	(
���
�� + ∆
� ≤ ����)    
// � is the greediness parameter that decides which node should 

participate in selection process. 

             7. *+,%$'	��	
�	0�.2�2�
��� 
	; 
8. @4|0�.2�2�
��� 
| == 0  

                       ������	�	
�	�ℎ����	
ℎ���
;                         

// If no new nodes are added then insert the parent path	�.                                                                                                                
    ;%'-$+; 

9. 45$	�← 0	��	���ℎ����	�
�                      
 // Generates	�	
ℎ���
���� number of children paths from path P.        

10. �.0ℎ�12��2�	 ← 0�>3�
��0�.2�2�
��� 
� 
 

// Compute 1 using tournament selection. 

               //  Compute 2 using (�, �) selection. 

               //  Compute 3 using roulette wheel selection. 
              //  Compute 4 using random selection. 

 

;%<5=%	0ℎ�12��2�	
)�>	0�.2�2�
��� 
; *+,%$'	0ℎ�12��2�	
�	��
ℎ	�	�.2	*+,%$'	��
ℎ	�	
�	0ℎ�12��
ℎ�� 
. ;%<5=%	0ℎ�12��2�	G)�>	��
ℎ	�; 
              ?. @4	|0�.2�2�
��� 
| = 0	  
                       H$%&I;  
 :� 
��
ℎ���
ℎ�� 
�  

1. >�� ← 0; ?� 
3�
ℎ ← 0; 

2. 45$	� ← 0	
�	|��
ℎ�� 
| 
a. @4 J�7�)����
ℎ�� 
����K > >���7�)�      

// Score (�	
ℎ	�) is the sum of the rewards associated with each 

node of 	
ℎ	� .                  	?.>���7�)� ← �7�)����
ℎ�� 
����;  
     ?� 
3�
ℎ	 ← �;  

3. )�
�).	��
ℎ�� 
�?� 
3�
ℎ�; 
 

The aim of above stated algorithm is to determine a path 

that connects the source ���� and target ���� and a subset of 
vertices that maximize the total collected score and obeys 
the time limit. This algorithm can be implemented on both 
complete as well as incomplete graphs. To ensure that in a 
path, source and target is connected we implement the 

Dijkstra’s algorithm as shown in step 3 of �	�_"�(). To 
take care of the other constraint that no vertex is visited 
more than once, the explored nodes are removed from the 
set of available nodes that forms the candidate list for the 
selection process. In the ��1�7
��.	() , four selection 
techniques are used and a comparison of their results is 
presented in the next section. The time complexity of �	�_"� is "�|�|��. 
 

IV. EXPERIMENTAL ANALYSIS 

       Our code was implemented in C++ and compiled using 
CodeBlocks on an Intel Core i5 650 running at 2.20 GHz. �	�_"� has the capability to tackle both complete as well 
as incomplete graphs and here we report the results for 
incomplete graphs by running the code on some real data. 
We considered two instances i.e. a real road network data of 
160 and 306 cities of Poland. Each instance is associated 
with two files i.e. cities.txt and distances.txt. The names of 
the various cities and their scores are specified in cities.txt. 
The score of each city is calculated on the basis of the 

number of inhabitants using the formula  7�)� =�.ℎ�?�
�.
 10000	⁄ . The other file distances.txt represents 
for each city, its adjacent city and their respective edge 
lengths. These edges of the graph correspond to the roads of 
the real map of Poland. 

         The algorithm �	�_"�  was executed using four 
different selection methods defined in section II (B). In 
Table 1, the maximum and mean score value achieved by 

each selection technique for different ����  values is 
presented and in Figure 1, these values are plotted for the 
first instance with 160 cities. It was observed that roulette 
wheel selection method performs better than the other three 
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techniques in most of the cases and helps in obtaining a 
better total collected score when compared to the other 
techniques. 
         It was also seen that when the same algorithm was 
executed for the 306 cities instance, only the random 
selection method suffers and rest of the selection methods 
achieves the same maximum total collected score most of 
the times as shown in Table 2 and Figure 2. The possible 
reason for this observation might be the existence of big 
clusters in the 306 cities instance which is absent in case of 
the 160 cities instance as shown in Figure 3 (a) and 3 (b). 
Therefore, the selection techniques have more possible 
options available to be explored in case of 160 cities 
instance and do not get stuck within a cluster. So, it can be 
stated here that roulette wheel selection procedure performs 

better than the other methods when executed by �	�_"� 
algorithm. 
 

V. CONCLUSION 

     In this paper, we introduce a new stochastic greedy 
heuristic approach ( �	�_"� algorithm)  for the orienteering 
problem which can be applied for both complete as well as 
incomplete graphs. It was implemented using four different 
selection methods and the results thus obtained were 
compared on standard benchmarks.  We find that roulette 
wheel selection method performs better than the other three 
selection techniques and helps in achieving a better total 
collected score for the specified time budget. 
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TABLE I. Comparison of the mean and maximum value of the total collected score obtained by ���_�� when executed with four different selection 

procedures for 160 cities. 

 

 ���� (µ,λ) Random Tournament Roulette Wheel 

 Max Mean Max Mean Max Mean Max Mean 

500 49 49 49 48 49 48 49 48 

750 67 67 67 64 67 66 67 65 

1000 83 83 88 77 88 84 88 79 

1250 103 103 103 99 103 101 102 100 

1500 118 118 116 114 119 116 116 114 

1750 135 135 130 128 135 128 130 128 

2000 145 145 145 143 145 143 148 143 

2250 157 157 160 154 157 155 162 155 

2500 179 179 184 175 179 176 187 174 

2750 190 190 203 193 191 189 203 193 

3000 206 206 214 205 206 202 214 206 

3250 234 234 233 223 234 228 233 224 

3500 248 248 249 242 249 245 251 244 

3750 255 255 261 255 257 255 263 256 

4000 269 269 271 264 272 268 270 267 

  
 

TABLE II. Comparison of the mean and maximum value of the total collected score obtained by ���_�� when executed with four different selection 

procedures for 306 cities. 

 ���� (µ,λ) Random Tournament Roulette Wheel 

 Max Mean Max Mean Max Mean Max Mean 

500 127 121 127 117 127 121 127 118 

750 155 149 155 147 155 148 155 147 

1000 178 173 177 168 178 172 178 169 

1250 211 173 208 190 211 172 211 193 

1500 236 213 234 218 236 219 236 221 

1750 263 241 263 253 263 254 263 251 

2000 282 280 279 273 282 277 282 273 

2250 307 300 299 291 307 292 307 281 

2500 325 323 323 307 325 309 325 306 

2750 349 336 333 325 349 327 349 329 

3000 366 355 366 346 366 345 366 344 

3250 396 339 386 366 396 371 396 369 

3500 420 394 414 384 420 393 420 390 

3750 435 408 428 410 435 411 435 400 

4000 459 430 448 429 459 437 459 440 
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Figure 1.  Comparison of the maximum value of the total collected score obtained by four different selection methods for different �
���

 values (160 cities). 

 

Figure 2.  Comparison of the maximum value of the total collected score obtained by four different selection methods for different �
���

 values (306 cities). 
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(a) 

 

(b) 

Figure 3. Graph for (a) 160 cities and (b) 306 cities instance. 

65



Fuzzy Constrained Shortest Path Algorithm using 
Circumcenter of Centroids 

Madhushi Verma 
Computer Engineering Department 

IIT- BHU 
Varanasi, India 

madhushi.rs.cse@itbhu.ac.in 

K. K. Shukla 
Computer Engineering Department 

IIT- BHU 
Varanasi, India 

kkshukla.cse@itbhu.ac.in
 
 

Abstract— The constrained shortest path problem (CSPP) is a 
well known NP-Complete problem where the task is to determine 
the shortest path that satisfies certain constrains like delay and 
cost. Other than the straight-forward implementation in the area 
of networking, this problem also finds application in the field of 
multimedia, crew scheduling etc. In these kinds of applications it 
is important to take into consideration the uncertainty involved 
in the network environment to provide the Quality of Service 
(QoS) assurance which can be modeled by the use of fuzzy 
numbers for the representation of the parameters involved. In 
this paper, we extend the algorithm stated by Sahni et al to deal 
with the fuzzy constrained shortest path problem (FCSPP) by 
fuzzifying one of the constraints i.e. cost and representing it as a 
trapezoidal fuzzy number.  Fuzzy numbers cannot be ordered 
like real numbers so the Circumcenter of Centroid method is 
used to rank the trapezoidal fuzzy numbers and determine the 
fuzzy constrained shortest path also taking into account the delay 
involved. 

Keywords—constrained shortest path, fuzzy constrained 
shortest path, trapezoidal fuzzy numbers, circumcenter of centroid 
method, path delay discretization. 

I. INTRODUCTION  
  Shortest Path Problem (SPP) is one of the fundamental   
optimization problems in the field of Computer Science, 
Telecommunications and Operations Research that is 
polynomial time solvable. An extension of SPP is Constrained 
Shortest Path Problem (CSPP) where the shortest path 
computed is required to fulfill a set of constraints which leads 
to removal of those links from the graph that violates the 
constraints and then the Shortest Path algorithm is applied [1-
2]. Adding one or more constraints to the SPP makes it 
intractable and CSPP is a well known NP-Complete Problem 
[1]. Applications of CSPP include computer networks, cable 
television networks, communication networks, transportation 
networks and multimedia applications like web broadcasting, 
video teleconferencing, remote diagnosis etc. [2-3]. To 
provide Quality of Service (QoS) assurance for the stated 
applications it is necessary to consider the uncertainty 
involved in the network environment as the parameters 
involved like cost, time, delay are not naturally precise and the 
uncertainty can be modeled by using Fuzzy numbers leading 
to Fuzzy Constrained Shortest Path Problem (FCSPP) [3]. 

One of the first algorithms, to solve CSPP was given by Joksh 
in [4]. CSPP is an NP-Complete problem so most of the 

algorithms suggested are either Heuristic or Approximation 
algorithms and the strategies used to provide the solution are 
mostly either Dynamic Programming (DP) or Lagrangian 
Relaxation (LR) [1-2].  Some initial techniques were 
suggested by Sahni [5] and Ibarra and Kim [6] that were later 
used by researchers to solve the CSPP using - approximation 
algorithms. Let be the number of links and  be the number 
of nodes in the given network and  be the upper 
bound and lower bound on the optimal cost respectively. In 
[7], Hassin suggested a Fully Polynomial Time 
Approximation Scheme (FPTAS) for CSPP based on the 
technique of DP and scaling / rounding with a time complexity 
of   and in [8], 
Juttner et al applied the technique of LR on the delay 
constrained least cost routing problem and solved it in 

 time. A heuristic algorithm was presented by 
Korkmaz and Krunz with the same time complexity as that of 
Dijkstra’s algorithm [9]. Handler and Zang used the strategy 
of LR and applied it to the k-th shortest path problem 
algorithm, to solve CSPP [10]. 

Here we represent the parameters in the form of fuzzy 
numbers to model the uncertainty. Several types of fuzzy 
numbers exist like Gaussian fuzzy numbers, Exponential 
fuzzy numbers, Quadratic fuzzy numbers, Triangular fuzzy 
numbers, Trapezoidal fuzzy numbers etc but we prefer 
Trapezoidal fuzzy numbers for two important reasons. Firstly, 
it is the most generic class of fuzzy numbers and has a linear 
membership function. Therefore, it is widely used in modeling 
the uncertainty of the scientific and applied engineering 
problems. Secondly, its simplicity both in terms of concept 
and computation increases its use while dealing with problems 
like CSPP [11]. 

In problems like CSPP, it is important to rank the fuzzy 
numbers to determine their ordering as the requirement is to 
find the shortest path taking into consideration certain 
constraints. In case of real numbers, there exists a natural 
ordering which is absent for fuzzy numbers. So many ranking 
methods convert the fuzzy numbers to real numbers and then 
analyze them but in this procedure much of the information is 
lost. Attempts have been made to determine techniques that 
can rank the fuzzy numbers with the minimum loss of 
information. The concept of ranking fuzzy numbers was first 
suggested by Jain in [12]. Since then a lot of methods have 
been suggested by different researchers. Wang and Kerre in 
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[13-14] categorized all the methods suggested for ranking the 
fuzzy numbers into three classes based on fuzzy mean and 
spread, fuzzy scoring and preference relation. Here we use the 
method based on Circumcenter of Centroids for ranking 
trapezoidal fuzzy numbers suggested by Rao and Shankar 
[15]. 

II. PRELIMINARIES 

A. Trapezoidal fuzzy number(TFN) 
     A Trapezoidal Fuzzy Number  can 

be represented by the following membership function 
where  [11].  

                                                                                    

B. Addition of TFN 
     If  be two 
trapezoidal fuzzy numbers then their sum is given by the 
following formula [11]: 

       
                            (2)    

C. Ranking of TFN 
     The natural ordering that exists for real numbers is missing 
in case of fuzzy numbers. In problems like FCSPP where 
weights are fuzzy numbers, it is required to rank the fuzzy 
numbers. Several methods have been proposed for ranking 
fuzzy numbers but here we use the Circumcenter of Centroids 
method. The centroid can be considered as the balancing point 
of the trapezoid  but a better point of reference would be the 
Circumcenter of the Centroids as the trapezoid can be divided 
into three plane figures, one triangle, one rectangle and 
another triangle. The centroid of each of the plane figures 
when joined forms a triangle and then the Circumcenter is 
determined. This point is called the Circumcenter of Centroids 
(COC) and is equidistant from each of the vertex of the 
triangle formed by joining the Centroids of the plane figures 
and is considered to be a better point of reference.  
If   be a trapezoidal fuzzy number then 
COC is calculated using the following formula [15]: 

                                                   
                  (3) 
 
Now the rank of the fuzzy number  is defined as  

                                                               (4)   
If we have two fuzzy numbers  and if 

then   and vice versa. If  then we 
use the following method to determine the ranking: 
Index of Optimism: For a given fuzzy number 

 and  an index related to ranking has 
been defined by Rao and Shanker in [15] which correspond to 

the decision maker’s degree of optimism and can be 
represented as: 

     where                         (5) 
The larger the value of  the greater is the degree of optimism 
of the decision maker. 
Index of Modality: As the index of optimism uses the 
extreme values of , it is not sufficient to rank the fuzzy 
numbers so another index called index of modality that 
considers the importance of central value along with the index 
of optimism was defined in [15] which can be stated as: 

         
                                   where                                 (6)                    
 
So when , we need to calculate  and 

. 
If   then   else   .  

D. Path Delay Discretization 
     As stated earlier CSPP is an NP-Complete problem. 

Techniques suggested to solve this problem reduce the number 
of different values (cost or delay) by using the process of 
discretization so that the problem can be reduced to a 
polynomial time solvable problem [1]. The amount of error 
introduced during the process of discretization determines the 
effectiveness of these techniques. Taking into consideration 
two factors, (1) the utilization of limited resources and (2) 
improving the efficiency of network functions, Sahni et al in 
[1] suggested two methods of discretization, randomized 
discretization and path-delay discretization. 

Here we use the path-delay discretization technique to 
solve FCSPP. Instead of working with individual link delays 
as in case of randomized discretization which leads to the 
problem of error accumulation, path-delay discretization deals 
with path delays and discretization is performed using interval 
partitioning method so the problem of error accumulation is 
eliminated [1].      

For a given path , 

                                                               (7) 

Where  denotes the delay of the path ,  is the given 
delay requirement and the delay requirement is bounded by an 
integer . 

III. PROBLEM FORMULATION 
  Given network is denoted as  where  is a set of 

  nodes and   is a set of  links. Each edge      
has a delay and a cost value associated with it denoted as 

 and  respectively. For a path , the delay and 
cost of the path are denoted as  and  respectively 
where 

                                               (8) 

                                                 (9) 

 denotes the length (number of hops) of   and the 
length of the longest path in the network is denoted by . 
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A path  is called a feasible path if  where  is 
the given delay requirement and the cheapest feasible path is 
one that not only satisfies the delay requirement but for which 
the cost  is the minimum among all possible paths 
connecting the source node  and the destination node  [1]. 

In case of FCSPP, the cost values  are trapezoidal 
fuzzy numbers so the cost of the path  can be determined 
using Definition B of section II, equation 2 and the cheapest 
possible path can be determined using Definition C of section 
II and equation 3, 4 and 6. 

IV. PROPOSED ALGORITHM 
 

1.  
2.  
3.  
4.  

 
5.   
6.     
7.     
8.       
9.  

 
10.  
11.  
12.  
// Compare using Definition C of section II and Equation 3, 4, 
5 and 6. 
13.       
14.          
15.        
16.  

 
17.  
18.  i = 0 to  
19.      
20.      
21.          
22.          
23.               
24.          
25.          
26.          
27.                  
28.          
29.       
30.  

 
31.   
32.  
33.       

34.       
35.  // where  is the path 
with  

Path Delay Discretization Algorithm (PDA) was stated by 
Sahni et al in [1]. Here we have modified the algorithm to deal 
with CSPP in the fuzzy environment. Here, out of the two 
constraints cost and delay, we fuzzify the cost and use 
trapezoidal fuzzy numbers to represent the cost values. The 
delay values are represented as real numbers. We use a random 
graph generator to generate a graph and using the  
function, delay and cost values are generated randomly. Then 
from these randomly generated cost value, the trapezoidal 
fuzzy number is formed which is used in calculating the 
shortest path using the . The function 

 is used to determine the trapezoidal fuzzy 
numbers for the crisp cost values. Three two dimensional 
arrays are used .  stores the 
cost of the cheapest path  from  with

. The last link of the path is stored 
in  and  is used to keep a record of the minimum 
delay of paths for which discretized delays are  from 
node . The algorithm presented above has the same time 
complexity as that of the algorithm stated in [1] i.e. 

 . We performed an experiment to 
determine the behavior of fuzzy path-delay discretization 
algorithm and observed that as the delay requirement and the 
network size increases, the average execution time increases 
which is shown in the following two figures. The reason for 
this behavior is that as the network size increases, the number 
of available path for the specified source and target increases 
and if the delay requirement increases, more of such paths can 
be explored to determine the feasible path.  

 
Fig. 1. Comparison of average execution time with different delay requirement. 
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Fig. 2. Comparison of average execution time for different network size. 

 

V. CONCLUSION 
  In this paper, the focus was on two aspects: uncertainty 

and multiple constraints. The uncertainty was taken care of by 
using fuzzy numbers for the representation of parameters and 
multiple constraints included delay and cost. An algorithm 
based on the path delay discretization technique suggested by 
Sahni et al in [1] is proposed that is capable of handling the 
uncertainty in the network environment by considering one of 
the constraints i.e. cost as a fuzzy number and delay is 
represented in the same manner as in [1] i.e. as a real number. 
The algorithm proposed follows the same steps as in PDA but 
with two differences: a function is used to create the 
trapezoidal fuzzy numbers that represent cost and the method 
Circumcenter of Centroid is used to rank the fuzzy numbers, 
with these differences the algorithm proposed is capable of 
determining the shortest path between a pair of source and 
target that satisfy the specified constraints and runs in 

 time. 
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