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reduce the energy consumption of cores. Nowadays processor vendors are providing soft-
ware for DVS. We consider a system using a single multi-core processor with software con-
trolled DVS having a finite set of discretely available core speeds. Our contribution to this
work is solving a well-known energy efficient voltage scheduling problem on the considered
system. The problem that we consider is to find a minimum energy voltage scheduling for a
Energy efficient scheduling given comput.ational load that has to.be completed within a given deadline. Eirst we show
Integer linear programming that the existing methods to solve this problem on other processor models fail to apply on
Multi-core processors our processor model. Then we formulate an Integer Program (IP) for the problem. Through a
series of reductions we reduce the IP formulation of the problem into an Integer Linear Pro-
gram (ILP) formulation and prove that the proposed IP for the problem can be solved in
O(D(log(Max(Smax, p) + 1) + qlog(Dp + 1)) + log(aps?,,,D)(2q(4q + 3)log(max(Dp, C) + 2))")
time where D is the given deadline, C is the amount of computation that has to be completed
within the deadline of D time units, p is the number of cores, q is the number of possible
core speeds, S;q, is the maximum speed of cores, and o and a are constants.

© 2014 Elsevier Inc. All rights reserved.
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1. Introduction

Multi-core processor architectures are designed to meet the challenges of high performance computing applications [1,2].
A multi-core processor has more than one core on a single chip. This greatly reduces the hardware size. This also greatly
reduces the communication delay between cores as compared to multiprocessors. The result is that we have improved com-
putational performance with reduced hardware.

Dynamic voltage scaling (DVS) is a technique in which varying the supply voltage can vary the speed of cores [3]. This
results in saving of energy when computational load is low.

This gives rise to the voltage scheduling problem [4] for multi-core processors in which the objective is to find a schedule
of core speeds/voltages so as to minimize the energy consumption given a computational load to process and a deadline to
meet.

We consider a system using a single multi-core processor with software controlled DVS having a finite set of discretely
available core speeds. We consider the problem of finding a minimum energy voltage scheduling for a given computational
load that has to be completed within a given deadline on the proposed processor model. We prove that this problem can be
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solved in O(D(log(max(Smax, p) + 1) + qlog(Dp + 1)) + log(aps3,,.D)(2q(4q + 3)log(max(Dp, C) + 2))“”) time where D is the gi-
ven deadline, C is the amount of computation that has to be completed within the deadline of D time units, p is the number of
cores, q is the number of possible core speeds, s, is the maximum speed of cores, and « and a are constants.

The rest of the paper is organized as follows: Section 2 highlights some of the previous work from the literature that is
related to our work. In Section 3 we consider a system using a single multi-core processor with software controlled DVS
having a finite set of discretely available core speeds. In Section 4 we consider the Energy Efficient Load Scheduling Problem
(EELSP) on the proposed processor model. In Section 5 we give an O(D(log(max(Smax,p)+ 1) + qlog(Dp + 1)) +
log(otps? D) (2q(4q + 3)log(max(Dp, C) + 2))“2q) time algorithm for solving the EELSP problem. In Section 6 we give some
experimental results. And finally we conclude in Section 7.

2. Related work

Energy efficient scheduling is an active area of research. There are many uniprocessor energy efficient scheduling algo-
rithms proposed in the literature [5-8,4,9-12].

Ishihara and Yasuura [4] considered the problem of voltage scheduling on a uniprocessor with DVS that can use only a
small number of discretely variable voltages. They proved that the voltage scheduling problem of minimizing the energy
consumption by a processor for processing a given computational load with a given deadline can be solved optimally in poly-
nomial time with at most two voltages.

Chen et al. [6] considered the problem of profit-driven uniprocessor scheduling with energy and timing constraints. They
considered both type of processor models: processors with a finite number of discrete processor speeds, and processors with
an infinite number of continuous processor speeds. Each task has associated with it an amount of computation, and a profit if
it is completed within a common deadline for all tasks. Energy constraint is given. A lower bound for system profit is also
given. The problem is to select a subset of tasks that satisfies the energy, profit and deadline constraints while maximizing
the system profit. They proposed a 2-approximation algorithm and a fully polynomial time approximation scheme for the
problem. They also solved the previous problem [4] for a different energy consumption function that is a convex function.

Yao et al. [10] considered the problem of minimum energy scheduling of independent jobs with arrival times, deadlines,
and a given amount of computation on a uniprocessor with variable speeds under the assumption that the power function is
a convex function of the processor speed. They considered the case of discretely available processor speeds. They gave an
O(nlogz(n))) time optimal offline algorithm for the problem where n is the number of jobs. They also proposed some heuris-
tics for the online version of the problem.

Irani et al. [8] extended the previous problem [10] to include the case in which a processor can go into a sleep state. In the
sleep state, the processor speed and its power consumption is 0, but a constant amount of energy is required to bring back
the processor into a non-sleep mode. They proposed a 3-approximation algorithm for the offline version of the problem. They
also proposed an online algorithm for the problem.

Chen et al. [7] extended the problem of Yao et al. [10] for the case of jobs with precedence constraints. They considered
the case of weakly dynamic voltage scheduling in which speed change is not allowed in the middle of processing a job. They
gave fully polynomial-time approximation schemes for two special cases of the problem and also proved the problem to be
NP-Complete.

Yang et al. [12] considered the problem of energy efficient real time task scheduling with temperature dependent leakage
[13,14] on a processor. A workload of C time units is given that must be done in every consecutive D time units. The problem
that they solve is to schedule the given workload with the minimal total energy consumption and without violation of any
timing constraint. They propose a pattern based approach in which they divide the given time horizon into several time seg-
ments with the same length. In each time segment the processor is in the active mode at the beginning for a fixed amount of
time, and it is in the dormant mode at the end for the remaining amount of time. In the active mode the computation is ad-
vanced, while the dormant mode is used to reduce the temperature by cooling as well as by leakage power consumption.

There are also various multiprocessor energy efficient scheduling algorithms proposed in the literature [15-22].

Yang et al. [22] considered the problem of energy consumption minimization for a chip-multiprocessor with DVS that can
use continuously varying processor speeds with no upper bound. The power consumed by the processor was assumed to be
proportional to the cube of the processor speed. They considered the problem of voltage scheduling for a set of independent
tasks with a common deadline. They gave an 2.371-approximation algorithm for the problem.

Zhang et al. [20] considered the problem of energy efficient scheduling of real time dependent tasks on a given number of
variable voltage processors. They provided a two-phase framework to solve the problem. The first phase is the task assign-
ment and ordering. The second phase is the voltage selection (VS) phase. The VS problem is formulated as an integer-pro-
gramming (IP) problem. They proved that the IP problem for VS could be solved in polynomial time for the case of
processors with continuous voltages.

Shieh and Pong [23] consider the energy efficient task scheduling problem for a multicore processor by taking into ac-
count the overheads in transition between different voltage levels. They give an ILP formulation for the problem. They have
also proposed an online heuristic algorithm for the problem, and compared with the optimal offline algorithm.

Zhuravlev et al. [24] survey various types of energy efficient task scheduling algorithms for multicore systems. They con-
sider proactive thermal management techniques, in which temperature of cores are kept within a safe limit. They consider
three types of thermal management techniques: static management technique, in which task scheduling is done at the start.
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Nonpredictive proactive thermal management: in which scheduling is done at run time, it is non-predictive because there is
no prediction of core temperatures. Predictive proactive thermal management: in which scheduling is done at run time, and
also core temperatures are predicted. They have also surveyed single-threaded and multithreaded applications on assymet-
ric multicore systems having different non-identical cores.

Chen et al. [25] consider the problem of dynamic voltage and frequency scaling for shared resources in multicore proces-
sors. They propose a method for dynamic voltage/frequency scaling of networks-on-chip and last level caches in multicore
processor designs, where the shared resources form a single voltage/frequency domain. They have developed techniques for
monitoring and control, and validated through system simulations on the PARSEC benchmarks.

Min-Allah et al. [26] consider power efficient rate monotonic scheduling for multi-core systems. They first try to find the
lowest core speed so that deadline is satisfied, and energy consumption is low. They then shift the lightest tasks to different
cores to maximize the core utilization.

Etinski et al. [27] propose a model that gives an upper bound on loss in performance due to frequency scaling using the
application parallel efficiency. They have also validated their model using performance measurements of large scale parallel
applications.

Zhu et al. [28] consider the problem of energy efficient task scheduling on a heterogeneous cluster with DVS. They pro-
pose an adaptive energy-efficient scheduling (AEES) for aperiodic and independent real-time tasks on heterogeneous clusters
with DVS. The AEES algorithm adjusts the voltages according to the workload conditions of a cluster. When the cluster is
heavily loaded, the AEES algorithm considers voltage levels of the new tasks as well as the tasks running currently to meet
the deadlines. When the cluster is lightly loaded, the AEES algorithm reduces the voltage levels to conserve energy while also
satisfying the deadlines.

Lee [29] has considered the problem of energy efficient scheduling of periodic realtime tasks on lightly loaded multicore
processors. A multicore processor is said to be lightly loaded if the number of cores is greater than the number of tasks. A task
is executed in parallel with a low speed on an idle core. The problem is proved to be NP-hard on a lightly loaded multicore
processor. Then a polynomial-time scheduling scheme is proposed.

Dhiman et al. [30] have proposed a multi-tiered software system for energy efficient computing in virtualized environ-
ments called vGreen. It consists of metrics that capture power and performance characteristics of virtual and physical ma-
chines, and use it for energy efficient virtual machine scheduling.

Bergamaschi et al. [31] have considered an integrated power management (PM) unit in a multi-core processor, which
monitors the performance and power of each core and dynamically changes the individual voltages and frequencies to max-
imize the system performance under a given power budget. They have performed experiments for both types of DVS: per-
chip DVS and per-core DVS.

3. Systems using a single multi-core processor
3.1. Multi-core processors with software controlled DVS

Some examples of software controlled DVS are Enhanced Intel SpeedStep Technology [32], and AMD PowerNow! Technology
[33]. Our algorithm and problem formulation technique is practical for multi-core processors that have a small number of cores
with software controlled DVS having a small number of discretely available core speeds. For example: Enhanced Intel SpeedStep
Technology [32] for the Intel Pentium M processor supports processor speeds of 600 MHz to 1.6 GHz with a step of 200 MHz.
AMD PowerNow! Technology [33] supports the complete frequency operating range of the processor in use allowing steps of
33 or 50 MHz from an absolute low of 133 or 200 MHz. Our motivation for using a single multi-core processor with per-chip
DVS comes from the Intel (R) microarchitecture (Nehalem) [34]. In the Intel (R) Xeon (R) processor series 3500 and 5500 using
the Intel (R) microarchitecture (Nehalem) [34]| there are four cores. Each core runs at the same speed. Each core can indepen-
dently go to the sleep state. Depending upon the number of active cores, estimated current consumption, estimated power con-
sumption, and the processor temperature, the cores can increase one (133.33 MHz) or two (266.66 MHz) frequency steps.

3.2. Notation

Let A/ denote the set of natural numbers. For a rational number x, [x] is the smallest integer greater than or equal to x. In
this work we are only dealing with integer vectors having each component as an integer. A d-dimensional vector V is written
as V = (v;), where i is used to index the components of V as »; where i € [1,d] N V. For two d-dimensional vectors U and V,
their dot product is denoted as U« V = Z?Zlu,- v;. For an integer n we denote the vector V" as V" = (¢"), where V = (v;),.
min() and max() are functions used to return the minimum and maximum of the input parameters respectively.

3.3. Characteristics of the considered multi-core processor

We take the power consumption function of the multi-core processor same as in Chandrakasan et al. [35], Weiser et al.
[36], and Yang et al. [22]:

P(s) = CyVigs, (1)
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where

s =kn((Vag — Vo)*)/Vaa. (2)

Here P() is the power consumption function, s is the processor speed, C, is the effective capacitance, V, is the threshold volt-
age, Vyq4 is the supply voltage and kj, is a hardware dependent constant. We assume that:

Vg > V. (3)
From (1)-(3) we get:
P(s) = as?, (4)

where o is a constant.

Let the energy consumed by a core running at a speed of s for 7 time units be given by P(s)t. Let the overheads in changing
the supply voltages be negligible. We are assuming that any core can be taken into a sleep mode with s = 0, but all of non-
sleeping cores must run at the same speed [22]. Let the computational work done c in cycles of a core running at a speed of s
for T time units be given by:

€ =ST. (5)
Our considered multi-core processor has software controlled DVS. Too frequent speed/voltage switching may cause unnec-
essary overhead on the system. To get a fine-grained control over power management we can set periodic checkpoints of
time period 6t at which the DVS software checks whether to switch the speed/voltage or not. For example the Crusoe Long-
Run Power Management [37] for the Crusoe processor supports up to 200 speed/voltage changes per second. Azevedo et al.
[38] propose a profile-based dynamic voltage scheduling heuristic using program checkpoints. Program checkpoints are gen-
erated at compile time and indicate places in the code where the core speed/voltage should be recalculated. One advantage
of using periodic checkpoints over program checkpoints is that the periodic checkpoints can be set at the run time.

For having low overhead in switching the speed/voltage, a good idea is to implement the DVS software as a periodic pro-
cess that wakes up periodically to check if there is a need to change the voltage, and otherwise it sleeps. This means that after
finishing its computation a core cannot go into the sleep mode abruptly. It has to wait for the next periodic invocation of the
DVS software. For the remaining period of time it will remain idle wasting the energy. When we use software based DVS, the
execution time will be slightly more as compared to the hardware based DVS. This means that the software based DVS will
consume slightly more energy as compared to the hardware based DVS for the same speed/voltage schedule. The advantage
of software based DVS over hardware based DVS is that in software based DVS, we can have full control in the way we sche-
dule the speed/voltage, which is not possible in hardware based DVS.

In our multi-core processor model there are p homogeneous cores. We are assuming that the DVS software is a periodic
process so that the supply voltage can change only in steps of a certain amount of time (= §7). Without loss of generality we
can take this time step as our unit of time (6t = 1). There are q possible core speeds (non-zero) that are given by the set Q:

Q={silie[1,qINN) A (si € M)} (6)

Let Spax be the maximum element of Q.

4. The Energy Efficient Load Scheduling Problem (EELSP)
4.1. Problem statement and IP formulation

We are given a computational work of C (C € N') cycles of a core that is to be finished within a deadline of D (D € A') time
units. The problem is to find an optimal scheduling of voltages (or equivalently an optimal scheduling of speeds) that min-
imizes the energy consumption of the multi-core processor.

Let the core processor speeds scheduled during the time interval [0, D) be the vector X given by:

X = (Xj)p (7)
where ¥; is the speed of non-sleeping cores during the time interval [j — 1,j). For j € [1,D] "V, we have the following con-
straints for x;:

x; e {0}uQ. (8)
Let the number of non-sleeping cores during the time interval [j — 1,j) be y;, and let Y be the vector given by:

Y =), 9)
For j € [1,D] NN, we have the following constraints for y;:

0<y<p. (10)

The energy function E(X,Y) is given by:
EX,Y)=oX? Y. (11)
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We also have the work constraint given by:
XxY = C. (12)

Definition 1. Given the input (C, D), the Energy Efficient Load Scheduling Problem (EELSP) is to find D-dimensional vectors X
and Y such that (11) is minimized while also satisfying the constraints (8), (10), and (12).

4.2. Existing approaches

Ishihara and Yasuura [4] solved this problem for the case of a uniprocessor with DVS that can use only a small number of
discretely variable voltages. They proved that the problem can be solved optimally in polynomial time with at most two volt-
ages. Their approach can be summarized as follows: first they solve this problem for the case of uniprocessor with contin-
uously available voltages from O to V. They proved that the minimum energy is obtained when the processor runs at a
constant voltage Vg, so that it completes the computation just at the deadline time D. For the case of uniprocessor with
DVS that can use only a small number of discretely variable voltages, their result states that the minimum energy can be
obtained with at most two voltages V; and V; that are just adjacent to Vg,

Vi < Vg < Vs (13)

The ratio of time intervals at which the processor runs at the voltages V; and V, can easily be computed such that the
computation just finishes on the deadline time D.

The processor model considered by Ishihara and Yasuura [4] used continuous time in the sense that the voltage changes
can occur at any time. Our multi-core processor model uses discrete time in the sense that the speed changes can occur only
at the end of the discrete time periods due to the periodic invocation of the DVS software. If we remove the restriction of
periodic DVS software, and make the time continuous, then the results of Ishihara and Yasuura [4] can easily be extended
to the case of multi-core processors. But their result cannot be extended to our model that uses discrete time. A simple exam-
ple will illustrate this point: consider the problem instance («x=1,p=1,q=3,Q = {1,10,100},C = 111,D = 3). Applying
the method of Ishihara and Yasuura [4] to our model, first we calculate the speed s,,, at which the processor just finishes
the computation on deadline:

Sarg = C/D=111/3 = 37. (14)
Sayg immediately lies between s, = 10, and s; = 100. The only feasible solutions using the two speeds s, and s; are given by:

X=(10,10,100), and Y =(1,1,1), with E(X,Y)= 1002000, (15)
and

X =(10,100,100), and Y =(1,1,1), with E(X,Y)=2001000. (16)
Now consider the following solution:

X=(1,10,100), and Y=(1,1,1), with E(X,Y)=1001001. (17)

It is clear that the solution (17) gives a solution with lower energy consumed as compared to solutions (15) and (16). The
reason for non-applicability of the approach of Ishihara and Yasuura [4] to our model is the wastage of energy for fractional
allocations. When a core becomes idle in between a time period, for the remaining period of time it wastes the energy be-
cause it can go to the sleep state only on the next periodic invocation of the DVS software. This wastage of energy makes the
problem difficult.

5. An O(D(log(max(Smax, p) + 1) + qlog(Dp + 1)) + log(aps3,,.D)(2q(4q + 3)log(max(Dp,C) + 2))“2") time algorithm for
solving the EELSP problem

General ILP problem is NP-Complete [39]. The difficulty with the EELSP problem is the number of variables. X and Y are D-
dimensional vectors. The dimension of the vectors is itself a variable. In the EELSP problem we consider the speed that is
allocated to each time period. In an attempt to simplify the problem, we use a slightly different formulation of the problem.
For each speed we consider the number of time periods for all the cores that are assigned that speed. For this purpose we
introduce a new vector W. Let W be a g-dimensional vector given by:

W = (wy),. (18)
Let S be the g-dimensional vector given by:

S=(si)g: (19)
Let the energy function E(W) be defined as:

EW)=0aS*+W. (20)
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Let the work constraint be defined as:

SxW = C. (21)
Let there be the following constraints for i € [1,q] N A:
0 <w; < Dp, (22)
q
> wi<Dp (23)
-
and
q
> [wi/p] <D. (24)
i

Constraint (22) states that at most we can run each core for each time period with a single speed within the deadline. Con-
straint (23) states that at most we can run each core for each time period with any speed within the deadline. For any feasible
solution, one of the speed allocations with the minimum completion time is such that at most one time period for each speed
can have sleeping cores. Constraint (24) states that such an allocation should be completed within the deadline.

Definition 2. Given the input (C, D), the EELSP2 problem is to find a g-dimensional vector W such that (20) is minimized
while also satisfying the constraints (21)-(24).

Our next step is proving that the EELSP2 problem can be used to solve the EELSP problem.

Proposition 1. Given a W minimizing EELSP2, in O(Dlog(max(Smax,p) + 1)) time we can find X and Y minimizing EELSP.

Proof. We construct X and Y from W such that at most one time period for each speed can have sleeping cores. Assuming
that W minimizes EELSP2. For j € [Z;;ll Wi/l + 1,30, [wk/pﬂ NN let:

X =Si. (25)
Forj e [0, [wi/p] +1,D] NN let:

x=0. (26)
Let X be the vector given by:

X = (X)p- (27)
Forj e [Z;;ll wi/pl+1, S, ka/pj] NN let:

Yj =D (28)
If [w;/p] — |wi/p| = 1, then for j = i, [w,/p] let:

Yj = wi —plwi/p]. (29)
Forj e [>°0_,[wi/p] +1,D] NN let:

y;=0. (30)

Let Y be the vector given by:
Y =), G1)

From (25)-(27) it follows that X satisfies the constraint (8). From (28)-(31) it follows that Y satisfies the constraint (10). From
(25)-(31) it follows that:

SxW=XxY, 32)
and

E(W)=EX.,Y). (33)
Therefore (12) follows from (21) and (32). This implies that X and Y are also satisfying the constraints of EELSP. If X and Y are
not minimizing EELSP, then let X; and Y; minimize EELSP. Therefore we have:

E(X1,Y1) < E(X,Y). (34)

Let W, be constructed from X; and Y; using the construction given in Proposition 2 (Egs. (37) and (38)). From the construc-
tion given in Proposition 2, it follows that (Eq. (41)):
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E(W1) = E(X3,Y1). (35)
From (33)-(35) it follows that:
E(Wy) < E(W), (36)

contradicting our assumption that W minimizes EELSP2. Therefore X and Y minimize EELSP. Time taken in this conversion is
O(Dlog(max(Smax, p) + 1)) because of (25)-(31). O

Proposition 2. Given X and Y minimizing EELSP, in O(qDlog(Dp + 1)) time we can find a W minimizing EELSP2.

Proof. Assuming that X and Y minimize EELSP. Let:
D
wi= > ¥ (37)
J=1x=s;

Let W be the vector given by:

W = (wy),. (38)
The constraints (22) and (23) follow from (10) and (37). From (10) and (37) we have:

q q D qg D

Swi/pl=> T > y/p1<>. > 1=D. (39)

i=1 i=1 j=1x=s; i=1j=1x;=s;
Therefore (24) also holds. From (37) and (38) it follows that:

SxW=XxY, (40)
and

E(W)=EX.,Y). (41)

Therefore (21) follows from (12) and (40). This implies that W is also satisfying the constraints of EELSP2. If W is not min-
imizing EELSP2, then let W, minimize EELSP2. Therefore we have:

Let X, and Y, be constructed from W, using the construction given in Proposition 1 (Eq. (25)-(31)). From the construction
given in Proposition 1, it follows that (Eq. (33)):

E(X3,Y2) = E(W»). (43)
From (41)-(43) it follows that:
E(X,,Y2) < EXX,Y), (44)

contradicting our assumption that X and Y minimize EELSP. Therefore W minimizes EELSP2. Time taken in this conversion is
0(qDlog(Dp + 1)) because of (37) and (38). O

Let Z be a g-dimensional vector given by:

Z=(zi), (45)
Let there be the following constraints fori e [1,q] NN

p(zi—1) <w; < pz; (46)
and

Sz <D, (47)

For removing the ceiling function in the constraint (24) of the EELSP2 problem, we introduce a new vector Z. Constraint (46)
is for enforcing z; to be [w;/p]. Constraint (47) is the same as the constraint (24) together with the constraint (46).

Definition 3. Given the input (C, D), the EELSP3 problem is to find a g-dimensional vector W such that (20) is minimized
while also satisfying the constraints 21, 22, 46, 47.
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Proposition 3. A W minimizing EELSP3 also minimizes EELSP2.

Proof. Assuming that W minimizes EELSP3. Therefore the constraints (21) and (22) of EELSP2 are satisfied by W. The con-
straints (23) and (24) of EELSP2 follow from (46) and (47). This implies that W is also satisfying the constraints of EELSP2.
If W is not minimizing EELSP2, then let W3 minimize EELSP2. Therefore we have:

E(W5) < E(W). (48)

Using the construction of Proposition 4 (Eq. (49)), W5 also satisfies EELSP3. The inequality (48) contradicts our assumption
that W minimizes EELSP3. Therefore it follows that W also minimizes EELSP2. O

Proposition 4. A W minimizing EELSP2 also minimizes EELSP3.

Proof. Assuming that W minimizes EELSP2. Therefore the constraints (21) and (22) of EELSP3 are satisfied. Fori € [1,q] NN,
let:

z = [wi/pl. (49)

From (49) we get (46). From (24) and (49), we get (47). This implies that W is also satisfying the constraints of EELSP3. If W is
not minimizing EELSP3, then let W, minimize EELSP3. Therefore we have:

E(W,) < E(W). (50)

Using the construction of Proposition 3 (the identity mapping: W — W), W, also satisfies EELSP2. The inequality (50) con-
tradicts our assumption that W minimizes EELSP2. Therefore it follows that W also minimizes EELSP3. O

Theorem 5. EELSP can be solved in O(D(log(max(Smax, p) + 1) + qlog(Dp + 1)) + log(ops3,..D)(2q(4q + 3)log(max(Dp, C) + 2))”Zq)
time.

Proof. For an integer L, if we write the energy constraint as:

E(W) <L, (51)
then EELSP3 is an Integer Linear Program (ILP) with the number of variables and the number of constraints as system depen-
dent constants (degending upon q). This can be solved by using Lenstra’s algorithm [40] in time O((2q(4q + 3)
log(max(Dp, C) + 2))* q) where a is a constant. Minimum solution can be found by performing binary search [41] on L. There-
fore the number of ILP’s to be solved is bounded by O(log(Enax)) Where E,q is the maximum possible energy consumed by the
system during the time interval [0,D) and is given by:

Epax = 0ps3,.D. (52)

Using (52), and Proposition 1-4, we can solve EELSP in time O(D(log(max(Sma,p)+ 1) + qlog(Dp + 1)) + log(aps3,,.D)
(2q(4q + 3)log(max(Dp, C) +2))*"). O

EELSA (Energy Efficient Load Scheduling Algorithm) is the desired algorithm for solving the EELSP problem.

Algorithm 1. ENerGY-EFFICIENT-LOAD-SCHEDULING-ALGORITHM (C, D)

01 L « Ennax

02 solve the ILP with constraints (51), (21), (22), (46), and (47) using Lenstra’s algorithm [40]
03 if step 02 gives no solution

04 then return NO SOLUTION

05 else low — 1

06 high — L

07 while low < high

08 do mid — |(low + high)/2|

09 L — mid

10 solve the ILP with constraints (51), (21), (22), (46), and (47) using Lenstra’s algorithm [40]
11 if step 10 gives no solution

12 then low — max(mid, low + 1)

13 else high — min(mid, high — 1)

14 use the construction given in Proposition 1 to get X and Y from W
15 return (X,Y)




3464 A. Mishra, A.K. Tripathi/Applied Mathematical Modelling 38 (2014) 3456-3466

The EELSA algorithm can be applied for fine-grained tasks having low computational requirements. For coarse-grained
tasks having high computational requirements, first we have to divide the computational load into tasks, and then design
an energy efficient task scheduling algorithm.

6. Experimental results

We have compared the EELSA algorithm with the algorithm of Ishihara and Yasuura [4] (IYA). We have considered two
types of processors: a unicore processor with p = 1, and a dual-core processor with p = 2. For each processor type we have
taken four possible speed sets Q : {1,2,4},{1,4,8},{1,8,16}, and {5,7,11}. For each processor type p and speed set Q, we
have taken five values of deadline D : 3,4, 5,6, and 7. We have selected the amount of computation required C ranging from 7
to 57 for unicore processors, and 13 to 113 for dual-core processors. Table 1 shows the result for unicore processors, and
Table 2 shows the result for dual-core processors. Ejy, is the energy consumed by the IYA algorithm, and Eggs4 is the energy
consumed by the EELSA algorithm. §E is the percentage improvement of the EELSA algorithm over the IYA algorithm, and is
defined as:

Table 1

Comparison of IYA and EELSA for unicore processors.
Q C D Erya Eerisa OE (%)
{1,2,4} 7 3 80 73 9.59
{1,2,4} 9 4 88 81 8.64
{1,2,4} 11 5 96 89 7.87
{1,2,4} 13 6 104 97 722
{1,2,4} 15 7 112 105 6.67
{1,4,8} 13 3 640 577 10.92
{1,4,8} 17 4 704 641 9.83
{1,4,8} 21 5 768 705 8.94
{1,4,8} 25 6 832 769 8.19
{1,4,8} 29 7 896 833 7.56
{1,8,16} 25 3 5120 4609 11.09
{1,8,16} 33 4 5632 5121 9.98
{1,8,16} 41 5 6144 5633 9.07
{1,8,16} 49 6 6656 6145 8.32
{1,8,16} 57 7 7168 6657 7.68
{5,7,11} 23 3 2017 1799 12.12
{5,7,11} 30 4 2360 2142 10.18
{5,7,11} 45 5 4679 4461 4.89
{5,7,11} 44 6 3046 2828 7.71
{5,7,11} 51 7 3389 3171 6.87

Table 2

Comparison of IYA and EELSA for dualcore processors.
Q C D Eiya Ereisa OF (%)
{1,2,4} 13 3 152 145 4.83
{1,2,4} 17 4 168 161 4.35
{1,2,4} 21 5 184 177 3.95
{1,2,4} 25 6 200 193 3.63
{1,2,4} 29 7 216 209 3.35
{1,4,8} 25 3 1216 1153 5.46
{1,4,8} 33 4 1344 1281 4.92
{1,4,8} 41 5 1472 1409 4.47
{1,4,8} 49 6 1600 1537 4.10
{1,4,8} 57 7 1728 1665 3.78
{1,8,16} 49 3 9728 9217 5.54
{1,8,16} 65 4 10752 10241 4.99
{1,8,16} 81 5 11776 11265 4.54
{1,8,16} 97 6 12800 12289 4.16
{1,8,16} 113 7 13824 13313 3.84
{5,7,11} 44 3 4034 3598 12.12
{5,7,11} 58 4 4720 4284 10.18
{5,7,11} 88 5 9358 8922 4.89
{5,7,11} 86 6 6092 5656 7.71
{5,7,11} 100 7 6778 6342 6.87
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OE = 100(Ejya — Egersa)/Egeisa- (33)

As is evident from Tables 1 and 2, using the EELSA algorithm, we can get up to 12.12% improvement over the IYA
algorithm.

7. Conclusion

We proposed a model of multi-core processors with software controlled DVS that has a finite set of discretely available
core speeds. We studied the problem of voltage scheduling to minimize the energy consumption given a computational load
to process and a deadline to meet. After showing the ineffectiveness of existing methods, we formulated the problem as an
ILP (the EELSP problem) and proved that the problem can be solved in O(D(log(max(Smax,p)+ 1) + qlog(Dp + 1)) +
log(otps3.xD)(2q(4q + 3)log(max(Dp, C) + 2))“2q) time. We also gave an algorithm (the EELSA algorithm) for solving the prob-
lem. We compared the EELSA algorithm with the IYA algorithm, and found that the EELSA algorithm is giving up to 12.12%
improvement over the IYA algorithm.

For future work there are many interesting problems to solve. The first problem to consider is the energy efficient task
scheduling problem. We are given a set of independent tasks that share a common deadline. We have to schedule them
on the proposed multi-core processor model so that the energy consumed can be minimized, and at the same time each task
is completed within the given deadline. It seems to be a more difficult problem than the EELSP problem that we discussed in
this work. It will be interesting to find whether the problem is NP-Complete.

The second problem to consider is the generalization of the previous problem that considers the energy efficient task
scheduling problem in which the tasks have precedence constraints, and also arrival times and deadlines.

The third problem to consider is to solve the EELSP problem on an extension of our proposed multi-core processor model
that includes the case in which a core can go into a sleep state, but a constant amount of energy is required to bring back the
core into a non-sleep state [8]. It will be interesting to find whether this extension makes the EELSP problem more difficult to
solve.
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