CHAPTER 5

ON GENERALIZED
PORO-THERMOELASTICITY THEORY

5.1 Variational Principle and Continuous Dependence
Results on the Generalized Poro-Thermoelasticity

Theory with One Relaxation Parameter

5.1.1 Introduction!

This chapter also includes two subchapters, which is devoted to the study of generalized
poro-thermoelasticity theory. It must be mentioned here that the poro-thermoelasticity
is focused on characterizing the relationship between thermoelastic solid deformation
and viscous fluid flow within a porous medium. One must recall that Biot (1956; 1962)
firstly developed the theory of poroelasticity to explain the mechanical behavior of
water-saturated soil and proposed the idea of describing the deformation of poroelas-
tic material. Such material is made up of fluid and deformable solid, with the solid
forming a porous skeleton with numerous microscopic spaces that are connected to one
another and filled with the fluid. The theory of poro-thermoelasticity combines the

poroelasticity equations with the heat conduction equation to describe the coupling

IThe content of this sub chapter is published in Continuum Mechanics and Thermodynamics,
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CHAPTER 5. On generalized poro-thermoelasticity theory

between the temperature and displacement in porous medium. Coupled thermal and
poromechanical processes play a significant role in a number of geomechanics-related
issues, such as hydraulic fracturing in geothermal reservoirs or highly heated petroleum-
bearing formations and borehole stability. Numerous applications exist for the topic of
poro-thermoelasticity, particularly in examining the effect of employing waste materials
on the disintegration of asphalt concrete mixture (ACM). This subject is therefore of
utmost interest of researchers during several years. However, the thermo-mechanical
coupling in the poroelastic material is more complicated than it is in the classical case
since it involves mechanical and thermal interaction both inside solid phase and liquid
phase material as well as coupling between the phases. The complete system of equa-
tions for porothermoelasticity and a study of the heat effects on wave propagation in
liquid-filled porous medium were both accomplished by Pecker and Deresiewicz (1973).
Further, McTigue (1986), Kurashige (1989), and Wang and Papamichos (1994) investi-
gated the thermoelasticity of a fluid-saturated porous medium and discussed the fluid
and heat flow in a poroelastic medium. In the framework of LS thermoelasticity theory,
Youssef (2007) formulated the generalized theory of porothermoelasticity. The govern-
ing equations in this theory were derived by using the LS theory of thermoelasticity,

and therefore, this theory also predicts the finite speed of thermal waves.

The objective of the present subchapter is to discuss some theoretical aspects (varia-
tional principle and continuous dependence results) in the context of the poro-thermoelasticity
theory with one-relaxation parameter as proposed by Youssef (2007). As discussed in
previous subchapter 4.1, a variational principle is an effective tool in deducing a number
of approximate methods for the static and dynamic thermoelastic problems. Moreover,
it is an alternative approach to describe the state of dynamics of a thermoelastic system
by determining an extremum of a function or a functional. The variational principle
has applications for both the unified development of the theory and the approximate

solution of fully coupled initial-boundary value problems in thermoelasticity theory.
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In addition, it provides a theoretical foundation for some numerical methods such as
the finite element method and boundary element methods (see Nickell and Sackman
(1968a), Aboustit et al. (1985), Gladysz (1986), Darrall and Dargush (2018)). Sherief
and Dhaliwal (1980) and further Chandrasekharaiah (1987) presented the variational
principles for generalized thermoelasticity theory and the micropolar thermoelasticity
theory, respectively. Variational principles have been discussed in detail which are
recorded in some articles and books (Youssef and Al-Lehaibi (2010), Lebon (1980),
Marin et al. (2020a)). A continuous dependence result on the initial data and external
supply terms in the thermoelasticity theory with one relaxation parameter was studied
by Bem (1982). In this respect, some continuous dependence results can be found in
the papers (Iesan (1998), Chirita (2003), El-Karamany and Ezzat (2013), Marin et al.
(2020D)).

In order to establish the variational principle and continuous dependence results,
we begin with introducing the fundamental equations in the context of generalized
porothermoelasticity theory by taking into account an isotropic and homogeneous porous
material. An alternative characterization of a mixed initial-boundary value problem is
then presented by combining initial conditions with the field equations. Further, the
convolution type variational principle is derived on the basis of this alternative charac-
terization. This variational principle is not based on the Laplace transform technique
and hence it is the more general type of variational principle with respect to a dynam-
ical system of porothermoelasticity involving the general type of initial and boundary
conditions. Lastly, the continuous dependence result depending on initial data and

external supply terms (heat source and body force) is established.

5.1.2 Basic Equations and Problem Formulation

We consider an isotropic and homogeneous porothermoelastic material occupying a reg-

ular region B in three-dimensional Euclidean space. The closure and boundary of B are
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denoted by B and 0B, respectively. Let n; represents the components of unit outward
normal to the boundary dB and it is considered that dB;, (i = 1,2,3,4,5,6,7,8) are

the subsets of 0B such that

0B, U 0By = 0B3U0B, = 0B; U0Bs = 0B; U0Bs = 0B,

0B1 N 0By = 0B3sNIJB, = 0B; N 0B = 0B; N 0Bs = ¢.

In the present context of generalized poro-thermoelasticity theory proposed by Youssef
(2007), the basic governing equations and the constitutive relations for an isotropic and

homogeneous porous material can be expressed in the following way:

Equations of motion:

aij; + P F = puiii + praUi, (5.1.1)
0+ p' F] = puaiis + pnl;. (5.1.2)
Equations of energy:
pH* = pTo)® = q;;. (5.1.3)
pH — pTon’ = qf,. (5.1.4)

Constitutive relations:

Oij = 201€;5 + Aegrdi; + (Qe — R16° — ngef) dij, (5.1.5)

0 = Re + Qegr — Rypt — Ry 0%, (5.1.6)
pn® = Ruepe + Ror€ + %95, (5.1.7)
pi’ = Rigers + Roge + %Qf, (5.1.8)
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4 +71,q; = —K°0%, (5.1.9)
g +7/q = —K76l. (5.1.10)
Geometrical relations:
1
Cij = 9 (Uz] + Uj,i) = U(i ), (5.1.11)

where 7® is the entropy for the solid phase per unit mass of aggregate, 7/ is the entropy
for the fluid phase per unit mass of aggregate, p;; = p°® — p12 is the mass coefficient
for the solid phase, pas = p/ — p12 is the mass coefficient for the fluid phase, and p;,
is the coefficient of dynamics coupling. Fy1 = pCy, Fh = pC’é, Ry1 = &P + of°Q,
Ry = ol R+3057Q, Ryy = ol Q + &P, Ryy = 305Q + of*R, P = 3\ + 24, R, and
() are poroelastic coefficients. Further, using Eqgs. (5.1.3), (5.1.4), (5.1.7)-(5.1.10), the

heat transport equations are acquired in the following forms:

0 . . 6 H?® K*07,

(1 + T;a> <R11€kk + Ro1€ + ;0 - pTo ) = T: (5.1.13)
0 . . b H/ K107,

(1 + qu§> <R12€kk + Ragé + ?;0 - pTg) = Toy : (5.1.14)

Further, the material parameters satisfying the following conditions are considered:

P’ >0, pf >0, Cy>0, CL>0 K*>0, K'>0,
70>0, />0, p>0, 3A+2u>0, Ty >0,

aj; >0, ;°>0, P>0, @>0, R>0. (5.1.15)

With the above governing equations, the following initial conditions are adjoined for

169



CHAPTER 5. On generalized poro-thermoelasticity theory

r € B:
Uz‘(%o) = Uj0, Uz‘(%o) = Ujp, Uz’(%o) = Uy, UZ(IL"U) = Uim

¢ (x,0) = ¢, ¢/ (x,0)=ql, 6°(x,0)=865, 6'(x,0)=80], forall z € B. (5.1.16)

and the boundary conditions are considered as

u; =u; on 0By x [0,00),
U;=U; on 0B, x [0,00),
d; =ojn; = d; on 9B x [0,00),
pi =on; =p; on dBy x [0,00), (5.117)
65 =6 on OB5 x 0, 00),
0/ =6 on 0Bg x [0,00),

¢ =qin; =g on dB; x [0,00),

qf:qlfni:c_jf on 9Bg x [0,00),

where the functions wu;y, U, o, Uio, T qifo, i 9{; are the prescribed initial solid
phase displacement component, initial fluid phase displacement component, initial solid
phase velocity component, initial fluid phase velocity component, initial solid heat
flux component, initial fluid heat flux component, initial solid phase temperature, and
initial fluid phase temperature, respectively. Also, @;, U;, d;, Dss 0, §f, 7°, ¢/ denote
the prescribed component of solid phase surface displacement, surface displacement
component of the fluid phase, component of solid traction, component of fluid traction,
temperature of the solid phase, temperature of the fluid phase, normal heat flow in the

solid, and normal heat flow in the fluid, respectively.

Moreover, the following smoothness requirements and regularity conditions are as-

sumed:
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(1) w0, Uso, o, Ui, T qg;, 5, and «9{; are continuous on B.

(2) Fs, Ff, H*, and H' are continuously differentiable on B x [0, 00) .

(3) W, U;, 6, and g’ are continuous on 9B, x [0,00), 0By x [0,00), 0Bs x [0, 00)
and on 0Bg X [0, 00), respectively.

(4) d;, B;, °, and g/ are piecewise continuous on 9Bs x [0,00), B, x [0,00),

0B; x [0,00) and on 0Bg X [0, 00) , respectively.

Now, an ordered array of functions u;, U;, ¢;, qlf, eijy € 1% ', 0y, 0, 0°, 67 is consid-
ered to denote an admissible state as 91 = {ui, Ui, 4;, qz-f, ey € 1%, 1ty 0y, 0, 0%, Qf} ,
having the properties as follows:

(a) u; € CY2 U € OV ¢f € O qu e C2 e C% nf e C%) gy € OO
oeC0 g5 et g/ e OO,

(b) 035 = Oj4, €5 = €4; ON E X [O, OO) .

Next, the addition and multiplication on the admissible states are defined in the fol-

lowing way:

‘ﬁ—i—‘ﬁ/ — {Uz‘{'u; U1+Uz/7 Qf—{—%glv qu _l_qu/’795_|_05’7 Qf +9fl}

and

Xm - {Xul7 XUZ7 Xva Xquv 7X055 Xef}a

where x is a scalar.

Hence, in view of the above two operations, it is easily observed that the set of all
admissible states is a linear space.

A solution of the present initial-boundary value problem is an admissible state 91 if
all the field Eqs. (5.1.1)-(5.1.12), the initial conditions (5.1.16) and the boundary

conditions (5.1.17) are satisfied by 0.
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5.1.3 Alternative Formulation

In this subsection, we present an alternative formulation of the above initial-boundary
value problem combining the initial conditions with the field equations. In this regard,

the convolution of two functions of space and time is first introduced as follows:

(g1 * go] (x,t):/o g1 (x,t —8)go (z,8)ds, (x,1) € B x [0, 00),

where g; and gy are defined on B x [0, 00) and continuous on [0, c0) for each = € B.

The convolution has the well-known properties, which are as follows:

g1 % g2 = g2 * g1, (5.1.18)
g1 % (92 +93) = (91 % g2) + (91 % g3) (5.1.19)
91 % (g2 % g3) = (91 * g2) * g3, (5.1.20)
G1xg2=0 = g1 =00r g, =0. (5.1.21)

Now, let the functions m( ) and r( ) be such that

m(t)=t, r(t)=1, t€0,00). (5.1.22)

Furthermore, the functions f2, f/, W*, W/, L#, and L! defined on B x [0, 00) are

introduced as

fzs = m * pSFZ-S —+ P11 (tibio -+ Uio) -+ P12 (tUZ'() —+ UZ()) s (5123)
fif = m * /)fFif —+ P12 (tﬂio -+ U,io) -+ 22 (tUz‘o -+ UZO) s (5124)
H? F
W?* =rx & + RiuioitRo1Usg; + $98, (5.1.25)
T() TO
Hf F.
Wf =Tx P + R12Ui07i + RQQUZ‘OJ + ﬁ@g, (5126)
To TO
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L7 = 75tqz, (5.1.27)

LY = 7]tqf,. (5.1.28)

In order to achieve the results, we will further employ the properties which are as

follows:
mxw(x,t) = w(z,t) — [tw(x,0) + w(x,0)], (5.1.29)
rxw(x,t) =w(z,t) —w(r,0), (5.1.30)

mxw(x,t) =7« (rxw(zt)) =r*w(xt) —w(x,0)] =r*wt)—tw(z,0),

(5.1.31)

where w(z,t) and w(x,t) are defined on B x [0, 00) and they are continuous and differ-

entiable on [0, 00) .

Consequently, the following theorem is established:

Theorem-4.1.3.1: The functions w;, U;, ¢}, qif, n®, nt, oy, o, 0°, 07 satisfy the Eqs.
(5.1.1)-(5.1.4), (5.1.9), (5.1.10) and the initial conditions (5.1.16) if and only if

mx o5+ [ = put + p2Ui, (5.1.32)
m*o; + 1= prowi + paUs, (5.1.33)
on’ = LY + W, (5.1.34)
1o
gl
pil = —ram s+ W (5.1.35)
To
mox @+ Tor % g = —K°m 0% + L, (5.1.36)
m*q{%—Tfr*q{:—Kfm*@fz—i—L{, (5.1.37)

where f5, /. W* W/, L# and L! are given by Eqs. (5.1.23)-(5.1.28).
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Proof. First of all, it is supposed that the field Eqs. (5.1.1)-(5.1.4), (5.1.9), (5.1.10)
and the initial conditions (5.1.16) hold good. Now, we take convolution of Eqs. (5.1.1)
and (5.1.2) by m and make use of Egs. (5.1.29) and (5.1.16) to get the Egs. (5.1.32) and
(5.1.33). Similarly, taking convolution of Eqs. (5.1.3) and (5.1.4) by 7 and utilizing the
Egs. (5.1.30), (5.1.7), (5.1.8) and (5.1.16), the Egs. (5.1.34) and (5.1.35) are obtained.
Further, taking convolution of Egs. (5.1.9) and (5.1.10) through m and making use of
Egs. (5.1.31) and (5.1.16), we arrive at the Egs. (5.1.36) and (5.1.37).

Now, if the above arguments are reversed, then it is straight-forward to prove the
converse part of this theorem.

Consequently, the above theorem provides an alternative characterization of the mixed

problem in the following theorem which is a trivial consequence of Theorem-4.1.3.1:

Theorem-4.1.3.2: Let 01 = {ui, Ui, 4. qlf, ey € 1°, 1ty 0y, 0, 0%, Gf} be an admis-
sible state. Then 91 is a solution of the mixed problem if and only if it satisfies the Eqs.
(5.1.32)-(5.1.37), (5.1.5)-(5.1.8), (5.1.11), (5.1.12) and the boundary conditions given in
Eq. (5.1.17).

5.1.4 Variational Theorem

This subsection discusses the variational principle on generalized poro-thermoelasticity
theory with one thermal relaxation parameter for an isotropic and homogeneous porous
medium. In order to obtain the variational theorem, the theorem and the alternative
formulation presented in the previous subsections are taken into account.

From the term functional, we mean a real-valued function that holds a subset of a linear
space as a domain. It is considered that X represents a linear space whose subspace is
7 and we define a functional {2 on Z.

For a,da’ € Z, let

a+ra € 7, forallk € R. (5.1.38)
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Then the variation of {2 is defined in the following way:

502 {a} — diirz {0+ ra} (5.1.39)

k=0

The variation of §2{.} is zero at a over Z such that
002{a} =0, over Z (5.1.40)

if and only if 0, (2 {a} exists and is equal to zero for all a’ consistent with Eq. (5.1.38).

Then the following theorem is established:

Theorem-4.1.4.1: Let X defines the set of all admissible states. If for any A =
{us, Uy, 3, qif, e, € n°, nt, oy, 0, 05,67} € X and for every t € [0,00), we define the
functional 2, {A} on ¥ as

A To
2 {A} :/ m ok {567«7« * €55 1 €5 * €45 1 2F (PTI — Ruew, — R21€) (PUS — Ryjep; — R21€)] dB
B 11

R T
+/ m * {56 * €+ 55, (PTZ — Risepr, — R22€) (Pﬁf — Risepr, — Rzﬁ)} dB
B 22
—I—/ m x [Qe x eg] dB — / m * [0;; % e;;] dB —/ m x [0 *x €] dB
B B B

1 1
—/ P11U; * ’U,ZdB +/ P12l * UZdB + =
B

5 5 /]3022(]2- x U;dB

/m*alm%—f]*udB /[m*qi—l—flf]*UidB
B

/ —pns]*GSdB—l—/m*[Wf—pnf]*«9de
B

/r*(m+T;r)*ql*qldB+ /r*[Ksm*Qi—[ﬁ]*qldB
B B

2KST0

1
f
+m/3r*(m—|—7'q )*QZ *quB—F

KsTy

! /r*[Kfm*Gf-—Lf]*qde
KfTO B N 7 7

+ m*di*ﬂidA+/ mx (d; — d;) * u;dA
. 331 - 632

175



CHAPTER 5. On generalized poro-thermoelasticity theory

+ m o p; * U;dA + m * (p; — p;) * U;dA

0B3 0By
s 1
mxr*xq’*x0 dA+ — mx*x71*(¢° —q°) *x0°dA
0Bs5 0 JoBg
1 — 1
d— [ mxrxg %0 dA+ — [ mxr«(¢f — ) «07dA, (5.1.41)
To Jops 0 Jons
then
02, {A} =0, te0,00), (5.1.42)

if and only if A satisfies the present mixed initial-boundary value problem represented
by Egs. (5.1.32)-(5.1.37), (5.1.5)-(5.1.8), (5.1.11), (5.1.12) and the boundary conditions
(5.1.17).

Proof. We consider a A’ = {u Ul ¢, ¢, e el ol o, 67, Of/} € Y, from
which it is concluded that A + kA" € ¥ for every real x. Then, the Eq. (5.1.41) with
the use of Egs. (5.1.18)-(5.1.20), (5.1.39) and the divergence theorem yields

ToRn

5A’Qt {A} :/ m x [2,&62']‘ + Aekkéij + Q€5ij - (p?’]s - Rllekk - Rgle) 52']‘
B

ToR
e (pﬁf — Risepr, — R22€) 0ij — 035 | * e;de
F
ToR
—l—/ m x {Re + Qepr — OF e ([)77f — Rpsepr, — R22€)
B 22

TR
. (pn — Ryiep, — Rore) — a} x€dB

/ [F (pn® — Riterr, — Rote) — 98} * pn’° 'dB
11
/ [F P77 — Ryepr — RQQE) - Qf} * pn 'dB
22
/ m* 05+ [ — puw — p12Us] % uidB

/ mx*o; +f — prall; — p22U2-] x UldB
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+/ m * [u(m) - ez-j} % U;de
B

—|—/ m x [Uz,z —E] *(T/dB
B

—i—/m* [WS—T*%—PWS] % 0% dB
B 1o

f
+/ mx |[WT —rx« Lii _ o’ | * 0’ 4B
B 1o

1
K*T,

1
+KTTO

— m*(ui—ﬂi)*d;dA—i-/ m x (d; — d;) = u;dA
0B, 0B2

—/ mx (U; — U;) * pidA + m* (p; — ;) x UjdA
0B3 0By

+

/r* [m*qf—{—T;r*qf—{—Ksm*Qi—Lf] *qf/dB
B

/r* [m*qu—i-qur*qif—i—Kfm*Qﬁ—sz] *qlfldB
B

1

— m x Tk

7 o7
(

S / 1 !
05—9)*q8dA+— mxrx(q°—7q)x0°dA
0 JOBg

1 — / 1 /
6/ — 9f> w gl dA+ — m* 1 * (qf - qf) « 07 dA.  (5.1.43)
0 JOBg

To prove the first part of this theorem, let us first consider that A satisfies the present
mixed initial-boundary value problem. Subsequently, considering Theorem-4.1.3.2, Eq.
(5.1.43) with the choice of A’, we are led to the Eq. (5.1.42). This ends the proof of the

first part of Theorem-4.1.4.1.

On the other hand, it is supposed that Eq. (5.1.42) holds. Then, the following is found:
S22 {A} =0, t€[0,00), forall A" € ¥. (5.1.44)

In order to prove further, the Lemmas (1)-(3) given in Gurtin (1964) are used. We
first take A’ = {u}, 0, 0, 0,0, 0, 0, 0, 0, 0, 0, 0} and consider that u; as well as all of
its space derivatives vanish on 0B x [0,00). Consequently, Eqs. (5.1.43) and (5.1.44)
yield

/ [m * 0455 —+ fz-s — P11U; — ,012UZ‘] * U; dB = 0, t e [0, OO) .
B
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Thus, the use of Lemma 1 (Gurtin (1964)) and Eq. (5.1.21) leads to Eq. (5.1.32).

We further consider A’ = {u}, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} assuming that wu/ vanishes
on OB x [0, 00) . Therefore, using Eqs. (5.1.43), (5.1.44), (5.1.32), and Lemma 2 (Gurtin
(1964)), the following is deduced:

m*(dz—az) =0 on GBQX [0,00)

Hence, using Eq. (5.1.21), we obtain that one of the boundary conditions holds.

Similarly, by choosing suitable form of A’ and taking into account the three Lem-
mas (1)-(3) (Gurtin (1964)), it is concluded that rest of the field Eqgs. (5.1.33)-(5.1.37),
(5.1.5)-(5.1.8), (5.1.11)-(5.1.12) and other boundary conditions (5.1.17) hold true. Thus,
Theorem-4.1.3.2 verifies that A satisfies the mixed initial-boundary value problem.

Hence, this proves the Theorem-4.1.4.1.

5.1.5 Continuous Dependence Result

In this subsection, the result concerning continuous dependence of solutions upon initial
data and external supply terms (heat source and body force) is derived in the present
context. To obtain the continuous dependence result, we use the following consequence
of the second law of thermodynamics in the context of porothermoelasticity for the

solid phase (Shivay and Mukhopadhyay (2021a), Green and Laws (1972)):

e 511,
A pan - / P B + / L% g4 > . (5.1.45)
dt Jp B I? o 1°

Here T° > 0 and it will be equal to reference temperature 7 on the equilibrium condi-
tion. Using the Gauss divergence theorem in Eq. (5.1.45), it is found that
DT < gl + (o1 = pH). (5.1.46)
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Similarly, the following equation is obtained for the fluid phase:

a .
778 < ali+ (1T = pHY), (5.1.47)

where 77/ > 0, which is equal to reference temperature 7} on the equilibrium condition.

Adding Egs. (5.1.46) and (5.1.47), we obtain

S=Ty+0°, TV =Ty +6.

fo<q“+q“ + (pT*0 + pT! 0! — pH® — pH’), T
(5.1.48)

qZ /_Z'V’S+

1 T

Now, considering the linearized form of Eq. (5.1.48) and using Eqgs. (5.1.3)-(5.1.4), the

following dissipative inequality is acquired:

q; ps qz f <
/ (Toe T06>dB_o. (5.1.49)

Eq. (5.1.49) yields

(¢°0°) / (¢07) / .0 / ql .07
dA+ | g4 BT g [ BT R
[/8B Ty Th s 1o s 1o

In case ¢ = 0 and ¢/ = 0 on the boundary 9B, the inequality (5.1.50) takes the form

QSZQS qz zef
— + dB > 0. 5.1.51
/B( Ty Ty ) ( )

<0. (5.1.50)

Further, taking into consideration of the inequality (5.1.51), Eqgs. (5.1.3)-(5.1.4) and

(5.1.9)-(5.1.10), we arrive at

. 0 pH? K03, ;
/3{9 [q8t<pn N T0>_ 1o }Jre

179

a pH/! Kfol
it - e N )

(5.1.52)



CHAPTER 5. On generalized poro-thermoelasticity theory

The inequality (5.1.52) is used for obtaining the continuous dependence result.

Now, for convenience, the non-dimensional parameters are emplyoed which are as fol-

lows:

(t', qul, Tf') =cn (t,7,7))
! ’ R
s nffy _ 11 s nf
(00" = orgg @), (5.1.53)
1

(A t2u)

where n = Fy;/K® and ¢ = /(A + 2u)/p11.

Now, using the above non-dimensional form of parameters, the basic governing Egs.
(5.1.1)-(5.1.10) can be written by the following forms (the primes have been dropped

for simplicity):

Tijg + a1 F} = ii; + Ui, (5.1.54)

(¥ + ClgF;-f = ag’di + (14UZ', (5155)

asH® — agn® = q;;, (5.1.56)

arH' — agi’ = qf,. (5.1.57)

Oi5 = 2,&18@' + Alekkéij + (CLgE —0° — a10«9f) (52‘]', (5158)
0 = Q11€ + A9Crr — a129f — a13«95, (5159)
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a14n)” = a5k + arge + 0%, (5.1.60)
arr’ = arsers + aroe + 67, (5.1.61)
4 +7,4; = =07, (5.1.62)
o +7]df =0, (5.1.63)
where
S N . S
U2 TP 2w T v+ 2wen’ P o YT (v 2u)en’
0 — P22 e — Ri1p e — Ry1pT0 0 — Ryp
o0 T R2eA+ 2K 0T n(A+ 2K T n2(\ + 2u) KT
oo Awele Q@ o P o R Hn
8 n()\‘I—Q[L)Kf’ 9 )\+2#7 10 R117 11 >\+2,U7 12 R117
P Ry P ToR11p e — TOR% G — ToRy11 Ry
1B3= 75 04~ 5 a, 5= s Q16T ooy
Ry Fii(A+2p) Fii(A +2p) Fii(A+2p)
G — ToR11p e — ToR11 Ryo - ToR11 Ry
U EOv2u) T (O 2u) 0T Fu(A+2u)
Now, let us consider two solutions X (¥ = {ul(-a), Ui(a), g3(@) Gf(o‘)} ,a = 1,2 corre-

sponding to the following external data having same boundary conditions:

C(a) - {F;S(a)’ F;f(a)7 HS(Q)? Hf(a)v Eia pz’? Uy, Uiv qsv qfv gsa gfa

ugg)’ UZ(Oa) ) UE(OX) ) Ui(oa)7 eg(a)7 eg(a)7 qf()(a)v z{)(a) } :

Then if we define u; = v/ — ", U; = U® — UM s = 95 —ps() and 6F = eF@) —gfO),

then X = {u;,U;,6°,6/} is a solution of the mixed problem corresponding to the

external data system

CZ{EsvF;'faHS?Hfac_ii:(]?ﬁizoaﬂizoaUi:ngszovgfzovgszo’gf:(L

U0, Ui07 uiO: UiO; ‘987 (9(];7 qZ‘s(ga)7 Qi{)(a)}7 (5164)
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where F? = F?(Q) _ F'S(l)’ Fz'f _ Fif(2) _ Fif(l), Hs — 52 _ Hs(l), Hf = HI® _— Hf(l),

wi = uyp) — ), Un = Uy = U, g = islg) — iy, Ui = Ul = Uy, 65 = 652 — 6",

2 s s(2 s 2 1
9({ = ‘9(];( )~ 95(1):Q¢0 = Qié - qz‘(gl)a%'fo = QifO( - qz'fo( )-

We consider that I' denotes this problem and we further introduce the function © on

[0,%;] such that
1 . .
O = 5/ |:a15uiui + 2a15a2uz-Ui + CL15(L4UZ‘UZ' —+ 2Y] dB, (5165)
B
where

2Y = [a15A1€kk€jj + 2ay5p1eij¢ij + ajsan e + (0°)° + ;—i(@f)2 + 2&9@15€kk€:| .
(5.1.66)
Clearly, Y is a positive definite quadratic form in the variables e;;, €, 6° and 6/ in view
of Eq. (5.1.15). Therefore, there exist two positive constants y; and y, in such a way

that
y1 (eseij + €+ (0°) + (Hf)Q) <Y <y (eijeiy + &+ (0°) + (09)?), (5.1.67)
for any ¢ € [0,7,] and for all the variables.
Using Eqgs. (5.1.58)-(5.1.61) and (5.1.66), we find
Y = ai50i5¢i; + ai50¢ + agh*n® + agh’n’. (5.1.68)
Then from Egs. (5.1.65) and (5.1.68), the following is achieved:

O = / [a15uiﬁi + a15a2uiUZ- -+ CL15CL2UZ"L.LZ' + CL15CL4U¢UZ‘ + 0/15Uijéij + CL15O'é
B

+ agl®n* + agh’n’]dB. (5.1.69)
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Now the following lemma is first proved using the above derived results. Then, the

continuous dependence result is derived based on this lemma.

Lemma-4.1.5.1. Let {u;, U;, 6%, 6/} be a solution of the problem I'. Then
o< / (alg,alFfui + ay5a3 F U + as0° H? + a59fo> dB. (5.1.70)
B

Proof. First, we consider the integral in view of Eq. (5.1.64) and Gauss divergence

theorem as

. 0 ag 0
U -0 (1+7= )¢ ——0 (1+7/=)¢| dB
\/B|:(1’150-]1L + aysoU; ( +Tq8t> q; s ( + 7 (,%) q]]‘

J

. T =7 s sa —s 6, fa = —
_/33 {a15d2u2+a15pj(]] 0 (1+Tq8t)q a86 <1+Tq Ot)q dA = 0.

(5.1.71)

Consequently, from Egs. (5.1.11), (5.1.12), (5.1.56), (5.1.57), (5.1.62) and (5.1.63), it is

obtained

/ |:CL150'ijéij + (1150'1'3‘73"&2' + (1150'é + CL15O'7jUj + (9753 (975]) + Gs(aﬁfrf — (L5HS)
B

s s 8 ] S a a .
+6 (1 + Tqa> (agh® — asH®) + &—Zefj (9{;) + a—Zef (asit’ — azHY)

Qg 8 .
+a_89f (qua) ((LgT]f — a7Hf)1 dB = 0. (5.1.72)

Now we will employ the dimensionless form of inequality (5.1.52) which is as follows:

s s 2 .S s a6 fE - f ! sps 6ofgf
—_ , ) g > i i
/ |:‘9 (7—(1 t) ((167] asH >—|— 86 (7(1 t) ((187] arH ) dB >0 67“—|— 86 6’”

Using Egs. (5.1.54), (5.1.55) and inequality (5.1.73) in Eq. (5.1.72), we obtain
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/ [a15aijéij + Cl150'é + a15ﬂi’ui + a15aguiUi + Cl15a2Ui’ui + a15a4UiUi - a15a1Ffui
B
: .5 s a .
—(115(13EfU2‘ + ‘95((167] — (I5H ) + a—60f((1877f — (17Hf>]dB
8

+ / 0°0%, + 0% (0%) + 20707, + “50!(0)]dB < 0. (5.1.74)
B T ag ' ag "

Since 8 = 0 and 8 = 0 on 0B, therefore, applying the divergence theorem in the

preceding inequality, the third integral yields

/ leseiﬁai (0%) + 070, + ° ef ef }dB
B 7 o ag

(6°0%) P 079’ 1613

[ o)+ 2 (o)

/ {9 ni0% + 9 nﬁf] dA = 0.
B

19}
(5.1.75)
Combining Egs. (5.1.74) and (5.1.75), the following is acquired:
/ (al5gijéij + CL15O'é + (L151'Li’di + a15a2uiUi + (115(L2Ui’di
B
+a15a4UiUi + a6981'78 + a69f1'7f)dB
< / [&15&1&5111“{'61156131'7?0} + CL5€95HS + &59fo]dB. (5176)
B

Finally, the inequality (5.1.76) and Eq. (5.1.69) lead to the required inequality (5.1.70).

Now, on the basis of this lemma, the following continuous dependence result is derived

in the present context.

Theorem-4.1.5.1: Let D; and D, are strictly positive constants and consider that
{ui, U, 62, 67 } be a solution of the problem I'. Then, there exist the positive constants
1y and vy such that

Gl(t> S lel(O) + wz /t GQ(S)dS, te [0, tl]. (5177)
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Proof. To obtain the main results, we first define the functions G and G on [0, ;] as

follows:

. 1/2
G1 = </ |:UJZ’LLZ + ’LLZUZ + UZUZ + (‘98)2 + (0f>2 + €i;Cij -+ 62] dB) s (5178)
B

1/2
Gy = (/ [((115(11>2F;F;8 + (a1503) F/ F! + (a5 H*)* + (%Hf)Z] dB) - (5.1.79)
B

Now, making use of the Cauchy-Schwarz inequality in Eq. (5.1.70), it is obtained that

. . 1/2
6 < (/ [uu +UU; + (0°)2 + (ef)Q] dB)
B
1/2
) ( / (@150 FY By + (arsa3) Y B + (a5 H')? + (a5 H')?| dB)
J B

<G1Gy, (5.1.80)
which implies that
t
O(t) < (0) +/ G1(8)Ga(s)ds, t € [0,ty]. (5.1.81)
0
Egs. (5.1.65) and (5.1.67) lead to the inequalities as follows:
O(t) = xiGi(t), ©(0) < x2G1(0), (5.1.82)
where

1 .
X1 = §m1n(1, Dl, DQ, le),

1
X2 = imax(l, D1> D27 2y2)
Now, in view of Eqgs. (5.1.81) and (5.1.82), the following inequality is acquired:

GR(t) < 3GR(0) + 20 | ()G (s)ds, ¢ € [0,14], (5.1.83)
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1/2
_ (X2 (L
o= (X1> - (2xl>'

Taking into account of the Gronwall’s inequality, we therefore obtain the desired in-

where

equality (5.1.77).

Moreover, inequality (5.1.83) yields

G1(t) < ¥1G1(0)exp (% /0 t gfgds) , (5.1.84)

G1(t) < nGa(t). (5.1.85)

Hence, in view of the above two inequalities, if we consider null initial conditions and
absence of supply terms then it is concluded that Gy(t) < 0 and Gy(t) < 0. The
definition of G1(t) given by Eq. (5.1.78) therefore implies the uniqueness of solution of

the present problem.

5.1.6 Conclusion

The main goal of this subchapter is to discuss some theoretical results (variational prin-
ciple and continuous dependence result) in the context of generalized poro-thermoelasticity
theory with one relaxation parameter. A convolution type variational principle without
the use of Laplace transform is obtained. This type of variational principle has an ad-
vantage that it recovers all the governing equations along with proper initial conditions
and boundary conditions, i.e. a single variational equation stands for a whole set of
governing equations, initial and boundary conditions. Also, the importance of varia-
tional principles stems from the fact that these principles provide a theoretical basis for
numerical techniques such as finite-element and boundary element methods. Further, a
continuous dependence result for solutions depending on initial data and external sup-
ply terms (heat source and body force) is derived. Consequently, uniqueness of solution

of the problem is also established.
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5.2 Application of Legendre Wavelet Collocation Method
to the Analysis of Poro-Thermoelastic Coupling

with Variable Thermal Conductivity

5.2.1 Introduction?®

In this subchapter, thermo-mechanical interactions within the porous medium are an-
alyzed by taking temperature-dependent thermal conductivity into account. Coupled
thermoelastic problems lack an analytical closed-form solution, hence numerical tech-
niques like the finite difference method, finite element method, Chebyshev collocation
method, and other approaches are frequently utilized to solve them. Mukhopadhyay
and Kumar (2009) used the finite difference scheme to derive the solution for an in-
finitely long annular cylinder under LS thermoelasticity. Bagri and Eslami (2008),
Abbas and Youssef (2012), and Shivay and Mukhopadhyay (2020) employed the fi-
nite element method to solve many thermoelastic problems. Further, the Chebyshev
collocation method for solving generalized thermoelasticity theories is developed by Al-
ihemmati et al. (2021b; 2021a). In this respect, some other methods (see Kiani and
Eslami (2017), Alzahrani et al. (2020), Alihemmati and Beni (2022), Zeverdejani and
Kiani (2022)) have been introduced to address the thermoelasticity problems. In the
area of engineering and applied research, the wavelet technique has gained popularity
among researchers. For the purpose of solving differential and integral equations, ap-
proximating functions and various types of wavelets have been employed. In particular,
orthogonal wavelets are frequently employed in the relevant literature to handle various
kinds of differential equations and some elasticity problems (see Kim et al. (2003), Fan

and Qiao (2009), Castro et al. (2010), Heydari et al. (2014), Xu and Xu (2018), He et

2The content of this subchapter is published in Computers and Mathematics with Applica-
tions, 146, 1-11 (2023)
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al. (2019)).

The present subchapter therefore aims to propose a numerical discretization ap-
proach on the basis of Legendre wavelet for modeling thermo-mechanical coupled in-
teractions in a poroelastic material with the purpose of providing a simple and effi-
cient alternative method to other numerical methods. Variable material property like
temperature-dependent thermal conductivity is considered under the Lord-Shulman
porothermoelasticity (LSPTE) theory (Youssef (2007)). Due to the variable thermal
conductivity, the governing equations in the present context are non-linear partial dif-
ferential equations that have been linearized using the Kirchhoff transformation. By
using finite difference approach, the time domain is discretized, while Legendre wavelet
method is used to approximate the space domain. In order to solve further, the col-
location approach is employed to simplify the problem to the solution of a system of
algebraic equations. The influences of porosity, variable thermal conductivity, and ther-
mal relaxation parameters on the distributions of different field variables like displace-
ment, temperature, and stress for solid and fluid phases are analyzed and represented
graphically. Certain key findings of the current porothermoelastic model in view of the

temperature-dependent thermal conductivity are highlighted.

5.2.2 Basic Equations

Following the subchapter 5.1, the basic governing equations of generalized poro-thermoelastic
model with one-relaxation parameter for an isotropic and homogeneous medium with-

out any body forces and heat sources can be expressed below.

Equations of motion:

pi i 4 (A + 2p)ug5 + QUi 5 — R0 — R1297J; = puii; + p1aUi, (5.2.1)

RUjﬂ'j + Quj,ij - Rgﬂfi - RQQQ;J;: = plgdi + pQQUZ’. (522)
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The equations of heat conduction:

0 o?

K705 = (@ + quﬁ) (F110° + ToRisexr, + ToRare) (5.2.3)
0 o?

Kfﬁ,];; = (E + 7’{@) (F229f + ToRizep, + TORQQE) . (5.2.4)

The constitutive relations:

01 = 2pes; + Aewpdiy + (Qe — Riy0° — Ryz07) 0y, (5.2.5)

o= Re+ Qekk — R2195 — Rgggf. (526)

The geometrical relations:

eij = o (Wi +ujs) = Uy, (5.2.7)

e = U, (5.2.8)

We take into account that the thermal conductivity has the following linear function of

temperature (Hetnarski (1986)):

K5(0°) = K3(1 + K,6°), (5.2.9)

K109 = KI(1+ K,0%), (5.2.10)

where K is a small parameter to the present study, K and Kg denote the temperature

independent thermal conductivity of the solid phase and the fluid phase, respectively.

Now, Kirchhoff’s transformation (Hetnarski (1986)) is used to solve the coupling equa-

tions due to nonlinear terms in Eqgs. (5.2.3) and (5.2.4), thus the following mappings
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are introduced:

1 [

V¥ = 3 KS(Ql)del, (5211)
KO 0
1Y

of = — K1(6,)do,. 5.2.12
57, (61)d0y ( )

As a result, we have the following relations:

Kguy = K°(60°)07,  Kgus, = (K°(0°)67) 4, (5.2.13)
ov® o0° 1
Ko—- = K°(0° S =0+ S K (6°) 2.14
and
K{vl = KI(07)0), K{vl, = (K7(07)07).. (5.2.15)
! 90f 1
FOU g O _pf L £2

After obtaining v* and v/, the temperature increments §° and 67 can be found according

to Egs. (5.2.14) and (5.2.16) as

e VAR U Vi ) (St

g°
Ky Ky

Therefore, applying the Kirchhoff’s transformation to Eqgs. (5.2.1)-(5.2.6), we get

R R . :
MU 54 —+ ()\ -+ 2/1,)11/]',7;]' -+ QUi,jj — T}l,(l,les’l)i- — Tfl(?l@fv’é = P11U; + [)12UZ‘, (5217)
RQI s R22 f

RUJ}U + Quj,ij - = plgﬂi + pgzUi. (5.2.18)

1+ K650 1+ K000
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0 0? F;

KSU?“ = (a + T;@> (T};@SUS + T()Ruekk + T()RQlE) s (5219)
0 0? F

ngf; = (a —+ TJ@) (T;;lefvf + T()Rlzekk + T()RQQE) . (5220)

VIT2E W —1 I+ 2Kl - 1) 5
- ij

05 = 2,uez-j + )\ekkéij + <Q€ - R11 Kl 12 Kl

(5.2.21)

\/1+2K1US—1 R \/1+2K1Uf—1

0= Re+ Qepr. — Ry I 22 K
1 1

(5.2.22)

Since | K10°| << 1, |K167| << 1, |K;v°| << 1 and |Kjv/| << 1, neglecting these terms

for linearity, Eqs. (5.2.17)-(5.2.22) take the following forms:

pi g+ (A + 200w + QUi j; — R — Rigv’, = puii + piaU;, (5.2.23)
RUji; + Qujij — Ro1v’ — Ropv; = puoii; + paUs. (5.2.24)
K§v', 8—1— K (F110° + ToRyrepr + 1o Roe) (5.2.25)
= — 77— L.
0 520 at q 8_{_2 11 0 11CkE 0 21 I
pf (9, ;O /

Kyvii =\ 5; T 71 g2 | (Fe2v’ + ToRiocws + ToRaae) (5.2.26)
Uij - Q/J/eij + )\ekkéij + (QE — RH'US — R12'Uf) (52']‘, (5227)
0 = Re + Qerp — Rnv® — Rypv. (5.2.28)

In the case of classical poro-thermoelasticity (CPTE) theory, we recover the correspond-
ing equations from above if we take the values of the thermal relaxation parameter in

the following way:
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5.2.2.1 Problem formulation: Application to a problem of layer

.. ..
- .o.'o

° o DN ° ® e o
::o.:o.. :o:'oo:c .

e e ® ® ® o000 ® e °® o0 ® o o e o o,
..ol:'.....O.o:'u.'o.oc.
..-:.:...:.:...:-.:...-.

. L] . Ll L] e o
::oc:o.. a’e® ° o ...:..:
R e o { Fluid Saturated Porous Layer E::::o
° o ° .
::::.:o.c'o'.o * o :::::

e e % c%ee0 e 00 % 0ot 00,

X=0 ..00.'.....‘...:0.‘0.00. X=1
e e ®® %000 e 0 ® o, 0000, a
ee®%2°, ® e 002 0020000,

e ® ®5 %, o.'...:-..o.oo.
..oo.O.. 0.‘....0..0.00.
o e ®® %000 ®e ® 0 ® o 0000,
..on.o.....o...O......o.
...........-...'...o.oo.
..“.'o.o'.’.'."o.'c".
e 0® % %e00®%e® 002 00000,
e e ®® ®e 000 * o0 S e o 000,
...-:'.....'.."o..o.oa.
o e o0 ®e * L e 0o,
..00.‘//—\0.".

20 ® o ® o o © O

e °® o o b4
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Figure 5.2.1: Model of a fluid-saturated porous layer.

A layer (0 < z < 1) with one-dimensional disturbances is considered that propagate

along the z-axis as shown by Fig. 5.2.1. Therefore, all the functions are assumed to

be dependent only on the space variable z and time ¢. Also for simplifications, the

following non-dimensional parameters are introduced:
(t.7 71) = (e )

(@', U') =cn(z,uU),
(O.;jv 0/) = ()\_&2“) (Uij; 0)7

(’US,,’Uf,,HSI,Hf/) = (/\T?lu) (vs,'uf,ﬁs,ﬁf),

where n = [/ K§ and ¢ = /(XA + 2u)/p11.

J

(5.2.29)

By considering these non-dimensional form of parameters and dropping the primes for
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simplicity, Egs. (5.2.23)-(5.2.28) yield the following system of equations:

J*u PU O’ ol J*u U

g 27 — b 5.2.30
o TN T 2ar T Thae (5:2.30)
d*u 0*U ov® ovt 0%y 0*U
b by—— —0 —b =b b 5.2.31
o2 T T gy Ty T er e (5:2.31)
0?*v® o) 0? ou ou
= — bg— +b 5.2.32
077 (af”qar?)( Tae T 1087’)’ (5.2.32)
O*vtf ) 82 ou oU
o2 = (8t + L 8t2> (bll’U + blga— + blg 81‘) (5233)
ou ou
= — =7 = 5.2.34
O (93: +b o v® — by, ( )
ou oU
g = bl% + 64% — b5US — b60f7 (5235)
where
Q Ry P12 R Ry
b:—7b:_7b:_»b:—’ = 5
T+ 21 T Ry P11 P 21 * " Ry
0 Ry’ P11’ ¢ p11’ 0 Fiy(A+2u)’
b — ToRi1 Ry b — F  ToRu Ry  ToRy Ry
10—m, n=—= bp=—@/F—"—" b= —F/—"".
1 ( K Nk Ky (A +2p) Ky (A +2p)

5.2.2.2 Initial and boundary conditions

The homogeneous initial conditions are considered for the present context as

w(x,0) =0, U(z.0), u(z,0)=0, U(z,0) =0,

0°(x,0) =0, 6/(z,0)=0, 6°(z,0)=0, 6/(x,0)=0.
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In view of mappings defined by Eqs. (5.2.11) and (5.2.12), the initial conditions are
reduced to

v*(2,0) =0, v/(x,0) =0, ¥*(x,0) =0, 9/ (z,0)=0. (5.2.36)

For boundary conditions, the surface of the layer at x = 0 is assumed to be stress
free and is suddenly exposed to a thermal shock of the following forms (Hobiny (2020),
Hetnarski et al. (2009)):

6°(0,t) = (1 — B)0p (L), 67(0,t) = B (L), 044(0,t) =0, o(0,t) =0,

where 6 is constant and ' (t) represents the Heaviside unit step function.

Additionally, the remaining boundary conditions are taken as

des(1,t el (1,t
w(l,t) =0, U(1,t) =0, ch’ ):0, ng’ ) _o.

Therefore, the layer is fixed and thermally insulated at another end of the boundary of
layer (at z = 1).

Using Egs. (5.2.11) and (5.2.12), we thus arrive at the following boundary conditions:

v5(0,t) = (1 = Bues(t), v/(0,t) = BugsZ(t), o(0,t) =0, 0..(0,t) =0,

dv®(1,1) _0 dv’(1,t)
de dx

=0, u(l,t)=0, U(1,t)=0, (5.2.37)

where vy = 6 + £L62.

5.2.3 Solution Method

In order to achieve the solution, we employ a finite-difference approach to discretize the
time domain and the Legendre wavelet method to approximate the space domain. The

details of Legendre wavelet method is already descibed in subchapter 3.2.
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5.2.3.1 Time discretization

For time discretization as in Orug, et al. (2015), the interval [0,77] is divided into N

sub intervals of equal length At = % and define

where 7" is the final time for ¢.
Further, in view of Egs. (5.2.7) and (5.2.8), the following new variables are introduced

for the sake of simplification:

Ot s OOy Ou o OU 0 (O 9 (OUY _
ot ot o Y or Y i\ ) T i \or ) T

(5.2.38)

Making use of the above equation, Egs. (5.2.30)-(5.2.33) yield the following system of

equations:

0%u PU  Ov® ol ow® ow!
= 77 — + 2.
ox? b ox? ox > Ox ot bs ot ’ (5.2.39)

d*u 0*U ov® ovt ow® ow’

by — +by— —0 —b =b b 2.4
0 T2 T %r T%ar T o T o (5.2.40)
0?v® L0 . . ;
812 =1 + Tq a (l + ng + bloz ) s (5241)
0*vf d
8552 = (1 + Tga) (blllf + 6122’8 + b132f) . (5242)

Using the finite difference method to approximate the time derivatives and averaging

the other terms in the above Eqgs. (5.2.38)-(5.2.42), the following equations are acquired:

f P f
Vi =Y _bnt G ovin—v a4l
At 2 7 At 2
! !
Ui — ;Wi F Wi Uppn = Uy Wi + W
At 2 ' At 2 ’
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S S f
(ua)jrr — (Ua); _ Zipn+ 27 (Us)jir = (Ua); _ Za + 3
At 2 At 2
(ge)jrt + (Uae)j | WUaa)jir + Uaa);  (03)j0 + (3); , (Wh)j + (v));
+0 b
1 2
2 2 2 2
s s ! !
_ W T Y T
At AL
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After simplifying the above equations, we arrive at
208, — Al = At + 208, (5.2.43)
20l — At = At +20], (5.2.44)
2uj — Atwi, = Atw] + 2uy, (5.2.45)
2Uj 41 — Atwl ) = Atw! + 207, (5.2.46)
2(ug) i1 — Atz = Atzf 4+ 2(uy);, (5.2.47)
2(U,) 1 — Atzl, = Atz] +2(U,);, (5.2.48)

At { (1)1 + b (Ura)ji1 = (0)541 = bz<v£>j+1} =2 {wp, +bywl, }
= A { (uyn); + by (Una); — (v2); — ba(v {w + byw! } (5.2.49)
AL Dy ()41 + ba(Usa)j 11— s(03) 01 — a+1} —2 {b Wiy + 58w§+1}

= — A {by () + ba(Una)j — bs(v2); — bo(v brw’ + bw! } (5.2.50)
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At(v;x)jﬂ Bll]_:,_l BQZ;_,’_l Bgz Jl = —At( ) P+ B4l}9 + .Bg,Z}9 + B6ij, (5251)

At(v:{x)jﬂ B7l]+1 BBZ;-‘,-l BQZJ+1 = —At( ) + BlO + Bllz + Blgz s (5 2. 52)

where v, = v*(z,?;,1) and so forth.

Moreover

Bl = (At + 27';), BQ = bg(At + 27';), B3 = blo(At + 27';), B4 = (At — 27’;),
Bs = by(At — 278), Bg = big(At —277), By = by (At +27)), By = bip(At +27)),

Bg = blg(At + 2qu), B10 - bll(At - 27’ )lf B11 - blg(At - 27’{), Blg = blg(At — 27'[{)

5.2.3.2 Space discretization by Legendre wavelets

In order to apply the Legendre wavelet method, we expand the highest derivatives of
unknown functions appeared in the Eqgs. (5.2.43)-(5.2.52) into the Legendre wavelets
(see subsection 3.2.5). Therefore, the following is assumed for the solutions of above

equations:

)i ( Z U (2) = (C*) T (2), (5.2.53)

where U(r) is 7= = 2N column vectors of Legendre wavelets which is defined in
subsection 3.2.5, (C®)T is a row vector and subscript xz indicates the second-order
derivative with respect to x. Now, integrating Eq. (5.2.53) with respect to x from 0 to

x, it is obtained that

D ( Z (@) + (v3),4, (0). (5.2.54)

where p; 1(z) = /0 i

Since (v;);,, (0) is unknown so by putting z = 1 in Eq. (5.2.54) and considering Eq.
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(5.2.37), Eq. (5.2.54) can be rewritten as

o) ( Z eipia Z i (1). (5.2.55)

Again integrating Eq. (5.2.55) from 0 to = and using boundary condition given by Eq.
(5.2.37), we achieve

i1 ( Z pia(m) — 2> pia(l) + (1= Bl (i), (5.2.56)
=1

where p;a(z) = 7 pia(2/)da’.
Now, it is considered that

(g ) j1 (2 Z BV (z) = (D) U (z). (5.2.57)
Integrating Eq. (5.2.57) with respect to z from 0 to x, we get

(ug)js1(x Z dipia(z) + f(tjs1), (5.2.58)

where f(t;11) = u,(0,%;41) which is obtained by Eqgs. (5.2.34), (5.2.35) and boundary
condition (5.2.37).

Again integrating Eq. (5.2.58) from 0 to 2z and using boundary condition given by Eq.
(5.2.37), the following is obtained:

w)jy1(z Z dipig(z) + x f(tj41) + (1);41(0). (5.2.59)

By setting # = 1 in Eq. (5.2.59) and considering Eq. (5.2.37), Eq. (5.2.59) can be
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rewritten as follows:

g+1 Z dspz 2 Z d; iDi, 2 ]+1)-

)+ fi(tjz)— (5.2.60)

Now, we approximate other functions [*(z), w®(x) and 2*(x) by the Legendre wavelet

in the following forms:

) ( Z L3W (5.2.61)
W)y ( Z W (5.2.62)
) ( Z Z: (5.2.63)

Similarly, the functions in view of the fluid phase can be expanded into the series of

Legendre wavelet as

o) jia ( Z e/ Wy(x) = (C1)" (), (5.2.64)
]+1 Z ¢ pi( Z ¢; pii ( (5.2.65)
]H Z ¢ipip(T) — Z ¢;pin(1) + Buodl(ts1), (5.2.66)
Usa)jia (2 Z A0, () = (D)) 0(z), (5.2.67)
2)i(z Z A pir(2) + gti), (5.2.68)
where g(t;41) = Uz(0,%,41).
U)ja(x Z A/ pio(x) + T fot;a1)— Z A/ pia(1) = gtisn), (5.2.69)
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and

(1) 41 (2) Zi LIW;(x), (5.2.70)

n

() 10 () =3 Wl wi(w), (5.2.71)

n

(=), (@) = 7] u,(x). (5.2.72)

i=1

Now, substituting Eqs. (5.2.53), (5.2.55)-(5.2.58) and (5.2.60)-(5.2.72) into Egs. (5.2.43)-

2i—1
21

(5.2.52) and discretizing the results at the collocation points ,t=1,2,...,n, a sys-
tem of algebraic equations is achieved that yields wavelet coefficients as its solution.
Then, by plugging these wavelet coefficients in corresponding Eqs. (5.2.53), (5.2.55)-
(5.2.58) and (5.2.60)-(5.2.72), the numerical solutions at each time level can be con-
structed consecutively. This computation starts with the use of initial conditions. In

this manner, this iteration process is carried out repeatedly until the desired time level

is attained.

5.2.4 Numerical Results

In this subsection, we implement the above-described proposed scheme based on the
Legendre wavelet-collocation method and illustrate the problem by finding the numer-
ical solution of the problem. The effects of the temperature-dependent thermal con-
ductivity, porosity, and thermal relaxation parameters on the physical quantities are
discussed. For the purpose of computational work, the material of sandstone saturated

with kerosene is considered. Therefore, the basic parameters for this two-phase system
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are taken in the following way (Sherief and Hussein (2012)):

Q =75.79 x 10°Pa, R =33.25 x 10°Pa, X\ =453.69 x 10°Pa, p = 280.94 x 10°Pa,
O3 = 1.17T15KJ /kg°C, Cf =2.092] /kg°C, K =1.83W/m°C, K] = 0.148W/m°C,
af =2.257x 107%/°C, of =0.932 x 107°/°C, = 0.26, p1p = —0.001p,
af =033 %x107%/°C, of* =—-0.88x107%/°C, p* = 23603 kg/m*, p’ =723 kg/m®,

70 =0.03s, 7/ =0.001s.

q

In view of the data presented above, MATLAB software is used to perform numerical
computation for the solution of various physical fields in the present context. The
calculations are carried out for ¢ = 0.1 and #; = 1. In order to obtain the numerical
solution and represent it graphically, the value of £ = 1, N = 5 and At = 0.01 are

chosen.

The distributions of displacement, temperature, and stress of solid and fluid phases
along the z-axis are displayed by various figures. Figs. 5.2.2-5.2.10 show that the solid
and fluid phase displacements start from the negative value at the first boundary of
the layer and after attaining their maximum values, they tend to zero according to the
boundary conditions. As seen in the figures, solid and fluid temperatures begin with
their maximum values at * = 0 and steadily decrease to zero as we get closer to the
layer boundary at x = 1. Therefore, this temperature field is a decreasing function of x.
Further, we observe that stresses in both the solid and fluid phases starting with zero,
decrease until they reach minimum absolute values, and then again start increasing
to approach zero value. Hence, these figures demonstrate the successful implementa-
tion of the proposed numerical scheme and indicate that the boundary conditions are
satisfied by all the field variables. We also have the following observations about the ef-
fects of temperature-dependent thermal conductivity, porosity, and thermal relaxation

parameters on displacements, temperatures, and stresses:
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5.2.4.1 Verification of numerical results

In order to validate the current formulation and numerical results, the findings of the
current work is compared with well-known data from the literature. We compare the
outcomes of the current study with the results of Sherief and Hussein (2012) by taking
into account the same boundary conditions as provided in Sherief and Hussein (2012).
Additionally, we establish a comparison between the results of the present work and
the results predicted by Hobiny (2020) by considering the same material and same data
as given in Hobiny (2020). A good agreement between the results of the present case
and the corresponding results of Sherief and Hussein (2012), Hobiny (2020) is observed,

which indicates that the present numerical method is effective and accurate.

5.2.4.2 Effect of temperature-dependent thermal conductivity
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Figure 5.2.2: (a) Displacement distribution due to solid phase at ¢ = 0.1 and 5 = 0.26.
(b) Displacement distribution due to fluid phase at ¢ = 0.1 and § = 0.26.
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Figure 5.2.3: (a) Temperature distribution due to solid phase at ¢ = 0.1 and = 0.26.
(b) Temperature distribution due to fluid phase at ¢ = 0.1 and 3 = 0.26.
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Figure 5.2.4: (a) Stress distribution due to solid phase at ¢ = 0.1 and g = 0.26. (b)
Stress distribution due to solid phase at ¢ = 0.1 and g = 0.26.

Figs. 5.2.2-5.2.4 depict the influence of temperature-dependent thermal conductivity
on the displacement, temperature, and stress of solid and fluid phases at ¢ = 0.1 and
£ = 0.26. From Figs. 5.2.2 and 5.2.3, it is observed that the absolute value of displace-
ment and temperature of solid and fluid phases decrease as the value of temperature
dependency parameter K approaches higher negative values. However, the stress in
both the solid and fluid phases increases as the value of K; decreases. This is clearly

verified in Fig. 5.2.4. Hence, we get to the conclusion that higher temperature and lower
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stress will occur if the temperature-dependent thermal conductivity is ignored. Addi-

tionally, it is worth noting that the parameter K has a greater impact on temperature

and stress as compared to displacement. This indicates that temperature-dependent

thermal conductivities (K%, K/) have a significant effect on displacements, tempera-

tures, and stresses.

5.2.4.3 Effect of porosity
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Figure 5.2.5: (a) Displacement distribution due to solid phase at ¢ = 0.1 and K; =
—0.25. (b) Displacement distribution due to fluid phase at ¢t = 0.1 and K; = —0.25.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
(@ *

08 09

0.4

0.35

031

0.15 -

0.1

0.05 -

0

1

——B=020

B=030 | |
———B=040

0

0.1

0.2

0.3

0.4

(b)

0.5
X

0.6

0.7

08 09

Figure 5.2.6: (a) Temperature distribution due to solid phase at ¢t = 0.1 and K; =
—0.25. (b) Temperature distribution due to fluid phase at ¢ = 0.1 and K; = —0.25.
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Figure 5.2.7: (a) Stress distribution due to solid phase at t = 0.1 and K; = —0.25. (b)
Stress distribution due to solid phase at ¢ = 0.1 and K; = —0.25.

The effect of porosity on the variation of displacement, temperature, and stress in
both the solid and fluid phases is demonstrated by Figs. 5.2.5-5.2.7. Like the case
of temperature-dependent thermal conductivity parameter, porosity is seen to have a
very strong influence on the variations of all the studied fields. Fig. 5.2.5 reveals that
as the porosity increases, the displacement of the solid and fluid phases attain higher
values at the layer’s boundary x = 0, however, the peak values are lower in the case of
higher porosity values. Similar to the nature of displacement, the temperature of the
fluid phase is initially high and then decreases abruptly for higher values of porosity,
whereas the solid phase temperature decreases with the increasing value of 3 as seen in
Fig. 5.2.6. Further, we observe that stresses of the solid and fluid phase increase when

the value of g increases. One can observe this clearly in Fig. 5.2.7.

5.2.4.4 Effect of thermal relaxation parameters

Figs. 5.2.8-5.2.10 describe the influences of thermal relaxation parameters (77, 7)) on

the displacement, temperature, and stress of solid and fluid phases at different instants
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t = 0.15, 0.25 when 8 = 0.26 and K; = —0.25. We compare the Lord-Shulman
porothermoelasticity (LSPTE) and classical porothermoelasticity (CPTE) theories by
taking different values of thermal relaxation parameters and time. The values 7, =
T{ = 0 correspond to the classical case of poro-thermoelastic model and by taking
7y >0, qu > 0, we obtain the case of LSPTE model. Unlike the fluid phase temperature
which exhibits almost a similar trend in both models, a significant difference is observed
in the values of other field variables. Therefore, it is clear that the thermal relaxation
parameters have a prominent effect on solid temperature and stresses, while have a
slight effect on displacements. According to these figures, we observe that the effect of
thermal shock can be seen in all field variables and it can be concluded that the effective
region of influence increases with time. Hence, in contrast to LSPTE predicting the
finite speed of heat signals, CPTE theory predicts infinite speed behavior and has a

larger effective domain of influence.

0.04 T T T T T T T T T 0.04

0.02 -
0.02 -

ot

oF

-0.02 -

LSPTE at t =0.15
LSPTE at t = 0.25 |
CPTE att =0.15

-0.021 -0.04

LSPTE at t =0.15 ||
LSPTE at t = 0.25
CPTE att=0.15

CPTE att=0.25 ||

CPTE at t =0.25 =

004} -0.06 [

-0.08
-0.06
-0.1

-0.08
-0.12

0.1 L L L L L L L L L 0.14 L L L L L L L L
0 0.1 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08

X X

(a) (b)

Figure 5.2.8: (a) Displacement distribution due to solid phase for different models. (b)
Displacement distribution due to fluid phase for different models.
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Figure 5.2.9: (a) Temperature distribution due to solid phase for different models. (b)
Temperature distribution due to fluid phase for different models.
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Figure 5.2.10: (a) Stress distribution due to solid phase for different models. (b) Stress
distribution due to solid phase for different models.

5.2.5 Conclusion

In the present subchapter, the poro-thermoelastic interactions inside a one-dimensional
layer defined in the region 0 < x < 1 are investigated in the context of Lord-Shulman
poro-thermoelasticity (LSPTE) theory. To analyze the coupling of thermoelasticity and
porosity, the Legendre wavelet collocation method is implemented and the numerical so-

lution of the problem is obtained. For all field variables, i.e. displacement, temperature,
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and stress of solid and fluid phases, the significant effects of temperature-dependent

thermal conductivity, thermal relaxation parameters, and porosity are examined. The

behavior of these field variables is graphically presented along with a number of key

facts. Main findings of the present investigation can be summarized as follows:

Major achievement of this subchapter is to propose an alternative numerical
scheme based on Legendre wavelet collocation that can solve any poro-thermoleastic
problem satisfactorily like the integral transform method, finite element method,

finite difference method, etc.

Since boundary conditions are handled here automatically throughout the solution
procedure, there is no need to exert additional effort to impose them. Also, the
current method gives satisfactory outcomes even with fewer collocation points

and a simpler framework.

It can be seen that the magnitude of physical field variables is greater for the solid

phase quantities than for quantities of the fluid phase.

In the case when thermal conductivity is considered to be dependent on the
temperature, temperature and stress fields of solid and fluid phases decrease,
whereas no significant difference is observed in the profile of solid and fluid phase
displacements. Hence, the temperature-dependent parameter ( K;) has a greater

impact on temperatures and stresses as compared to the displacements.

Thermal relaxation parameters almost have no effect on the displacements in both
the phases and on the fluid phase temperature while they have significant effects
on these fields of the solid phase. Also, it is observed that the trend of variation
of all the studied field variables changes with time indicating that the domain of

influence increases with time.

The porosity has a great effect on the distributions of displacements, tempera-
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tures, and stresses. As the value of porosity increases, the absolute value of all
the field variables decreases. Thus, temperature-dependent thermal conductiv-
ity, porosity and thermal relaxation parameters play a significant role in poro-

thermoelastic interactions.

It is worth to be mentioned here that as compared to the present poro-thermoelasticity
theory (LSPTE) which admits a finite speed of heat signals, the effective region
of influence for the theory of classical poro-thermoelasticity is found to be wider

due to the infinite speed behavior of classical theory.
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