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Appendix A

A.1 Proof of Lemma 1.2

(i). Let A = [a,a],B = [b,b], and C = [¢,¢]. We have
r<gandr<a. (A.1)

Similarly, by A < B ©,u C, we have

ngin{l_)—g,l_j—é}andagmax{l_)—g,l_)—é}. (A.2)

Hence, C @ [r,7] < B.

e Case 2. When min {Q—Q,I;—E} =b—cand max{l_)—g, —E} = b —¢ Then, by
equations (A.1) and (A.2), we have
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Therefore, again we get the inequality

e e @ [rr] < (b0,

which implies that

Caolr,r] X B.

(ii). Let A = [a,a] and B = [b, b]. Then,

{ @A@)\@B}GQHA
_ { ®la,a ® Ao [b, b]}@gH[Qﬁ]
:[ Aa+ b, (1 )\)a—F/\B}@gH[an] as A € [0,1]
- [m {)\b—Aa Ab—Aa} max{A@—Ag,AE—AEH
= ro{AsuB}.

A.2 Proof of Lemma 1.6

Let T = [t,¢], U= [u,u] and V = [v,7]. Then,
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We have

s0(TomV)aio (UsyV)
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[min{t — v, — v}, max{t — v, — v}] (A.4)
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D % ® [min{g —v,u—v}, max{u —v,u —E}} .

(A.5)
We now consider the following four possible cases.

eCasel. Lett—v<t—vandu—v<u—7o. Then,t+u—2v<t+7u— 20, which

implies from (A.3) that
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implies from (A.3) that
0T®&;0U)6m V= [%‘f‘%—@%%—%—g].
From (A.4), we have

1o(TomV)alo(UguV)=tol-vt—volou—1vu—1
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e Case 3. Lett—v<t—wvandu—wv<u—7. Then, from (A.4), we have

1o(TemV)alo(UsumV)=tol-1t—velou—uvu—71

Let if possible
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which is impossible as t — 7 < t — v.

o Case (if). IfL+2—5<L4%—y, then from (A.6), we have

which is impossible as u — v < W — V.
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e Cased. Lett—v<t—7and u—7 <u—wv. Then, from (A.4), we have

Let if possible

%Q(T@gHV)@%Q(U@gHV) = (%QT@%@U) Sy V.
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which is impossible as . — 7 < u — v.

o Case (ii). IfL+2—5<L4%—y, then from (A.7), we have

which is impossible as t —v < t — 7.



196 A.3. Proof of Lemma 1.7

Hence, accumulating all cases, for any T, U and V in I(R), we have

loTeioU)omVEio(TouV)eio (UouV).

A.3 Proof of Lemma 1.7
Let T = (Ty,Ty,...,T,) with T; = [t;,t;] for all j = 1,2,...,n, U = [u,u] and

V = [v,7]. Then,
T OT=xUeVae
— |min Z Tjt;, Z z;t; ¢ ,max Z jt;, Z zit; (A.8)
Jj=1 Jj=1 j=1 j=1
< [min{u —v,u — 7}, max{u—v,u— T} De. (A.9)
Here, two cases arise.

Jj=1

e Case 1. Let min {Z Tt D xﬁ]} = > xjt; and min {u — v, % — v} = u—v. Thus,
j=1 j=1 '

by (A.8), we have

n n
Z%‘Zj <u—wv+eand Zxﬁj <uU—v+e€
j=1 j=1

—v—u< Z(—azj)ﬁj +eandu—7 < Z(—xj)fj +e€

j=1 j=1

— [min{u—v,7 -7}, max{u —v,u —v}] =<

3

n n n

min Z(_$j)tjvz(_xj)zj ; max Z(—xj)ija (—2)t; p| De

Jj=1 Jj=1 J=1 Jj=1

= Vo,sU=x (-1 0Tae
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e Case 2. Let min {Z Tt Y xjfj} =Y x;t; and min {u — v,uw — v} = u—v. Thus,
=1 i=1 =1
by (A.8), we have

n n
Zxﬁj <u—v+e€and ijzj <u—7v+e
J=1 J=1

—v—u< Z(—Ij)fj +eandu—7 < Z(—sz)zj +e€
=1 j=1

— [min{u — v, 7 — 7}, max{u —v,u — v} =<

n n n n

min Z(—xj)zj,Z(—xj)fj , max Z(—xj)zj, (—z;)t; D e

Jj=1 Jj=1 j=1 j=1

= Vo, U= (-2) 0T
Hence, by Case 1 and Case 2, for any = € R”, T e I(R)", and U,V € I(R),

tTOT XUy VPe = Vo, U=x (-2 0Tde

A.4 Proof of Lemma 1.8

Note that ' ® T De

B n n n n
= | min ijzj,ijfj , max ijiﬁzl‘jfj De
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