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Appendix A

A.1 Proof of Lemma 1.2

(i). Let A = [a, a],B = [b, b], and C = [c, c]. We have

r ≤ a and r ≤ a. (A.1)

Similarly, by A ⪯ B⊖gH C, we have

a ≤ min
{
b− c, b− c

}
and a ≤ max

{
b− c, b− c

}
. (A.2)

• Case 1. Let min
{
b− c, b− c

}
= b − c and max

{
b− c, b− c

}
= b − c. Then, from

(A.1) and (A.2), we get

c+ r ≤ b and c+ r ≤ b.

Hence, C⊕ [r, r] ⪯ B.

• Case 2. When min
{
b− c, b− c

}
= b − c and max

{
b− c, b− c

}
= b − c. Then, by

equations (A.1) and (A.2), we have

c+ r ≤ b and c+ r ≤ b
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Therefore, again we get the inequality

[c, c]⊕ [r, r] ≤ [b, b],

which implies that

C⊕ [r, r] ⪯ B.

(ii). Let A = [a, a] and B = [b, b]. Then,

{
(1− λ)⊙A⊕ λ⊙B

}
⊖gH A

=
{
(1− λ)⊙ [a, a]⊕ λ⊙ [b, b]

}
⊖gH [a, a]

=
[
(1− λ)a+ λb, (1− λ)a+ λb

]
⊖gH [a, a

]
as λ ∈ [0, 1]

=
[
min

{
λb− λa, λb− λa

}
,max

{
λb− λa, λb− λa

}]
= λ⊙

{
A⊖gH B

}
.

A.2 Proof of Lemma 1.6

Let T = [t, t], U = [u, u] and V = [v, v]. Then,

(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V =

([
t
2
, t
2

]
⊕
[
u
2
, u
2

])
⊖gH [v, v]

=
[
t
2
+ u

2
, t
2
+ u

2

]
⊖gH [v, v]

=

[
min

{
t
2
+ u

2
− v, t

2
+ u

2
− v
}
,max

{
t
2
+ u

2
− v, t

2
+ u

2
− v
}]

.

(A.3)

We have

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
=1

2
⊙
[
min{t− v, t− v},max{t− v, t− v}

]
(A.4)
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⊕ 1
2
⊙
[
min{u− v, u− v},max{u− v, u− v}

]
.

(A.5)

We now consider the following four possible cases.

• Case 1. Let t− v ≤ t− v and u− v ≤ u− v. Then, t+ u− 2v ≤ t+ u− 2v, which

implies from (A.3) that

(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V =

[
t
2
+ u

2
− v, t

2
+ u

2
− v
]
.

From (A.4), we have

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
=1

2
⊙ [t− v, t− v]⊕ 1

2
⊙ [u− v, u− v]

=
[
t
2
+ u

2
− v, t

2
+ u

2
− v
]

=
(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V.

• Case 2. Let t− v ≤ t− v and u− v ≤ u− v. Then, t+ u− 2v ≤ t+ u− 2v, which

implies from (A.3) that

(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V =

[
t
2
+ u

2
− v, t

2
+ u

2
− v
]
.

From (A.4), we have

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
=1

2
⊙ [t− v, t− v]⊕ 1

2
⊙ [u− v, u− v]

=
[
t
2
+ u

2
− v, t

2
+ u

2
− v
]

=
(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V.
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• Case 3. Let t− v < t− v and u− v < u− v. Then, from (A.4), we have

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
=1

2
⊙ [t− v, t− v]⊕ 1

2
⊙ [u− v, u− v]

=
[
t
2
+ u

2
− v

2
− v

2
, t
2
+ u

2
− v

2
− v

2

]
.

Let if possible

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
≺
(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V.

Then,
[
t
2
+ u

2
− v

2
− v

2
, t
2
+ u

2
− v

2
− v

2

]

≺
[
min

{
t
2
+ u

2
− v, t

2
+ u

2
− v
}
,max

{
t
2
+ u

2
− v, t

2
+ u

2
− v
}]

. (A.6)

We have two further possible cases.

• Case (i). If t
2
+ u

2
− v ≤ t

2
+ u

2
− v, then from (A.6), we have

t
2
+ u

2
− v

2
− v

2
≤ t

2
+ u

2
− v

=⇒ t− v ≤ t− v,

which is impossible as t− v < t− v.

• Case (ii). If t
2
+ u

2
− v ≤ t

2
+ u

2
− v, then from (A.6), we have

t
2
+ u

2
− v

2
− v

2
≤ t

2
+ u

2
− v

=⇒ u− v ≤ u− v,

which is impossible as u− v < u− v.
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• Case 4. Let t− v < t− v and u− v < u− v. Then, from (A.4), we have

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
=1

2
⊙ [t− v, t− v]⊕ 1

2
⊙ [u− v, u− v]

=
[
t
2
+ u

2
− v

2
− v

2
, t
2
+ u

2
− v

2
− v

2

]
.

Let if possible

1
2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
≺
(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V.

Then,
[
t
2
+ u

2
− v

2
− v

2
, t
2
+ u

2
− v

2
− v

2

]

≺
[
min

{
t
2
+ u

2
− v, t

2
+ u

2
− v
}
,max

{
t
2
+ u

2
− v, t

2
+ u

2
− v
}]

. (A.7)

We have two further possible cases.

• Case (i). If t
2
+ u

2
− v ≤ t

2
+ u

2
− v, then from (A.7), we have

t
2
+ u

2
− v

2
− v

2
≤ t

2
+ u

2
− v

=⇒ u− v ≤ u− v,

which is impossible as u− v < u− v.

• Case (ii). If t
2
+ u

2
− v ≤ t

2
+ u

2
− v, then from (A.7), we have

t
2
+ u

2
− v

2
− v

2
≤ t

2
+ u

2
− v

=⇒ t− v ≤ t− v,

which is impossible as t− v < t− v.
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Hence, accumulating all cases, for any T,U and V in I(R), we have

(
1
2
⊙T⊕ 1

2
⊙U

)
⊖gH V ⊁ 1

2
⊙
(
T⊖gH V

)
⊕ 1

2
⊙
(
U⊖gH V

)
.

A.3 Proof of Lemma 1.7

Let T = (T1,T2, . . . ,Tn) with Tj = [tj, tj] for all j = 1, 2, . . . , n, U = [u, u] and

V = [v, v]. Then,

x⊤ ⊙T ⪯ U⊖gH V⊕ ϵ

=⇒

min


n∑

j=1

xjtj,
n∑

j=1

xjtj

 ,max


n∑

j=1

xjtj,
n∑

j=1

xjtj


 (A.8)

⪯
[
min {u− v, u− v} ,max {u− v, u− v}

]
⊕ ϵ. (A.9)

Here, two cases arise.

• Case 1. Let min

{
n∑

j=1

xjtj,
n∑

j=1

xjtj

}
=

n∑
j=1

xjtj and min {u− v, u− v} = u− v. Thus,

by (A.8), we have

n∑
j=1

xjtj ≤ u− v + ϵ and
n∑

j=1

xjtj ≤ u− v + ϵ

=⇒ v − u ≤
n∑

j=1

(−xj)tj + ϵ and u− v ≤
n∑

j=1

(−xj)tj + ϵ

=⇒
[
min {u− v, u− v} ,max {u− v, u− v}

]
⪯min


n∑

j=1

(−xj)tj,
n∑

j=1

(−xj)tj

 ,max


n∑

j=1

(−xj)tj,
n∑

j=1

(−xj)tj


⊕ ϵ

=⇒ V⊖gH U ⪯ (−x)⊤ ⊙T⊕ ϵ.
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• Case 2. Let min

{
n∑

j=1

xjtj,
n∑

j=1

xjtj

}
=

n∑
j=1

xjtj and min {u− v, u− v} = u− v. Thus,

by (A.8), we have

n∑
j=1

xjtj ≤ u− v + ϵ and
n∑

j=1

xjtj ≤ u− v + ϵ

=⇒ v − u ≤
n∑

j=1

(−xj)tj + ϵ and u− v ≤
n∑

j=1

(−xj)tj + ϵ

=⇒
[
min {u− v, u− v} ,max {u− v, u− v}

]
⪯min


n∑

j=1

(−xj)tj,
n∑

j=1

(−xj)tj

 ,max


n∑

j=1

(−xj)tj,
n∑

j=1

(−xj)tj


⊕ ϵ

=⇒ V⊖gH U ⪯ (−x)⊤ ⊙T⊕ ϵ.

Hence, by Case 1 and Case 2, for any x ∈ Rn, T̂ ∈ I(R)n, and U,V ∈ I(R),

x⊤ ⊙T ⪯ U⊖gH V⊕ ϵ =⇒ V⊖gH U ⪯ (−x)⊤ ⊙T⊕ ϵ.

A.4 Proof of Lemma 1.8

Note that x⊤ ⊙ T̂⊕ ϵ

=

[
min


n∑

j=1

xjtj,
n∑

j=1

xjtj

 ,max


n∑

j=1

xjtj,
n∑

j=1

xjtj


]
⊕ ϵ

⪯

[
min


n∑

j=1

|xj|∥Tj∥I(R),
n∑

j=1

|xj|∥Tj∥I(R)

 ,

max


n∑

j=1

|xj|∥Tj∥I(R),
n∑

j=1

|xj|∥Tj∥I(R)


]
⊕ ϵ

=

[
min

{
∥x∥∥T̂∥I(R)n , ∥x∥∥T̂∥I(R)n

}
,max

{
∥x∥∥T̂∥I(R)n , ∥x∥∥T̂∥I(R)n

}]
⊕ ϵ

⪯ ∥x∥ ⊙
[
∥T̂∥I(R)n + ϵ, ∥T̂∥I(R)n + ϵ

]
.
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