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We study how the smoothness of the initial datum and the free term affect the 
global regularity properties of solutions to the Dirichlet problem for the class of 
parabolic equations of p(x, t)-Laplace type

ut − Δp(·)u = f(z) + F (z, u,∇u), z = (x, t) ∈ QT = Ω × (0, T ),

with the nonlinear source F (z, u,∇u) = a(z)|u|q(z)−2u + |∇u|s(z)−2(�c,∇u). It is 
proven the existence of a solution such that if |∇u(x, 0)| ∈ Lr(Ω) for some r ≥
max{2,max p(z)}, then the gradient preserves the initial order of integrability in 
time, gains global higher integrability, and the solution acquires the second-order 
regularity in the following sense:

|∇u(x, t)| ∈ Lr(Ω) for a.e. t ∈ (0, T ),

|∇u|p(z)+ρ+r−2 ∈ L1(QT ) for any ρ ∈
(

0,
4 

N + 2

)
,

and

|∇u|
p(z)+r

2 −2∇u ∈ L2(0, T ;W 1,2(Ω))N .

The exponent r is arbitrary and independent of p(z) if f ∈ LN+2(QT ), while for 
f ∈ Lσ(QT ) with σ ∈ (2, N + 2) the exponent r belongs to a bounded interval 
whose endpoints are defined by max p(z), min p(z), N , and σ. An integration by 
parts formula is also proven, which is of independent interest.
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1. Introduction

We study the global regularity properties of solutions to the problem

ut − div
(
|∇u|p(z)−2∇u

)
= F (z, u,∇u) + f(z) in QT = Ω × (0, T ),

u = 0 on ∂Ω × (0, T ),

u(x, 0) = u0(x) in Ω

(1.1)

with the nonlinear source of the form

F (z, u,∇u) = a(z)|u|q(z)−2u + |∇u|s(z)−2(�c(z),∇u).

The coefficients a, �c, the exponents p, q, s and the free term f are given functions of the independent 
variables z = (x, t) ∈ QT . It is assumed that Ω ⊂ RN , N ≥ 2, is a bounded domain with the boundary 
∂Ω ∈ C2+α, α ∈ (0, 1).

Equation (1.1) belongs to the class of equations with nonstandard growth because the exponents of 
nonlinearity p, q, and s are not constants but functions of the independent variables, which causes a gap 
between the coercivity and growth conditions in the principal part of the equation. Nonlinearities of this 
kind are found in various real-world applications, such as mathematical models of electro-rheological or 
thermo-rheological fluids, as well as in image processing.

When |∇u| = 0, equation (1.1) degenerates if p(z) > 2, or becomes singular if p(z) < 2. Therefore, the 
solution needs to be understood in a weak sense. The study of the local regularity properties of a weak 
solution to a nonlinear parabolic equation is often practically independent of the method used to prove 
its existence. These results apply to every solution from a specific class and depend only on the nonlinear 
structure of the equation. In contrast, global estimates or estimates that continue to hold up to the boundary 
of the problem domain require information about the regularity of the domain and the data. The questions 
of regularity of weak solutions to nonlinear evolution equations involving the p(z)-Laplace, or the regularized 
nondegenerate p(z)-Laplace operators,
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Δp(·)u = div
(
|∇u|p(z)−2∇u

)
, Δ(μ)

p(·)u = div
((

(μ + |∇u|2
) p(z)−2

2 ∇u

)
, μ �= 0,

have been studied by many researchers. The weak solutions of the equation

ut = Δp(·)u + f, min p(z) > 1, (1.2)

or systems of equations of a similar structure possess the property of improved integrability of the gradient: 
instead of the inclusion |∇u|p(z) ∈ L1(QT ) prompted by the equation, for the solutions of equation (1.2)∫

S

|∇u|p(z)+δ dz ≤ C

in the arbitrary strictly interior cylinder S ⋐ QT , with a constant δ > 0, which depends on the distance from 
S to the parabolic boundary of QT . For variable exponents p(z), this property was found in [3] for p(z) ≥ 2
and in [28] in the range 2N 

N+2 < p(z) ≤ p+ < ∞ for the exponents p(z) with the logarithmic modulus of 
continuity. The global version of this inequality was proven [4,5] for Lipschitz-continuous exponents p(·) and 
∂Ω ∈ C2: ∫

QT

|∇u|p(z)+δ dz ≤ C with any δ ∈
(

0, 4 
N + 2

)
(1.3)

and a constant C depending on N , max p, min p, δ and ‖u‖L∞(0,T ;L2(Ω)). We also refer to the recent work 
[21] for the proof of local higher integrability of the gradients in solutions of systems of parabolic equations 
with Orlicz growth, and to [23] for the systems of double-phase parabolic equations.

Systems of parabolic equations

ui
t −

n ∑
α=1

[
a(|∇u|)ui

xα

]
xα

= bi, i = 1, N, n ≥ 2, (1.4)

in a cylinder Ω × (0, T ) with bounded and convex Ω are studied in [9]. It is assumed that the function a(·)
satisfies a(s) + sa′(s) ≈ sp−2 with constant p > 2N 

N+2 , and that bi ∈ Lσ(QT ) with σ > N + 2. It is shown 
that on every time interval (ε, T ), ε > 0, the gradient of the solution is bounded up to the lateral boundary 
where the homogeneous Dirichlet condition is posed. In the paper [12], local L∞ gradient bounds are derived 
for a class of parabolic equations with (p, q)-growth. The results of [12] apply to (1.2) with f = 0, as well 
as certain double-phase parabolic equations. The optimal conditions for local boundedness of the gradient 
of solutions to systems of parabolic equations of the structure (1.2) are found in [24] in the framework of 
borderline rearrangement invariant function spaces of Lorentz type under the assumption f ∈ L(N + 2, 1), 
see also [25,26]. In the case f ∈ Lσ(QT ) with σ ≤ N + 2, the question of global (and even local) gradient 
regularity remains open.

Further results concern local Hölder continuity of the gradient. We refer to [10] for systems (1.4) with 
b = 0, and [27] for systems of parabolic equations with the Uhlenbeck structure, see also further references 
therein. For the solutions of problem (1.1) with nonlinear sources subject to appropriate growth conditions 
and f ∈ L∞(QT ), the Hölder continuity of ∇u in every cylinder Ω × (ε, T ), ε > 0, with ∂Ω ∈ C1+α is 
proven in [15]. For the viscosity solutions of the normalized p-Laplace equation, local Hölder continuity of 
the spatial gradient is proven in [2] for p = const, and in [22] for the differentiable variable exponent p(x, t).

The results on the second-order regularity of solutions to equations and systems that involve the p-Laplace 
operator are usually formulated in terms of the inclusions

|∇u|λ∇u ∈ L2(0, T ;W 1,2(Ω))N or L2
loc(0, T ;W 1,2

loc (Ω))N
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with an exponent λ depending on p and N . We refer here to [1,16,18,17,12] for results on the local second
order regularity of weak and viscous solutions to equations of the type (1.2) with constant or variable p, 
and to [8] for global regularity results, see also references therein.

The global second-order regularity of weak solutions to the Dirichlet problem for equation (1.2) or (1.1)
with different choices of the source terms and the exponents of nonlinearity was studied in [11,4,7]. Paper 
[11] deals with the approximable solutions of the homogeneous Dirichlet problem for equation (1.2) with 
p = const. > 1. It is proven that for such solutions, which are the limits of solutions to the problem with 
smooth data,

ut ∈ L2(QT ), |∇u|p−2∇u ∈ L2(0, T ;W 1,2(Ω))N ,

‖ut‖L2(QT ) + ‖|∇u|p−2∇u‖L2(0,T ;W 1,2(Ω)) ≤ C

with a constant C depending only on ‖u0‖W 1,p
0 (Ω) and ‖f‖L2(QT ). This global result is optimal in the sense 

that in the special case u0 = 0 the L2(0, T ;W 1,2(Ω))-norm of the flux function |∇u|p−2∇u is bounded on 
both sides by Ci‖f‖L2(QT ) with constants Ci independent of the solution u. The regularity results of [11] 
are obtained under very weak assumptions on the smoothness of ∂Ω. The pointwise convergence of the 
gradients of solutions to the approximate problems to the gradient of the approximable solution plays a 
crucial role in the proof. In [4], the solution of the homogeneous Dirichlet problem for the evolution p(z)
Laplace equation is obtained as the limit of the sequence of Galerkin’s approximations. As distinguished 
from [4], the scheme of construction of a solution proposed in [7] consists of approximating both the data 
and the nonlinearities in problem (1.1) by smooth functions, obtaining a family of classical solutions to the 
approximate problems, and proving that this family contains a sequence that converges to a solution of the 
original problem. For the solutions of problem (1.1) with F ≡ 0, f ∈ L2(0, T ;W 1,2

0 (Ω)), and u0 ∈ W
1,q(·)
0 (Ω)

with q(x) = max{2, p(x, 0)}, the inclusions

ut ∈ L2(QT ), Dxi

(
|∇u|

p(z)−2
2 Dxj

u
)
∈ L2(QT ), i, j = 1, N,

and the estimates on the corresponding norms are obtained in [4] for the Lipschitz-continuous exponent 
p(z) in the range p(z) > max

{
2N 
N+2 ,

6
5

}
. The restriction p(z) > 6

5 if N = 2 was removed in [5]. It is proved 

in [7] that problem (1.1) with p(z) > 2(N+1)
N+2 , u0 ∈ W

1,p(·,0)
0 (Ω), and f ∈ L2(QT ) admits a solution u with 

the improved properties

|∇u|2(p(z)−1)+δ ∈ L1(QT ) with any δ ∈
(

0, 4 
N + 2

)
,

|∇u|p(z)−2∇u ∈ L2(0, T ;W 1,2(Ω)).
(1.5)

Properties (1.5) follow from the uniform estimates on the classical solutions of the regularized problems and 
the fact that the gradients of solutions to the regularized problems converge pointwise to the gradient of the 
limit problem. The proof of the a.e. convergence of the gradients relies on the property (1.3) of improved 
integrability of the gradient. These second-order regularity results offer a natural continuation of the results 
of [11] to the case of variable exponents p(z). Still, the approaches of [11] and [7] are different.

To the best of our knowledge, even in the case of constant p > 1, no results are available concerning 
the effect of the regularity of the initial data and nonlinear source term on the global integrability of the 
gradient and the second-order regularity of solutions to the Dirichlet problem for equation (1.2).

In the present work, we address the global regularity properties of the gradients in solutions to problem 
(1.1). We are interested in the following question:
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How does the regularity of the initial function and the free term affect the global properties of the 
gradient of a solution to problem (1.1)?

We show that under quite general conditions on the exponents of nonlinearity and the assumption that 
f and u0 satisfy one of the conditions

(a) f ∈ LN+2(QT ), |∇u0| ∈ Lr(Ω) with r ≥ max
{

2,max
QT

p(z)
}

:= Rp,

(b) f ∈ Lσ(QT ) with σ ∈ (2, N + 2), |∇u0| ∈ Lr(Ω) with Rp ≤ r < Rσ,

(1.6)

where Rσ is a finite number defined by maxQT
p(z), minQT

p(z), N , and σ, problem (1.1) admits a solution 
whose gradient preserves the initial order of integrability in time, gains global higher integrability, and 
acquires the second-order regularity in the following sense:

(a) |∇u(x, t)| ∈ L∞(0, T ;Lr(Ω)),

(b) |∇u|p(z)+ρ+r−2 ∈ L1(QT ) for any ρ ∈
(

0, 4 
N + 2

)
,

(c) |∇u|
p(z)+r−2

2 ∈ L2(0, T ;W 1,2(Ω)), and Dxi

(
|∇u|

p(z)+r
2 −2Dxj

u
)
∈ L2(QT ), i, j = 1, N.

(1.7)

The conditions on the exponents p, q, s and the coefficients a and �c will be specified later (see (2.6)).
Two features are worth noting. Firstly, the provable order of integrability of |∇u| is different in the cases 

(1.6) (a) and (b). In case (1.6) (a) |∇u| maintains its initial order of integrability r in time and gains global 
higher integrability independently of p, while in case (1.6) (b), where the order of integrability of f is below 
N + 2, the value of r falls within an interval [Rp, Rσ) whose endpoints depend on the properties of p, N
and the exponent σ. Furthermore, as σ approaches (N + 2)−, the right endpoint Rσ tends to +∞ and as 
σ approaches 2+, the properties (1.7) (a), (b) and (c) coincide with the results obtained in [7] for the case 
σ = 2 and r = p(·). Secondly, when proving properties (1.7), we do not distinguish between the degenerate 
or singular cases, i.e., it is possible that p(z) ≥ 2 on the part of the cylinder QT and p(z) < 2 on the 
rest. The results are new even for the model equation (1.2) with constant p. The present work can also be 
seen as a continuation of [7], as the method used to construct a solution to (1.1) in that work furnishes the 
framework for proving further regularity properties (1.7).

Organization of the paper. Section 2 consists of an outline of the associated function spaces, formulation 
of the regularized problem, and statements of the main results of this work. In Section 3, we prove new 
differential and integral inequalities that result from the multiplication of the regularized equation (1.1)
by the regularized r-Laplacian and integration by parts in Ω. In the case of variable p(z), these formulas 
include residual terms, which do not belong to the natural energy space prompted by the equation. The 
residual terms are estimated with the help of the property of higher integrability of the gradient that follows 
from special interpolation inequalities. In Section 4, we derive integral estimates that involve unbounded 
free source term f and the nonlinear sources dependent on u and ∇u. The estimates are obtained for 
f ∈ Lσ(QT ) with σ > 2 and are different in the cases σ = N + 2 and σ ∈ (2, N + 2). The proofs of the 
main results are given in Section 5. Finally, in Appendix A, we present the proof of the integration by parts 
formula, which is of independent interest.

2. Preliminaries, assumptions and results

In this section, we collect known facts from the theory of variable Lebesgue and Sobolev spaces where the 
solutions to problem (1.1) belong to, pose the approximate problems and recall the existence and regularity 
results obtained in [7]. The main results of the current work are presented in Section 2.4.
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2.1. The function spaces

Let Ω be a bounded domain with the Lipschitz continuous boundary ∂Ω and p : Ω → [p−, p+] ⊂ (1,∞)
be a measurable function. Let us define the functional (the modular)

Ap(·)(f) =
∫
Ω 

|f(x)|p(x) dx.

The set

Lp(·)(Ω) = {f : Ω → R : f is measurable on Ω, Ap(·)(f) < ∞}

equipped with the Luxemburg norm

‖f‖p(·),Ω = inf
{
λ > 0 : Ap(·)

(
f

λ 

)
≤ 1

}
is a reflexive and separable Banach space and C∞

0 (Ω) (the set of smooth functions with compact support) 
is dense in Lp(·)(Ω). By the definition of the norm

min
{
‖f‖p

−

p(·),Ω, ‖f‖
p+

p(·),Ω

}
≤ Ap(·)(f) ≤ max

{
‖f‖p

−

p(·),Ω, ‖f‖
p+

p(·),Ω

}
. (2.1)

The dual of Lp(·)(Ω) is the space Lp′(·)(Ω) with the conjugate exponent p′ = p 
p− 1 . For f ∈ Lp(·)(Ω) and 

g ∈ Lp′(·)(Ω), the generalized Hölder inequality holds:∫
Ω 

|fg| ≤
(

1 
p−

+ 1 
(p′)−

)
‖f‖p(·),Ω‖g‖p′(.),Ω ≤ 2‖f‖p(·),Ω‖g‖p′(·),Ω. (2.2)

Let p1, p2 be two bounded measurable functions in Ω such that 1 < p1(x) ≤ p2(x) a.e. in Ω. Then Lp1(·)(Ω)
is continuously embedded in Lp2(·)(Ω) and

‖u‖p1(·),Ω ≤ C(|Ω|, p±1 , p±2 )‖u‖p2(·),Ω, ∀ u ∈ Lp2(·)(Ω).

The variable Sobolev space W 1,p(·)
0 (Ω) is defined as the set of functions

W
1,p(·)
0 (Ω) = {u : Ω �→ R | u ∈ Lp(·)(Ω) ∩W 1,1

0 (Ω), |∇u| ∈ Lp(·)(Ω)}

equipped with the norm

‖u‖
W

1,p(·)
0 (Ω) = ‖u‖p(·),Ω + ‖∇u‖p(·),Ω.

Under the assumptions p ∈ C0(Ω) and ∂Ω is Lipschitz-continuous, the Poincaré inequality holds: there is a 
finite constant C > 0 such that

‖v‖p(·),Ω ≤ C‖∇v‖p(·),Ω ∀ v ∈ W
1,p(·)
0 (Ω).

It follows that ‖∇v‖p(·),Ω is an equivalent norm of W 1,p(·)
0 (Ω).

It is known, see, e.g. [14, Th. 4.7], that C∞
0 (Ω) is dense in W 1,p(·)

0 (Ω), provided p ∈ Clog(Ω), i.e., p is 
continuous in Ω with the logarithmic modulus of continuity:
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|p(x1) − p(x2)| ≤ ω(|x1 − x2|), (2.3)

where ω(·) is a nonnegative function satisfying the condition

lim sup
τ→0+

ω(τ) ln
(

1 
τ

)
= C < ∞.

For the study of parabolic problem (1.1), we need the spaces of functions depending on (x, t) ∈ QT :

Vt(Ω) = {u : Ω �→ R | u ∈ L2(Ω) ∩W 1,1
0 (Ω), |∇u|p(x,t) ∈ L1(Ω)}, t ∈ (0, T ),

Wp(·)(QT ) = {u : (0, T ) �→ Vt(Ω) | u ∈ L2(QT ), |∇u|p(x,t) ∈ L1(QT )}.

By C0,1(QT ) we denote the space of Lipschitz-continuous functions: a function φ is Lipschitz-continuous 
on QT if there exists a finite constant L ≥ 0 such that

|φ(x, t) − φ(y, τ)| ≤ Ld ((x, t), (y, t)) ∀(x, t), (y, τ) ∈ QT ,

where d(·, ·) is the Euclidean distance in RN+1.
By Ck+α, k+α

2 (QT ), k ∈ N, α ∈ (0, 1), we denote the classical parabolic Hölder spaces.

2.2. Assumptions and notation

The solution of problem (1.1) is understood in the following sense.

Definition 2.1. A function u is called strong solution of problem (1.1) if

1. u ∈ C0([0, T ];L2(Ω)) ∩Wp(·)(QT ), ut ∈ L2(QT ),
2. for every φ ∈ Wp(·)(QT )∫

QT

(
utφ + |∇u|p(z)−2∇u · ∇φ− fφ− F (z, u,∇u)φ

)
dz = 0, (2.4)

3. ‖u(·, t) − u0(·)‖2,Ω → 0 as t → 0+.

Let us assume that the data of problem (1.1) satisfy the following conditions:

∂Ω ∈ C2+α with α ∈ (0, 1), q, s, a ∈ C0(QT ), �c ∈ C0(QT )N ,

p ∈ C0,1(QT ) with the Lipschitz constant Lp,
(2.5)

there exist positive constants p±, q±, s±, μ, a+, c+i such that 2μ < p− − 1,

p : QT �→ [p−, p+], 2(N + 1)
N + 2 

< p− ≤ p+ < ∞,

q : QT �→ [q−, q+], 1 < q− ≤ q+ < min
{
p−, 1 + p−

N + 2
2N 

}
− 2μ,

s : QT �→ [s−, s+], 1 < s− ≤ s+ < ∞, s+ ≤ p− − 2μ,

max
QT

|a| = a+, max
QT

|ci| = c+i .

(2.6)
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Under these assumptions, the solution to problem (1.1) with u0 ∈ W
1,p(·,0)
0 (Ω) and f ∈ L2(QT ) can 

be obtained as the pointwise limit of the family of classical solutions to the regularized problem (1.1)
(problem (2.7) below). The procedure of construction of strong solutions to the regularized problems and 
the degenerate problem is presented in the next section.

Notation. By agreement, we denote p0(x) = p(x, 0) and use the abbreviations,

Djv = ∂v 
∂xj

, |vxx|2 =
N∑

i,j=1

(
D2

ijv
)2

, ‖v‖Ls(Ω) = ‖v‖s,Ω, s ≥ 1.

The notation ∂Ω ∈ C2+α (or C2) means that for every x0 ∈ ∂Ω there exists a ball BR(x0) such that in 
the local coordinate system {yi} centered at x0 with yN pointing in the direction of the exterior normal to 
∂Ω at x0, the set BR(x0) ∩ ∂Ω can be represented as the graph of a function φ(y1, . . . , yN−1) ∈ C2+α (or 
C2).

The symbol C stands for constants that can be evaluated through the known quantities but whose exact 
values are unimportant. The value of C may vary from line to line even inside the same formula.

2.3. Regularized problem

Consider the regularized problem

ut − div
(
(ε2 + |∇u|2)

p(z)−2
2 ∇u

)
= Fε(z, u,∇u) + f(z) in QT ,

u = 0 on ∂Ω × (0, T ),

u(x, 0) = u0(x) in Ω, ε ∈ (0, 1),

(2.7)

where f and u0 satisfy (1.6) and the nonlinear source Fε has the form

Fε(z, u,∇u) = F1ε(z, u) + F2ε(z,∇u)

≡ a(z)(ε2 + |u|2)
q(z)−2

2 u + (ε2 + |∇u|2)
s(z)−2

2 (�c(z),∇u).
(2.8)

The strong solution of the regularized problem is understood in the sense of Definition 2.1. The data of 
problem (2.7) are smooth approximations of the data of problem (1.1). If the data of (1.1) satisfy conditions 
(1.6), (2.5), (2.6) and σ ≥ 2, there exist sequences {u0m}, {fm} such that

u0m ∈ C∞
0 (Ω), u0m → u0 in W 1,r

0 (Ω),

fm ∈ C∞
0 (QT ), fm → f in Lσ(QT ),

(2.9)

and the sequences of coefficients and exponents satisfying

pk ∈ C∞(QT ), pk ↗ p in C0,1(QT ),

sk, qk ∈ C∞(QT ), qk → q, sk → s in C0(QT ),

ak, cik ∈ C∞(QT ), ak → a, cik → ci in C0(QT ).

(2.10)

We refer to [7, Subsec. 3.2] for the choice of these sequences. By agreement, we will use the notation data
for the set of functions {u0, f, p, q, s, a,�c} satisfying conditions (1.6), (2.5), (2.6). The notation datam will be 
used for the sequence of smooth functions {u0m, fm, pm, qm, s, a,�cm} whose elements approximate data in 
the sense of (2.9), (2.10). Because of the choice of approximating sequence datam, the norms of its elements 
converge to the corresponding norms of data,
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‖fm‖σ,QT
= ‖f‖σ,QT

+ o(1), ‖u0m‖r,Ω = ‖u0‖r,Ω + o(1) as m → ∞,

and the same is true for the sequences of coefficients and exponents. Since ‖datam‖ tend to ‖data‖, we may 
substitute ‖datam‖ by 1 + ‖data‖ in the constants that appear in estimating the solutions of problem (2.7)
and increase as ‖datam‖ grows.

The proof of existence of a strong solution to problem (1.1) is given in [7]. It is proven first that problems 
(2.7) with smooth data datam admit classical solutions uεm, and that the sequence {uεm} converges as 
m → ∞ to a strong solution uε of problem (2.7).

Proposition 2.1 ([7],   Lemmas 3.3, 5.1). Let ∂Ω ∈ C2+α, α ∈ (0, 1). Problem (2.7) with the data datam has 
a unique classical solution u ≡ uεm ∈ C2+γ,1+ γ

2 (QT ) with some γ ∈ (0, 1), and u(·, t) ∈ C3(Ω) for every 
t ∈ [0, T ]. Moreover, for every m ∈ N

‖ut‖2
2,QT

+ sup 
(0,T )

‖u‖2
2,Ω + sup 

(0,T )

∫
Ω 

(ε2 + |∇u|2) pm
2 dx +

∫
QT

(ε2 + |∇u|2)pm−2|uxx|2 dz

≤ C

⎛⎝1 +
∫
Ω 

|∇u0|p(·,0) dx + ‖f‖2
2,QT

⎞⎠ (2.11)

with an independent of ε and m constant C. The solutions possess the property of higher integrability of the 
gradient: for every δ ∈

(
0, 4 

N+2

)
∫
QT

(ε2 + |∇u|2)pm−2+ δ
2 |∇u|2 dx ≤ C ′ (2.12)

with a constant C ′ depending only on data and δ.

The solution uε of problem (2.7) corresponding to data is the pointwise limit of the sequence {uεm}
as m → ∞. Moreover, ∇uεm → ∇uε in Lp(·)(QT ) and a.e. in QT . Since uεm ∈ Wpm

(QT ) with possibly 
different exponents pm(z), the convergence of the sequence {uεm} in Wp(QT ) with p = lim pm requires a 
special justification. This fact follows from the property (2.12) of higher integrability of the gradients and 
the uniform convergence pm → p in QT . Taking the limit as m → ∞ of the sequence of classical solutions 
to problem (2.7) with datam, we obtain a strong solution of problem (2.7) corresponding to data.

Proposition 2.2 ([7], Theorems   6.1-6.2). Let conditions (2.5)-(2.6) be fulfilled. For every f ∈ L2(QT ), u0 ∈
W

1,p0(·)
0 (Ω), and ε ∈ (0, 1), problem (2.7) has a strong solution

uε(z) = lim 
m→∞

uεm(z), ∇uεm → ∇uε in Lp(·)(QT ).

The solution uε satisfies the estimates

ess sup 
(0,T )

‖uε‖2,Ω + ess sup 
(0,T )

‖∇uε‖p(·),Ω + ‖uεt‖2,QT
+
∫
QT

(ε2 + |∇uε|2)p−2|(uε)xx|2 dz ≤ C, (2.13)

∫
QT

(ε2 + |∇uε|2)p(z)−2+ δ
2 |∇uε|2 dz ≤ C ′, (2.14)

with any δ ∈
(
0, 4 

N+2

)
. Moreover, for every i = 1, N ,
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(ε2 + |∇uε|2)
p(z)−2

2 Diuε ∈ L2(0, T ;W 1,2(Ω)),∥∥∥(ε2 + |∇uε|2)
p(z)−2

2 Diuε

∥∥∥
L2(0,T ;W 1,2(Ω))

≤ C ′′.
(2.15)

The constants C, C ′, C ′′ depend on N , ∂Ω, Lp, the structural constants in (2.5)-(2.6), ‖f‖2,QT
, ‖∇u0‖p0(·),Ω, 

and are independent of ε; the constant C ′ depends also on δ.

The solution u of the limit problem (1.1) is obtained as the limit εk → 0 of a sequence {uεk} of strong 
solutions to the regularized problem (2.7) corresponding to data.

Proposition 2.3 (Sec.   6, [7]). Assume that conditions (2.6) are fulfilled and ∂Ω ∈ C2+α, α ∈ (0, 1). Denote 
by {uε} the family of strong solutions of problem (2.7) with f ∈ L2(QT ) and u0 ∈ W

1,p0(·)
0 (Ω). Then problem 

(1.1) has a strong solution

u = lim 
k→∞

uεk , ∇uεk → ∇u in Lp(·)(QT ).

The solution u satisfies the estimate

ess sup 
(0,T )

‖u‖2,Ω + ess sup 
(0,T )

‖∇u‖p(·),Ω + ‖ut‖2,QT
≤ C (2.16)

with a constant C depending only on N , ∂Ω, the structural constants in conditions (2.6), ‖f‖2,QT
, and 

‖∇u0‖p0(·),Ω. The solution u possesses the property of global higher integrability of the gradient:

∫
QT

|∇u|2(p(z)−1)+δ dz ≤ C with any δ ∈
(

0, 4 
N + 2

)
(2.17)

and a constant C depending on δ and the same quantities as the constant in (2.16). Moreover,

|∇u|p(z)−2∇u ∈ L2(0, T ;W 1,2(Ω)) and ‖|∇u|p(z)−2∇u‖L2(0,T ;W 1,2(Ω)) ≤ C (2.18)

with a constant C depending on N , the constants in conditions (2.6), ‖∇u0‖p0(·),Ω and ‖f‖2,QT
.

The procedure of obtaining a solution to problem (1.1) as the limit of a family of classical solutions of 
the regularized problem (2.7) with the datam allows one to reduce the study of the regularity properties of 
this solution to deriving uniform estimates on the classical solutions of the regularized problem (2.7) with 
smooth datam.

2.4. Main results

In the proof of the integrability of the gradient we distinguish between the cases (1.6) (a) and (b).

Theorem 2.1 (Gradient integrability estimates - I). Let conditions (2.5)-(2.6) be fulfilled and, in addition,

q+ ≤ 1 + p−

N
.

If

f ∈ LN+2(QT ) and |∇u0| ∈ Lr(Ω) with r ≥ max{2, p+},
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then problem (1.1) has a strong solution u = lim 
ε→0+

uε that satisfies the estimates

ess sup 
(0,T )

‖∇u‖r,Ω ≤ C, 
∫
QT

|∇u|p(z)+r+ρ−2 dz ≤ Cρ for any ρ ∈
(

0, 4 
N + 2

)
(2.19)

with constants C, Cρ depending only on data, r, and Cρ depending also on ρ.

Theorem 2.1 shows that when f ∈ LN+2(QT ) the inclusion |∇u(·, t)| ∈ Lr(Ω) is preserved in time 
whatever high the order r is. As distinguished from this case, for f ∈ Lσ(QT ) with σ ∈ (2, N + 2) the 
inclusion |∇u(·, t)| ∈ Lr(Ω) is preserved in time only for r from a bounded interval whose limits depend on 
σ, N , and the properties of p(z).

Theorem 2.2 (Gradient integrability estimates - II). Let conditions (2.5)-(2.6) be fulfilled and

f ∈ Lσ(QT ) with σ ∈ (2, N + 2) and |∇u0| ∈ Lr(Ω)

with r satisfying the inequalities

Rp := max{p+, 2} ≤ r < Rσ := N(p−(σ − 1) − σ + 2)
N + 2 − σ 

. (2.20)

If

q+ ≤ 1 + p−
N + 2
σN 

,

then problem (1.1) has a strong solution u = lim 
ε→0+

uε for which

ess sup 
(0,T )

‖∇u‖r,Ω ≤ C, 
∫
QT

|∇u|p(z)+r+ρ−2 dz ≤ Cρ for any ρ ∈
(

0, 4 
N + 2

)
(2.21)

with constants C, Cρ depending on data and r, and Cρ depending also on ρ.

Theorem 2.3 (Second-order regularity). Let the conditions of Theorem 2.1 or Theorem 2.2 be fulfilled. Then

(i) |∇u|
p(z)+r−2

2 ∈ L2(0, T ;W 1,2(Ω)), 
∥∥∥|∇u|

p(z)+r−2
2 

∥∥∥
L2(0,T ;W 1,2(Ω))

≤ C,

(ii) |∇u|
p(z)+r

2 −2∇u ∈ L2(0, T ;W 1,2(Ω))N , 
∥∥∥|∇u|

p(z)+r
2 −2∇u

∥∥∥
L2(0,T ;W 1,2(Ω))N

≤ C
(2.22)

with a constant C depending only on data and r.

Remark 2.1. Inequalities (2.20) furnish the interval of the permissible values of r in case of low integrability 
of the free term f .

(i) When σ ↗ N + 2, the supremum of the admissible values Rσ tends to +∞ independently on the 
properties of p(z).
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(ii) For σ ∈ (2, N + 2), inequality (2.20) entails conditions on the exponent p(z):

(a) if p+ ≤ 2, then p− >
σ

σ − 1 − 2(σ − 2) 
N(σ − 1) ,

(b) if p+ > 2, then p+ <
N(p−(σ − 1) − σ + 2)

N + 2 − σ 
.

Moreover, condition (b) can be transformed into the restriction on the oscillation p+ − p− of p(z) in 
QT .

(iii) As Rσ ↘ p− when σ ↘ 2, the interval [Rp, R2) of the admissible values of r is empty. This fact directs 
to considering the case r ≤ Rp, σ = 2, which we leave as an open problem for future study. We notice 
that in the limiting case σ ↘ 2, the estimates in (2.21) and (2.22) match the results of [7, Theorems 
2.1 and 2.2] for r = p(z), and [11] for r = p.

Remark 2.2. In the special case of constant p > 2, condition (2.20) becomes independent of σ and reads 
p >

N

N + 1.

Remark 2.3. The assertions of Theorems 2.1, 2.2, 2.3 follow from uniform estimates for the solutions of 
the regularized problem (2.7) and the limit passages: first as m → ∞ (approximation of the data), and 
then as ε → 0+. The limit as m → ∞ with a fixed ε > 0 is a strong solution uε of the nondegenerate 
regularized problem (2.7) corresponding to data. For the solution uε of the regularized problem with data, 
Theorems 2.1-2.2 hold with |∇u| replaced by (ε2 + |∇u|2) 1

2 . For uε, the inclusions

Di

(
(ε2 + |∇uε|2)

p(z)+r−2
4 

)
∈ L2(QT ),

Di

(
(ε2 + |∇uε|2)

p(z)+r
4 −1Djuε

)
∈ L2(QT ), i, j = 1, N,

are proven at the first step of the proof of Theorem 2.3.

Corollary 2.1. Under the conditions of Theorem 2.1 or 2.2 estimates (2.16), and (2.19) or (2.21) hold. Fix 

ρ ∈
(
0, 4 

N+2

)
and consider u(z) as an element of the anisotropic Sobolev space

Vρ =
{
u(z) ∈ L2(QT ) : ut ∈ L2(QT ), Diu ∈ Lp−+r+ρ−2(QT ), i = 1, N

}
, r ≥ 2.

Assume that 12 + N

p− + r + ρ− 2 < 1, which is equivalent to r > 2N − p− − ρ + 2. According to [20, Th.5], 

Vρ is continuously embedded into the Hölder space Cβ(QT ) with β = 1 − N

p− + r + ρ− 2 . It follows that if 

in the conditions of Theorem 2.1 or 2.2, r > 2N − p− − ρ + 2, then u ∈ Cβ(QT ).

The main ingredients of the proofs of Theorems 2.1, 2.2, 2.3 are a formula of integration by parts in 
Ω, and an interpolation inequality, which hold for every sufficiently smooth function. The next section is 
entirely devoted to deriving the formula of integration by parts, pointwise and integral estimates for the 
elements of the Hessian matrix. We adapt the arguments from [19, Subsec. 3.1.1] to show that for every 
constant r ≥ max{2, p+} and every sufficiently smooth function u, which vanishes on ∂Ω,∫

Ω 

Δ(ε)
p(·)uΔ(ε)

r u dx ≥ C0

∫
Ω 

(ε2 + |∇u|2)
p(x)+r

2 −2 traceH2(u) dx + Φ(x, u,∇u), (2.23)
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where H(u) is the Hessian matrix of u, C0 is a constant independent of u. The function Φ is independent 
of the components of H(u) and can be controlled with the help of the following interpolation inequality: for 
every δ > 0 and any ρ ∈

(
0, 4 

N+2

)
∫
Ω 

(ε2 + |∇u|2)
p(x)+r+ρ−4

2 |∇u|2 dx ≤ δ

∫
Ω 

(ε2 + |∇u|2)
p(x)+r

2 −2 traceH2(u) dx + C (2.24)

with a constant C depending only on ρ, N , p±, r, δ, ‖u‖2,Ω, and the Lipschitz constant of p(x). Multiplying 
equation (2.7) by Δ(ε)

r u and using (2.23), (2.24) we obtain a differential inequality for the function ‖(ε2 +
|∇u|2)‖

r
2 
r
2 ,Ω. The term (f + Fε(z, u,∇u))Δ(ε)

r u on the right-hand side is estimated by the terms on the left
hand side of the appearing inequality, provided that the exponents p, q, s, and the functions f , u0 satisfy 
the conditions of Theorem 2.1 or 2.2. The estimates on the integral of fΔ(ε)

r u require different conditions 
on p, σ, r in the cases σ = N + 2 and σ ∈ (2, N + 2). The proof of the second-order regularity (2.22) relies 
on the uniform estimates of the type (2.23) and the pointwise convergence of the gradients of the classical 
solutions to the regularized problem.

3. Estimates involving D2
iju

3.1. Integration-by-parts formula

We begin by formulating an integration by parts formula that involves two arbitrary smooth vectors. 
Assume ∂Ω ∈ C2 and denote by �ν the exterior unit normal to ∂Ω. Fix a point P ∈ ∂Ω, take C2 curves 
{l1, . . . , lN−1} orthogonal at every point in a neighborhood of P . Denote by {�τ1, . . . , �τN−1} the unit vectors 
tangent to li, and by si the curve length along li.

At every point of ∂Ω any smooth vector �a can be decomposed into the sum of the tangent and normal 
components:

�a = �aτ + aν�ν, �aτ =
N−1∑
j=1 

aj�τj , aj = (�a, �τj), aν = (�a, �ν).

Proposition 3.1. Let ∂Ω ∈ C2 and �a, �b be arbitrary vectors with the components

ai ∈ C0(Ω) ∩ C1(Ω), bi ∈ C1(Ω) ∩ C2(Ω).

Then, ∫
Ω 

div�adiv�b dx = −
∫
∂Ω

(
�aτ∇τ (�b · �ν) +�bτ∇τ (�a · �ν)

)
dS

−
∫
∂Ω

B(�aτ ;�bτ ) dS −
∫
∂Ω

aνbν traceB dS +
∫
Ω 

N∑
i,j=1

DjaiDibj dx,

(3.1)

where B is the second fundamental form of the surface ∂Ω.

Equality (3.1) is crucial for proving the gradient estimates and second-order regularity results. Similar 
formulas were derived and used in [6,5,7,9,11]. For the sake of completeness of the presentation, in Ap
pendix A we give the detailed proof of Proposition 3.1. The proof adapts the arguments in [19, Sec. 3.1.1] 
to the situation we study in this work.
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Let u be a smooth function defined on Ω, ∂Ω ∈ C2, and u = 0 on ∂Ω. Fix ε ∈ (0, 1) and accept the 
notation

wε = ε2 + |∇u|2.

We will apply Proposition 3.1 to the vectors

�a = w
p(z)−2

2 
ε ∇u, �b = w

r−2
2 

ε ∇u, r = const ≥ 2. (3.2)

To apply formula (3.1) we need ai ∈ C0(Ω)∩C1(Ω), bi ∈ C1(Ω)∩C2(Ω). The straightforward computation 
gives

Djai = w
p−2
2 

ε D2
iju + (p− 2)w

p−2
2 −1

ε Diu

N∑
k=1

DkuD
2
kju + 1

2w
p−2
2 

ε lnwεDiuDjp.

For every ε > 0 the inclusion ai ∈ C1(Ω) is fulfilled if u ∈ C2(Ω), p ∈ C1(Ω), while bi ∈ C2(Ω) holds if 
u ∈ C3(Ω). Since u = 0 on ∂Ω, then

aν = �a · �ν = �a · ∇u 
|∇u| = w

p(z)−2
2 

ε |∇u|, �aτ = �a− aν�ν = 0,

bν = �b · �ν = �b · ∇u 
|∇u| = w

r−2
2 

ε |∇u|, �bτ = �b− bν�ν = 0,

and the integral over ∂Ω in (3.1) transforms into

−
∫
∂Ω

w
p+r
2 −2

ε |∇u|2 traceB dS.

Formula (3.1) with �a, �b defined in (3.2) takes on the form∫
Ω 

div
(
w

p−2
2 

ε ∇u
)

div
(
w

r−2
2 

ε ∇u
)
dx = −

∫
∂Ω

w
p+r
2 −2

ε |∇u|2 traceB dS

+
N∑

i,j=1

∫
Ω 

Di

(
w

p−2
2 

ε Dju
)
Dj

(
w

r−2
2 

ε Diu
)
dx.

(3.3)

3.2. Pointwise inequalities

Assume that u ∈ C2(Ω), u = 0 on ∂Ω, p ∈ C1(Ω), and p− > 1. By a straightforward computation

Di

(
w

p−2
2 

ε Dju
)

= w
p−2
2 

ε D2
iju + (p− 2)w

p−2
2 −1

ε Dju
N∑

k=1

DkuD
2
kiu + 1

2w
p−2
2 

ε lnwεDjuDip

= w
p−2
2 

ε

(
D2

iju + (p− 2)ηj
N∑

k=1

D2
kiuηk + 1

2 lnwεDjuDip

)
,

Dj

(
w

r−2
2 

ε Diu
)

= w
r−2
2 

ε D2
iju + (r − 2)w

r−2
2 −1

ε Diu
N∑

k=1

DkuD
2
kju = w

r−2
2 

ε

(
D2

iju + (r − 2)ηi
N∑

k=1

D2
kjuηk

)
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with

�η = ∇u √
wε

, |�η| < 1. (3.4)

Then

Di

(
w

p−2
2 

ε Dju
)
Dj

(
w

r−2
2 

ε Diu
)

= w
p+r
2 −2

ε

(
D2

iju + (p− 2)ηj
N∑

k=1

D2
kiuηk

+ 1
2
√
wε ln(ε2 + |∇u|2)ηjDip

)
×
(
D2

iju + (r − 2)ηi
N∑

k=1

D2
kjuηk

)

≡ w
p+r
2 −2

ε Kij .

(3.5)

Denote by H(u) the Hessian matrix of u: the symmetric N × N matrix with the entries Hij(u) = D2
iju, 

i, j = 1, . . . , N . In the new notation, the expression for Kij becomes

Kij = H2
ij(u) + Hij(u)

[
N∑

k=1

((p− 2)ηjHki(u) + (r − 2)ηiHkj(u))ηk

]

+ (p− 2)(r − 2)ηiηj
N∑

k,l=1

Hli(u)Hkj(u)ηlηk

+ 1
2Hij(u) lnwεDiuDjp + 1

2(r − 2)ηiηj
√
wε

N∑
k=1

Hki(u)ηk lnwεDjp ≡
5 ∑

s=1 
J (s)
ij .

Summing up we obtain

N∑
i,j=1

Kij =
N∑

i,j=1
H2

ij(u) + (p + r − 4)
N∑
i=1 

⎛⎝ N∑
j=1 

Hij(u)ηj

⎞⎠(
N∑

k=1

Hik(u)ηk

)

+ (p− 2)(r − 2)
N∑

i,j=1
ηiηj

N∑
k,l=1

Hli(u)Hkj(u)ηlηk +
N∑

i,j=1

5 ∑
s=4 

J (s)
ij

=
N∑

i,j=1
H2

ij(u) + (p + r − 4)
N∑
i=1 

⎛⎝ N∑
j=1 

Hij(u)ηj

⎞⎠(
N∑

k=1

Hik(u)ηk

)

+ (p− 2)(r − 2)
N∑

i,j=1

(
N∑
l=1 

Hli(u)ηlηi

)(
N∑

k=1

Hkj(u)ηjηk

)
+

N∑
i,j=1

5 ∑
s=4 

J (s)
ij

=
N∑

i,j=1
H2

ij(u) + (p + r − 4)
N∑
i=1 

⎛⎝ N∑
j=1 

Hij(u)ηj

⎞⎠(
N∑

k=1

Hik(u)ηk

)

+ (p− 2)(r − 2)

⎛⎝ N∑
i,l=1

Hli(u)ηlηi

⎞⎠⎛⎝ N∑
j,k=1

Hkj(u)ηjηk

⎞⎠+
N∑

i,j=1

5 ∑
s=4 

J (s)
ij

= traceH2(u) + (p + r − 4)|(H(u), �η)|2 + (p− 2)(r − 2) ((H(u), �η) · �η)2 +
N∑

i,j=1

5 ∑
s=4 

J (s)
ij .

(3.6)
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The residual terms that depend on the derivatives of p(z) have the form

J (4)
ij = 1

2Hij(u) lnwεDiuDjp,

J (5)
ij = 1

2(r − 2)
N∑

k=1

Hkj(u)ηkηj lnwεDjpDiu

(3.7)

and vanish if p is independent of x. Accept the notation

F(�η) ≡ traceH2(u) + (p + r − 4)|(H(u), �η)|2 + (p− 2)(r − 2) ((H(u), �η) · �η)2 ,

with �η is defined in (3.4).

Proposition 3.2. Let u ∈ C2(Ω). If p ∈ C0(Ω), p− > 1 and r ≥ 2, then

F(�η) ≥ σ traceH2(u) ≡ σ|uxx|2 ∀ �η ∈ RN , |�η| ≤ 1, (3.8)

with the constant σ = min{1, p− − 1}.

Proof. Fix a point x0 ∈ Ω, denote p = p(x0), and take an arbitrary vector �η, |�η| < 1. If H(u(x0)) = 0, 
inequality (3.8) is obvious. Assume that H(u(x0)) �= 0, diagonalize the matrix H(u(x0)) by means of rotation, 
and denote by �ζ the vector �η in the new basis:

(H(u(x0)) · �η) · (H(u(x0)) · �η) =
N∑
i=1 

d2
i ζ

2
i , H(u(x0)) · �η) · �η =

N∑
i=1 

diζ
2
i , traceH2(u) =

N∑
i=1 

d2
i ,

where di are the diagonal elements of the transformed matrix. Set |�ζ| = λ < 1 and denote

�ξ = λ−1�ζ, |�ξ| = 1.

Then

F(�η) =
N∑
i=1 

d2
i + (p + r − 4)

N∑
i=1 

d2
i ζ

2
i + (p− 2)(r − 2)

(
N∑
i=1 

diζ
2
i

)2

,

=
N∑
i=1 

d2
i + λ2(p + r − 4)

N∑
i=1 

d2
i ξ

2
i + λ4(p− 2)(r − 2)

(
N∑
i=1 

diξ
2
i

)2

≡ Φ(�ξ, λ), |�ξ| = 1, λ ∈ (0, 1).

If p ≥ 2, r ≥ 2, the second and third terms of Φ(�ξ, λ) are nonnegative, whence

F(�η) ≥
N∑
i=1 

d2
i = traceH2(u(x0))

as required. Let

1 < p− ≤ p < 2, r ≥ 2.

By the Cauchy-Bunyakovsky-Schwarz inequality
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(
N∑
i=1 

diξ
2
i

)2

=
(

N∑
i=1 

(diξi) ξi

)2

≤
(

N∑
i=1 

d2
i ξ

2
i

)(
N∑
i=1 

ξ2
i

)
=

N∑
i=1 

d2
i ξ

2
i . (3.9)

Since λ < 1 and |�ξ| = 1, the first and third terms of Φ are bounded from below:

λ4(p− 2)(r − 2)
(

N∑
i=1 

diξ
2
i

)2

≥ λ2(p− − 2)(r − 2)
N∑
i=1 

d2
i ξ

2
i ,

N∑
i=1 

d2
i = σ

N∑
i=1 

d2
i + (1 − σ)

N∑
i=1 

d2
i ≥ σ

N∑
i=1 

d2
i + (1 − σ)λ2

N∑
i=1 

d2
i ξ

2
i

with any σ ∈ [0, 1]. Then

Φ(�ξ, λ) ≥ λ2 ((1 − σ) + (p− + r − 4) + (r − 2)(p− − 2)
) N∑

i=1 
d2
i ξ

2
i + σ

N∑
i=1 

d2
i .

For σ = min{1, p− − 1}

(1 − σ) + (p− + r − 4) + (r − 2)(p− − 2) = −σ + (r − 1)(p− − 1) ≥ −σ + (p− − 1) ≥ 0,

whence Φ(�ξ, λ) ≥ σ
N∑
i=1 

d2
i . �

Lemma 3.1. If u ∈ C2(Ω), p ∈ C1(Ω), p− > 1, and r ≥ 2, then

N∑
i,j=1

Di

(
w

p−2
2 

ε Dju
)
Dj

(
w

r−2
2 

ε Diu
)
≥ σw

p+r
2 −2

ε |uxx|2 + w
p+r
2 −2

ε

N∑
i,j=1

5 ∑
s=4 

J (s)
ij (3.10)

with σ = min{1, p− − 1} and J (s)
ij defined in (3.7).

Proof. It is sufficient to combine formulas (3.5), (3.6) with inequality (3.8). �
3.3. Integral inequalities

Plugging (3.10) into (3.3) we arrive at the following assertion.

Lemma 3.2. Let ∂Ω ∈ C2, u ∈ C3(Ω) ∩ C2(Ω) and u = 0 on ∂Ω. If p ∈ C1(Ω), p− > 1, and r ≥ 2, then∫
Ω 

div
(
w

p−2
2 

ε ∇u
)

div
(
w

r−2
2 

ε ∇u
)
dx ≥ −

∫
∂Ω

w
p+r
2 −2

ε |∇u|2 traceB dS

+ σ

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx +
N∑

i,j=1

5 ∑
s=4 

∫
Ω 

J (s)
ij dx,

(3.11)

where B is the second fundamental form of the surface ∂Ω, σ = min{1, p− − 1}, and J (s)
ij are defined in 

(3.7).
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Observe that

wε|uxx|2 ≥ |∇u|2|uxx|2 =
(

N∑
k=1

(Dku)2
)⎛⎝ N∑

i,j=1

(
D2

iju
)2⎞⎠ ≥

N∑
i=1 

⎛⎝ N∑
j=1 

D2
ijuDju

⎞⎠2

= 1
4

N∑
i=1 

⎛⎝Di

⎛⎝ε2 +
N∑
j=1 

(Dju)2
⎞⎠⎞⎠2

≡ 1
4 |∇wε|2

(3.12)

and ∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 = (p + r − 2)2

16 
w

p+r
2 −3

ε |∇wε|2

+ p + r − 2
8 

w
p+r
2 −2

ε lnwε(∇wε,∇p) + 1 
16w

p+r
2 −1

ε ln2 wε|∇p|2.

Under the assumptions of Lemma 3.2 the second term on the right-hand side of (3.11) is bounded from 
below:

w
p+r
2 −2

ε |uxx|2 ≥ 1
4w

p+r
2 −3

ε |∇wε|2 ≥ 4 
(p + r − 2)2

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2
− 2Lp

p + r − 2w
p+r
2 −2

ε | lnwε||∇wε| −
4L2

p

(p + r − 2)2w
p+r
2 −1

ε ln2 wε

≡ 4 
(p + r − 2)2

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 + w
p+r
2 −2

ε (M1 + M2)

(3.13)

with

M1 = 2Lp

p + r − 2 | lnwε||∇wε|, M2 =
4L2

p

(p + r − 2)2wε ln2 wε. (3.14)

Inequality (3.11) becomes∫
Ω 

div
(
w

p−2
2 

ε ∇u
)

div
(
w

r−2
2 

ε ∇u
)
dx ≥ −

∫
∂Ω

w
p+r
2 −2

ε |∇u|2 traceB dS

+ 4σ 
(p+ + r − 2)2

∫
Ω 

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dx

+ σ

∫
Ω 

w
p+r
2 −2

ε (M1 + M2) dx +
N∑

i,j=1

5 ∑
s=4 

∫
Ω 

J (s)
ij dx.

(3.15)

3.4. Interpolation inequalities

To control the right-hand side of (3.15) we will use the following inequality.

Lemma 3.3 (Lemma 4.5, [5]). Let ∂Ω ∈ C2, q ∈ C0,1(Ω) with the Lipschitz constant Lq, and q− > 2N 
N+2 . 

For every u ∈ C2(Ω) ∩ C1(Ω), δ ∈ (0, 1) and ρ ∈
(
0, 4 

N+2

)
∫
Ω 

w
q(x)+ρ−2

2 
ε |∇u|2 dx ≤ δ

∫
Ω 

(ε2 + |∇u|2)
q(x)−2

2 |uxx|2 dx + C
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with a constant C depending only on ρ, N , q±, Lq, δ, ‖u‖2,Ω.

To apply Lemma 3.3 in (3.15) with r ≥ 2 we set

q(z) − 2
2 

= p(z) + r − 4
2 

and claim q(z) > 2N 
N + 2 ⇔ p(z) + r > 2 + 2N 

N + 2 .

The last inequality is surely true because p− > 2(N+1)
N+2 by assumption and r ≥ 2. Then for every δ > 0

∫
Ω 

w
p+r+ρ−4

2 
ε |∇u|2 dx ≤ δ

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C, ρ ∈
(

0, 4 
N + 2

)
. (3.16)

If ρ ∈
(

2 
N+2 ,

4 
N+2

)
, inequality (3.16) remains true with the integrand of the left-hand side substituted by 

|∇u|p+r+ρ−2 and, by Young’s inequality, extends to the range ρ ∈
(

0, 2 
N+2

]
:

∫
Ω 

|∇u|p+r+ρ−2 dx ≤ δ

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C, ρ ∈
(

0, 4 
N + 2

)
, (3.17)

with C = C(ρ,N, p±, r, Lp, δ, ‖u‖2,Ω).
We will repeatedly use the following elementary inequality: for every γ > 0 and α > 0 there is a constant 

C = C(α, γ) such that

sγ | ln s| ≤ C(1 + sγ+α) for s > 0. (3.18)

It follows from (3.18) and (3.16) that for every λ ∈
(
0, 2 

N+2

)
and δ ∈ (0, 1)

∫
Ω 

w
p+r−4

2 
ε |∇u|2| lnwε| dx ≤ C

⎛⎝1 +
∫
Ω 

w
p+r−4

2 +λ
ε |∇u|2 dx

⎞⎠ ≤ δ

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C (3.19)

with a constant C depending on the same quantities as the constants in (3.16), (3.17), and on λ.
Inequality (3.16) remains valid for ρ = 0 because for every γ ∈

(
0, 4 

N+2

)

w
p+r
2 −2

ε |∇u|2 ≤ 1 + w
p+r+γ

2 −1
ε ≤ 1 +

{
(2ε2) p+r+γ

2 −1 if |∇u| < ε,

w
p+r+γ

2 −2
ε (2|∇u|2) if |∇u| ≥ ε

≤ C
(
1 + w

p+r+γ
2 −2

ε |∇u|2
)
.

(3.20)

3.5. Estimating J (4,5)
ij and M1,2

In (3.15), the residual terms J (4,5)
ij are defined by formulas (3.7), the terms M1,2 are defined in (3.14). 

Since |η| < 1, J (4,5)
i,j satisfy the inequalities

|J (4)
ij | ≤ Lp| lnwε||∇u||uxx|,

|J (5)
ij | ≤ LpN(r − 2)| lnwε||∇u||uxx|, i, j = 1, N,
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where Lp is the Lipschitz constant of p(z). The terms M1,2 are bounded by

|M1| ≤ C| lnwε||∇u||uxx|, |M2| ≤ C ′wε ln2 wε

with constants C, C ′ depending on N , p±, r, Lp. It follows from (3.17), (3.18) and the Young inequality 
that for every δ > 0 and θ > 0∫

Ω 

w
p+r
2 −2

ε

(
|J (4)

ij | + |J (5)
ij |

)
dx ≤ C(r + 1)

∫
Ω 

w
p+r−4

2 
ε |∇u||uxx|| lnwε| dx

= C(r + 1)
∫
Ω 

(
w

p+r−4
4 

ε |uxx|
)(

w
p+r−4

4 
ε |∇u|| lnwε|

)
dx

≤ C ′
∫
Ω 

(
w

p+r−4
4 

ε |uxx|
)(

w
p+r−4

4 
ε |∇u|

(
w−θ

ε + wθ
ε

))
dx

≤ δ

∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx + C ′′

∫
Ω 

w
p+r−4θ−4

2 
ε |∇u|2 dx + C ′′

∫
Ω 

w
p+r+4θ−4

2 
ε |∇u|2 dx

(3.21)

with constants C, C ′, C ′′ depending on r, δ, θ. By virtue of (3.16) and (3.20) the last integral on the 
right-hand side of (3.21) with θ ∈ (0, 1 

N+2 ) is bounded by

δ′
∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C

with an arbitrary δ′ and a constant C = C(r, θ, δ, δ′). To estimate the second term on the right-hand side 
of (3.21) we choose 0 < 4θ < p−. Since r ≥ 2, then p + r − 4θ − 2 > 0. By analogy with (3.20) we have

w
p+r−4θ−4

2 
ε |∇u|2 ≤ w

p+r−4θ−2
2 

ε ≤ 1 + w
p+r
2 −1

ε ≤ C
(
1 + w

p+r
2 −2

ε |∇u|2
)
,

and the estimate on the second term of (3.21) follows from (3.16) with ρ = 0. Gathering these estimates we 
find that for every δ > 0 there is a constant C such that∫

Ω 

w
p+r
2 −2

ε

(
|J (4)

ij | + |J (5)
ij |

)
dx ≤ δ

∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx + C. (3.22)

The estimate on the integral of w
p+r
2 −2

ε M1 follows by the same arguments as (3.22). To estimate 

w
p+r
2 −2

ε M2 we apply (3.18),∫
Ω 

w
p+r
2 −2

ε M2 dx ≤ C

∫
Ω 

w
p+r
2 −1

ε ln2 wε dx ≤ C ′
∫
Ω 

w
p+r−2

2 
ε

(
w−θ

ε + wθ
ε

)2
dx, (3.23)

and then argue as in the derivation of (3.22).

3.6. The boundary integrals

The boundary integral in (3.14) needs special estimating only if Ω is not convex. Let ∂Ω ∈ C2 but not 
necessarily convex. Since | traceB| ≤ K with a finite constant K > 0, estimating the boundary integral in 
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(3.11) amounts to estimating the integral of w
p+r
2 −2

ε |∇u|2 over ∂Ω. By [19, Lemma 1.5.1.9] there exist a 
constant γ > 0 and a function �μ ∈ C∞(Ω)N such that �μ · ν ≥ γ > 0 on ∂Ω. Then

γ

∫
∂Ω

w
p+r
2 −2

ε |∇u|2 dS ≤
∫
Ω 

div
(
w

p+r
2 −2

ε |∇u|2�μ
)
dx

=
∫
Ω 

�μ · ∇
(
w

p+r
2 −2

ε |∇u|2
)
dx +

∫
Ω 

(div �μ)w
p+r
2 −2

ε |∇u|2 dx

=
∫
Ω 

(div �μ)w
p+r
2 −2

ε |∇u|2 dx +
∫
Ω 

p + r − 4
2 

w
p+r
2 −3

ε |∇u|2
(
�μ · ∇

(
|∇u|2

))
dx

+
∫
Ω 

w
p+r
2 −2

ε

(
�μ · ∇

(
|∇u|2

))
dx +

∫
Ω 

w
p+r
2 −2

ε |∇u|2 lnwε (�μ · ∇p) dx

≤ C1

∫
Ω 

w
p+r
2 −2

ε |∇u|2 dx + C2

∫
Ω 

(
|p + r − 4|w

p+r
2 −3

ε |∇u|2 + w
p+r
2 −2

ε

)
|∇u||uxx| dx

+ C3

∫
Ω 

w
p+r
2 −2

ε |∇u|2| lnwε||∇p| dx

≡ C1I1 + C2I2 + C3I3.

To estimate I2 we apply the Young inequality:

I2 ≤ (p+ + r − 1)
∫
Ω 

w
p+r
2 −2

ε |∇u||uxx| dx

= (p+ + r − 1)
∫
Ω 

(
w

p+r
4 −1

ε |uxx|
)(

w
p+r
4 −1

ε |∇u|
)
dx

≤ σ

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + Cσ(p+ + r − 1)2
∫
Ω 

w
p+r
2 −2

ε |∇u|2 dx

≤ σ

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C ′(p+ + r)2I1

with an arbitrary σ > 0 and an independent of r constant C ′. To estimate I1 we apply (3.16) with ρ = 0
(see (3.20)). The integral I3 is estimated by virtue of (3.18) and (3.16). Gathering these inequalities we 
estimate the boundary integral as follows:

γ

∫
∂Ω

w
p+r
2 −2

ε |∇u|2 dS ≤ α

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C (3.24)

with any α > 0 and an independent of ε constant C = C (α,N, r, p+, Lp, ‖u‖2,Ω). We may now refine 
Lemma 3.2.

Lemma 3.4. Let in the conditions of Lemma 3.2 p− >
2N 

N + 2 and r ≥ 2. There exist constants C1, C
′
1 > 0

and a positive constant C2 = C2(N, r, p±, Lp, ∂Ω, ‖u‖2,Ω) such that the function wε ≡ ε2 + |∇u|2 satisfies 
the inequalities
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C1

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx ≤
∫
Ω 

div
(
w

p−2
2 

ε ∇u
)

div
(
w

r−2
2 

ε ∇u
)
dx + C2. (3.25)

C ′
1

∫
Ω 

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dx ≤
∫
Ω 

div
(
w

p−2
2 

ε ∇u
)

div
(
w

r−2
2 

ε ∇u
)
dx + C2. (3.26)

Proof. Inequality (3.25) follows from (3.11) by using estimates (3.21), the estimates on M1,2, and estimate 
(3.24). �
Corollary 3.1. Let the functions u, p and the constant r satisfy the conditions of Lemma 3.4 for a.e. t ∈
(0, T ). Then

c1

∫
QT

w
p(z)+r

2 −2
ε |uxx|2 dz ≤

∫
QT

div
(
w

p(z)−2
2 

ε ∇u

)
div

(
w

r−2
2 

ε ∇u
)
dz + c2, (3.27)

c′1

∫
QT

∣∣∣∣∇(
w

p(z)+r−2
4 

ε

)∣∣∣∣2 dz ≤
∫
QT

div
(
w

p(z)−2
2 

ε ∇u

)
div

(
w

r−2
2 

ε ∇u
)
dz + c′2 (3.28)

with the constants c1, c′1, c2, c′2 depending on the same quantities as the constants in (3.25), ess sup 
(0,T )

‖u‖2
2,Ω

and T .

4. Uniform estimates on the gradient of a classical solution

In this section, we establish the global uniform estimates on the gradients of classical solutions to the 
regularized problem (2.7) with smooth datam and ε ∈ (0, 1). For the convenience of presentation, we omit 
the subindex m of the exponents p, q, s.

4.1. Equation without nonlinear sources - I: the case σ = N + 2

Let u be the classical solution of problem (2.7) with smooth datam. We begin with the model case Fε = 0. 
Set wε = ε2 + |∇u|2, multiply equation (2.7) by − div

(
w

r−2
2 

ε ∇u
)

with r ≥ max{2, p+}, and integrate the 
result over Ω:

1
r

d 
dt

∫
Ω 

w
r
2 
ε dx +

∫
Ω 

div
(
w

p−2
2 

ε ∇u
)

div
(
w

r−2
2 

ε ∇u
)
dx = −

∫
Ω 

f div
(
w

r−2
2 

ε ∇u
)
dx.

By (3.11) and (3.25), (3.26)

1
r

d 
dt

∫
Ω 

w
r
2 
ε dx + C0

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C1

∫
Ω 

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dx

≤
∫
Ω 

|f |
∣∣∣div

(
w

r−2
2 

ε ∇u
)∣∣∣ dx + C ≡ J + C

(4.1)

with constants C, C0, C1 depending on r, p±, N , ∂Ω, ‖u(t)‖2,Ω. By Young’s inequality
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J =
∫
Ω 

|f |

∣∣∣∣∣∣w r−2
2 

ε Δu + (r − 2)w
r−2
2 −1

ε

N∑
i,j=1

DiuDjuD
2
iju

∣∣∣∣∣∣ dx
≤ C

∫
Ω 

|f |w
r−2
2 

ε |uxx| dx + (r − 2)
∫
Ω 

|f |w
r−2
2 −1

ε |∇u|2|uxx| dx

≤ C(r − 1)
∫
Ω 

(
|f |w

r−2
2 − r+p

4 +1
ε

)(
w

r+p
4 −1

ε |uxx|
)

dx

≤ δ

∫
Ω 

w
r+p
2 −2

ε |uxx|2 dx + Cδr
2
∫
Ω 

f2w
r−p
2 

ε dx

with any δ > 0. For the sufficiently small δ the first term on the right-hand side is absorbed in the left-hand 
side, and (4.1) is continued as

1
r

d 
dt

∫
Ω 

w
r
2 
ε dx + C0

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C1

∫
Ω 

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dx

≤ C2 + C3r
2
∫
Ω 

f2w
r−p
2 

ε dx

(4.2)

with known constants Ci depending on r, p±, N , ∂Ω, and C2 depending also on ‖u(t)‖2,Ω. Integrating (4.2)
in t we obtain

1
r

sup 
(0,T )

∫
Ω 

w
r
2 
ε dx + C0

∫
QT

w
p+r
2 −2

ε |uxx|2 dz + C1

∫
QT

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dz

≤ C2T + 1
r

∫
Ω 

w
r
2 
ε (x, 0) dx + C3r

2
∫
QT

f2w
r−p
2 

ε dz.

(4.3)

It remains to estimate

I =
∫
QT

f2w
r−p
2 

ε dz. (4.4)

For every σ > 2

I ≤ ‖f‖2
σ,QT

⎛⎝ ∫
QT

w
(r−p)σ
2(σ−2) 
ε dz

⎞⎠
σ−2
σ

.

Set σ = N + 2 and observe that since p > 2N 
N+2 by assumption, then

(r − p)σ 
2(σ − 2) = (r − p)(N + 2)

2N 
< r

N + 2
2N 

− 1 = r

(
1
2 + 1 

N

)
− 1 <

p + r − 2 + 2r
N

2 
.

By the Young inequality, for every μ > 0

I ≤ ‖f‖2
N+2,QT

⎛⎝C + μ

∫
QT

w
p+r−2+ 2r

N
2 

ε dz

⎞⎠ N
N+2

, C = C(μ). (4.5)
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By the Sobolev embedding W 1, 2N 
N+2 (Ω) ⊂ L2(Ω) and for every v ∈ W 1, 2N 

N+2 (Ω)

‖v‖2
2,Ω ≤ Cs

(
‖∇v‖2

2N 
N+2 ,Ω

+ ‖v‖2
2N 

N+2 ,Ω

)
(4.6)

with an independent of v constant Cs. Applying (4.6) to w
p+r−2+ 2r

N
4 

ε we arrive at the inequality

∫
Ω 

w
p+r−2+ 2r

N
2 

ε dx ≤ C ′
s

⎛⎝∫
Ω 

∣∣∣∣∇(
w

p+r−2+ 2r
N

4 
ε

)∣∣∣∣
2N 

N+2

dz

⎞⎠
N+2
N

+ C ′
s

⎛⎝∫
Ω 

(
w

p+r−2+ 2r
N

4 
ε

) 2N 
N+2

dz

⎞⎠
N+2
N

,

with C ′
s depending on Cs and N . By the straightforward computation

Di

(
w

p+r−2+ 2r
N

4 
ε

)
= 1

4w
p+r−2+ 2r

N
4 

ε lnwεDip +
p + r − 2 + 2r

N

2 
w

p+r−2+ 2r
N

4 −1
ε

N∑
j=1 

DjuD
2
iju.

It follows that

∫
Ω 

w
p+r−2+ 2r

N
2 

ε dx ≤ C ′′
s

⎛⎝r2
∫
Ω 

(
w

p+r−4+ 2r
N

4 
ε |uxx|

) 2N 
N+2

dx

⎞⎠
N+2
N

+ C ′′
s

⎛⎝∫
Ω 

(
w

p+r−2+ 2r
N

4 
ε | lnwε|

) 2N 
N+2

dx

⎞⎠
N+2
N

+ C ′′
s

⎛⎝∫
Ω 

(
w

p+r−2+ 2r
N

4 
ε

) 2N 
N+2

dx

⎞⎠
N+2
N

≡ C ′′
s

(
r2I1 + I2 + I3

)
with a constant C ′′

s depending on C ′
s, p±, Lp, N , and r, but independent of u and wε. The integrals Ik are 

estimated separately. By Hölder’s inequality with the conjugate exponents N+2
N and N+2

2 

I
N

N+2
1 ≡

∫
Ω 

(
w

p+r−4
2 

ε |uxx|2
) N

N+2
(
w

r
N+2
ε

)
dx ≤

⎛⎝∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx

⎞⎠ N
N+2

⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠ 2 
N+2

,

whence

I1 ≤

⎛⎝∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx

⎞⎠⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠ 2 
N

.

Proceeding in the same way we estimate

I2 ≡

⎛⎝∫
Ω 

(
w

p+r−2
4 

ε | lnwε|
) 2N 

N+2
(
w

r
N+2
ε

)
dx

⎞⎠
N+2
N

≤
∫
Ω 

w
p+r−2

2 
ε ln2 wε dx

⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠ 2 
N

,

I3 ≡
∫
Ω 

(
w

p+r−2
4 

ε

) 2N 
N+2

(
w

r
N+2
ε

)
dx ≤

∫
Ω 

w
p+r−2

2 
ε dx

⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠ 2 
N

.

Gathering the estimates on Ik we obtain the inequality
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∫
Ω 

w
p+r−2+ 2r

N
2 

ε dx ≤ C̃Π1(t)Π
2 
N
2 (t), (4.7)

where

Π1(t) = r2
∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx +

∫
Ω 

w
p+r−2

2 
ε

(
1 + ln2 wε

)
dx,

Π2(t) =
∫
Ω 

w
r
2 
ε dx,

and C̃ is a constant independent of u and wε. It follows that

∫
QT

w
p+r−2+ 2r

N
2 

ε dx ≤ C̃

(
sup 
(0,T )

Π2(t)
) 2 

N ∫
QT

Π1(t) dt. (4.8)

Now we plug the obtained inequalities into (4.5):

I ≤ ‖f‖2
N+2,QT

⎛⎝C(μ) + μC ′

(
sup 
(0,T )

Π2(t)
) 2 

N ∫
QT

Π1(t) dt

⎞⎠
N

N+2

≤ C ′′‖f‖2
N+2,QT

⎛⎜⎝C(μ) + μC ′

(
sup 
(0,T )

Π2(t)
) 2 

N+2
⎛⎝ ∫

QT

Π1(t) dt

⎞⎠ N
N+2

⎞⎟⎠
with an arbitrary μ > 0 and constants C(μ), C ′, C ′′ independent of wε and u. By Young’s inequality with 
the conjugate exponents N+2

N and N+2
2 we continue the last inequality as follows:

I ≤ C ′′‖f‖2
N+2,QT

⎛⎜⎝C(μ) + C ′

(
μ

N+2
4 sup 

(0,T )
Π2(t)

) 2 
N+2

⎛⎝μ
N+2
2N 

∫
QT

Π1(t) dt

⎞⎠ N
N+2

⎞⎟⎠
≤ C ′′‖f‖2

N+2,QT

⎛⎝C(μ) + C ′μ
N+2

4 sup 
(0,T )

Π2(t) + C ′μ
N+2
2N 

∫
QT

Π1(t) dt

⎞⎠
≡ C ′′‖f‖2

N+2,QT

(
C(μ) + μ

N+2
4 sup 

(0,T )
‖wε‖

r
2 
r
2 ,Ω

+C ′μ
N+2
2N 

⎡⎣r2
∫
QT

w
p+r−4

2 
ε |uxx|2 dz +

∫
QT

w
p+r−2

2 
ε

(
1 + ln2 wε

)
dz

⎤⎦⎞⎠ .

By Lemma 3.3 and (3.18), the second integral in the square brackets is bounded by

ν

∫
QT

w
p+r−4

2 
ε |uxx|2 dz + Ĉ

with an arbitrary ν > 0 and a constant Ĉ = Ĉ(r,N, p±, r, Lp, ν, ‖u‖2,Ω). Thus,
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I ≤ C1‖f‖2
N+2,QT

⎛⎝μ
N+2

4 sup 
(0,T )

‖wε‖
r
2 
r
2 ,Ω + μ

N+2
2N 

(
r2 + ν

) ∫
QT

w
p+r−4

2 
ε |uxx|2 dz + C2

⎞⎠ (4.9)

with a constant C1 depending only on data, and C2 depending on data and μ, ν. Substituting (4.9) into 
(4.3), using (3.16) and choosing μ and ν sufficiently small we transform (4.3) into

sup 
(0,T )

∫
Ω 

w
r
2 
ε dx + α

∫
QT

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dz + β

∫
QT

w
p+r+ρ−4

2 
ε |∇u|2 dz ≤ γ +

∫
Ω 

w
r
2 
ε (x, 0) dx (4.10)

with any 0 < ρ < 4 
N+2 and finite positive constants α, β, γ depending only on data, r, ρ, and ‖f‖N+2,QT

but independent of ε.

4.2. Equation without nonlinear sources - II: the case σ ∈ (2, N + 2)

We refine the estimates on the integral (4.4) and extend them to the case of low integrability of f . Let 
us take σ > 2, r ≥ max{2, p+}, and search for a (optimal) β such that the following inequality holds true:

(r − p)σ 
2(σ − 2) ≤

p + r − 2 + 2r
β

2 
. (4.11)

By the Young inequality (cf. with (4.5))

I ≤ ‖f‖2
σ,QT

⎛⎝C +
∫
QT

w
p+r−2+ 2r

β
2 

ε dz

⎞⎠
σ−2
σ

. (4.12)

Fix

μ ∈
(

N

N + 2 , 1
)

and set α� = 2μ, α∗
� = 2μN 

N − 2μ > 2.

By the Sobolev embedding, W 1,α	(Ω) ⊂ Lα∗
	 (Ω) ⊂ L2(Ω), and for every v ∈ W 1,α	(Ω)

‖v‖2
2,Ω ≤ Cs

(
‖∇v‖2

α	,Ω + ‖v‖2
α	,Ω

)
(4.13)

with an independent of v constant Cs. Applying (4.13) to w
p+r−2+ 2r

β
4 

ε we arrive at the inequality

∫
Ω 

w
p+r−2+ 2r

β
2 

ε dx ≤ C ′
s

⎛⎝∫
Ω 

∣∣∣∣∣∇
(
w

p+r−2+ 2r
β

4 
ε

)∣∣∣∣∣
2μ

dz

⎞⎠ 1 
μ

+ C ′
s

⎛⎝∫
Ω 

(
w

p+r−2+ 2r
β

4 
ε

)2μ

dz

⎞⎠ 1 
μ

,

with C ′
s depending on Cs and σ. By the straightforward computation

Di

(
w

p+r−2+ 2r
β

4 
ε

)
= 1

4w
p+r−2+ 2r

β
4 

ε lnwεDip +
p + r − 2 + 2r

β

4 
w

p+r−2+ 2r
β

4 −1
ε

N∑
j=1 

DjuD
2
iju.

It follows that
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∫
Ω 

w
p+r−2+ 2r

β
2 

ε dx ≤ C ′′
s

⎛⎝r2
∫
Ω 

(
w

p+r−4+ 2r
β

4 
ε |uxx|

)2μ

dx

⎞⎠ 1 
μ

+ C ′′
s

⎛⎝∫
Ω 

(
w

p+r−2+ 2r
β

4 
ε | lnwε|

)2μ

dx

⎞⎠ 1 
μ

+ C ′′
s

⎛⎝∫
Ω 

(
w

p+r−2+ 2r
β

4 
ε

)2μ

dx

⎞⎠ 1 
μ

≡ C ′′
s

(
r2I1 + I2 + I3

)
with a constant C ′′

s depending on C ′
s, p±, Lp, N , and r, but independent of u and wε. The integrals Ik are 

estimated separately. By Hölder’s inequality with the conjugate exponents 2 
α	

= 1 
μ > 1 and 1 

1−μ

Iμ1 ≡
∫
Ω 

(
w

p+r−4
2 

ε |uxx|2
)μ (

w
r
2 
ε

) 2μ
β

dx ≤

⎛⎝∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx

⎞⎠μ⎛⎝∫
Ω 

(
w

r
2 
ε

) 2μ 
β(1−μ)

dx

⎞⎠(1−μ)

.

Let

β = 2μ 
1 − μ

.

With this choice of β we may estimate

I1 ≤

⎛⎝∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx

⎞⎠⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠
(1−μ)

μ 

,

while inequality (4.11) takes on the form

(r − p)σ 
2(σ − 2) ≤

p + r − 2 + r(1−μ)
μ 

2 
⇔ μσ(r − p) ≤ μ(p + r − 2)(σ − 2) + r(1 − μ)(σ − 2).

Solving the last inequality for r and gathering the result with the conditions of Proposition 3.2 and using 
the fact that μ > N

N+2 > σ−2
σ , we arrive at the following restriction on r in terms of σ, p±, and N :

max{p+, 2} ≤ r ≤ 2(p−(σ − 1) − σ + 2)
σ − σ−2

μ 
. (4.14)

Proceeding in the same way, we estimate

I2 ≡

⎛⎝∫
Ω 

(
w

p+r−2
2 

ε ln2 wε

)μ (
w

r
2 
ε

) 2μ
β

dx

⎞⎠ 1 
μ

≤
∫
Ω 

w
p+r−2

2 
ε ln2 wε dx

⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠
1−μ
μ 

,

I3 ≡

⎛⎝∫
Ω 

(
w

p+r−2
2 

ε

)μ (
w

r
2 
ε

) 2μ
β

dx

⎞⎠ 1 
μ

≤
∫
Ω 

w
p+r−2

2 
ε dx

⎛⎝∫
Ω 

w
r
2 
ε dx

⎞⎠
1−μ
μ 

.

Gathering the estimates on Ik we obtain the inequality∫
Ω 

w
p+r−2+ 2r

β
2 

ε dx ≤ C̃Π1(t)Π
1−μ
μ 

2 (t), (4.15)
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where

Π1(t) = r2
∫
Ω 

w
p+r−4

2 
ε |uxx|2 dx +

∫
Ω 

w
p+r−2

2 
ε

(
1 + ln2 wε

)
dx,

Π2(t) =
∫
Ω 

w
r
2 
ε dx,

and C̃ is a constant independent of u and wε. It follows that

∫
QT

w
p+r−2+ 2r

β
2 

ε dx dt ≤ C̃

(
sup 
(0,T )

Π2(t)
) 1−μ

μ ∫
QT

Π1(t) dt. (4.16)

Now we plug the obtained inequalities into (4.12):

I ≤ ‖f‖2
σ,QT

⎛⎝C + C ′

(
sup 
(0,T )

Π2(t)
) 1−μ

μ ∫
QT

Π1(t) dt

⎞⎠
σ−2
σ

≤ C ′′‖f‖2
σ,QT

⎛⎜⎝1 +
(

sup 
(0,T )

Π2(t)
) (1−μ)(σ−2)

μσ 
⎛⎝ ∫

QT

Π1(t) dt

⎞⎠
σ−2
σ

⎞⎟⎠
(4.17)

with constants C ′, C ′′ independent of wε and u.
For any σ ∈ (2, N + 2) and 1 > μ > N

N+2 , we have the following inequalities:

μ >
N

N + 2 >
σ − 2
σ

⇔ 2μ− (1 − μ)(σ − 2) > 0 ⇔ 
μ(σ − 2) 

μσ − (1 − μ)(σ − 2) < 1 (4.18)

and

μ >
N

N + 2 >
(σ − 2) 
2(σ − 1) ⇔ σμ− (1 − μ)(σ − 2) > 0 ⇔ 

(1 − μ)(σ − 2)
μσ 

< 1.

Now, by applying Young’s inequality two times with the exponents

μσ 
(1 − μ)(σ − 2) , γ = μσ 

μσ − (1 − μ)(σ − 2) , and σ

γ(σ − 2) , 
σ

σ − γ(σ − 2) ,

we find that for every λ > 0

(
sup 
(0,T )

Π2(t)
) (1−μ)(σ−2)

μσ 
⎛⎝ ∫

QT

Π1(t) dt

⎞⎠
σ−2
σ

≤ λ
μσ 

(1−μ)(σ−2) sup 
(0,T )

Π2(t) + 1 
λγ

⎛⎝ ∫
QT

Π1(t) dt

⎞⎠
γ(σ−2)

σ

≤ λ
μσ 

(1−μ)(σ−2) sup 
(0,T )

Π2(t) + λ
σ

σ−2

∫
QT

Π1(t) dt + C(λ).

Estimate (4.17) is then continued as follows: for σ ∈ (2, N + 2) and μ ∈
(

N
N+2 , 1

)
,
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I ≤ C ′′‖f‖2
σ,QT

⎛⎝C(λ) + λ
μσ 

(1−μ)(σ−2) sup 
(0,T )

Π2(t) + λ
σ

σ−2

∫
QT

Π1(t) dt

⎞⎠
≡ C ′′‖f‖2

σ,QT

(
C(λ) + λ

μσ 
(1−μ)(σ−2) sup 

(0,T )
‖wε‖

r
2 
r
2 ,Ω

+C ′λ
σ

(σ−2)

⎡⎣r2
∫
QT

w
p+r−4

2 
ε |uxx|2 dz +

∫
QT

w
p+r−2

2 
ε

(
1 + ln2 wε

)
dz

⎤⎦⎞⎠ .

Arguing as in the derivation of (3.23), we estimate the second integral in the square brackets by

ν

∫
QT

w
p+r−4

2 
ε |uxx|2 dz + Ĉ

with an arbitrary ν > 0 and a constant Ĉ = Ĉ(r,N, p±, r, Lp, ν, ‖u‖2,Ω). Thus,

I ≤ C1‖f‖2
σ,QT

⎛⎝λ
μσ 

(1−μ)(σ−2) sup 
(0,T )

‖wε‖
r
2 
r
2 ,Ω + λ

σ
σ−2

(
r2 + ν

) ∫
QT

w
p+r−4

2 
ε |uxx|2 dz + C2

⎞⎠ (4.19)

with a constant C1 depending only on data, and C2 depending on data and ν. Substituting (4.19) into (4.3), 
using (3.16) and choosing λ and ν sufficiently small we transform (4.3) into

sup 
(0,T )

∫
Ω 

w
r
2 
ε dx + α

∫
QT

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dz + β

∫
QT

w
p+r+ρ−4

2 
ε |∇u|2 dz ≤ γ +

∫
Ω 

w
r
2 
ε (x, 0) dx (4.20)

with any 0 < ρ < 4 
N+2 and finite positive constants α, β, γ depending only on data, r, ρ, and ‖f‖σ,QT

but 
independent of ε. Since μ ∈

(
N

N+2 , 1
)

is arbitrary, condition (2.20) allows one to choose μ so close to N
N+2

that (4.14) holds true.

4.3. Equation with nonlinear sources

Assume first that f ∈ LN+2(QT ). Let u be the classical solution of problem (2.7) corresponding to data, 
and the nonlinear source Fε(z, u,∇u) defined in (2.8). By Proposition 2.1 the solution u satisfies estimate 

(2.11). Multiplying (2.7) by div
(
w

r−2
2 

ε ∇u
)

and following the derivation of (4.1), (4.2), we arrive at the 
inequality

1
r

d 
dt

∫
Ω 

w
r
2 
ε dx + C0

∫
Ω 

w
p+r
2 −2

ε |uxx|2 dx + C1

∫
Ω 

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dx

≤ C2 + C3r
2
∫
Ω 

(f2 + F 2
1ε)w

r−p
2 

ε dx +
∫
Ω 

F2ε div
(
w

r−2
2 

ε ∇u
)
dx.

Integrating in t, by analogy with (4.5) we find that for every t ∈ (0, T )
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1
r

∫
Ω 

w
r
2 
ε (t) dx + C1

∫
Qt

∣∣∣∇(
w

p+r−2
4 

ε

)∣∣∣2 dz + C2

∫
Qt

w
p+r
2 −2

ε |uxx|2 dz

≤ C3r
2 (‖f‖2

N+2,Qt
+ ‖F1ε‖2

N+2,Qt

)⎛⎝C + λ

∫
QT

w
p+r−2+ 2r

N
2 

ε dz

⎞⎠ N
N+2

+ C4

∣∣∣∣∣∣
∫
Qt

F2ε div
(
w

r−2
2 

ε ∇u
)
dz

∣∣∣∣∣∣+ C2 + 1
r

∫
Ω 

w
r
2 
ε (x, 0) dx

(4.21)

with any λ ∈ (0, 1) and r ≥ max{p+, 2}. To estimate ‖F1ε‖2
N+2,Qt

we use the Young inequality,

‖F1ε‖2
N+2,Qt

≤ C

⎛⎝ ∫
QT

(ε2 + u2)(N+2) q−1
2 dz

⎞⎠ 2 
N+2

≤ C1

(
1 + ‖u‖2(q+−1)

(N+2)(q+−1),Qt

)
,

and then apply the parabolic embedding inequality [13, Ch. I, Proposition 3.2]:

‖u‖q
+−1

(N+2)(q+−1),Qt
≤ C

(
‖∇u‖q

+−1
p−,Qt

+ sup 
(0,T )

‖u(t)‖q
+−1

2,Ω

)
, (4.22)

provided that

(N + 2)(q+ − 1) ≤ p−
N + 2
N

⇔ q+ ≤ 1 + p−

N
.

By virtue of (2.11), both terms on the right-hand side of (4.22) are bounded by a constant depending only 
on data.

By the Young inequality∫
Qt

∣∣∣F2ε(z,∇u) div
(
w

r−2
2 

ε ∇u
)∣∣∣ dz ≤ C

∫
Qt

w
s+r−3

2 
ε |uxx| dz

= C

∫
Qt

w
2s+r−p−2

4 
ε

(
w

p+r−4
2 

ε |uxx|2
) 1

2
dz

≤ δ

∫
Qt

w
p+r−4

2 
ε |uxx|2 dz + C ′

∫
Qt

w
2s+r−p−2

2 
ε dz

with any δ > 0. Since s(z) ≤ p(z), r ≥ 2, and p− > 2N 
N+2 by assumption, there is λ ∈

(
0, 4 

N+2

)
such that 

p + r + λ > 4 in QT . We notice that (cf. with (3.20))

w
2s+r−p−2

2 
ε ≤ 1 + w

p+r+λ−2
2 

ε ≤ 1 +

⎧⎨⎩2w
p+r+λ−4

2 
ε |∇u|2 if |∇u| ≥ ε,

(2ε2) p+r+λ−2
2 otherwise

≤ 2
(
1 + w

p+r+λ−4
2 

ε |∇u|2
)

and apply (3.16): for every δ > 0
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QT

w
2s+r−p−2

2 
ε dz ≤ 2T |Ω| +

∫
QT

w
p+r+λ−4

2 
ε |∇u|2 dz ≤ δ

∫
QT

w
p+r
2 −2

ε |uxx|2 dz + C

with a constant C depending only on data and r. Choosing δ sufficiently small, we absorb the last integral 
on the right-hand side of (4.21) in the left-hand side and arrive at inequality (4.10). The above arguments 
are summarized in the following assertion.

Lemma 4.1. Let u be a classical solution of problem (2.7) with Fε �≡ 0 and smooth datam. If the coefficients 
a, �c and the exponents p, q, s satisfy conditions (2.5), (2.6), f ∈ LN+2(QT ), and

q+ ≤ 1 + p−

N
, s+ ≤ p−,

then for every r ≥ max{p+, 2}

sup 
(0,T )

‖∇u(t)‖rr,Ω ≤ sup 
(0,T )

‖wε(t)‖
r
2 
r
2 ,Ω ≤ C + ‖∇u0‖rr,Ω

with a constant C depending on data, Lp, p±, q±, s±, N , r but independent of ε. Moreover,

∫
QT

w
p+r+ρ−4

2 
ε |∇u|2 dz +

∫
QT

∣∣∣∣∇(
w

p(z)+r−2
4 

ε

)∣∣∣∣2 dz ≤ C ′ (4.23)

with a constant C ′ depending on the same quantities as C and ρ.

Let f ∈ Lσ(QT ) with σ ∈ (2, N +2). Proceeding exactly as in the case σ = N +2, we arrive at inequality 
(4.21) in which the second term on the right-hand side is now substituted by

C3r
2 (‖f‖2

σ,Qt
+ ‖F1ε‖2

σ,Qt

)⎛⎝C + λ

∫
QT

w
p+r−2+ 2r

β
2 

ε dz

⎞⎠
σ−2
σ

(4.24)

with β = 2μ 
1−μ and r satisfying (2.20). In (4.24), the term including ‖f‖2

σ,Qt
is estimated in Subsection 4.2. 

The second term is estimated with the help of the parabolic embedding inequality (4.22):

‖F1ε‖2
σ,Qt

≤ C

⎛⎝∫
Qt

(ε2 + u2)σ
q−1
2 dz

⎞⎠ 2 
σ

≤ C
(
1 + ‖u‖2(q+−1)

σ(q+−1),Qt

)

≤ C

(
1 + ‖∇u‖q

+−1
p−,Qt

+ sup 
(0,T )

‖u(t)‖q
+−1

2,Ω

)
,

provided that

σ(q+ − 1) ≤ p−
N + 2
N

⇔ q+ ≤ 1 + p−
N + 2
σN 

.

By virtue of (2.11) ‖F1ε‖2
σ,Qt

≤ C(data). The term involving F2ε is estimated as in the case f ∈ LN+2(QT ).

Lemma 4.2. Let u be a classical solution of problem (2.7) with Fε �≡ 0 and smooth datam. Assume that the 
coefficients a, �c and the exponents p, q, s satisfy conditions (2.5), (2.6), f ∈ Lσ(QT ) with σ ∈ (2, N + 2), 
and
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q+ ≤ 1 + p−
N + 2
σN 

, s+ ≤ p−.

For every r ≥ max{p+, 2} satisfying condition (2.20)

sup 
(0,T )

‖∇u(t)‖rr,Ω ≤ sup 
(0,T )

‖wε(t)‖
r
2 
r
2 ,Ω ≤ C + ‖∇u0‖rr,Ω

with a constant C depending on data, Lp, p±, q±, s±, N , r but independent of ε. Moreover,

∫
QT

w
p+r+ρ−4

2 
ε |∇u|2 dz +

∫
QT

∣∣∣∣∇(
w

p(z)+r−2
4 

ε

)∣∣∣∣2 dz ≤ C ′ (4.25)

with a constant C ′ depending on the same quantities as C, and ρ.

5. Proofs of the main results

5.1. Proof of Theorems 2.1, 2.2

We give the detailed proof of Theorem 2.1. The assertion of Theorem 2.2 follows by the same argument 
and is therefore omitted. Let {uεm} be a sequence of classical solutions of problem (2.7) with the data datam
and uε = limm→∞ uεm be the solution of problem (2.7) with data. By Proposition 2.1 and Lemma 4.1, for 
every r ≥ max{2, p+}

sup 
(0,T )

∫
Ω 

(ε2 + |∇uεm|2) r
2 dx +

∫
QT

(ε2 + |∇uεm|2) p+r+ρ−4
2 |∇uεm|2 dz ≤ C (5.1)

with a constant C independent of m and ε. Letting m → ∞ and using the Fatou lemma we conclude that 
uε satisfy inequality (5.1) with the same constant C. By Proposition 2.3 u = limε→0 uε(z) (along a sequence 
{εk}) is a strong solution of problem (1.1). The functions wε = ε2 + |∇uε|2 converge to |∇u| a.e. in QT and 
satisfy the uniform estimate (5.1), whence the conclusion.

5.2. Proof of Theorem 2.3

Let uεm be the solution of problem (2.7) and wεm = ε2 + |∇uεm|2. By (4.25) the classical solutions of 
problem (2.7) with the datam satisfy the uniform estimates

∥∥∥Di

(
w

pm+r−2
4 

εm

)∥∥∥
2,QT

≤ C ′, i = 1, N.

It follows that there exist functions η(ε)
i ∈ L2(QT ) such that

Di

(
w

pm+r−2
4 

εm

)
⇀ η

(ε)
i in L2(QT )

(up to a subsequence). To identify η(ε)
i we use the pointwise convergence ∇uεm → ∇uε and the uniform 

convergence pm → p: for every φ ∈ C∞
c (QT )
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(η(ε)
i , φ)2,QT

= lim 
m→∞

(
Di

(
w

pm+r−2
4 

εm

)
, φ
)

2,QT

= − lim 
m→∞

(
(ε2 + |∇uεm|2) pm+r−2

4 , Diφ
)

2,QT

= −
(
(ε2 + |∇uε|2)

p+r−2
4 , Diφ

)
2,QT

.

(5.2)

It follows that η(ε)
i = Di

(
(ε2 + |∇uε|2)

p+r−2
4 

)
∈ L2(QT ) and ‖η(ε)

i ‖2,QT
are uniformly bounded. Then 

η
(ε)
i ⇀ ηi in L2(QT ), and ηi = Di

(
|∇u| p(z)+r−2

2 
)

because of the pointwise convergence ∇uε → ∇u. These 

arguments prove (2.22) (i).
It is straightforward to compute that for every i, j = 1, N

Di

(
w

pm+r
4 −1

εm Djuεm

)
= w

pm+r
4 −1

εm D2
ijuεm + 1

2(pm + r − 4)w
pm+r

4 −2
εm Djuεm

N∑
k=1

DkuεmD2
kjuεm

+ w
pm+r

4 −1
εm lnwεmDipmDjuεm.

By (3.18)

∣∣∣Di

(
w

pm+r
4 −1

εm Djuεm

)∣∣∣ ≤ C1w
pm+r

4 −1
εm | (uεm)xx | + C2w

pm+r−4+γ
4 

εm |∇uεm| + C3

with any γ > 0. Fix 0 < γ < 4 
N+2 . By Young’s inequality and (3.17), (4.25)

∥∥∥Di

(
w

pm+r
4 −1

εm Djuεm

)∥∥∥2

2,QT

≤ C ′
1

∫
QT

w
pm+r

2 −2
εm |(uεm)xx|

2
dz

+ C ′
2

∫
QT

w
pm+r−4+γ

2 
εm |∇uεm|2 dz + C ′

3 ≤ C

with an independent of ε and m constant C. It follows that there exists η(ε)
ij ∈ L2(QT ) such that

Di

(
w

pm+r
4 −1

εm Djuεm

)
⇀ η

(ε)
ij in L2(QT )

(up to a subsequence). The equality

η
(ε)
ij = Di

(
(ε2 + |∇uε|2)

p+r
2 −2Djuε

)
follows from the pointwise convergence ∇uεm → ∇uε.

For every i, j = 1, N there exists a sequence {η(εk)
ij } and ηij ∈ L2(QT ) such that η(εk)

ij ⇀ ηij . To identify 
ηij and prove (2.22) (ii) we repeat (5.2): for every φ ∈ C∞

c (QT )

(ηij , φ)2,QT
= lim 

k→∞

(
Di

(
(ε2k + |∇uεk |2)

p+r
4 −1

)
Djuεk , φ

)
2,QT

= − lim 
k→∞

(
(ε2k + |∇uεk |2)

p+r−2
4 Djuεk , Diφ

)
2,QT

= −
(
|∇u| p+r−2

2 Dju,Diφ
)

2,QT

.
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Appendix A. Proof of Proposition 3.1

Let �a, �b be given vectors. Integrating two times by parts we obtain

∫
Ω 

div�adiv�b dx =
∫
∂Ω

aν div�b dS −
N∑
i=1 

∫
Ω 

ai

N∑
j=1 

D2
ijbj dx

=
∫
∂Ω

⎛⎝aν div�b−
N∑

i,j=1
aiDibj cos(�̂ν, xj)

⎞⎠ dS +
∫
Ω 

N∑
i,j=1

DjaiDibj dx

=
∫
∂Ω

(
aν div�b− ((�a · ∇)�b) · �ν

)
dS +

∫
Ω 

N∑
i,j=1

DjaiDibj dx.

(A.1)

At every point of ∂Ω we represent

�a = �aτ + aν�ν, �aτ =
N−1∑
j=1 

aj�τj , aj = (�a, �τj), aν = (�a, �ν).

Let �c be a smooth vector. Using the representation �c =
N−1∑
i=1 

ci�τi + cν�ν and the formulas (�τi, �ν) = 0, 

∂�ν

∂ν
· �ν = 1

2
∂|�ν|2
∂ν 

= 0, we rewrite the divergence operator on ∂Ω:

div�c =
N−1∑
i=1 

∂�c

∂si
· �τi + ∂�c

∂ν
· �ν =

N−1∑
i=1 

∂

∂si

⎛⎝N−1∑
j=1 

cj�τj + cν�ν

⎞⎠ · �τi + ∂

∂ν

⎛⎝N−1∑
j=1 

cj�τj + cν�ν

⎞⎠ · �ν

=
N−1∑
j=1 

∂cj
∂sj

+
N−1 ∑
i,j=1

cj
∂�τj
∂si

�τi + cν

N−1∑
i=1 

∂�ν

∂si
�τi +

N−1∑
j=1 

cj
∂�τj
∂ν 

�ν + ∂cν
∂ν 

.

By the same token,

(�a · ∇)�b =
N−1∑
j=1 

aj
∂�b

∂sj
+ aν

∂�b

∂ν
=

N−1∑
j=1 

aj

(
N−1∑
k=1 

(
∂bk
∂sj

�τk + bk
∂�τk
∂sj

)
+ ∂bν

∂sj
�ν + bν

∂�ν

∂sj

)

+ aν

N−1∑
k=1 

(
∂bk
∂ν 

�τk + bk
∂�τk
∂ν 

+ ∂bν
∂ν 

�ν + bν
∂�ν

∂ν

)

and

(
(�a · ∇)�b

)
· �ν =

N−1 ∑
j,k=1

ajbk
∂�τk
∂sj

�ν +
N−1∑
j=1 

∂bν
∂sj

+ aν

N−1∑
k=1 

bk
∂�τk
∂ν 

�ν + aν
∂bν
∂ν 

.

Simplifying, we find that at every point of ∂Ω

aν div�b− ((�a · ∇)�b) · �ν = aν

N−1∑
j=1 

∂bj
∂sj

+ aν

N−1 ∑
j,k=1

bk
∂�τk
∂sj

�τj + aνbν

N−1∑
j=1 

∂�ν

∂sj
�τj −

N−1∑
j=1 

aj
∂bν
∂sj

−
N−1 ∑
j,k=1

ajbk
∂�τk
∂sj

�ν.
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An auxiliary computation:

divτ

(
aν�bτ

)
=

N−1∑
i=1 

∂

∂si

⎛⎝N−1∑
j=1 

aνbj�τj

⎞⎠ · �τi =
N−1 ∑
i,j=1

∂aν
∂si

bj(�τi, �τj) + aν

N−1 ∑
i,j=1

∂bj
∂si

(�τi, �τj) + aν

N−1 ∑
i,j=1

bj
∂�τj
∂si

�τi

=
N−1∑
i=1 

∂aν
∂si

bi + aν

N−1∑
i=1 

∂bi
∂si

+ aν

N−1 ∑
i,j=1

bj
∂�τj
∂si

�τi.

A combination of the last two formulas gives

aν div�b− ((�a · ∇)�b) · �ν = divτ

(
aν�bτ

)
−

N−1∑
i=1 

(
∂aν
∂si

bi + ai
∂bν
∂si

)
+ aνbν

N−1∑
j=1 

∂�ν

∂sj
�τj −

N−1 ∑
j,k=1

ajbk
∂�τk
∂sj

�ν.

Fix a point x0 ∈ ∂Ω, place the origin of the local coordinate system {yi}Ni=1 at x0, and represent locally ∂Ω
by the graph of the C2-function: yN = φ(y′) where y′ = (y1, . . . , yN−1) belong to the tangent plane to ∂Ω
at y = 0. For every tangent to ∂Ω vectors �ξ, �η the second fundamental form of ∂Ω at x0 is defined by the 
equality

B(�ξ; �η) = −∂�ν

∂ξ 
· η = −

N−1 ∑
j,k=1

∂�ν

∂sj
�τkξjηk.

On the other hand,

B(�ξ; �η) =
N−1 ∑
i,j=1

D2
yiyj

φ(0)ξiηj and −
N−1∑
i=1 

∂�ν

∂si
· �τi = traceB =

N−1∑
i=1 

D2
yiyi

φ(0),

because

(�τk, �ν) = 0 ⇒ 
∂�τk
∂sj

· �ν = −�τk · ∂�ν

∂sj
.

Since the field aν�bτ is tangent to ∂Ω, by the divergence theorem∫
∂Ω

divτ

(
aν�bτ

)
dS = 0.

The integral over ∂Ω takes on the form∫
∂Ω

(
aν div�b− ((�a · ∇)�b) · �ν

)
dS

= −
∫
∂Ω

N−1∑
i=1 

(
∂aν
∂si

bi + ai
∂bν
∂si

)
dS −

∫
∂Ω

B(�aτ ;�bτ ) dS −
∫
∂Ω

aνbν traceB dS

= −
∫
∂Ω

(
�aτ∇τ (�b · �ν) +�bτ∇τ (�a · �ν)

)
dS −

∫
∂Ω

B(�aτ ;�bτ ) dS −
∫
∂Ω

aνbν traceB dS.

(A.2)

Hence, the proof.



36 R. Arora, S. Shmarev / J. Math. Anal. Appl. 549 (2025) 129582 

References

[1] E. Acerbi, G. Mingione, G.A. Seregin, Regularity results for parabolic systems related to a class of non-Newtonian flu
ids, Ann. Inst. Henri Poincaré, Anal. Non Linéaire 21 (1) (2004) 25--60, https://doi.org/10.1016/S0294-1449(03)00031-3, 
https://doi-org.uniovi.idm.oclc.org/10.1016/S0294-1449(03)00031-3.

[2] P.D.S. Andrade, M.S. Santos, Improved regularity for the parabolic normalized p-Laplace equation, Calc. Var. Partial 
Differ. Equ. 61 (5) (2022) 196, https://doi.org/10.1007/s00526-022-02291-8.

[3] S. Antontsev, V. Zhikov, Higher integrability for parabolic equations of p(x, t)-Laplacian type, Adv. Differ. Equ. 10 (9) 
(2005) 1053--1080.

[4] R. Arora, S. Shmarev, Strong solutions of evolution equations with p(x, t)-Laplacian: existence, global higher integrability 
of the gradients and second-order regularity, J. Math. Anal. Appl. 493 (1) (2021) 124506, https://doi.org/10.1016/j.jmaa.
2020.124506.

[5] R. Arora, S. Shmarev, Existence and regularity results for a class of parabolic problems with double phase flux of variable 
growth, Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A Mat. 117 (1) (2023) 34, https://doi.org/10.1007/s13398-022-01346-
x.

[6] R. Arora, S. Shmarev, Existence and global second-order regularity for anisotropic parabolic equations with variable 
growth, J. Differ. Equ. 349 (2023) 83--124, https://doi.org/10.1016/j.jde.2022.12.006.

[7] R. Arora, S. Shmarev, Optimal global second-order regularity and improved integrability for parabolic equations with 
variable growth, Adv. Nonlinear Anal. 13 (1) (2024) 20240016, https://doi.org/10.1515/anona-2024-0016.

[8] L.C. Berselli, M. Ruzicka, Natural second-order regularity for parabolic systems with operators having (p, δ)-structure and 
depending only on the symmetric gradient, Calc. Var. Partial Differ. Equ. 61 (4) (2022) 137, https://doi.org/10.1007/
s00526-022-02247-y.

[9] V. Bögelein, F. Duzaar, N. Liao, C. Scheven, Boundary regularity for parabolic systems in convex domains, J. Lond. Math. 
Soc. (2) 105 (3) (2022) 1702--1751, https://doi.org/10.1112/jlms.12545.

[10] V. Bögelein, F. Duzaar, N. Liao, C. Scheven, Gradient Hölder regularity for degenerate parabolic systems, Nonlinear Anal. 
225 (2022) 113119, https://doi.org/10.1016/j.na.2022.113119.

[11] A. Cianchi, V.G. Maz’ya, Second-order regularity for parabolic p-Laplace problems, J. Geom. Anal. 30 (2) (2020) 
1565--1583, https://doi.org/10.1007/s12220-019-00213-3, https://doi-org.uniovi.idm.oclc.org/10.1007/s12220-019-00213-3.

[12] C. De Filippis, Gradient bounds for solutions to irregular parabolic equations with (p, q)-growth, Calc. Var. Partial Differ. 
Equ. 59 (5) (2020) 171, https://doi.org/10.1007/s00526-020-01822-5.

[13] E. DiBenedetto, Degenerate Parabolic Equations, Universitext, Springer-Verlag, New York, 1993.
[14] L. Diening, P. Nägele, M. Růžička, Monotone operator theory for unsteady problems in variable exponent spaces, Complex 

Var. Elliptic Equ. 57 (11) (2012).
[15] M. Ding, C. Zhang, S. Zhou, Global boundedness and Hölder regularity of solutions to general p(x, t)-Laplace parabolic 

equations, Math. Methods Appl. Sci. 43 (9) (2020) 5809--5831, https://doi.org/10.1002/mma.6325, https://doi-org.uniovi.
idm.oclc.org/10.1002/mma.6325.

[16] F. Duzaar, G. Mingione, K. Steffen, Parabolic systems with polynomial growth and regularity, Mem. Am. Math. Soc. 
214 (1005) (2011), https://doi.org/10.1090/S0065-9266-2011-00614-3, x+118 pp., https://doi-org.uniovi.idm.oclc.org/10.
1090/S0065-9266-2011-00614-3.

[17] Y. Feng, M. Parviainen, S. Sarsa, On the second-order regularity of solutions to the parabolic p-Laplace equation, J. Evol. 
Equ. 22 (1) (2022) 6, https://doi.org/10.1007/s00028-022-00760-3, https://doi-org.uniovi.idm.oclc.org/10.1007/s00028-
022-00760-3.

[18] Y. Feng, M. Parviainen, S. Sarsa, A systematic approach on the second order regularity of solutions to the general parabolic 
p-Laplace equation, Calc. Var. Partial Differ. Equ. 62 (7) (2023) 204.

[19] P. Grisvard, Elliptic Problems in Nonsmooth Domains, Classics in Applied Mathematics, vol. 69, Society for Industrial 
and Applied Mathematics (SIAM), Philadelphia, PA, 2011, Reprint of the 1985 original [MR0775683], with a foreword by 
Susanne C. Brenner.

[20] J. Haškovec, C. Schmeiser, A note on the anisotropic generalizations of the Sobolev and Morrey embedding theorems, 
Monatshefte Math. 158 (1) (2009) 71--79, https://doi.org/10.1007/s00605-008-0059-x.

[21] P. Hästö, J. Ok, Higher integrability for parabolic systems with Orlicz growth, J. Differ. Equ. 300 (2021) 925--948, https://
doi.org/10.1016/j.jde.2021.08.012.

[22] C. Imbert, T. Jin, L. Silvestre, Hölder gradient estimates for a class of singular or degenerate parabolic equations, Adv. 
Nonlinear Anal. 8 (1) (2019) 845--867, https://doi.org/10.1515/anona-2016-0197.

[23] W. Kim, J. Kinnunen, K. Moring, Gradient higher integrability for degenerate parabolic double-phase systems, Arch. 
Ration. Mech. Anal. 247 (5) (2023) 79, https://doi.org/10.1007/s00205-023-01918-0.

[24] T. Kuusi, G. Mingione, Potential estimates and gradient boundedness for nonlinear parabolic systems, Rev. Mat. Iberoam. 
28 (2) (2012) 535--576.

[25] T. Kuusi, G. Mingione, Pointwise gradient estimates, Nonlinear Anal. 75 (12) (2012) 4650--4663, https://doi.org/10.1016/
j.na.2011.11.021.

[26] T. Kuusi, G. Mingione, Gradient regularity for nonlinear parabolic equations, Ann. Sc. Norm. Super. Pisa, Cl. Sci. (5) 
12 (4) (2013) 755--822.

[27] J. Ok, G. Scilla, B. Stroffolini, Regularity theory for parabolic systems with Uhlenbeck structure, J. Math. Pures Appl. 
(9) 182 (2024) 116--163, https://doi.org/10.1016/j.matpur.2023.12.003.

[28] V.V. Zhikov, S.E. Pastukhova, On the property of higher integrability for parabolic systems of variable order of nonlinearity, 
Mat. Zametki 87 (2) (2010) 179--200, https://doi.org/10.1134/S0001434610010256.

https://doi.org/10.1016/S0294-1449(03)00031-3
https://doi-org.uniovi.idm.oclc.org/10.1016/S0294-1449(03)00031-3
https://doi.org/10.1007/s00526-022-02291-8
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib9DCE420453D358A47462CA7A3B347B50s1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib9DCE420453D358A47462CA7A3B347B50s1
https://doi.org/10.1016/j.jmaa.2020.124506
https://doi.org/10.1016/j.jmaa.2020.124506
https://doi.org/10.1007/s13398-022-01346-x
https://doi.org/10.1007/s13398-022-01346-x
https://doi.org/10.1016/j.jde.2022.12.006
https://doi.org/10.1515/anona-2024-0016
https://doi.org/10.1007/s00526-022-02247-y
https://doi.org/10.1007/s00526-022-02247-y
https://doi.org/10.1112/jlms.12545
https://doi.org/10.1016/j.na.2022.113119
https://doi.org/10.1007/s12220-019-00213-3
https://doi-org.uniovi.idm.oclc.org/10.1007/s12220-019-00213-3
https://doi.org/10.1007/s00526-020-01822-5
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib0A5A4D7386065C6C6AC19C303768C7E1s1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib303A1F61450AA9C9F6B7A597CC372BF7s1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib303A1F61450AA9C9F6B7A597CC372BF7s1
https://doi.org/10.1002/mma.6325
https://doi-org.uniovi.idm.oclc.org/10.1002/mma.6325
https://doi-org.uniovi.idm.oclc.org/10.1002/mma.6325
https://doi.org/10.1090/S0065-9266-2011-00614-3
https://doi-org.uniovi.idm.oclc.org/10.1090/S0065-9266-2011-00614-3
https://doi-org.uniovi.idm.oclc.org/10.1090/S0065-9266-2011-00614-3
https://doi.org/10.1007/s00028-022-00760-3
https://doi-org.uniovi.idm.oclc.org/10.1007/s00028-022-00760-3
https://doi-org.uniovi.idm.oclc.org/10.1007/s00028-022-00760-3
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib2778F494A99712C2AB22C1D112C4267Cs1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bib2778F494A99712C2AB22C1D112C4267Cs1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibAA56A5562468733F5B8AE05BF3C10724s1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibAA56A5562468733F5B8AE05BF3C10724s1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibAA56A5562468733F5B8AE05BF3C10724s1
https://doi.org/10.1007/s00605-008-0059-x
https://doi.org/10.1016/j.jde.2021.08.012
https://doi.org/10.1016/j.jde.2021.08.012
https://doi.org/10.1515/anona-2016-0197
https://doi.org/10.1007/s00205-023-01918-0
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibB56C43B515BFF01729D8873BD10BFC2Bs1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibB56C43B515BFF01729D8873BD10BFC2Bs1
https://doi.org/10.1016/j.na.2011.11.021
https://doi.org/10.1016/j.na.2011.11.021
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibED95AA95BB924F1A3BBC0FA528F9586Ds1
http://refhub.elsevier.com/S0022-247X(25)00363-4/bibED95AA95BB924F1A3BBC0FA528F9586Ds1
https://doi.org/10.1016/j.matpur.2023.12.003
https://doi.org/10.1134/S0001434610010256

	Global gradient estimates for solutions of parabolic equations with nonstandard growth
	1 Introduction
	2 Preliminaries, assumptions and results
	2.1 The function spaces
	2.2 Assumptions and notation
	2.3 Regularized problem
	2.4 Main results

	3 Estimates involving D2iju
	3.1 Integration-by-parts formula
	3.2 Pointwise inequalities
	3.3 Integral inequalities
	3.4 Interpolation inequalities
	3.5 Estimating J(4,5)ij and M1,2
	3.6 The boundary integrals

	4 Uniform estimates on the gradient of a classical solution
	4.1 Equation without nonlinear sources - I: the case σ=N+2
	4.2 Equation without nonlinear sources - II: the case σ∈(2,N+2)
	4.3 Equation with nonlinear sources

	5 Proofs of the main results
	5.1 Proof of Theorems 2.1, 2.2
	5.2 Proof of Theorem 2.3

	Appendix A Proof of Proposition 3.1
	References


