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1. Introduction

We study the global regularity properties of solutions to the problem
uy — div (\Vu|p(z)72Vu) = F(z,u,Vu)+ f(z) in Qr=Qx(0,7),

u=0o0n 90 x(0,T), (1.1)

u(z,0) = ug(x) in
with the nonlinear source of the form
F(z,u,Vu) = a(2)u|?® 20+ |Vu|*#72(E(2), Vu).

The coefficients a, ¢, the exponents p, ¢, s and the free term f are given functions of the independent
variables z = (z,t) € Qr. It is assumed that Q C RN, N > 2, is a bounded domain with the boundary
00 € 0¥ ae(0,1).

Equation (1.1) belongs to the class of equations with nonstandard growth because the exponents of
nonlinearity p, ¢, and s are not constants but functions of the independent variables, which causes a gap
between the coercivity and growth conditions in the principal part of the equation. Nonlinearities of this
kind are found in various real-world applications, such as mathematical models of electro-rheological or
thermo-rheological fluids, as well as in image processing.

When |Vu| = 0, equation (1.1) degenerates if p(z) > 2, or becomes singular if p(z) < 2. Therefore, the
solution needs to be understood in a weak sense. The study of the local regularity properties of a weak
solution to a nonlinear parabolic equation is often practically independent of the method used to prove
its existence. These results apply to every solution from a specific class and depend only on the nonlinear
structure of the equation. In contrast, global estimates or estimates that continue to hold up to the boundary
of the problem domain require information about the regularity of the domain and the data. The questions
of regularity of weak solutions to nonlinear evolution equations involving the p(z)-Laplace, or the regularized
nondegenerate p(z)-Laplace operators,
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)7
Ayyu = div (|vu|p<Z>—2vu) c AWu=aiv (((u + V) w) R
have been studied by many researchers. The weak solutions of the equation
ur = Apyu+ f, minp(z) > 1, (1.2)

or systems of equations of a similar structure possess the property of improved integrability of the gradient:
instead of the inclusion |Vu[P®*) € L'(Qr) prompted by the equation, for the solutions of equation (1.2)

/ |Vu[PH 4, < C
S

in the arbitrary strictly interior cylinder S € Qr, with a constant 6 > 0, which depends on the distance from
S to the parabolic boundary of Qr. For variable exponents p(z), this property was found in [3] for p(z) > 2
2N

and in [28] in the range 375 < p(2) < p* < oo for the exponents p(z) with the logarithmic modulus of

continuity. The global version of this inequality was proven [4,5] for Lipschitz-continuous exponents p(-) and
o0 e 0%

4
/ |Vu[P+0 dz < ¢ with any 6 € <o, M) (1.3)

and a constant C' depending on N, max p, minp, § and [[ul| L (0,7;22(Q))- We also refer to the recent work
[21] for the proof of local higher integrability of the gradients in solutions of systems of parabolic equations
with Orlicz growth, and to [23] for the systems of double-phase parabolic equations.

Systems of parabolic equations

Z (|Vu|)u =b, i=1,N, n>2, (1.4)

in a cylinder Q x (0,7) with bounded and convex Q are studied in [9]. It is assumed that the function a(-)
satisfies a(s) + sa’(s) ~ sP~2 with constant p > N+2, and that b* € L7(Qr) with ¢ > N + 2. It is shown
that on every time interval (¢,T'), € > 0, the gradient of the solution is bounded up to the lateral boundary
where the homogeneous Dirichlet condition is posed. In the paper [12], local L* gradient bounds are derived
for a class of parabolic equations with (p, g)-growth. The results of [12] apply to (1.2) with f = 0, as well
as certain double-phase parabolic equations. The optimal conditions for local boundedness of the gradient
of solutions to systems of parabolic equations of the structure (1.2) are found in [24] in the framework of
borderline rearrangement invariant function spaces of Lorentz type under the assumption f € L(N + 2, 1),
see also [25,26]. In the case f € L7(Qr) with 0 < N + 2, the question of global (and even local) gradient
regularity remains open.

Further results concern local Hélder continuity of the gradient. We refer to [10] for systems (1.4) with
b =0, and [27] for systems of parabolic equations with the Uhlenbeck structure, see also further references
therein. For the solutions of problem (1.1) with nonlinear sources subject to appropriate growth conditions
and f € L>®(Qr), the Hélder continuity of Vu in every cylinder Q x (¢,T), € > 0, with 9Q € C'*< is
proven in [15]. For the viscosity solutions of the normalized p-Laplace equation, local Holder continuity of
the spatial gradient is proven in [2] for p = const, and in [22] for the differentiable variable exponent p(x,t).

The results on the second-order regularity of solutions to equations and systems that involve the p-Laplace
operator are usually formulated in terms of the inclusions

\Vu*Vu e L20,T; W)Y or (0, T; W2 ()N

loc
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with an exponent A depending on p and N. We refer here to [1,16,18,17,12] for results on the local second-
order regularity of weak and viscous solutions to equations of the type (1.2) with constant or variable p,
and to [8] for global regularity results, see also references therein.

The global second-order regularity of weak solutions to the Dirichlet problem for equation (1.2) or (1.1)
with different choices of the source terms and the exponents of nonlinearity was studied in [11,4,7]. Paper
[11] deals with the approzimable solutions of the homogeneous Dirichlet problem for equation (1.2) with
p = const. > 1. It is proven that for such solutions, which are the limits of solutions to the problem with
smooth data,

us € L*(Q7), |Vu|P~2Vu € L*(0, T; WH2(Q))V,
el 2@z + VU Vull 20, 7w 20)) < C

with a constant C' depending only on [[ugllyy1»(q) and || f]|L2(q,)- This global result is optimal in the sense
that in the special case ug = 0 the L?(0,T; W12(Q))-norm of the flux function |Vu[P~2Vu is bounded on
both sides by Cjl|f||12(g,) With constants C; independent of the solution u. The regularity results of [11]
are obtained under very weak assumptions on the smoothness of 9. The pointwise convergence of the
gradients of solutions to the approximate problems to the gradient of the approximable solution plays a
crucial role in the proof. In [4], the solution of the homogeneous Dirichlet problem for the evolution p(z)-
Laplace equation is obtained as the limit of the sequence of Galerkin’s approximations. As distinguished
from [4], the scheme of construction of a solution proposed in [7] consists of approximating both the data
and the nonlinearities in problem (1.1) by smooth functions, obtaining a family of classical solutions to the
approximate problems, and proving that this family contains a sequence that converges to a solution of the
original problem. For the solutions of problem (1.1) with F = 0, f € L2(0,T; W,%(Q)), and ug € Wol’q(')(ﬂ)
with ¢(z) = max{2,p(z,0)}, the inclusions

p(z

2 )—2 2 L. [
u € L (QT)a qu (|VU| 2 DIJU) €L (QT)7 1, = 13N7

and the estimates on the corresponding norms are obtained in [4] for the Lipschitz-continuous exponent

p(z) in the range p(z) > max {]3—12, g} The restriction p(z) > £ if N = 2 was removed in [5]. It is proved
in [7] that problem (1.1) with p(z) > Q%Vj;), ug € Wol’p("o)(Q), and f € L?(Qr) admits a solution u with

the improved properties

2(p(2)—1)+4 1 ith -
[Vul € L' (Qr) with any § € <0, N+2>’ 15

|VulPH) =27y e L2(0,T; W2 (Q)).

Properties (1.5) follow from the uniform estimates on the classical solutions of the regularized problems and
the fact that the gradients of solutions to the regularized problems converge pointwise to the gradient of the
limit problem. The proof of the a.e. convergence of the gradients relies on the property (1.3) of improved
integrability of the gradient. These second-order regularity results offer a natural continuation of the results
of [11] to the case of variable exponents p(z). Still, the approaches of [11] and [7] are different.

To the best of our knowledge, even in the case of constant p > 1, no results are available concerning
the effect of the regularity of the initial data and nonlinear source term on the global integrability of the
gradient and the second-order regularity of solutions to the Dirichlet problem for equation (1.2).

In the present work, we address the global regularity properties of the gradients in solutions to problem
(1.1). We are interested in the following question:



R. Arora, S. Shmarev / J. Math. Anal. Appl. 549 (2025) 129582 5

How does the reqularity of the initial function and the free term affect the global properties of the
gradient of a solution to problem (1.1)?

We show that under quite general conditions on the exponents of nonlinearity and the assumption that
f and wug satisfy one of the conditions

(a) feLN2(Qr), |[Vugl € L™(2) with r > max {Q,maxp(z)} =Ry,

T

(1.6)
(b)  feL(Qr) witho € (2,N+2),  |Vug| € L"(Q) with R, <7 < Ry,

where R, is a finite number defined by maxg p(z), ming p(z), N, and o, problem (1.1) admits a solution
whose gradient preserves the initial order of integrability in time, gains global higher integrability, and
acquires the second-order regularity in the following sense:

(a) [Vu(z,t)] € L0, T; L7 (),

_ 4
) [Fup 2 e Q) forany e (0,575 ) (17)

p(z)+r—2 p(z)+r

(©) |Vul"5 " € L2(0,T; W'2(Q)), and D, (|vu| : _QDIju)GLQ(QT), i,j=T1,N.

The conditions on the exponents p, ¢, s and the coefficients a and & will be specified later (see (2.6)).

Two features are worth noting. Firstly, the provable order of integrability of |Vu| is different in the cases
(1.6) (a) and (b). In case (1.6) (a) |Vu| maintains its initial order of integrability r in time and gains global
higher integrability independently of p, while in case (1.6) (b), where the order of integrability of f is below
N + 2, the value of r falls within an interval [R,, R,) whose endpoints depend on the properties of p, N
and the exponent o. Furthermore, as o approaches (N + 2)~, the right endpoint R, tends to +oo and as
o approaches 21, the properties (1.7) (a), (b) and (c) coincide with the results obtained in [7] for the case
o =2 and r = p(-). Secondly, when proving properties (1.7), we do not distinguish between the degenerate
or singular cases, i.e., it is possible that p(z) > 2 on the part of the cylinder Q1 and p(z) < 2 on the
rest. The results are new even for the model equation (1.2) with constant p. The present work can also be
seen as a continuation of [7], as the method used to construct a solution to (1.1) in that work furnishes the
framework for proving further regularity properties (1.7).

Organization of the paper. Section 2 consists of an outline of the associated function spaces, formulation
of the regularized problem, and statements of the main results of this work. In Section 3, we prove new
differential and integral inequalities that result from the multiplication of the regularized equation (1.1)
by the regularized r-Laplacian and integration by parts in . In the case of variable p(z), these formulas
include residual terms, which do not belong to the natural energy space prompted by the equation. The
residual terms are estimated with the help of the property of higher integrability of the gradient that follows
from special interpolation inequalities. In Section 4, we derive integral estimates that involve unbounded
free source term f and the nonlinear sources dependent on u and Vu. The estimates are obtained for
f € L°(Qr) with ¢ > 2 and are different in the cases 0 = N + 2 and o € (2, N + 2). The proofs of the
main results are given in Section 5. Finally, in Appendix A, we present the proof of the integration by parts
formula, which is of independent interest.

2. Preliminaries, assumptions and results
In this section, we collect known facts from the theory of variable Lebesgue and Sobolev spaces where the

solutions to problem (1.1) belong to, pose the approximate problems and recall the existence and regularity
results obtained in [7]. The main results of the current work are presented in Section 2.4.
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2.1. The function spaces

Let © be a bounded domain with the Lipschitz continuous boundary 9Q and p : Q — [p~,p™] C (1, 00)
be a measurable function. Let us define the functional (the modular)

Ay (f / |f ()P da.

The set
LPO(Q) = {f : Q — R : f is measurable on Q, Apy(f) < oo}

equipped with the Luxemburg norm

[ fllp(),0 = inf {/\ >0: Ay, (%) < 1}

is a reflexive and separable Banach space and C§°(2) (the set of smooth functions with compact support)
is dense in LP()(Q). By the definition of the norm

. - + - +
min {110 00 120 0} < Apr (1) < max {IFILC o0 110 o} - (2.1)

The dual of LP()(Q) is the space LP'()(Q) with the conjugate exponent p/ = Ll For f € LP()(Q) and
p—

g€ Lp/(')(Q), the generalized Holder inequality holds:

/um (= + =) Iflheon

Let p1,p2 be two bounded measurable functions in Q such that 1 < p;(z) < pa(z) a.e. in Q. Then LP*()(Q)
is continuously embedded in LP*()(Q) and

0.9 < 2 fllpe). (2.2)

lullpy.0 < CURL DT p2)ullpocy00 Vu € LP2O(Q).
The variable Sobolev space WO1 P (')(Q) is defined as the set of functions
WarO(Q) = {u: Q=R | ue LPOQ) nWE(Q), |[Vul € PO (Q)}
equipped with the norm
[l 200 () = llellpey.0 + 1Vullpe).0

Under the assumptions p € C°(Q) and 99 is Lipschitz-continuous, the Poincaré inequality holds: there is a
finite constant C' > 0 such that

1,p(-
lollpeyo < ClIVolpo0 ¥ oe W)

It follows that [|Vv||,(.),q is an equivalent norm of Wol’p(')(Q).
It is known, see, e.g. [14, Th. 4.7], that C§°(Q2) is dense in Wol’p(')(Q), provided p € Clog(Q), i.c., p is
continuous in Q with the logarithmic modulus of continuity:
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Ip(z1) — p(x2)| < w(|z1 — 22|), (2.3)

where w(-) is a nonnegative function satisfying the condition

limsup w(7) In <1> =C < oo.

7—0+ T

For the study of parabolic problem (1.1), we need the spaces of functions depending on (z,t) € Qr:

Vi(Q) ={u: Q=R |ue L2Q)NnW, ' (Q),|[VulP®D e LYQ)}, te(0,T),
W) (@) = {u: (0,T) = Vi(Q) | w € L*(Qr),|Vu["'™" € L'(Qr)}.

By C%1(Qr) we denote the space of Lipschitz-continuous functions: a function ¢ is Lipschitz-continuous
on @T if there exists a finite constant L > 0 such that

|6(z,t) — ¢y, 7)| < Ld ((z,1), (y,1))  ¥(@.1), (3, 7) € Qr,

where d(-,-) is the Euclidean distance in RV+1.
By Chto, i (Qr), k€ N, a € (0,1), we denote the classical parabolic Holder spaces.

2.2. Assumptions and notation
The solution of problem (1.1) is understood in the following sense.
Definition 2.1. A function w is called strong solution of problem (1.1) if

L ue CO[0,T]; L2(9) N W,y (Qr), ue € L*(Qr),
2. for every ¢ € W,(y(Qr)

/ (ut(b + |Vul|PP 2V - Vo — fo — F(z,u, Vu)¢) dz =0, (2.4)
QT

3. Ju(-,t) —up(+)|l2,0 = 0 as t — 0.
Let us assume that the data of problem (1.1) satisfy the following conditions:

o0 € C? with a € (0,1), ¢,5,a € C°Qy), ¢eC°Qp)Y,

_ (2.5)
p € C*'(Qr) with the Lipschitz constant L,
there exist positive constants p*, ¢*, s, u, a¥, cj‘ such that 2u < p™ — 1,
— _ 2(N +1) _
: — + — < T <
p: Qr—[p7,p7], N1 <P =P <o
_ N +2
p— + — + . — —
: — ,q], 1< < < min 1+ — 24,
q: Qp =g .q"] a <gq {p P SN } I (2:6)

s:Qpr[s7,8T], 1<s <st<oo, s <p —2u

max |a| = a®, max|c|=c
T T

+

7
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Under these assumptions, the solution to problem (1.1) with ug € Wol’p("o) () and f € L*(Qr) can
be obtained as the pointwise limit of the family of classical solutions to the regularized problem (1.1)
(problem (2.7) below). The procedure of construction of strong solutions to the regularized problems and
the degenerate problem is presented in the next section.

Notation. By agreement, we denote po(z) = p(x,0) and use the abbreviations,

N
ov 2
Djv=5—, oeal® = Y (D30)", vlloe) = lollsos s> 1.
J ij=1

The notation 9Q € C?T< (or C?) means that for every o € 92 there exists a ball Bg(xo) such that in
the local coordinate system {y;} centered at zy with yy pointing in the direction of the exterior normal to
99 at xg, the set Br(wg) N I can be represented as the graph of a function ¢(yi,...,ynv—1) € C?>T (or
C?).

The symbol C stands for constants that can be evaluated through the known quantities but whose exact
values are unimportant. The value of C' may vary from line to line even inside the same formula.

2.8. Regularized problem
Consider the regularized problem

p(z)—2

up — div ((62 + |Vul?) "2 Vu) =F.(z,u,Vu) + f(z) in Qrp,

u=0o0n090Q x (0,T), (2.7)
u(z,0) = up(x) in Q, € (0,1),

where f and ug satisfy (1.6) and the nonlinear source F, has the form

Fo(z,u,Vu) = Fi(z,u) + Fa (2, Vu)
a(z) s(z)—2 (28)

= a(2)(€ + [u?) F u+ (€ + [Vuf?) 5 (@2), Vu),

The strong solution of the regularized problem is understood in the sense of Definition 2.1. The data of
problem (2.7) are smooth approximations of the data of problem (1.1). If the data of (1.1) satisfy conditions
(1.6), (2.5), (2.6) and o > 2, there exist sequences {uom }, {fm} such that

Uom € CF(Q),  ugm — ug in Wy (),

(2.9)
meCSO(QT)a fm — fin La(QT)a

and the sequences of coefficients and exponents satisfying

p € C®(Qr), pr /pin C™(Qr),
Sk, qr € C°(Qr), qr — q, Sp — s in C’O(@T), (2.10)

ag,ci € C°(Qrp), ar — a, cir — ¢; in C’O(@T).

We refer to [7, Subsec. 3.2] for the choice of these sequences. By agreement, we will use the notation data
for the set of functions {uo, f,p, q, s, a, ¢} satisfying conditions (1.6), (2.5), (2.6). The notation data,, will be
used for the sequence of smooth functions {uom, fim,Pms Gm, S, @, Cm } Whose elements approximate data in
the sense of (2.9), (2.10). Because of the choice of approximating sequence data,,, the norms of its elements
converge to the corresponding norms of data,
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[ frm]

0.@r = |fllo.or +0(1),  fuomllro = lluollro +o(1) asm — oo,

and the same is true for the sequences of coefficients and exponents. Since ||data,, || tend to ||datal|, we may
substitute ||data,,|| by 1+ ||data|| in the constants that appear in estimating the solutions of problem (2.7)
and increase as ||data,,|| grows.

The proof of existence of a strong solution to problem (1.1) is given in [7]. It is proven first that problems
(2.7) with smooth data data,, admit classical solutions u..,, and that the sequence {uey,} converges as
m — oo to a strong solution u, of problem (2.7).

Proposition 2.1 ([7], Lemmas 3.3, 5.1). Let 9Q € C***, a € (0,1). Problem (2.7) with the data data,, has
a unique classical solution u = uey, € C?TV143(Qp) with some v € (0,1), and u(-,t) € C3(Q) for every
t € [0,T). Moreover, for every m € N

el o, + sup Julq + sup / (€@ + |Vul?)# do + / (€ + [Vuf2)Pm 2 |u [ dz
(0,T) (0,T)
Qr
(2.11)

<C|1+ / Vo PO da + ”fH%,QT
Q

with an independent of € and m constant C. The solutions possess the property of higher integrability of the

4
' N+2

gradient: for every § € (0
/(e2 + [Vuf2)Pr =28 V2 dr < C (2.12)
Qr

with a constant C' depending only on data and §.

The solution u. of problem (2.7) corresponding to data is the pointwise limit of the sequence {uem}
as m — 0o. Moreover, Ve, — Vu, in LPO)(Qr) and a.e. in Qr. Since e, € W,,..(Qr) with possibly
different exponents p,,(2), the convergence of the sequence {uep} in W,(Qr) with p = lim p,, requires a
special justification. This fact follows from the property (2.12) of higher integrability of the gradients and
the uniform convergence p,, — p in Q. Taking the limit as m — oo of the sequence of classical solutions
to problem (2.7) with data,,, we obtain a strong solution of problem (2.7) corresponding to data.

Proposition 2.2 (/7], Theorems 6.1-6.2). Let conditions (2.5)-(2.6) be fulfilled. For every f € L*(Qr), uo €
Wol,po(d(m} and € € (0,1), problem (2.7) has a strong solution

Ue(2) = lim wuem(2), Vuem — Ve in Lp(')(QT).

m—r oo

The solution ue satisfies the estimates

ess sup [|ucllz,0 +ess sup [|Vuellpy,o + |uetll2,qr + /(62 + [ Ve )P 72| (1e) aa|* dz < C, (2.13)
(0,T) 0,T) .
Qr
/ (€ + [Vu 2248 [ Vu 2 dz < O, (2.14)
QT

with any 0 € (O, Ni—ﬂ) Moreover, for everyi =1, N,
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p(

(€ + |[Vue|?) "3 Dyue € L2(0,T; WH2(Q)),

(2.15)

p(z)—2

H(e2 + V) " Dyu

S C//.
L2(0,T;W12(Q))

The constants C, C', C"" depend on N, OS2, L, the structural constants in (2.5)-(2.6), || fll2,qr, [ Vtollpo ()05
and are independent of €; the constant C' depends also on d.

The solution u of the limit problem (1.1) is obtained as the limit €, — 0 of a sequence {u,, } of strong
solutions to the regularized problem (2.7) corresponding to data.

Proposition 2.3 (Sec. 6, [7]). Assume that conditions (2.6) are fulfilled and 92 € C*T, o € (0,1). Denote
by {uc} the family of strong solutions of problem (2.7) with f € L*(Q1) and ug € Wol’p”(')(ﬂ), Then problem
(1.1) has a strong solution

u = klim Uey, s Vue, = Vu in Lp(')(QT)~
—00

The solution u satisfies the estimate

ess sup [[ul[z,0 + ess sup [[Vullp) o + [lutll20r < C (2.16)
(0,T) (0,7)

with a constant C' depending only on N, 0R), the structural constants in conditions (2.6), | fll2,0., and
Vol po(),0- The solution u possesses the property of global higher integrability of the gradient:

4
/ |Vu[2PE) =D+ g, < C with any 6 € (0, N—H) (2.17)
Qr

and a constant C' depending on ¢ and the same quantities as the constant in (2.16). Moreover,
(V[P P72y € L2(0,T;WHA(Q))  and  |||VulP® =2V 120 rawr2(q) < C (2.18)
with a constant C' depending on N, the constants in conditions (2.6), |[Vuolpy(),0 and || fll2,qr-

The procedure of obtaining a solution to problem (1.1) as the limit of a family of classical solutions of
the regularized problem (2.7) with the data,, allows one to reduce the study of the regularity properties of
this solution to deriving uniform estimates on the classical solutions of the regularized problem (2.7) with
smooth data,,,.

2.4. Main results

In the proof of the integrability of the gradient we distinguish between the cases (1.6) (a) and (b).

Theorem 2.1 (Gradient integrability estimates - I). Let conditions (2.5)-(2.6) be fulfilled and, in addition,

+t<14+2
g < +N

If

feN2(Qr)  and  |Vuol € L"(Q) with r > max{2,p*},
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then problem (1.1) has a strong solution u = hr(l;lJr ue that satisfies the estimates
E—

4
ess sup ||Vull,o < C, / \Vu|prr+e=2 4, < C, forany pe (0, —— (2.19)
(0,T) ’ 3 N +2
T

with constants C, C, depending only on data, r, and C, depending also on p.

Theorem 2.1 shows that when f € LY*2(Qr) the inclusion |Vu(-,t)| € L"(Q) is preserved in time
whatever high the order r is. As distinguished from this case, for f € L7(Qr) with ¢ € (2, N + 2) the
inclusion |Vu(-,t)| € L™ () is preserved in time only for r from a bounded interval whose limits depend on
o, N, and the properties of p(z).

Theorem 2.2 (Gradient integrability estimates - II). Let conditions (2.5)-(2.6) be fulfilled and
feL°(Qr) witho € (2,N +2) and |Vug| € L"(Q)

with r satisfying the inequalities

N(p_(a—l)—0+2).

R, :=max{p",2} <r < R, : Ni2_o (2.20)
If
N +2
T<1+p
g - <1+p oN
then problem (1.1) has a strong solution u = 11%1 ue for which
e—
4
ess sup ||Vullro < C, / |VuPE+r+r=2 4, < O, for any p € (0, N——i-Q) (2.21)

Qr
with constants C, C, depending on data and r, and C, depending also on p.
Theorem 2.3 (Second-order regularity). Let the conditions of Theorem 2.1 or Theorem 2.2 be fulfilled. Then

p(zx)+r—2 p(7)+7 2
2

M) vy e 20, T;W(@), |1yl

L2(0,T;Wh2(Q)) —
p()+r )+r
u

(2.22)

p(z )+

<C

i) |Vul ] <
L2(0,T;Wt2(Q))N

“2Vu e L0, T; WhH2 ()N, HIVUI

with a constant C' depending only on data and r.

Remark 2.1. Inequalities (2.20) furnish the interval of the permissible values of r in case of low integrability
of the free term f.

(i) When o » N + 2, the supremum of the admissible values R, tends to 400 independently on the
properties of p(2).
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(ii) For o € (2, N + 2), inequality (2.20) entails conditions on the exponent p(z):

. _ 2(c —2)
fpt <2, th 7 __
() Hphs s thenp > o N(oc—-1)’
. Np (c—-1)—0+2)
+ +
(b) if p* > 2, then p™ < Ni2_o .

Moreover, condition (b) can be transformed into the restriction on the oscillation p* — p~ of p(z) in
Qr.

(iii) As Ry \yp~ when o ™\, 2, the interval [R,, Ry) of the admissible values of r is empty. This fact directs
to considering the case r < R,,, 0 = 2, which we leave as an open problem for future study. We notice
that in the limiting case o N\ 2, the estimates in (2.21) and (2.22) match the results of [7, Theorems
2.1 and 2.2] for r = p(z), and [11] for r = p.

Remark 2.2. In the special case of constant p > 2, condition (2.20) becomes independent of ¢ and reads

P NTT

Remark 2.3. The assertions of Theorems 2.1, 2.2, 2.3 follow from uniform estimates for the solutions of
the regularized problem (2.7) and the limit passages: first as m — oo (approximation of the data), and
then as € — 0T. The limit as m — oo with a fixed € > 0 is a strong solution u. of the nondegenerate
regularized problem (2.7) corresponding to data. For the solution u. of the regularized problem with data,
Theorems 2.1-2.2 hold with |Vu/| replaced by (€2 + |Vu|?)2. For u,, the inclusions

p(z)+r—2

Dy (& + [Vu) 57 ) € 22(Qr),

p(z)+r

Di ((62 + |V’U/€|2) 4 _1Dju6> € Lz(QT), 7,,] = 1,N,

are proven at the first step of the proof of Theorem 2.3.

Corollary 2.1. Under the conditions of Theorem 2.1 or 2.2 estimates (2.16), and (2.19) or (2.21) hold. Fiz

pE (0, Ni_m) and consider u(z) as an element of the anisotropic Sobolev space

v, = {u(z) € L2(Qr) : w € L2(Qr), Diu € LP *74P=2(Qp), i = ﬁ} . >

1 N

Assume that — + ——————— < 1, which is equivalent to r > 2N —p~ — p+ 2. According to [20, Th.5],
2 pHr+p-—2 N

V, is continuously embedded into the Holder space CP(Qr) with f =1 — m It follows that if

in the conditions of Theorem 2.1 or 2.2, 7 > 2N —p~ — p+2, then u € C?(Q7).

The main ingredients of the proofs of Theorems 2.1, 2.2, 2.3 are a formula of integration by parts in
), and an interpolation inequality, which hold for every sufficiently smooth function. The next section is
entirely devoted to deriving the formula of integration by parts, pointwise and integral estimates for the
elements of the Hessian matrix. We adapt the arguments from [19, Subsec. 3.1.1] to show that for every
constant r > max{2,p™} and every sufficiently smooth function u, which vanishes on 99,

px)+r

/A;e().)uAgf)u dz > Cy /(e2 + |Vul?) "2 2 trace H(u) dx + ®(z,u, Vu), (2.23)
Q Q
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where H(u) is the Hessian matrix of u, Cy is a constant independent of u. The function ® is independent
of the components of H(u) and can be controlled with the help of the following interpolation inequality: for

every 6 > 0 and any p € (0, N1z

/(62 + |Vu\2)p<z>+;+k4 |Vul|* dz < 5/(62 + |Vu|2)p( a2 trace H? (u) dx + C (2.24)
)

Q

with a constant C' depending only on p, N, p%, r, 8, |lu||2,, and the Lipschitz constant of p(z). Multiplying
equation (2.7) by A% and using (2.23), (2 24) we obtain a differential inequality for the function ||(e? +
[Vul?)[2 o 20 . The term (f + Fe(z, u, Vu))A( u on the right-hand side is estimated by the terms on the left-
hand side of the appearing inequality, provided that the exponents p, ¢, s, and the functions f, ug satisfy
the conditions of Theorem 2.1 or 2.2. The estimates on the integral of qu(f)u require different conditions
on p, o, r in the cases 0 = N + 2 and o € (2, N 4 2). The proof of the second-order regularity (2.22) relies
on the uniform estimates of the type (2.23) and the pointwise convergence of the gradients of the classical
solutions to the regularized problem.

3. Estimates involving D7, u
8.1. Integration-by-parts formula

We begin by formulating an integration by parts formula that involves two arbitrary smooth vectors.
Assume 02 € C? and denote by ¥ the exterior unit normal to 0. Fix a point P € 912, take C? curves
{li,...,In—_1} orthogonal at every point in a neighborhood of P. Denote by {71, ...,7n—1} the unit vectors
tangent to [;, and by s; the curve length along [;.

At every point of 9 any smooth vector @ can be decomposed into the sum of the tangent and normal
components:

i=d-+a,0, =Y a7, aj=(d7), a =(d7).

Proposition 3.1. Let 00 € C? and @, b be arbitrary vectors with the components
a; € CO(Q)NCHQ), b € CH(Q) N C*(Q).

Then,

/divadivzdx - f/ (aTvT(z?.ﬁ) +57v7(a.ﬁ)) ds
Q

(3.1)

N
_/B(d'T;ET)dS—/aVbV traceBdS+/ Z Dja;D;b; dx,
99 o0

o Bi=1
where B is the second fundamental form of the surface 9S2.

Equality (3.1) is crucial for proving the gradient estimates and second-order regularity results. Similar
formulas were derived and used in [6,5,7,9,11]. For the sake of completeness of the presentation, in Ap-
pendix A we give the detailed proof of Proposition 3.1. The proof adapts the arguments in [19, Sec. 3.1.1]
to the situation we study in this work.
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Let u be a smooth function defined on 2, 9Q € C2%, and u = 0 on 9Q. Fix € € (0,1) and accept the
notation
we = € + |Vul?.
We will apply Proposition 3.1 to the vectors
p(z)—2 = r—2
2 Vu, b=w.? Vu, r=-const>2. (3.2)

4 = We

To apply formula (3.1) we need a; € C°(Q)NCY(Q), b; € C1(Q) N C%(Q). The straightforward computation

gives
=2, p=2_1 N 9 1 =2
Dja; = we? Diju+ (p—2)we? Diuz DyuDjju + W 2 Inw.D;uD;p.
k=1

For every € > 0 the inclusion a; € C*(Q) is fulfilled if v € C?(Q), p € C}(Q), while b; € C%(Q) holds if

u € C3(). Since u = 0 on 952, then

\V4 p(z)—2
a,=ad-v=a —u:w6 2 |Vul, ar =d—a,V =0,
[Vl
Vu -
. U = We |vu|a br =b—b, V=0,

and the integral over 9 in (3.1) transforms into

ptr_o 2
— [ we? T|Vul*trace BdS.

1219]

Formula (3.1) with @, b defined in (3.2) takes on the form

/div (w%Vu) div (w;%?Vu) de = — /w:%72|Vu|2traceBdS
Q a0
(3.3)

+ f: /Di (w:%szU) D; (weTDiU) dx.

1,j=1 Q

3.2. Pointwise inequalities
Assume that u € C%(Q), u = 0 on 99Q, p € C(Q), and p~ > 1. By a straightforward computation

=8 232 2 2321 al 2 1 ex2
D; (w6 Dju> =we’” Djju+(p—2)we Dju Z DyuDjiu+ JWe InweDjuD;p
k=1
p=2 9 al 9 1
=we? | Dju+ (p—2)n; Z Diung + 3 Inw.DjuD;p |,
k=1
N N
(D?ju +(r—2)n; Z Dij"“?k)
k=1

r—2 r—2 r—2_4 r—2
D; (we 2 Dm) = w2 iju +(r—2we*> "Du Z DkuDiju = w2
k=1
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with
Vu
7= 7] < 1 3.4
U 7 < (3.4)
Then
p—2 r—2 ptr_o N
D; (w6 2 DjU) D; (w€ 2 Diu) = we ? (iju +(p—2)n; Z DZ . uny,
k=1

1
+ 5’/w€ In(e + \Vuﬁ)njDip) X <D2 w4 (r— szk]unk>

s 2
= We IC”

Denote by #H(u) the Hessian matrix of w: the symmetric N x N matrix with the entries H;;(u) = iju,
i,7 =1,..., N. In the new notation, the expression for K;; becomes

M=

Kij = M3 (w) + Hij(u) l ((p = 2)m;Hi(u) + (1 — 2)niHy; (U))ﬂk]

1

el
Il

M=

+ (p —2)(r — 2)min; Hai(w) Hig (w)mmp
k=1
1 1 N
+ §Hij(u) Inw.D;uD;p + 5( 2)nimj/We Z’H;ﬂ w)ng Inw.Djp = ij )

k=1

Summing up we obtain

N N N N N
YK=Y Hiw+p+r—9)> | Y Hij(un, (Z Hik(U)ﬁk>
j=1 k=1

ij=1 ij=1 i=1
N 5
+(p—2)(r—2) Z nin Z Hus(w) Heg (W + > T
3,j=1 k,l=1 i,j=1s=4
N N N
= Z H?j(u) (p+r-— Z ZH” <Z Hik(u)nk>
ij=1 i=1 \j=1 k=1

N N N 5
p-2r—2) z(zm mm) (zmj W> I 66)
=1 =1 Jj=1 s=4

Z Hi(u) + (p+7 - Z Z Hij(u <Z Hik(u)nk>
j=1 k=1

i,j=1 i=1
+(p—2)(r—2) Z Hai (w)mn; Z Hii(wnme | + Z Zji(jS)
i,l=1 Ji:k=1 bj=1s=4
= trace H>(u) + (p+ 1 — 4)|(H(u), D> + (p — 2)(r — 2) (H(u ‘4 Z Z

i,j=1s=4
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The residual terms that depend on the derivatives of p(z) have the form

—_

4
ji(j) =3 ij(w) InweD;uD;p,
1 (3.7)
jl,(j“r’) - 5 r—2) ZH’W w)nen; InweDjpD;u
and vanish if p is independent of z. Accept the notation
F(if) = trace H?(u) + (p + 1 — D|(H(w), 7)* + (p = 2)(r — 2) (H(w), 7) - 7)*,
with 77 is defined in (3.4).
Proposition 3.2. Let u € C3(Q). If p€ C°(Q), p~ > 1 and r > 2, then
F(77) > otrace H*(u) = 0|ugs|? viie RN, |q <1, (3.8)

with the constant o = min{l,p~ — 1}.

Proof. Fix a point zy € €2, denote p = p(zp), and take an arbitrary vector 7, || < 1. If H(u(zg)) = 0,
inequality (3.8) is obvious. Assume that H(u(zg)) # 0, diagonalize the matrix H(u(zo)) by means of rotation,
and denote by ( the vector 77 in the new basis:

N N
(H(u(wo)) - 17) - (H(ulzo)) ) =D _d2¢?,  H(ulwo)) 7)) 7= di¢},  traceMH*(u Zd
i=1 i=1

where d; are the diagonal elements of the transformed matrix. Set |(j = A\ < 1 and denote

— —

Then
2
Fii) =Y _di+(p+r—4 zy%z (»— 2r—2<2pg>,
N
:Zd?+)\2(p+r— Zd2§2+)\4(p 2)(r —2) (Zdﬁ)

i=1 i=1

=®(@EN),  d=1, rxe(0,1)

If p > 2, r > 2, the second and third terms of @(5 A) are nonnegative, whence

N
> E d? = trace H?(u(zo))
i=1

as required. Let
1<p” <p<2 r > 2.

By the Cauchy-Bunyakovsky-Schwarz inequality
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(Zdﬁ?) = (Z (dii) € ) (Zd%) <Z£§> =D digk. (3.9)

i=1

Since A < 1 and |5\ =1, the first and third terms of ® are bounded from below:

N N N
ZdQ—JZdQ 1=0)) di >0> &+ (1-0)N) di&
i=1 i=1 i=1
with any o € [0, 1]. Then
N N
PENZN((1—0)+(p +r—4)+(r-2)(p -2) ) & +o) d.
i=1 i=1

For 0 = min{l,p~ — 1}

(=) +r -2+ (=D~ =0+ - D~ 1) 2 —0+(p —1) 20,
N
whence ®(§,\) >0y d7. O
i=1
Lemma 3.1. Ifue C*(Q), pe CY(Q), p~ > 1, and r > 2, then
N p—2 r=2 (s)
Z D; (w6 2 Dju) D; (w6 2 Diu) > aw6 |um| + w Z ij (3.10)
1,j=1 i,j=1s=4
with o = min{l,p~ — 1} and \71-(]-8) defined in (3.7).
Proof. It is sufficient to combine formulas (3.5), (3.6) with inequality (3.8). O

3.8. Integral inequalities

Plugging (3.10) into (3.3) we arrive at the following assertion.

Lemma 3.2. Let 0Q € C?, u € C3(Q)NC?*(Q) and u=0 on Q. If pc C1(Q), p~ > 1, and r > 2, then

p=2 r—2 ptr_
/div (w6 2 Vu) div (w6 2 Vu) dx > —/w6 2 2\Vu|2 trace BdS
Q a0

/ gy |? do + Z Z/ji(j) dz,

Q hi=ls=4q

(3.11)

where B is the second fundamental form of the surface 02, o = min{l,p~ — 1}, and ji(js) are defined in
(3.7).



18 R. Arora, S. Shmarev / J. Math. Anal. Appl. 549 (2025) 129582

Observe that

2

N N N N
we\um|2 > |Vu|2|uww‘2 — <Z Dyu) ) Z (iju)2 > Z ZD?jUDju
= i =1

k=1 =1 i=1

) (3.12)
1 l 1
2
ZZ 62+Z(D]U) = Z\wa
i=1 j=1
and
ptr=2\ 12 (p+7r— 2)2 773
(e <
G 16 [Viwd
ptr—2 pfro Lopir—1, o 2
——we? " Inw(Vwe, Vp) + —we "In we|Vpl©.
8 16
Under the assumptions of Lemma 3.2 the second term on the right-hand side of (3.11) is bounded from
below:
e a1 e g |7 ()]
€ rxr Z ”n T Ao € ‘4
w [t i |V 2> P Viw
2L, pir_o AL ptr_q
- — W, Inw||Vwe| — ————w., ? In“ w, 3.13
pF+r—2 | Vel (p+r—2) 319
1 v ( 7”+3¥*2)\2+ My + Ma)
(p+r—2)2 ! 2
with
M Lo inwd Ve, M ALy In? (3.14)
= —"" |Inw|Vw, = ———w.In" w.. .
LT o2 T ptr-22

Inequality (3.11) becomes

/le w6 Vu) le( J%ZVU) dxr > —/1{)5#72|Vu|2 trace BdS

ptr—2 2
4
P p++T,2 /‘V s (3.15)
ptr
+U/w62 (M1 + Ma) dw-i—ZZ/ZﬁCﬁC
Q i,j=1s= 4

3.4. Interpolation inequalities
To control the right-hand side of (3.15) we will use the following inequality.

Lemma 3.3 (Lemma 4.5, [5]). Let 90 € C?%, ¢ € C%1(Q) with the Lipschitz constant L, and ¢~ > N+2.
o) 4
For every u € C%(Q)NCHQ), 6 € (0,1) and p € (O, N—+2)

q(r)+p
/wE \Vu|2dx<5/ e+ |Vul? )
Q
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with a constant C' depending only on p, N, q*, Ly, 6, |lull2.0-

To apply Lemma 3.3 in (3.15) with r > 2 we set

-2 —4 2N 2N
Q(Z)2 - p(z) -;7“ and claim ¢(z) > N2 s plz)+r>2+ Nia
The last inequality is surely true because p~ > 2%\]—:21) by assumption and r > 2. Then for every § > 0
p+7‘#2»p74 9 %,2 9 4
We [Vul*de <6 [ we |ugz|“dx+C, pe |0, Niz2) (3.16)
Q Q

If pe (Ni-s-zv Ni_m), inequality (3.16) remains true with the integrand of the left-hand side substituted by

|[Vu[Pt7+r=2 and, by Young’s inequality, extends to the range p € (0, NLH}

(3.17)

ptr _
/|VU|P+r+p72 dr < 5/’1052 2|uxz‘2d$ + C, pE <0, _ZV—|—2> 5
Q Q

with C' = C(p, N,p*,r, L,, 0, ||ull2.0).
We will repeatedly use the following elementary inequality: for every v > 0 and « > 0 there is a constant
C = C(a,~) such that

s7Ins| < C(1+s7*) for s > 0. (3.18)

It follows from (3.18) and (3.16) that for every A € (O, ﬁ) and 0 € (0,1)

r—4

ptr—4a p+ pEr _
/w6 | Vuf Inw| dx < C 1—|—/w6 2 +)\\Vu\2d:£ < 5/w62 2|um|2dx—|—C' (3.19)
Q Q Q

with a constant C' depending on the same quantities as the constants in (3.16), (3.17), and on A.

Inequality (3.16) remains valid for p = 0 because for every v € (O, ﬁ)

ptr_o ) prrtn (28)%*1 if [Vu| < e,
we?  T|Vul* <14+ we 2 <1+ ptrty g oy .
wEFE QT it [Vl > € (3.20)

ptr+y
<cC (1 + we 2 2|Vu|2> .
L (4,5)
3.5. Estimating J;; and M 2

In (3.15), the residual terms ji(f"r’) are defined by formulas (3.7), the terms M o are defined in (3.14).
Since |n| < 1, ij’m satisfy the inequalities

4
\j;j )| < Lyl Inwe| [Vl [ugs),

T < LyN(r — 2)| mw||Vullugs|, 4§ =T1,N,
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where L, is the Lipschitz constant of p(z). The terms M; o are bounded by
IMi] < Cllnw||Vul|ugs, |IMs| < C'we In® w,

with constants C, C' depending on N, p*, r, L,. It follows from (3.17), (3.18) and the Young inequality
that for every § > 0 and 6 > 0

pEr _ b
/wez 2 (\«71'(34)|+|~7¢(J‘5)‘) dz < C’(r—&—l)/w€ |Vul|uge || Inwe| dz

Q Q

:C(T+1)/(w:+#|um|) (w?#\Vqunwé\) dx

Q

(3.21)
<c / (w0 ual ) (05 (V0] (w7 4 ) )

ptr—46—4 +46—4
< (S/w6 |um|2dm+C”/ 2 \Vu\de—l—C"/w \Vu|? dz

Q Q

with constants C, C’, C" depending on r, §, 6. By virtue of (3.16) and (3.20) the last integral on the

right-hand side of (3.21) with 6 € (0, N+2) is bounded by

ptr_
5’/w62 2|um|2dav—|—(7
Q

with an arbitrary ¢’ and a constant C = C(r,0,6,6"). To estimate the second term on the right-hand side
of (3.21) we choose 0 < 40 < p~—. Since r > 2, then p + r — 46 — 2 > 0. By analogy with (3.20) we have

pr— 49 4 ptr—40—2

2 brroe=s BEr—1
We [Vul* <w. 2 <1+ we? SC(ler6 |Vu\)

and the estimate on the second term of (3.21) follows from (3.16) with p = 0. Gathering these estimates we
find that for every § > 0 there is a constant C' such that

/w (l«Z(f |+ IJff’ ) do < 5/we it dar + C. (3.22)

Q

ptr _
The estimate on the integral of w. ? *M; follows by the same arguments as (3.22). To estimate
ptr

we? My we apply (3.18),

tr_ ptr +r—2
/w:2 2./\/12 dr < C/w:"‘ 12 we dx < C'/w: 2 (w;e +wf)2 dz, (3.23)
Q Q Q

and then argue as in the derivation of (3.22).
3.6. The boundary integrals

The boundary integral in (3.14) needs special estimating only if Q is not convex. Let 92 € C? but not
necessarily convex. Since |trace B| < K with a finite constant K > 0, estimating the boundary integral in
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p+

(3.11) amounts to estimating the integral of wETTfQ|Vu|2 over 0. By [19, Lemma 1.5.1.9] there exist a
constant v > 0 and a function i € C>(Q)" such that ji-v >~ > 0 on 9. Then

pir pir _
’Y/IUEQ |Vul?ds < /div (we2 2|Vu|2[[> dx

o0 Q
- pir_o 2 .o ptr_o 2
:/M-V<w€2 |Vul ) olac—i—/(dlv,u)we2 |Vul|® dz
Q Q
ptr — 4 ptr_-
~ / (div Dwe? | Vul? do + / PEL 2wl ¥ wul (9 ((Vul?) do
Q Q

p+

+/w:%72 (i V (IVu?)) dx+/w62“2|vu|21nwe (fi-Vp) dx
Q

Q
BEL 2 2 2fr_3 2 ptr_o
SC&/wE? [Vul d:v—FC'g/(|p+7"—4|w€2 |Vul* + we 2 )|Vu||um|dx
Q Q

2o 12
+Cs | we [Vu|*| Inw||Vp| dz
Q
= CZy + CoZs 4+ C3Zs.

To estimate Zs we apply the Young inequality:

)
Iy < (pt+r—1) /w6 2 |Vu||ty| dx
Q

= (p++r—1)/(w?“1|um|) (w7 ul) da

Q

-2 2 2 P2 12
<o [ we |uze|*dz + Co(py +7 —1)7 [ we [Vul|* dz
)

)
ptr
< J/w:"‘ ?uga|? dz + C'(p* + )T,
)

with an arbitrary ¢ > 0 and an independent of r constant C’. To estimate Z; we apply (3.16) with p =0
(see (3.20)). The integral T3 is estimated by virtue of (3.18) and (3.16). Gathering these inequalities we
estimate the boundary integral as follows:

2Er_2 2 B2 2
v [ we? TIVulPdS <o | we? T |ugs|® de +C (3.24)
b3le} Q

with any @ > 0 and an independent of e constant C' = C (o, N,7,p™, Ly, ||ul|2,2). We may now refine
Lemma 3.2.

Lemma 3.4. Let in the conditions of Lemma 5.2 p~— >

N2 and r > 2. There exist constants C1,C] > 0

and a positive constant Cy = Co(N,r,p*, Ly, 0Q, |lull2.0) such that the function w. = €2 + |Vul|? satisfies
the inequalities
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Cl/ |um|2 dr < /le w6 Vu) div (w?VU) dx + Cs. (3.25)
Q

C] / ’V (w:ﬂ*z)F dr < /div (w:%zVu) div (w%Vu) dzx + Cs. (3.26)
Q

Proof. Inequality (3.25) follows from (3.11) by using estimates (3.21), the estimates on M, 5, and estimate
(3.24). O

Corollary 3.1. Let the functions u, p and the constant r satisfy the conditions of Lemma 5.4 for a.e. t €
(0,T). Then

p()4r 9 plz)-2 2
Cl/we 2 |tge|” dz < /diV we * Vu | div (w52 VU) dz + c2, (3.27)

Qr
p(2)+r 2

with the constants c1,cy, ca, ¢y depending on the same quantities as the constants in (3.25), ess sup ||ull3 g

2

p(z)=2 r—2
wg/ﬁw@kQV@&%mzwﬁw+é (3.28)

T

)

and T.
4. Uniform estimates on the gradient of a classical solution

In this section, we establish the global uniform estimates on the gradients of classical solutions to the
regularized problem (2.7) with smooth data,, and ¢ € (0,1). For the convenience of presentation, we omit
the subindex m of the exponents p, ¢, s

4.1. Equation without nonlinear sources - I: the case o = N + 2

Let u be the classical solution of problem (2.7) with smooth data,,. We begin with the model case F, = 0.

Set we = €2 + |Vu|?, multiply equation (2.7) by — div (w€ Vu) with r > max{2,p*}, and integrate the
result over €:

ijt E dz + /div (w:%2 Vu) div (w;%2 Vu) de = — / fdiv (wer%2 Vu) dz
Q

Q

By (3.11) and (3.25), (3.26)

1d p+7 —2\ |2
we derC’o/ \um| da:JrCl/’V )‘ dz
rdt

¢ (4.1)

/m@w ﬂm+05j+c

with constants C, Co, C; depending on 7, p*, N, 9, ||u(t)||2,o- By Young’s inequality
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N
r—2 o2
J:/|f| we? Au+ (1 — 2)w, > ! ZDiuDjquju dx

ij=1

<C/|f\we Uz | dz + (r — 2) /|f|w€ NVl g, | do

r—2_rtp r4p _
r—l/ | flwe? 4p+1> (wg“p |um|) dx
Q

<5/ \um| dx + Csr? /f2w€§ dz

Q

with any 6 > 0. For the sufficiently small § the first term on the right-hand side is absorbed in the left-hand
side, and (4.1) is continued as

ptr—2y (2
wE dx+Co/ |t |2 dx+C’1/’V i )‘ dz
Q Q

< Cqy+ 037"2 / f2wer%p dx

1d
rdt

with known constants C; depending on 7, p*, N, 99, and Cy depending also on ||u(t)||2.o. Integrating (4.2)
in ¢ we obtain

1 r ptr—21 (2
_sup/wgdm—i—CO/ |u1x| dZ—f—Cl/‘v 4 )‘ dz
"o s s
" ) ‘ (4.3)
< CT + —/ w? (x,0) do + Car? /]‘21062 dz.
r
Q Qr
It remains to estimate
7= / P dz (4.4)
Qr
For every o > 2
o=2
(r—p)o 7
I<Ifg, | [wi a
Qr
Set 0 = N + 2 and observe that since p > N +2 by assumption, then
(r—p)o  (r—p)(N+2) N+2 1 1 p+r—2+%
= < —l=r{-+=)-1<—.
200 — 2) 2N "ToN BRI 2
By the Young inequality, for every pu > 0
N
N+2
) ptr—2+2%
T< W fesnar (CHu ful 7 2] c=c (45)

Qr
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By the Sobolev embedding Wit (Q) C L*(Q) and for every v € Wi Q)

lol3.0 < Cs (1903, g + ol o) (4.6)

ptr—2+2L
with an independent of v constant Cs. Applying (4.6) to we * we arrive at the inequality

Nt2 N+2
2N N 2N N
pr—2427 ptr—2437 2+2T N+2 ptr—24 20 \ NF2
/w€ 2 dr < C! /’ < ) dz + C /<w6 4 ) dz ,
Q Q
with C! depending on Cy and N. By the straightforward computation
+r 2+2r 1 +r 2+27 p+7’—2+ ptr— 2+27 1
D; (wE 4 ) = Zwe 4 InwD;p + f ZD uD U
It follows that
N+2
2N N
ptr—2+3% ptr—a+3r N+2
/U}E 2 dx < C;I 7"2/ (we 4 |uazm> dx
Q Q
+2 N42
2N 2N N
p+r—2+2ﬁr N+2 p+r—2+2ﬁr N+2
+C? / <ﬂu}6 “ |In w6|) dx + / (w6 i > dx
Q Q

= C;/ (7’211 —+ IQ + Ig)

with a constant C? depending on C’, p*, L,, N, and r, but independent of u and w,. The integrals I, are

estimated separately. By Holder’s inequality with the conjugate exponents 252 and &}2

2

N
N+2 N+2
NZYFZ ptr—d 2 N]iz N2 ptr—d 2 3
I = (w6 [tz | ) (w6 ) dx < We |thze | d wZ dz

Q Q Q

)

whence

2z

ptr—4 9 r
L < We 2 |Uuge|® dx wé dx

Q Q

Proceeding in the same way we estimate

- ~ #
I = g M (wE) q < [wfF m2w.d 5
5 = We [ In w,| we T < [ we n® w. dz wZ dz ,
Q Q Q
2
N
ptr—2 1512 N'r‘ 5 ptr—2 r
I; = (wE 1 ) (w6 + ) de < | we 2 dx w dx
Q Q Q

Gathering the estimates on I we obtain the inequality
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ptr—2+3F - 2
/ we 2 de < OIL (D)LY (1), (4.7)
Q

where

+r—4 +r—2
I, (t) :rz/w: 7 g der/w: 2 (1+ln2 ws) dx,
Q Q

II5(¢t) :/w
Q

and C is a constant independent of v and w,. It follows that

p+r—2+3% - ®
/w6 2 dx < C'| sup x(t) /Hl(t) dt. (4.8)

Mol

dx,

Qr 1 Qr
Now we plug the obtained inequalities into (4.5):
N
2z N+2
< Hf||?v+2,QT C(p) + pC’ ((SOHTI“)) H2(t)> /Hl(t) dt
’ Qr

g Ntz
< C”Hf||?v+2,QT C(p) + pC’ <(SUP) H2(t)> /Hl(t) dt
0T
Qr

with an arbitrary p > 0 and constants C(u), C’, C” independent of w, and u. By Young’s inequality with
the conjugate exponents % and % we continue the last inequality as follows:

Niz N+2
N+2 N+2
<" fl X420 | Clw) +C <u t sup H2(t)> ' /Hl(t) dt
’ Qr

< Ol vsaar | O+ O™ sup (o) + 05 [ ma
’ Qr

N+2

=C"fIN 2.0 <C(u) +pt

r
sup [lwe|?

(0,T)

p+r—4 ptr—2
+C/,u]\2r$2 7’2/w6 7 g der/w6 2 (1+ln2we) dz
Qr Qr

By Lemma 3.3 and (3.18), the second integral in the square brackets is bounded by

pt+r—4 2 ~
V/w6 2 uge|®dz 4+ C
Qr

with an arbitrary v > 0 and a constant C= 6(7“, N,pE,r, Ly, v, ||ul|2.0). Thus,



26 R. Arora, S. Shmarev / J. Math. Anal. Appl. 549 (2025) 129582

N2 z N2 pr—d
<O f X200 |1 gghwﬁn+¢HN(ﬂ+Vﬁ/weQ |te|* dz + Co (4.9)
’ Qr

with a constant C; depending only on data, and Cy depending on data and p, v. Substituting (4.9) into
(4.3), using (3.16) and choosing u and v sufficiently small we transform (4.3) into

ptr— 2 p+r+p 4
sup /wg dx+a/ ’V ‘ d2+5/ |VU\2dZ<7+/ é(z,0)dx (4.10)

(0.7 Q

with any 0 < p < ﬁ and finite positive constants «, 3, v depending only on data, 7, p, and || f||n+2,0r
but independent of e.

4.2. Equation without nonlinear sources - II: the case o € (2, N 4 2)

We refine the estimates on the integral (4.4) and extend them to the case of low integrability of f. Let
us take o > 2, r > max{2,p'}, and search for a (optimal) 3 such that the following inequality holds true:

2
(r—po _PFtr-2+7%

4.11
200 —2) = 2 (411)

By the Young inequality (cf. with (4.5))

o—2
pr—24+ % 7
<120, [C+ /wi i | (4.12)
Qr
Fix
N . 2uN
ne (N—JrQ’l) and set ay = 2, Qy :N*2M>2.
By the Sobolev embedding, Wh(Q) ¢ L% () C L2(Q), and for every v € Wh(Q)

loli3.0 < Cs (IV012, 0+ 012, o) (4.13)

pr—2+3¢

with an independent of v constant Cs. Applying (4.13) to we  * we arrive at the inequality

1 1
p+r—2+% p+,,,72+% 2p W p+7‘72+% 2u m
/w6 2 dr < C! / Vi we * dz + C / we 1 dz |

Q Q Q
with C! depending on Cs and o. By the straightforward computation

pr—2+3F T aa: p+r—2+4 2r  pyr— 2+2” .
D; <w6 4 ) = Zwe 4 Inw.D;p + fﬂ ZD uD U

It follows that
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1
ptr—2+2F prr—dt 2y 2u *
/w6 T de <O r2/ we  * |ugel dx
Q

Q

1 1
p+r72+% 2 " p+r72+% 2p s
+ Y / we 7 |Inw| dv | +CV / we * dx
Q

Q
= C;/ (’l"211 + IQ + Ig)

with a constant C” depending on C’, p*, L,, N, and r, but independent of u and w.. The integrals I}, are

estimated separately. By Holder’s inequality with the conjugate exponents O% = % > 1 and ﬁ

" (1—p)

2 2
ptr—4 Iz N ptr—4 N\ gl
T\ B ptr—4 o\ BA-m)
i :/(w6 2 \um|2) (w?) dx < /w6 2 |um|2dx /(wﬁ) dx

Q Q Q

Let

With this choice of 5 we may estimate

A—=p)

ptr—4 5 r
I < We 2 |Ugy|® dx wZ dz ,

Q Q

while inequality (4.11) takes on the form

r(=p)
(r—p)o <p+r—2+T”
2(0-2) — 2

& po(r—p)<pp+r—2)(c—2)+r(l—p)(o-2).

Solving the last inequality for r» and gathering the result with the conditions of Proposition 3.2 and using

the fact that u > NL—M > "T’Q, we arrive at the following restriction on r in terms of o, p*, and N:

2p (e =1)—0c+2)

max{p*,2} <r < p— . (4.14)
-2
Proceeding in the same way, we estimate
1 1—p
. 2u w 2
p+r—2 9 13 ™\ B ptr—2 2 r
I2 = (’U}E 2 In U)e) (wﬁ) dx S We 2 In We dx ’(1)52 dx )
Q Q Q
1 1—p
o m m
pEr—2\ M r\ B pt+r—2 r
I3 = /(wE 2 ) (wf) dx < /wE 2 dx /we2 dx
Q Q Q
Gathering the estimates on I} we obtain the inequality
e S
/wE 2 dx < CTI (H)II," (1), (4.15)
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where

+r—4 +r—2
114 () :7'2/111: 2 |um\2dx—|—/w: 2 (1+ln2w5) dz,
Q

=
[
—
=

I

SR

S
Mol
U
&

and C is a constant independent of u and w,. It follows that

ptr—2+37 _ e
/w6 2 dedt < C (sup Hg(t)> /Hl(t) dt. (4.16)
Qr 1) Qr
Now we plug the obtained inequalities into (4.12):
1—p =
< fl2e, [C+C <sup m(t)) [ m
(0,7)
Q
’ . (4.17)
(A-p)(o-2) =2
<C'fl2o. [ 1+ (SUP Hz(ﬂ) /Hl(t) dt
(0,7)
Qr
with constants C’, C"" independent of w, and u.
For any 0 € (2, N +2) and 1 > p > NLH’ we have the following inequalities:
N oc—2 (o —2)
> > & 2u—(1- -2)>0 <« <1 4.18
h> g 5 p—=(1—=p)(o—2) P Y P (4.18)
and
N (-2 (1= —2)
—(1- -2 —= < 1.
“>N+2>2(a—1) s op—(1—-p(c—2)>0 & o <
Now, by applying Young’s inequality two times with the exponents
Ho Y= Ho and o o
(1—p)(oc—2) po — (1 —p)(o—2)’ Yo —=2)" o—v(c-2)
we find that for every A > 0
(A—w)(c=2) =2 2Uo=2)
" o 1
sup Ths (£) / L dt| < ATHED sup M(t) + / 0, (1) dt
(0.7) 3 (0.7) A \g
T T

< AT gup Hy(t) + Ao-? /Hl(t) dt + C(N).
(0,7)
Qr

Estimate (4.17) is then continued as follows: for o € (2, N 4+ 2) and p € (NLH, 1),
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I<CIf120, | CO) + AT (sou% I (t) + Av>2 / I (¢) dt
’ Qr

= C"I1f15.0r (C(A)Jr/\“ W= sup w2

(0,1)

m\*‘ [V

o ptr—4 p+r—2
+C' @ 7”2/10E 2 |um|2dz+/w6 2 (1+ln2 we) dz
Qr Qr

Arguing as in the derivation of (3.23), we estimate the second integral in the square brackets by

ptr—4 2 ~
v [ we 2 |ugg|°dz+C
Qr

with an arbitrary v > 0 and a constant C = a(r, N,p*,r, Ly, v, ||lul2.0). Thus,

I <CilIfl2q, | ATHE sup w2

pt+r—4
: Q—l—)\v 2 (r? —i—u)/w6 T uge [P dz 4 Oy (4.19)
Qr

with a constant C; depending only on data, and C5 depending on data and v. Substituting (4.19) into (4.3),
using (3.16) and choosing A and v sufficiently small we transform (4.3) into

r ptr—2 z
sup /wﬁ da:—i—a/ ‘V (we ! d2+5/ |VU‘2dZ<'Y+/ wé (x,0) dx (4.20)
Qr

(0,1) o &

with any 0 < p < and finite positive constants «, 3, v depending only on data, r, p, and || f||s.q, but

N
N+2

N+2
independent of €. Since p € ( N3 1) is arbitrary, condition (2.20) allows one to choose u so close to
that (4.14) holds true.

4.3. FEquation with nonlinear sources

Assume first that f € LN*2(Qr). Let u be the classical solution of problem (2.7) corresponding to data,
and the nonlinear source F¢(z,u, Vu) defined in (2.8). By Proposition 2.1 the solution u satisfies estimate
(2.11). Multiplying (2.7) by div (we Vu) and following the derivation of (4.1), (4.2), we arrive at the
inequality

S e
Q“Q‘

ptr—2y |2
/ 2d1;+co/ |um| dz+Cl/‘V (w6 1 )’ dx
Q Q

< Cy + Car? / (f2 + Fl)w.? dx + / Py div (wﬁzvu) da
Q Q

Integrating in ¢, by analogy with (4.5) we find that for every ¢t € (0,7
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1 [ = N pEr_o
;/ 3()d:c+01/‘v 1 )‘ dz+02/w€2 g |? dz

Q Q1 Qt

2 2 2 o2y
< Csr (||f||N+2,Qt + HF16||N+2,Qt) C+A / we ? dz (4.21)
QT

r—2 1 T
+Cy /Fgediv (ﬂwe2 Vu) dz| + Cy + —/w? (2,0)dx
r
Qt Q

with any A € (0,1) and r > max{p™,2}. To estimate ||F1€H?\,+27Qt we use the Young inequality,

2
N+2

q 2
|Fiel3r420, < C /F”HUW”) dz| <O (1l a.)
Qr

and then apply the parabolic embedding inequality [13, Ch. I, Proposition 3.2]:

_ +_ _
meQM+m@<Cva;@+3%wuw j, (4.22)
provided that

N +2 D~
N +2 -1 <p —= + <1
(N+2)(¢" -1 <p— AR S

By virtue of (2.11), both terms on the right-hand side of (4.22) are bounded by a constant depending only
on data.
By the Young inequality

/’FQE(Z,VU) div (we"’ Vu)‘ dz < C/wE 7 Jugy| dz
Q1

29+1‘ p—2 ptr—4a 5 %
— C/ We 2 |Ugg] ) dz
, 2str—p—2
< 5/ |um\ dz+C / 2 dz
Q1 Q:

with any § > 0. Since s(z) < p(z), r > 2, and p~ >
p+7r+A>4in Qr. We notice that (cf. with (3.20))

by assumption, there is A € ( L) such that

N+2 7 N+2

ptr+A
2s4r—p—2 trda—2 2 Yul? if [Vul >
We 7" Sl‘f’ﬂ)ep 2 §1+ e p+T+>\‘2U| 1 | U|_€7
(2¢%)"

otherwise

p+7‘+)\ 4
<2 (1 + we [Vul )

and apply (3.16): for every § > 0
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2s4+r—p—2
/wE z" dz < 2T + /w |Vu|2 dz<5/ |um|2dz+C’
Qr Qr Qr

with a constant C' depending only on data and r. Choosing ¢§ sufficiently small, we absorb the last integral
on the right-hand side of (4.21) in the left-hand side and arrive at inequality (4.10). The above arguments
are summarized in the following assertion.

Lemma 4.1. Let u be a classical solution of problem (2.7) with F. £ 0 and smooth data,,. If the coefficients
a, ¢ and the exponents p, q, s satisfy conditions (2.5), (2.6), f € LN*2(Qr), and

AT

then for every r > max{p™,2}

sup [[Vu(t)|l; o < sup [lwe(t)
(0.7) (0.7)

IMEINE

< C+|[Vuollra

, s N, r but independent of e. Moreover,

p+r+p p(2)+r 2
/ Vquz-i-/’ ( >

with a constant C' depending on the same quantities as C' and p.

with a constant C' depending on data, Ly, pt, ¢t

2
dz < C' (4.23)

Let f € L?(Qr) with o € (2, N +2). Proceeding exactly as in the case 0 = N 4 2, we arrive at inequality
(4.21) in which the second term on the right-hand side is now substituted by

o—2
ptr—2+37

Cor? (11120, + | Ficll20,) | €+ 2 / we T d (4.24)
Qr

with = 12_—“M and r satisfying (2.20). In (4.24), the term including || f[|2 ,, is estimated in Subsection 4.2.
The second term is estimated with the help of the parabolic embedding inequality (4.22):

JIPESY 2(gT—1
IFilte, <0 [ [(@+urstas| <c(i+ o)
Q1

<C (1 +IVulli g, + sup lu(®)llfq 1) ,

provided that

_N+2 _
0(q+*1)§pT < - <1+p

N+2
oN

By virtue of (2.11) [|F1||Z o, < C(data). The term involving Fj is estimated as in the case f € LN*2(Qr).

Lemma 4.2. Let u be a classical solution of problem (2.7) with F. #Z 0 and smooth data,,. Assume that the
coefficients a, ¢ and the exponents p, q, s satisfy conditions (2.5), (2.6), f € L°(Qr) with o € (2, N +2),
and
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N
+27 $+
oN

¢t <1+p- <p~.

For every r > max{p™, 2} satisfying condition (2.20)

(SRS

sup [[Vu(t)[l;q < sup we(@)]

< C A [[Vuoliya
(0,1) (0,1)

with a constant C' depending on data, Ly, pt, qt, s, N, r but independent of €. Moreover,

ptrtp= pz)r-2
/ |Vu|2dz+/’ ( )

with a constant C' depending on the same quantities as C, and p.

2
dz <’ (4.25)

5. Proofs of the main results
5.1. Proof of Theorems 2.1, 2.2

We give the detailed proof of Theorem 2.1. The assertion of Theorem 2.2 follows by the same argument
and is therefore omitted. Let {u.p,} be a sequence of classical solutions of problem (2.7) with the data data,,
and ue = lim,;, o Uem be the solution of problem (2.7) with data. By Proposition 2.1 and Lemma 4.1, for
every r > max{2,p*}

ptrtp—4
2

sup /(e2 + |Vt |?) 2 dx + /(62 + [Vtem|?) |Viem|?dz < C (5.1)

0,7
©onJ O

with a constant C independent of m and e. Letting m — oo and using the Fatou lemma we conclude that
u, satisfy inequality (5.1) with the same constant C. By Proposition 2.3 u = lim._,o uc(2) (along a sequence
{ex}) is a strong solution of problem (1.1). The functions w. = €2 + |Vu.|? converge to |Vu| a.e. in Q7 and
satisfy the uniform estimate (5.1), whence the conclusion.

5.2. Proof of Theorem 2.3

Let uem be the solution of problem (2.7) and wep, = €2 + |Vuen|?. By (4.25) the classical solutions of
problem (2.7) with the data,, satisfy the uniform estimates

=

pm+r2
o (w7, <€ i=T,
2,Qr

() ¢ L?(Q) such that

It follows that there exist functions n;

P2 (e)
D; (wem * ) —n; in LQ(QT)

(up to a subsequence). To identify 171(5) we use the pointwise convergence Vue,, — Vu. and the uniform
convergence p,, — p: for every ¢ € C(Qr)
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1, P)o.0p = lim (Di (wfﬁM) (;S)
v T m—o00 ’ 2,Q7

I’7n+7 -2
— i ( Vitem : ) 2
i (€ + [Vuen )57, Dig), (5.2
2 2 ptr—
= —((e"+ |Vue <. D; ) .
(€ +1vuc?) %) o
It follows that 771(5) =D, ((62 + |Vu6\2)p+£_2> € L*(Qr) and Hnge)| . are uniformly bounded. Then
771(6) —n; in L*(Qr), and n; = (|VU| P 2) because of the pointwise convergence Vu, — Vu. These
arguments prove (2.22) (i).
It is straightforward to compute that for every i,j =1, N
3 +T_1 Pmtr _ g 2 1 Pm+tr _o N 2
D (wem Djuem) - wem4 Dijuem + §(pm +r— 4)w6m4 Djuem Z Dkuekajuem
k=1
Pmtr _q
+ Wem* In Wermn Diprm D jtierm .
By (3.18)
Pmtr_q r_q Pm+7‘
Di (wem4 Dj“em)‘ < Clwem | (Uem)xz | + CQU)em |vuem| + CS

with any v > 0. Fix 0 < v < N+2 By Young’s inequality and (3.17), (4.25)

pmtr ) 2 , Pmtr _o 9
HDz (wem Djuem) H2 < C1 wem |(uem>zm| dz
T

)

, Pmtr—dty
+ G / Wem |Vtem|? dz + Cy < C

with an independent of € and m constant C. It follows that there exists 77( ) e L?(Qr) such that

Dy (w5 D) ) 2@
(up to a subsequence). The equality

0 = Di (€ + [Vud) ™ ~2Dju)
follows from the pointwise convergence Ve, — V..

For every 7,7 = 1, N there exists a sequence {771(;’“)} and 7;; € L?(Qr) such that 7]1(;’“) — n;;. To identify
n;; and prove (2.22) (ii) we repeat (5.2): for every ¢ € C(Qr)

. ptr
(1ijs S)aor = Jim (Di (e + Ve, [2)" ) Djue,, )
o] 2

ST

-l (<ek V) Dy D),

m) ron”

(|vu
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Appendix A. Proof of Proposition 3.1

Let a, b be given vectors. Integrating two times by parts we obtain

/lealebdl‘—/al,lede Z/alszb dx

99 i=lq
N N
:/ ay, divg— Z aiDl-bj COS(Ij/,\ZL'j) dS+/ Z Djal-Dibj dx (Al)
50 i,j=1 & =1
N
:/(audivg—((d-vﬂ-ﬁ) dS+/ " Dja;D;b; da.
99 Q hi=l

At every point of 92 we represent

i=i-+a,0, =Y a7, aj=(d7), a =(d7).

Let ¢ be a smooth vector. Using the representation ¢ = Z ¢iTi + ¢, ¥ and the formulas (7;,7) = 0,

o7 _ 10|77

— U= = 0, we rewrite the divergence operator on 9f2:
v 2 v
N-1 N-1 N-1 N—-1
. oc _, oc 0 o
divc = 25, T3 V= D5, Z ciTj e v | T+ Em T +cy 1%
i=1 =1 Jj=1 j=1
N-1 N-1 N-1 N-1
dc; o7y ov o7,  0Jcy
D IE I DI ED I vy
i=1 ij=1 -1 =1
By the same token
N-1 e > N-1 N-1
- ab b oby, _, 0Tk ob, _, ov
(@ vb= 0j=— +a, 5 = a; (—Tk—Fbk—)—F vV+b,—
=1 J 8Sj 81/ ) J ]; aSj aSj 8Sj 8Sj
N-1
8bk aTk 8by ov
v . b 4 bu
+“};<aﬂ’“ “ou o a)
and
N-1 N—-1 N-1
S N o7k _, ob, o7k _, ab,
((CLV)b)V: Z a]bkaju—l— . 65] +GVZbkEI/+CLVE.
3 k=1 j=1 k=1
Simplifying, we find that at every point of 9
N— N-1 N-1 N-1 N-1
L= - 0Tk _, ov 0b,, 0Ty _,
a,divb— ((@-V)d) - Z a— Z bka—S]TJ + a,b, 4 3_.SjTj j 7, Z a]bkaTjV
j=1 j,k=1 j=1 Ji.k=1
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An auxiliary computation:

' N-1 g - ) N-1 oa, N-1 b, o7
leT< a, .,_):Za—sZ Za,,b T -Ti:“z asib‘j(’]—i77—j)+al’. ‘ 3Si(7i7Tj)+aV Z bj6—SiTi
i=1 j=1 i,j=1 i,j=1 i,j=1
N-1 N-1 N-1
Oa, 0b; 075
= Z 8Slbi+au 4 8 + a, Z bja_SiTi.
i=1 i=1 i,j=1
A combination of the last two formulas gives
N—-1 N-1
. - o . Oay 0b,, o _,
a, divb — ((@- V)b) - 7 = div, (a ) 2 ( b; + a; ) + ayb, Z 83]7—] ;lajbka—sjy.

Fix a point zg € 9, place the origin of the local coordinate system {y;}}¥, at xo, and represent locally 95
by the graph of the C?-function: yny = ¢(y’) where ¥’ = (y1,...,yn—1) belong to the tangent plane to 9
at y = 0. For every tangent to 02 vectors &, 7] the second fundamental form of 9 at xq is defined by the
equality

On the other hand,

N-1

N—
Z y,y, (0)&in; and _Zasi 7, = trace B = ZDybyb (0),

i=1 i=1

because

(T, 7) =0 = G V="Tk 5
Since the field a, b, is tangent to OS2, by the divergence theorem
/ div, (a,b,) dS =o.
o0

The integral over 02 takes on the form

/(al, divh — ((a-vf)-ﬁ) s

o0
/Z <8Clyb +a abV) s — /B aﬂ /a,jbl,traceBdS (A~2)
o

oq =1 N
- —/ (aTvT(E.ﬁ)JrETvT(a- ﬁ)) ds — /B(dT;ET)dS— /al,bu trace BdS.
[o9) o0 o0

Hence, the proof.
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