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Abstract The precipitation of high-energy magnetospheric electrons (E ∼ 600 eV–10 KeV) in the
diffuse aurora contributes significant energy flux into the Earth’s ionosphere. To fully understand
the formation of this flux at the upper ionospheric boundary, ∼700–800 km, it is important to consider
the coupled ionosphere-magnetosphere system. In the diffuse aurora, precipitating electrons initially
injected from the plasma sheet via wave-particle interaction processes degrade in the atmosphere
toward lower energies and produce secondary electrons via impact ionization of the neutral atmosphere.
These precipitating electrons can be additionally reflected upward from the two conjugate ionospheres,
leading to a series of multiple reflections through the magnetosphere. These reflections greatly influence
the initially precipitating flux at the upper ionospheric boundary (700–800 km) and the resultant population
of secondary electrons and electrons cascading toward lower energies. In this paper, we present the
solution of the Boltzman-Landau kinetic equation that uniformly describes the entire electron
distribution function in the diffuse aurora, including the affiliated production of secondary electrons
(E < 600 eV) and its energy interplay in the magnetosphere and two conjugated ionospheres. This solution
takes into account, for the first time, the formation of the electron distribution function in the diffuse
auroral region, beginning with the primary injection of plasma sheet electrons via both electrostatic
electron cyclotron harmonic waves and whistler mode chorus waves to the loss cone, and including
their subsequent multiple atmospheric reflections in the two magnetically conjugated ionospheres. It is
demonstrated that magnetosphere-ionosphere coupling is key in forming the electron distribution function
in the diffuse auroral region.

1. Introduction

The diffuse aurora accounts for about 75% of the auroral energy that precipitates into the ionosphere [e.g.,
Sandford, 1968; Newell et al., 2009], and its origin has recently been the subject of many discussions and pub-
lications. It is accepted that the diffuse aurora is the result of pitch angle scattering of plasma sheet electrons
into the loss cone by different kinds of wave-particle interaction (WPI) processes [e.g., Belmont et al., 1984;
Lyons, 1984; Roeder and Koons, 1989; Johnstone et al., 1993]. Electron cyclotron harmonic (ECH) waves and
whistler mode chorus waves resonate with electrons in the energy range from 100 eV to several keV and
have been associated with enhanced flux of low-energy electrons [Lui et al., 1977; Anderson and Maeda, 1977;
Ni et al., 2008; Meredith et al., 2009].

Ions and electrons both precipitate during the diffuse aurora; however, the average integral number flux of
precipitating auroral ions is usually 1 to 2 orders of magnitude less than the average integral number flux
of precipitating auroral electrons [Hardy et al., 1985, 1989], which is why this paper focuses only on electron
precipitation.

ECH waves are electrostatic emissions observed in bands between the different harmonics of electron
gyrofrequency, fce , and are sometimes called “n + 1

2
” waves because the emissions typically appear close to

the odd integral half harmonics of the fce [e.g., Kennel et al., 1970]. ECH waves are generally excited near the
magnetic equator outside of the plasmapause and propagate at angles that are very large with respect to the
ambient magnetic field. Whistler mode chorus waves are electromagnetic emissions with frequency below fce.
Chorus waves range in frequency from 0.1 to 0.8 fce and typically occur within two distinct frequency bands,
a lower and an upper band, with a gap in wave power at 0.5 fce [e.g., Burtis and Helliwell, 1969]. Chorus waves
predominantly propagate parallel or quasi-parallel to the ambient magnetic field. Their intensity depends
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strongly on geomagnetic activity. Previous work [Su et al., 2009, 2010; Thorne et al., 2010] has shown that reso-
nant scattering by upper band chorus (UBC) is capable of causing ∼100 eV to ∼2 keV electrons to precipitate
into the loss cone. By contrast, lower band chorus (LBC) waves are most effective in causing precipitation
of >2 keV plasma sheet electrons. Su et al. [2010] also find that whistler mode chorus waves are more effec-
tive at producing diffuse aurora at larger L shells. This is generally consistent with previous statistical results
[Meredith et al., 1999] and suggests that whistler mode waves are a dominant cause of pancake distribution
formation outside L = 6.0, whereas inside L = 6.0, and particularly, near the plasmapause, ECH waves also
make a significant contribution.

As a consequence, both ECH and whistler waves should be considered in any explanation of the diffuse aurora.
More recent studies by Ni et al. [2012] and Zhang et al. [2015] support the scenario that ECH emissions can be
a large or even dominant driving source of diffuse auroral precipitation in the outer magnetosphere (L> 8),
while whistler mode chorus waves are mainly responsible for the occurrences of the diffuse aurora in the inner
magnetosphere (L<8). This owes to the fact that only chorus can explain the observations of a pancake
electron distribution, which occur after electrons at small pitch angles are scattered into the loss cone [Thorne
et al., 2010; Tao et al., 2011]. Highly anisotropic electron pitch angle distributions, which have a peak at 90∘

to the magnetic field, are called pancake distributions because of the way they appear in velocity space
[Wrenn et al., 1979].

There are two scientific communities, the ionospheric and magnetospheric, which deal with the theoretical
description of diffuse auroral electron precipitation and its consequences. In the ionospheric community,
several models of Earth’s auroral electron transport have been developed, including a two-stream approach
[Banks et al., 1974], a multistream approach, which offers detailed pitch angle resolution [Strickland et al., 1976],
a numerical computation of the Boltzmann-Landau kinetic equation [Khazanov, 1979], a two-stream discrete
ordinate approach [Stamnes, 1981], an application of a Feautrier solution [Link, 1992], a discrete ordinate
technique [Lummerzheim and Lilensten, 1994], and a Monte Carlo technique [Solomon, 1993]. Min et al. [1993]
applied the discrete ordinate approach of Lummerzheim and Lilensten [1994] and added small field-aligned
ionospheric electric fields, allowing the study of ambipolar diffusion field influence on electron precipitation.
Peticolas and Lummerzheim [2000] created a time-dependent electron transport model that simulates either
flickering aurora or fast moving auroral filaments. However, all of the aforementioned approaches to auroral
precipitation focus on superthermal electron (SE) transport at ionospheric altitudes in only one ionosphere,
without taking into account the magnetically conjugate region.

The magnetospheric community focuses mostly on the processes that drive electron precipitation in the
diffuse auroral region. As well known from literature, the source population for the diffuse aurora is plasma
sheet electrons, with energies from hundreds of eV to 10 keV, which are scattered by resonant WPI into the
loss cone [Fontaine and Blanc, 1983]. As mentioned above, it is also known that in this energy range both
ECH and whistler mode chorus resonate with electrons [Anderson and Maeda, 1977] and both have thus been
considered as mechanisms of electron precipitation from the plasma sheet. Their relative importance to
driving the diffuse aurora still remains controversial and is a subject of much debate in the magnetospheric
community [e.g., Kennel et al., 1970; Lyons, 1974a; Belmont et al., 1983; Roeder and Koons, 1989; Horne and
Thorne, 2000; Meredith et al., 2000; Horne et al., 2003; Meredith et al., 2009; Thorne et al., 2010]. This paper will
not attempt to argue what kind of waves, ECH or whistler mode chorus, are responsible for the scattering of
plasma sheet electrons into the loss cone. They both contribute to diffuse aurora formation and they both
can be relatively important, depending on their L shell location [Ni et al., 2011a, 2011b; Tao et al., 2011; Zhang
et al., 2015]. As this paper will show, WPI that drives precipitating fluxes in the region of diffuse aurora is only
the first step in the formation of electron precipitation at ionospheric altitudes, which cannot be separated
from the ionospheric calculation of electron flux degradation in the upper atmosphere via different kinds of
collisional processes.

The majority of the theoretical electron precipitation studies in the ionospheric and magnetospheric commu-
nities that we have mentioned above have been basically disconnected. They are based on the assumption
that the only source for the formation of such precipitation into the atmosphere-ionosphere system is pitch
angle diffusion from the trapped zone to the loss cone. These studies do not consider the contribution of
ionosphere-magnetosphere coupling (IM) processes in the formation of the electron distribution function
at the ionosphere-magnetospheric boundary (700–800 km), which was recently studied for the first time
by Khazanov et al. [2015a, 2015b]. Initial precipitation into the atmosphere is indeed, as typically discussed,
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the result of pitch angle scattering of plasma sheet electrons into the loss cone by different kinds of WPI
processes. However, this is only the first step of the formation of the electron auroral precipitation at the upper
ionospheric boundary; there is a second step that is missing from all previous theoretical studies of particle
precipitation. As shown by Khazanov et al. [2014], depending on the energy spectra of the initial precipita-
tion, about 15–40% of the energy of precipitated electrons returns back to the magnetosphere and conjugate
ionospheric point of auroral magnetic field line. These returning SE fluxes experience additional degradation
(energy cascade), secondary SE production, and reflection in the conjugate atmospheric region. This process
can occur multiple times, causing electrons that go through multiple reflections to continuously lose their
initial energy through the nonelastic collision processes of ionization and of excitation of neutral compo-
nents of the ionosphere. Ionization leads to the production of secondary electrons (E < 500–600 eV) and, as
a result, to the activation of lower energy SE spectra. The excitation of the neutral atmosphere also leads to
an increase in the low-energy part of the electron spectra. Together with the secondary electron population,
these SE participate in the heating of the plasma of ionosphere and magnetosphere via Coulomb collisions
and their consequent trapping in the magnetosphere. These and other additional energy interchanges due
to the SE population were discussed and calculated by Khazanov et al. [2014, 2015a, 2015b].

The precipitating electron spectral shape and differential fluxes in the diffuse aurora are very similar to those
of the trapped plasma sheet electrons. A clearly defined relationship between the diffuse aurora and its
particle source region was developed using observations of particles at geosynchronous orbit, observations
of the auroral display, and observations of auroral electron precipitation around conjugate field lines, which
was observed by DMSP 32, a polar-orbiting satellite, and presented by Meng et al. [1979]. In these obser-
vations of the diffuse aurora, electron differential fluxes and precipitating spectral shape was highly similar,
sometimes even identical, to those of electrons that had been trapped in the plasma sheet and were
simultaneously located at the conjugate magnetospheric equator. The characteristics of auroral electron
precipitation are therefore determined by the features of particles in the conjugate magnetospheric equator,
suggesting that the direct dumping of plasma sheet electrons is what produces the diffuse aurora. This char-
acteristic similarity indirectly provides evidence for a lack of parallel electric fields in diffuse auroral regions.
Diffuse electron precipitation is thus expected to occur simultaneously in both magnetically conjugate
ionospheres.

As this paper will show, taking into account the diffuse auroral electron precipitation that is initially driven by
WPI processes in the plasma sheet into both the magnetically conjugate ionospheric regions and the multiple
reflections and degradation of these electrons in both conjugate atmospheres, increases the efficiency of
the energy deposition of the electron diffuse aurora in the ionosphere-magnetosphere system. Compared to
our previous recent studies of the formation of electron distribution function in the region of diffuse aurora
[Khazanov et al., 2014, 2015a, 2015b] we will now not be assuming the upper boundary conditions in the
magnetically conjugated ionospheres at the altitude of 800 km. In this paper these boundary conditions
represent a natural formation that occurs via WPI in the Earth’s plasma sheet in combination with MI
coupling processes, including at the altitude of 800 km where the ionospheric community typically uses these
precipitated fluxes as artificially imposed boundary conditions.

This paper is organized into the following sections: the physical scenario and mathematical formalism of the
simulations are described in section 2. Section 3 presents pitch angle scattering diffusion coefficient calcu-
lations by ECH waves and by whistler mode waves. All of our results are discussed in section 4, and finally,
section 5 presents a summary and our conclusions.

2. Physical Scenario

The nonsteady state SuperThermal Electron Transport (STET) code, which we use for this study, was devel-
oped initially by Khazanov et al. [1992, 1993] for SE transport in the plasmasphere. The structure of this code,
however, as well the idea of numerically implementing the kinetic electron equation in an inhomogeneous
magnetic field, were based on the photoelectron transport code presented by Khazanov [1979] about 40 years
ago. This code was generalized for further studies of ionosphere-magnetosphere coupling [Khazanov et al.,
1994; Khazanov and Liemohn, 1995] and global transport of SE [Khazanov et al., 1996] as well as for the study
of relativistic beam injections to space plasma [Khazanov et al., 1999]. The STET model implements a full
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solution of the Boltzmann-Landau kinetic equation for the SE ionosphere-magnetosphere (I-M) coupling
scenario, a solution which was derived by Khazanov [2011] and discussed in recent studies by Khazanov et al.
[2014, 2015a, 2015b].

The SE I-M coupling problem, for electron energies E> 1–2 eV, starts with the Boltzmann-Landau kinetic
equation presented by Khazanov [2011]. As we mentioned above, the dissipation processes for magneto-
spheric electrons in the diffuse aurora are affiliated with the cascading of high-energy electrons toward
smaller energies and the production of secondary, tertiary, and further resultant electrons. Such ionization
cascades can be treated with just a single kinetic equation, which includes all of the aforementioned processes
[Khazanov et al., 1994]. Following Khazanov [2011], this equation can be written as

1
v
𝜕Φ
𝜕t

+ 𝜇 𝜕Φ
𝜕s

− 1 − 𝜇2

2

(1
B
𝜕B
𝜕s

− F
E

)
𝜕Φ
𝜕𝜇

+ EF𝜇
𝜕

𝜕E

(Φ
E

)
= Q + ⟨S⟩ (1)

where Φ = 2Ef∕m2 is the SE flux, t is time, v is SE velocity, E is the particle energy; s is the distance along
the field line, and 𝜇 is the cosine of the pitch angle. The geomagnetic field, B, includes inhomogeneities, and
other forces, such as electric fields, are included in F. Q is the source term for SE, and ⟨S⟩ includes collisional
integrals of SE interaction with neutral particles, thermal electrons, and ions, as well as WPI processes with
different kinds of waves. All these terms are presented in Appendix A to this paper. The total gradient of
thermal electron pressure is used to express the electric field in kinetic equation (1).

The STET code is nonsteady state (NSS) by nature, and this paper only presents the steady state result because
the NSS calculation would require the time history of ECH, LBC, and UBC waves emissions, which is not
available at this point. According to Horne et al. [2003], Meredith et al. [1999, 2009], Li et al. [2013], and Zhang
and Angelopoulos [2014], ECH, LBC, and UBC waves emissions can last for several hours. In this case the forma-
tion of the electron distribution function in the energy range from tens of eV to several keV, the energy range
of major focus in this paper, can be considered as a steady state process because it takes only several bounce
periods [Khazanov, 2011] in the loss cone to reach the steady state condition for SE of these energies (see also
Khazanov et al. [1993], Khazanov and Liemohn [1995], and Khazanov et al. [2012] for the specific details).
Accordingly, all of our simulation results, which are presented in section 4, correspond to the steady state
condition, and most of our results are presented at ionospheric altitudes that correspond to the
loss/source cone.

It is useful to change variables in (1) from (𝜇, s) to (𝜇0, s) in order to reduce unwanted effects associated with
the approximation errors in numerical computation of the derivatives 𝜕

𝜕s
and 𝜕

𝜕𝜇
. This change of variables is

given as

𝜇0 = 𝜇|𝜇|
√

1 −
B0

B
(1 − 𝜇2) (2)

with B0 denoting magnetic field and 𝜇0 denoting the cosine of the pitch angle at the flux tube magnetic
equator. This is a desirable change of variables because it changes 𝜇 to a slowly varying function of s
(in the absence of external forces, 𝜇0 is simply the adiabatic invariant). Thus, approximation errors of numeri-
cal differentiation and their associated computation effects can be avoided (see Khazanov [2011] for details).
Figure 1 represents the regions of the solution of kinetic equation (1) using different pitch angle variables
connected by (2). The blue area on these plots corresponds to the loss cone region, and the regions with
trapped electrons are shown in yellow, where lines illustrate the trajectory of bouncing particles.

The new variable 𝜇0 takes on values in the range |𝜇0b
| < |𝜇0| < 1, where the lower boundary 𝜇0b

(s) =√
1 − B0∕B(s) is a function of s. The algorithm we use to solve kinetic equation (1) in the new variables

(𝜇0, s) has the specific feature that because the definition of 𝜇0 varies with s, the number of grid points in
𝜇0 also varies with s. In the magnetosphere, where magnetic field inhomogeneities cause s to vary signifi-
cantly, the amount of steps in 𝜇0 is doubled for each step in s toward the magnetic equator. Figure 7.1 of
the book by Khazanov [2011] illustrates this scheme by showing the adopted grid, presented as function of
𝜃0 = cos−1 𝜇0 and s.

Compared to our papers [Khazanov et al., 2014, 2015a, 2015b] we are not setting our boundary conditions
for the SE fluxes at the altitudes of 800 km in both conjugate ionospheric regions. In this paper the fluxes at
800 km form naturally based on WPI processes in the Earth’s plasma sheet, as well as the multiple reflections
and degradation of these electrons in both magnetically conjugated atmospheres.
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Figure 1. Regions where we solve the kinetic equation (1) using different pitch angle variables (left) 𝜇 and (right) 𝜇0,
which are connected by equation (2). The blue region corresponds to the loss cone and the yellow region to the trapped
zone, where lines illustrate the trajectory of bouncing particles. The loss cone/trapped zone boundary is shown in red.

Following numerical techniques presented by Khazanov [1979] and Khazanov et al. [1993, 1994], we solve
kinetic equation (1) for the new variables (E, 𝜇0(𝜇, s), s) under boundary conditions given as

Φ(s = −s1, 𝜇0, E) = Ψ−(t, 𝜇0, E) − 1 ≤ 𝜇0 ≤ −
√

1 − B0∕B(−s1)

Φ(s = s1, 𝜇0, E) = Ψ+(t, 𝜇0, E)
√

1 − B0∕B(s1) ≤ 𝜇0 ≤ 1
(3)

Φ(s, 𝜇0, E) = Φtrap(𝜇0, E) −
√

1 − B0∕B(−s1) ≤ 𝜇0 ≤ −
√

1 − B0∕B(s)
√

1 − B0∕B(s) ≤ 𝜇0 ≤ √
1 − B0∕B(s1) (4)

𝜕Φ(𝜃0 = 0, 𝜋)
𝜕𝜃0

= 0; 𝜃0 = cos−1 𝜇0 (5)

Φ+(s, 𝜇0 = 𝜇0b
, E) = Φ−(s, 𝜇0 = −𝜇0b

, E) (6)

𝜕Φ+

𝜕𝜃0
(s, 𝜇0 = 𝜇0b

, E) = −𝜕Φ
−

𝜕𝜃0
(s, 𝜇0 = −𝜇0b

, E) (7)

Φ(s, 𝜇0, E = Emax) = 0 (8)

where Ψ± are lower altitude boundary conditions at 90 km, which were calculated from equation (1) for the
condition of local equilibrium and 𝜃0 is the equatorial pitch angle.

Compared to all our previous work, we have introduced a new boundary condition (4) at the edge of the
trapping zone (as shown in red in Figure 1 as 𝜇

LC
or 𝜇0LC

, depending on pitch angle variables), for the energies
E ≥ 600 eV, because the main purpose of this paper is to predict electron precipitation into the diffuse auroral
region, based on the trapped electron fluxes in the Earth’s plasma sheet and their interaction with ECH, LBC,
and UBC waves, which is presented in section 3. In this study, we assume that trapped electron fluxes, which
are defined by (4), are isotropic and that their energy distribution is consistent with the typical Maxwellian-like
energy distribution in the region of diffuse aurora [Rees, 1989]

Φtrap(E) = AEe−E∕E0 (9)

where A is normalization factor and E0 is the characteristic energy of the trapped plasma sheet electrons. We
discuss the selection of these parameters in the section 4.
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Figure 2. The physical scenario for this paper illustrating I-M exchange and WPI interaction processes. WPI (orange)
causes primary precipitation (large red and yellow arrows) which can ionize the neutral atmosphere and produce
secondary electrons. Secondary electron fluxes can also escape (blue) and precipitate into the conjugate region.

In the STET SE model, we use the following input: neutral thermospheric temperatures and densities are
taken from the MSIS-90 model [Hedin, 1991], the ionospheric electron profile is calculated from the Interna-
tional Reference Ionosphere (IRI) model that [Bilitza, 1990] extended into the plasmasphere assuming that
plasmasphere electron thermal density distribution varies in direct proportion to geomagnetic field as ne∼Ba,
choosing a that is consistent with the calculation of D𝛼𝛼 that we present in the following section.

We have calculated D𝛼𝛼 at two radial distances: L = 4.6 and 6.8. For L = 4.6 we have used ne = 21.5 cm−3

and B0 = 312 nT, and for L = 6.8 we have used the values 12.0 cm−3 and 92.5 nT. The values of ne and B0 are
based on the measurements by PWE (Plasma Wave Experiment), LEPA (Low Energy Plasma Analyzer), and the
fluxgate magnetometer on board the CRRES spacecraft [Meredith et al., 1999]. The parameter a is selected to
be consistent with these values.

It should noted here that the selection of the thermal density structure in the ionosphere and plasmasphere is
a very important element that strongly influences superthermal electron fluxes below the energies 10–20 eV.
Here as in Khazanov et al. [2014], we use a density structure based on the IRI 90 model at ionospheric altitudes
with modifications that have been introduced and extensively discussed by Khazanov and Liemohn [1995]
using results suggested by Buonsanto [1989]. It is known that the usage of IRI 90 leads to large errors, particu-
larly at high altitudes [e.g., Buonsanto, 1989; Decker et al., 1997]. The cross sections for state-specific excitation,
elastic collisions, and ionization were taken from Solomon et al. [1988]. All the calculations were performed for
midnight local time, with F10.7 and ⟨F10.7⟩ values of 150 and symmetric atmospheric conditions.

In this paper, the physical scenario and model are similar to that in Khazanov et al. [2015b] and are shown in
Figure 2. An orange cloud indicates where precipitating electron fluxes are produced via WPI between plasma
sheet electrons and ECH, LBC, and UBC waves. Hot electrons, with energies above 600 eV, are illustrated by
tight orange spirals, and they are pitch angle scattered by the ECH and whistler waves drawn in gray. The hot
electron fluxes were set up by (9) in the trapping zone region, as shown in Figure 1. The primary electrons,
which precipitate symmetrically, enter the conjugate northern and southern ionospheres after being
scattered into the loss cone, are indicated with yellow and red arrows labeled Precipitating Primary Flux, and
come from the loss cone boundary conditions that have been described in Figure 1. Unlike our previous
papers [Khazanov et al., 2014, 2015a, 2015b] we calculate this precipitated flux at 800 km for the entire energy
range of 1 eV and 10 KeV. Figure 2 also shows, with blue arrows, the secondary electron (SE) flux (E < 600 eV)
that results from primary precipitation, which was calculated in the magnetosphere and both magnetically
conjugated regions using the same method as in Khazanov et al. [2014, 2015a, 2015b]. The calculation, which
is based on the solution of a single kinetic equation (1) with the collisional processes presented in Appendix A,
includes the cascading of high-energy precipitated electrons from the magnetosphere toward small
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energies and the production of secondary, tertiary, and further resultant electrons. In Figure 2, blue spirals
show particles that escape and move along magnetic field lines, some of which are trapped via Coulomb and
WPI collisional processes. This trapped population is shown by a blue cloud.

As mentioned above, in this study the precipitated electron fluxes at 800 km form naturally via WPI processes
in the Earth’s plasma sheet in the combination with MI coupling processes. Also, the energy range for precipi-
tated particles has been selected as 600–10,000 eV, a selection that does not have a principle effect here and
simply has been chosen in order to be consistent with our previous studies by Khazanov et al. [2014, 2015a,
2015b] and to demonstrate the principle differences between some of the other theoretical approaches.

Section 4 of this paper will further describe this scenario and detail the contribution of different processes in
the formation of electron distribution function in the region of the diffuse aurora.

3. Pitch Angle Diffusion in the Earth’s Plasma Sheet
3.1. Wave Modes and Their Characteristics
A number of plasma waves have been observed in the Earth’s magnetosphere. These include whistler mode
chorus, plasmaspheric hiss, electrostatic cyclotron harmonics (ECH) emissions, ion cyclotron waves, and equa-
torial noise emissions. Among these the ECH and whistler mode chorus waves have received great attention
due to their important role in pitch angle diffusion of plasma sheet electrons into the loss cone producing
diffuse aurora.

ECH emissions are electrostatic emissions observed in bands between harmonics of the electron gyrofre-
quency, fce. ECH emissions are localized within a few degrees of the magnetic equator and are usually seen
∼2100–0600 magnetic local time (MLT), the dawn and night regions, for 4 <L <10 [Roeder and Koons, 1989;
Meredith et al., 2009; Ni et al., 2011a] and may even extend up to L ≈ 12. ECH wave amplitudes are typically in
the range 0.1–2.0 mV m−1 depending on substorm activity. In their model of plasma sheet electron interaction
with ECH waves, Zhang et al. [2013] suggested that though their amplitude may be smaller than current
detection levels, ECH waves may exist even beyond ∼ L = 12. It is thought that ECH waves are driven by the
loss cone instability of the ambient hot plasma sheet electron distribution in the presence of a low-density
cold component [Ashour-Abdalla and Kennel, 1978; Horne, 1989; Horne et al., 2003; Tripathi et al., 2014a].
The harmonic bands are determined by cold electron density, which can be unstable. The first cyclotron
harmonic band usually contains the major intensity of ECH wave power.

Chorus is an intense electromagnetic wave emission that propagates in the right-handed polarized whistler
mode with frequency below fce. Whistler mode chorus waves are predominantly observed in the low-density
region of the Earth’s magnetosphere, outside the plasmasphere, over a wide distribution of magnetic local
times (2200–1300 MLT). Distinct variations between nightside (2200–0600 MLT) and dayside (0600–1300
MLT) chorus have also been seen in observations. In particular, the majority of nightside chorus is confined
to latitudes within 15∘ of the magnetic equator, while dayside chorus is able to propagate to much higher
latitudes. Dayside chorus also typically propagates with wave normal angles larger than those of nightside
chorus [Li et al., 2009; Ni et al., 2011b; Meredith et al., 2012]. Chorus wave amplitudes range from more than
∼100 pT during active times to well below 10 pT during quiet times. Whistler mode chorus waves are driven
unstable by temperature anisotropies that cause linear growth at frequencies 𝜔∕Ωe ≤ A∕(1 + A) where A is
the temperature anisotropy given by A = (T⟂∕T||) − 1, and T⟂ (T||) is the electron temperature in a direction
perpendicular (parallel) to Earth’s magnetic field [Kennel and Petschek, 1966] and Ωe = 2𝜋fce. Several theories
of nonlinear wave growth have also been developed to better understand chorus wave characteristics and
generation processes [e.g., Omura et al., 2009].

3.2. Electron Resonances
Scattering of plasma sheet electrons in the atmospheric loss cone is predominantly controlled by resonant
interactions with plasma waves that are Doppler shifted in frequency to some integral multiple n of the
electron cyclotron frequency. The resonance condition is expressed as

𝜔 − k||v|| = nΩce, n = 0,±1,±2, · · · (10)
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where k|| and v|| are components of wave propagation vector and particle velocity along the ambient
magnetic field. For parallel propagating chorus waves the dispersion relation is given by [Stix, 1962](k||c

𝜔

)2

=
𝜔2

pe

𝜔Ωe

1
(1 − 𝜔∕Ωe)

(11)

where 𝜔pe is the electron plasma frequency and c is the velocity of light. Pitch angle diffusion by chorus
waves is dominated by first-order cyclotron resonance. Using equations (10) and (11) the minimum energy
for electrons which undergo first-order cyclotron resonance with parallel propagating chorus can be
expressed as

Emin = EM

Ωe

𝜔
(1 − 𝜔∕Ωe)3 (12)

where EM = B2
0∕8𝜋nc, nc is the cold electron density and B0 is the ambient magnetic field. From equation (12)

it is noted that lower frequency whistler mode waves resonate with higher-energy electrons, while
higher-frequency waves resonate with lower energy electrons.

For ECH waves the wave vector has to be obtained by solving the hot plasma dispersion relation. The parallel
wave vector (k||) is estimated for a certain wave normal angle and then minimum resonant energy is calculated
using equation (10). For electrostatic waves hot plasma dispersion relation is given by

𝜖(𝜔, k) = 1 −
𝜔2

pe

k2

∞∑
n=−∞∫ dv

J2
n[k⟂v⟂∕Ωe]

k||v|| − 𝜔 − nΩe
×

[
nΩe

v⟂

𝜕F
𝜕v⟂

+ k|| 𝜕F
𝜕v||

]
(13)

Here Jn is the Bessel function of order n and F is the electron distribution function. For a Maxwellian plasma,
assuming k⟂ >> k||, equation (13) becomes

1 =
2𝜔2

pe

𝜆

∞∑
n=1

e−𝜆In(𝜆)
n2

𝜔2 − n2Ω2
e

(14)

where In(𝜆) are the modified Bessel functions with 𝜆 = Tc k2

meΩ2
e

, Tc is the cold electron temperature, and me the

mass of electron.

Ronnmark et al. [1978] have given solution of equation (13) for a three-component model distribution function
with B0 = 158 nT [Ronnmark et al., 1978, Figures 2 and 6]. We use this solution to illustrate the calculation of
resonant energy of ECH waves. For wave normal angle 89∘, k|| is found to be 4.8×10−6 cm−1 and 8.8×10−6 cm−1

for 𝜔(= 𝜔∕Ωe) = 1.6 and 1.3, respectively. Substituting these values in equation (10) and using n = 1, we
obtain the minimum resonant energies 3.4 keV and 259 eV for𝜔 = 1.6 and 1.3, respectively, whereas for n = 2,
the corresponding energy values are 1.5 keV and 1.4 keV. It may now be noted that these values of k|| do
not change in the solution of dispersion relation of a Maxwellian plasma for the model distribution function
used by Ronnmark et al. [1978]. Further, Tripathi and Singhal [2005] have solved equation (14) for a somewhat
different set of plasma parameters and a different magnetic field (B0). It is found that the k|| values are not
too different. Thus, in the present study, minimum resonant energies for ECH waves will differ from the values
mentioned above by approximately 4 times for L = 4.6 (B0 = 312 nT) and about 1/3 for L = 6.8 (B0 = 92.5 nT).
These estimates are obtained using the solution of parallel wave vector from Ronnmark et al. [1978]. Also,
lower values of resonant energy will be obtained for lower values of the wave normal angle.

3.3. Diffusion Coefficient for ECH Waves
The pitch angle diffusion coefficient for electrostatic ECH waves, in units of per second, is given by Lyons
[1974a],

D𝛼𝛼 =
∞∑

n=−∞∫ k⟂dk⟂

[
𝜓n,k

(
(nΩe∕𝜔k) − sin2 𝛼

sin 𝛼 cos 𝛼

)2]
k∥=k∥res

(15)

where

𝜓n,k = e2

4𝜋m2
e

|Ek|2

V

(
𝜔k|k|

)2 J2
n(k⟂v⟂∕Ωe)

v4|v∥ − 𝜕𝜔k∕𝜕k∥|
and k⟂ and k∥ are the components of the wave vector perpendicular and parallel to the ambient magnetic
field B0, respectively, k∥res = (𝜔k − nΩe)∕v∥, Ωe = |eB0∕me| is the (angular) electron gyrofrequency, Ek is wave
electric field at each k, 𝜔k is wave frequency as a function of k, and v and 𝛼 are, respectively, particle velocity
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Figure 3. ECH wave diffusion coefficients D𝛼𝛼 calculated using the approach of HT (solid lines) and TS (dashed lines)
at two radial distances: (a) L = 4.6 and (b) L = 6.8 for electrons of energy 500 eV. There is general agreement (except
bumps) between the two approaches.

and pitch angle. V indicates the plasma volume, e∕me the electron charge to mass ratio, and Jnthe Bessel
function of order n. In the work of Horne and Thorne [2000] [also Ni et al., 2011a] the electric field spectrum is
assumed to have the form

|Ek|2 = Ak2
⟂ exp

⎡⎢⎢⎣−
(

k⟂
k⟂0

)2⎤⎥⎥⎦
{

exp

[
−

(k|| − k||0

Δk||
)2]

+

[
−

(k|| + k||0

Δk||
)2]}

(16)

where A = 4𝜋3∕2

k4
⟂0

Δk|| V|EW |2 is the normalization constant. Tripathi and Singhal [2009] express

|Ek|2 = [V∕N(𝜔)]E2(𝜔)g𝜔(𝜃) (17)

where N(𝜔) is a normalization factor [Lyons, 1974b]

N(w) = 2∕2𝜋2∫
0

1
g𝜔(cos−1 x)k⟂

|||||J
(k⟂, k||
𝜔, x

)||||| dx (18)

Here E2(𝜔) is the square of wave electric field per unit frequency and g𝜔(𝜃) gives the distribution of wave

energy with wave normal angle 𝜃 (angle between B0 and k), x = cos 𝜃, and J
(

k⟂ ,k∥
𝜔,x

)
is the Jacobian of the

transformation.

3.4. Diffusion Coefficients for Whistler Mode Waves
To calculate the diffusion coefficient (D𝛼𝛼) for whistler mode waves, we have used the expression of D𝛼𝛼 given
by Lyons [1974b] [also Singhal and Tripathi, 2006; Tripathi et al., 2014b]

D𝛼𝛼 =
∞∑

n=−∞∫
xmax

0
xdxDnx

𝛼𝛼
(19)

where x = tan 𝜃 and Dnx
𝛼𝛼

is given by

Dnx
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=
𝜋 cos5 𝜃Ωe
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− sin2 𝛼 − nΩe∕𝜔k

)2 |𝜙n,k|2

2C1𝜓
3∕2|1 + nΩe∕𝜔k|3I(𝜔k)

× f (𝜔)g𝜔(x)
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1 − 1
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𝜕k||
|||||x

)||||||( 𝜔k
Ωe

)
=
(
𝜔k
Ωe

)
res

(20)

where f (𝜔) is the wave magnetic field spectral density and g𝜔(x) gives the wave normal distribution,

C1 = ∫ f (𝜔)d𝜔. Expressions for |𝜙n,k|2, I(𝜔k), 𝜓 , and 𝜕𝜔k

𝜕k||
||||x

are obtained using the dispersion relation for cold

plasma waves [Stix, 1962] under the high-density approximation ((𝜔pe∕Ωe)2 ≫ 𝜔∕Ωe) [Lyons, 1974b; Singhal
and Tripathi, 2006]. This high-density approximation was also used by Su et al. [2009, 2010]. Ni et al. [2008],
Shprits and Ni [2009], and Ni et al. [2011b] calculated the diffusion coefficient using the Full Diffusion Code
in a manner similar to that of Glauert and Horne [2005]. The Full Diffusion Code uses the full electromag-
netic dispersion relation for cold magnetized plasma, so it can address any ratio of plasma to cyclotron
frequency, 𝜔pe∕Ωe.
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Figure 4. Pitch angle diffusion coefficients D𝛼𝛼 as a function
of pitch angle for UBC waves at L = 4.6 for four different
energy values.

3.5. Approaches and Comparison
For diffusion coefficients of ECH waves the use
of equation (16) based on Horne and Thorne
[2000] produces smooth D𝛼𝛼 profile, while
using equations (17) and (18) expressed by
Tripathi and Singhal [2009] produces bumps in
the calculation of D𝛼𝛼 profile. In Figure 3 we
have compared the D𝛼𝛼 calculations using the
approach of Horne and Thorne [2000, HT] and
Tripathi and Singhal [2009, TS] at two radial dis-
tances: (a) L = 4.6 and (b) L = 6.8 for electron
energy 500 eV. It may be noted that there is
general agreement (except bumps) between
the both approaches.

In the present work, the calculated values of
ratio 𝜔pe∕Ωe are 4.8 and 12.0 for L = 4.6 and
6.8, respectively. Therefore, the high-density
approximation is applicable. In Figures 4 and 5,

we present pitch angle diffusion coefficients for upper band and lower band whistler mode chorus waves,
respectively, at L = 4.6 for four energy values (0.5, 1.0, 5.0, and 10.0 keV). In Figures 6 and 7 the diffusion coef-
ficients are plotted for L = 6.8. It may be noted from Figures 5 and 7 for LBC that the diffusion coefficients for
L = 4.6 are negligible at electron energies < 5 keV, while for L = 6.8 the values of D𝛼𝛼 for LBC are appreciable
at these lower energies. This behavior of D𝛼𝛼 is due to lower resonant energies for L = 6.8 as compared to
those for L = 4.6. Resonant energies for whistler mode waves are controlled by magnetic energy per particle,
EM. The values of EM are 1.8 keV and 11 keV corresponding to L = 6.8 and 4.6, respectively. The calculated dif-
fusion coefficients for whistler mode chorus waves in the present work are generally in agreement with the
values reported in the works of Su et al. [2009, 2010] and Ni et al. [2011b].

3.6. Waves and Plasma Parameters
For calculation of D𝛼𝛼 for ECH and whistler mode waves, we have used the temporal growth rate profiles to
represent the wave spectral density distribution. Tripathi et al. [2013] have solved the dispersion relation for
parallel propagating R mode waves using a two-component electron distribution function: a cold compo-
nent assumed to be isotropic and Maxwellian, and a hot component that is anisotropic with temperature
anisotropy A. It is found that as the anisotropy is increased, the whistler temporal growth rate increases and
shifts toward higher frequencies.

Calculations were performed for two values, A = 1.1 and 6.0. For anisotropy A = 1.1 the temporal growth rate
profile of whistler mode waves covers the normalized frequency range𝜔 ≈ 0.1–0.5, having peaks at 0.43 and
0.30 corresponding to L = 4.6 and 6.8, respectively. The anisotropy A = 6.0 produces the waves in the ranges

Figure 5. Pitch angle diffusion coefficients D𝛼𝛼 as a function of
pitch angle for LBC waves at L = 4.6 for four different energy
values.

of ∼0.4–0.8 and ∼0.2–0.75 having peaks at
0.61 and 0.65 for L = 4.6 and 6.8, respec-
tively. Gaussian fits have also been applied to
temporal growth rate profiles. For A = 1.1 the
frequency range of Gaussian fits are≈0.25–0.5
and ≈ 0.1–0.5 for L = 4.6 and 6.8, respec-
tively. For A = 6.0, the ranges are ≈ 0.4–0.8
and ≈ 0.4–0.75 for L = 4.6 and 6.8 respec-
tively. We have used the profiles for A = 1.1 to
represent LBC, whereas the profiles for A = 6.0
represent UBC. For LBC and UBC waves the D𝛼𝛼

calculated for temporal and Gaussian profiles
are very close. The magnetic field amplitude
for LBC and UBC waves are taken to be 10 pT
and for ECH waves a value of 1 mV m−1 is used.

The Plasma Wave Experiment on board
the Combined Release and Radiation Effects
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Figure 6. Pitch angle diffusion coefficients D𝛼𝛼 as a function of
pitch angle for UBC waves at L = 6.8 for four different energy
values.

Satellite (CRRES) provided a good wave data-
base for ECH, LBC, and UBC [Meredith et al.,
2009]. ECH wave electric field amplitude in the
first harmonic band is obtained in the range
0.2–2.0 mV m−1 depending on geomagnetic
activity levels. For chorus waves, the wave
magnetic field intensities are obtained from
the measured electric field intensities assum-
ing parallel propagation. Magnetic field ampli-
tude for LBC waves varies from 10 pT (quiet
conditions) to 60 pT (active conditions). For
UBC waves the values are 5 pT and 45 pT,
respectively. The wave amplitudes assumed in
the present work are within the range of the
observed data set.

Furthermore, LBC waves are assumed to be
confined within±15∘ of the magnetic equator,
whereas UBC and ECH waves are confined

within ±10∘ and ±3∘, respectively [Ni et al., 2011a, 2011b]. Calculations have been performed at two shells,
L = 4.6 and 6.8, having the same plasma parameters as used by Tripathi et al. [2013]. These physical
parameters are for L = 4.6 : nc = 21.5 cm−3, Tc = 4 eV, and B0 = 312 nT and for L = 6.8: nc = 12.0 cm−3,
Tc =10 eV, and B0 = 92.5 nT. In the present study we have used wave properties based on calculated temporal
growth rate profiles assuming a certain amplitude for waves. However, in our future studies, we plan to use
observation-based wave properties in modeling the wave scattering effect.

4. Results and Discussion

Using the SE model for the conditions described above, we now demonstrate our SE flux calculation in the
region of the electron diffuse aurora, with an emphasis on the ionosphere-magnetosphere coupling processes
and energy and particle flux redistribution between the magnetosphere and two magnetically conjugate
ionospheres. As mentioned above, the main purpose of this paper is to predict electron precipitation into the
region of the diffuse aurora based on the content of trapped electron fluxes in the Earth’s plasma sheet, and
the electron interaction with ECH, LBC, and UBC wave activity that has been described in section 3. In order
to do this, we have introduced the new boundary condition (4) at the edge of the trap zone, for energies
E ≥ 600 eV. The trapped electron fluxes, defined by (9), are isotropic, and their energy distribution is consis-
tent with the typical Maxwellian-like energy distribution in the diffuse auroral region [Rees, 1989], ∼AEe−E∕E0 .
This paper assumes that trapped plasma sheet electrons have energies in the range of 600 eV–10 KeV, an

Figure 7. Pitch angle diffusion coefficients D𝛼𝛼 as a function of
pitch angle for LBC waves at L = 6.8 for four different energy
values.

assumption consistent with our previous SE
studies in diffuse auroral regions [Khazanov
et al., 2014, 2015a, 2015b]. We have chosen in
(9) A = 103 and E0 = 1 KeV, and we assume
these parameters to be the same at the L shells
4.6 and 6.8, which will be our major focus.
Our selection of these parameters leads to
total omnidirectional plasma sheet fluxes of
109 cm−2 s−1, a number consistent with pre-
vious measurements at L ∼17 by Bame et al.
[1967] and at geosynchronous orbit by Moore
and Arnoldy [1982] and very recent measure-
ments by Runov et al. [2015].

The numerical approach that has been out-
lined in section 2 allows the calculation of SE
fluxes with energies below 600 eV in the entire
simulation domain, which is shown as blue
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Figure 8. Downward directional electron flux from 1 eV to 10 keV at 800 km for (top row) L = 4.6 and (bottom row)
L = 6.8 calculated for three types of WPI: (first column) LBC, (second column) UBC, (third column) ECH, and (fourth
column) their SUM. Calculations for three scenarios are included the complete simulation (black), no MI coupling (red),
and no wave activity (blue).

and yellow in Figure 1, as well as the calculation in both magnetically conjugated atmospheric regions.
However, for energies between 600 eV and 10 KeV, this approach only includes the processes of electron
scattering from the trapped zone (yellow region) into the loss cone area (blue region) and the multiple
reflection and degradation into both magnetically conjugate ionospheres following initial precipitation.
Because we impose the boundary condition (4) above 600 eV, the code neglects the communication of these
higher-energy electrons with the trapped zone as they travel back from the magnetically conjugate regions
through the loss cone.

We first present, in Figure 8, the calculated downward directional electron flux distribution at 800 km for
different limiting cases. Figure 8 (top and bottom rows) shows electron flux formation at L = 4.6 and L = 6.8,
respectively. The first three windows in each row illustrate the relative role of each wave—LBC, UBC, and
ECH—in the formation of electron precipitation, and the forth window in each row, entitled SUM, shows
precipitated electron fluxes that includes all three types of wave activity. Here black lines represent a
scenario of complete simulation using the new boundary conditions (4) and (9), as described in section 2.
Blue lines correspond to the case when wave activity is “turned off” in the STET code, and plasma sheet
electrons are scattered into the loss cone solely via Coulomb collisions. Red lines indicate precipitated
electron fluxes at 800 km when both WPI and Coulomb collision processes move plasma sheet electrons
into the upper ionospheric region, but both magnetically conjugate ionospheric regions are completely
disconnected, and there is no communication at all between magnetospheric and ionospheric processes. This
case represents the major focus of most studies in the magnetospheric community, which, as described in the
section 1, emphasizes the relative contribution of different kinds of waves that drive plasma sheet electrons
into the loss cone.
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In each window of Figure 8, the sharp behavior of fluxes at 600 eV is a result of setting the boundary condition
at the edge of the trap zone, which is imposed for each case from 600 eV to 10 keV, and in each case, the
charactertistic Maxwellian shape of the initially precipitating primary distribution is visible.

The differences between the different types of waves and between L = 4.6 and L = 6.8 can be explained by
the D𝛼𝛼 behavior at different L shells, as presented in Figures 3–7. From Figure 3 of D𝛼𝛼 for ECH waves it may
be noted that D𝛼𝛼 at L = 6.8 is much greater than D𝛼𝛼 at L = 4.6. This behavior of D𝛼𝛼 is reflected in Figure 8
(third column) in the black line (complete simulation) and the blue line (no wave activity). D𝛼𝛼 for UBC at
L = 4.6 and 6.8 are comparable for electron energies> 1 keV. For lower energies D𝛼𝛼 at L = 4.6 is greater than
D𝛼𝛼 at L = 6.8 (Figures 4 and 6).This is reflected in black and blue lines in Figure 8 (second column). Finally, D𝛼𝛼

for LBC is much larger for L = 6.8 than for L = 4.6 as may be noted in Figures 5 and 7. Therefore the downward
flux shown in Figure 8 (first column)is much greater for L = 6.8 than for L = 4.6 in the complete simulation
(black line).

In Figure 8, the differences between L = 6.8 and L = 4.6 are also due to the fact that the pitch angle diffu-
sion coefficients, which increase near the L = 6.8 loss cone boundary, give escaping ionospheric secondary
electrons an additional push toward the trapped zone. These differences also owe to growth of pitch angle
diffusion with increasing L shell, as discussed by Khazanov et al. [2013, 2015b].

Figure 8 illustrates that wave activity greatly contributes to the formation of SE fluxes via the scattering of
plasma sheet electrons into the loss cone, compared to the case when only Coulomb collisional processes
(blue lines) are taken into account. Both the cases illustrated in Figure 8 by black and blue lines correspond
to scenarios when MI coupling processes, including the subsequent interaction of primary electrons with the
neutral and charged particles in both magnetically conjugated ionospheres, and the affiliated production of
secondary electrons (E < 600 eV) are included. Omitting these MI coupling processes completely (case shown
in red lines) causes a dramatic difference in the calculated flux for energies below 600 eV, even when Coulomb
collisions are the only mechanism for plasma sheet electron scattering.

The difference between the example cases shown in black and red presented in Figure 8 clearly demon-
strate the importance of including MI coupling processes. As shown by Khazanov et al. [2014], depending on
the energy spectra of the initial precipitation, about 15–40% of the energy of precipitated electrons returns
back to the magnetosphere and to the conjugate ionospheric point along the auroral magnetic field line.
These returning SE fluxes experience additional degradation (energy cascade), secondary SE production,
and reflection in the conjugate atmospheric region. This process can occur multiple times, causing electrons
that go through multiple reflections to continuously lose their initial energy through the nonelastic collision
processes of ionization and of excitation of the neutral components of the ionosphere. Ionization leads to the
production of secondary electrons (E < 600 eV) and, as a result, to the activation of lower energy SE spectra.
The excitation of the neutral atmosphere also leads to the increase of the low-energy part of the electron
spectra. Together with the secondary electron population, these SE participate in the heating of the plasma of
ionosphere and magnetosphere via Coulomb collisions and their consequent trapping in the magnetosphere.

These and other additional energy interchanges due to the SE population were discussed and calculated by
Khazanov et al. [2014, 2015a, 2015b], and the results that are shown in Figure 8 and that will be presented
below in Figures 9–14 confirm these initial studies and provide another indication of the self-consistency of
our studies. In our current study, we do not set up the atmospheric fluxes precipitating at the upper iono-
spheric boundary; we instead calculate these fluxes based on the logic of WPI processes in the Earth’s plasma
sheet, as well as the MI coupling phenomena that involves the two magnetically conjugated diffuse auroral
regions.

Along with Figure 8, we present Histogram 1, which includes downward particle fluxes (Figure 15, left) and
energy fluxes (Figure 15, right) at the altitude of 800 km integrated over the entire energy range of 1 eV–10 keV
for the same example cases shown in Figure 8. These fluxes are presented for both L = 4.6 (dashed bars) and
L = 6.8 (solid bars) and include all types of wave activity, just as in the SUM window of Figure 8. The gray,
red, and blue colors in Histogram 1 correspond to the cases shown in black, red, and blue in Figure 8: the
complete simulation with all processes included (gray), the simulation with no MI coupling (red), and with no
wave activity and only Coulomb collisional processes (blue).

Histogram 1 illustrates again that the total particle and energy fluxes for both L = 4.6 and L = 6.8 are
significantly increased in the complete simulation, which includes wave activity and MI coupling. In addition
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Figure 9. (first column) Upward and (second wind) downward electron fluxes from 1 eV to 10 keV at ( top row)
L = 4.6 and (bottom row) L = 6.8 for ionospheric altitudes between 150 and 550 km. (third column) The ratio of
upward to downward fluxes is also presented. Upward fluxes dominate for E<600 eV, while downward fluxes dominate
for E≥600 eV.

to the cases of Figure 8, Histogram 1 also presents the total downward SE flux (green bar), which is integrated
over the SE energy range of 1–600 eV, emphasizing that the flux enhancement in our new full simulation also
includes a significant flux enhancement in the SE range.

Next, Figure 9 displays upward and downward electron fluxes at L = 4.6 (top row) and L = 6.8 (bottom row)
for ionospheric altitudes between 150 km and 550 km. The first window in each row corresponds to upward
fluxes and the second window to downward fluxes. The differences between these two fluxes are shown in the
corresponding windows, entitled Up/Down Ratio. For both L shells, upward fluxes dominate for the energies
below 600 eV and show clear differences, in Figure 9 (third column), from downward fluxes above the altitude
of approximately 240 km, while the downward fluxes always dominate for energies above 600 eV.

In this high-energy range, as discussed in Khazanov et al. [2014, 2015b], the domination by fluxes down
results from ionospheric degradation of primary electrons. Upward secondary electron fluxes in the range
E< 600 eV are greater than the precipitating flux because downward secondary fluxes have undergone
trapping and scattering during their multiple reflections through the plasmasphere after they are produced
in the conjugate ionosphere. Consequently, these fluxes undergo low-energy degradation and have a lower
intensity than the escaping secondary fluxes, which result directly from WPI. The fluxes approach each other
at lower altitudes, as seen in Figure 9 (third column), due to flux isotropization via elastic collisions with neutral
particles.

Figure 10 displays omnidirectional SE fluxes in the ionosphere, calculated for exactly the same conditions
as the fluxes Figure 9, and is presented in a similar format, with separate windows for L = 4.6 and L = 6.8.
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Figure 10. Omnidirectional electron fluxes from 1 eV to 10 keV at (left) L = 4.6 and (middle) L = 6.8 for ionospheric
altitudes between 150 and 550 km. (right) The ratio of L = 4.6 to L = 6.8 is also presented, which indicates that electron
precipitation is stronger at L = 6.8, due to the greater efficiency of WPI processes at larger distances.

Figure 10 (right) shows the ratios of omnidirectional fluxes at different L shells and indicates that electron
precipitation is stronger at L = 6.8, an effect due to greater efficiency of WPI processes at larger distances.

For both directional flux (shown Figure 9) and omnidirectional flux (shown in Figure 10), the spectra of the
secondary electrons (E < 600 eV) have distinctly recognizable features at 150 km and 240 km. The loss of
secondary electrons during the excitation of N2 vibrational levels causes a trough between 2 and 3 eV,
which disappears at altitudes above 250–300 km, where collisional processes between electrons and neutral
particles are dominated by Coulomb collisional processes.

While Figures 8–10 present electron flux as a function of energy, it is also important to consider the total
upward and downward particle and energy fluxes in the ionosphere integrated over the entire energy domain
of 1 eV–10 KeV. These integrated total fluxes are presented in Figure 11, which shows the same three
exemplary cases described in Figure 8, again at L = 4.8 and L = 6.8. Comparing the scenarios with WPI and/or
Coulomb collisions, shown again in black and blue, to the scenario with MI coupling processes completely
omitted (red lines), demonstrates the dramatic differences in the calculated integrated particle and energy
fluxes as a function of altitude.

The limiting cases that we show in Figure 11—as in Figure 8, where we showed only SE energy
spectra—clearly demonstrate that the formation of the auroral electron precipitation at the ionospheric
boundary is due to MI coupling processes, as well as different types of WPI and Coulomb collisional pro-
cesses. During this coupling along the auroral magnetic field line, returning SE fluxes experience additional
degradation (energy cascade), secondary SE production, and reflection in the conjugate atmospheric region,
a process can occur multiple times, causing electrons that go through multiple reflections to continuously
lose their initial energy through the nonelastic collision processes of ionization and of excitation of the neutral
components of the ionosphere.

Table 1 further demonstrates the influence of MI coupling processes on the formation of total particle and
energy SE fluxes in the upper ionosphere at 800 km and shows the partial contribution of each wave in the
formation of energy and particle fluxes. Table 1 indicates that the majority of both the upward and downward
particle and energy flux contribution comes from UBC, which contribute between 50 and 70% of the flux. The
LBC and ECH waves for L = 4.6 only contribute about 20–40% and 5–10% of the flux, respectively. However,
at L = 6.8, the LBC contributes the majority, about 45–50% of the flux, with UBC contributing ∼35% and
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Figure 11. Upward (solid lines) and downward (dashed lines) (left column) particle flux and (right column) energy
flux integrated from 1 eV to 10 keV for altitudes between 150 and 550 km. Calculations for three scenarios are included
the complete simulation (black), no MI coupling (red), and no wave activity (blue). Fluxes are scaled as indicated in
the legend.

ECH, as at L = 4.6, contributing the least, about 10–20% of the flux. These values are consistent with the
D𝛼𝛼 calculations presented in Figures 3–7. At L = 4.6, D𝛼𝛼 for UBC waves is largest followed by LBC and ECH
waves as can be seen from Figures 4, 5, and 3 a, respectively. However, at L = 6.8, D𝛼𝛼 for LBC waves is largest
followed by UBC as illustrated in Figures 6 and 7. D𝛼𝛼 for ECH waves, although comparable near the loss cone,
drops with pitch angle much faster (Figure 3b) than UBC and LBC waves.

Now, we move to the magnetosphere, and present the energy distribution of SE for different pitch angles
at L = 4.6 and L = 6.84 in the region of the geomagnetic equator. Figure 12 shows these distributions for
the pitch angles 0∘ and 5∘, and Figure 13 for 70∘ and 90∘, respectively. The organization of Figures 12 and
13 follows that of Figure 8 and includes different limited cases of the STET runs as well as the partial contri-
bution of LBC, UBC, and ECH waves in the formation of SE energy fluxes for the selected pitch angles in the
magnetosphere.

All calculations that are shown in Figures 12 and 13 correspond to the wave activity and plasma parame-
ters that have been discussed in section 3, and these figures again demonstrate the comparison, described
above, between the importance of WPI, Coulomb collisional, and MI coupling processes. The solid lines in
these figures correspond to L = 4.6, and the dashed lines to L = 6.8.

The SE energy fluxes presented in Figure 12 correspond to the two pitch angles 0∘ and 5∘. Particles with 0∘
pitch angles are in the loss cone, and particles with a 5∘ pitch angle, for both L = 4.6 and L = 6.8, lie close to
the loss cone boundary (red line in Figure 1) but are still inside the trapped zone. SE energy fluxes presented in
Figure 13 correspond to the pitch angles 70∘ and 90∘, which are located deep in the trapped zone (yellow area
in Figure 1). Figures 12 and 13 illustrate the considerable differences between energy distribution functions
at different pitch angles, especially for energies below 600 eV.

Here it is important to once again recall that in this paper we have introduced the new boundary condition (4)
at the edge of the trap zone (as shown in red in Figure 1 as 𝜇LC or 𝜇0LC

, depending on pitch angle variables) for
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Figure 12. Energy distribution of electron flux from 1 eV to 10 keV at the equator for the pitch angles (top row) 0∘ and
(bottom row) 5∘, which is inside the trapped zone but near the loss cone boundary. Cases are presented for L = 4.6
(solid lines) and L = 6.8 (dashed lines) calculated for three types of WPI: (first column) LBC, (second column) UBC, (third
column) ECH, and (fourth column) their SUM. Calculations for three scenarios are included: the complete simulation
(black), no MI coupling (red), and no wave activity (blue).

the energies E ≥ 600 eV. In the magnetospheric trapping zone, we kept the energy distribution of SE above
600 eV the same, with the energy spectra (9) and isotropic pitch angle distribution, illustrated in Figures 12 and
13. In the trapped zone for energies below 600 eV and in the loss cone zone for all the energies 1 eV–10 KeV,
Figures 12 and 13 indicate considerable differences in SE energy spectra depending on the case studies that
are presented in these plots, as well as on the different types of wave activities, LBC, UBC, or ECH.

From Figure 12 it may be noted that the flux at 0∘ (top row) due to LBC and ECH waves is larger for L = 6.8
(dashed lines) as compared to the case for L = 4.6 (solid lines) in the complete simulation (black). For UBC the
fluxes are comparable at the two L shells. This is consistent with D𝛼𝛼 calculations presented in Figures 3–7 and
discussed earlier. The differences in fluxes for L = 4.6 and 6.8 at 5∘ (Figure 12, bottom row) are related to the
proximity of loss cone angle at L = 4.6 (4.3∘) as compared to that for L = 6.8 (2.4∘). SE fluxes at 68.8∘ and 90∘

shown in Figure 13 are negligibly small for LBC and ECH waves. This can be understood from D𝛼𝛼 presented
in Figures 3, 5, and 7 for ECH and LBC waves. It may be noted from these figures that, in general, D𝛼𝛼 drops to
negligibly small values beyond pitch angle 60∘. Therefore, SE flux from the loss cone cannot diffuse deep into
the trap zone beyond 70∘.

However, SE flux due to UBC waves is not so small at 68.8 and 90∘. This is consistent with D𝛼𝛼 calculations
for UBC waves shown in Figures 4 and 6. It is seen that D𝛼𝛼 for UBC waves extends almost until pitch angle
90∘, allowing SE fluxes from the loss cone to diffuse deeper into the trap zone. Further, it may be noted from
Figure 13 for UBC that SE flux is larger for L = 4.6 (solid lines, black) as compared to the case for L = 6.8
(dashed lines, black). This is consistent with D𝛼𝛼 calculations shown in Figures 4 and 6.
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Figure 13. Energy distribution of electron flux from 1 eV to 10 keV at the equator for the pitch angles (top row) 68.8∘
and (bottom row) 90.0∘ degrees, which are deep in the trapped zone. Cases are presented for L = 4.6 (solid lines) and
L = 6.8 (dashed lines) calculated for three types of WPI: (first column) LBC, (second column) UBC, (third column) ECH,
and (fourth column) their SUM. Calculations for three scenarios are included: the complete simulation (black), no MI
coupling (red), and no wave activity (blue). Fluxes below 600 eV are scaled up as indicated on the figure.

Figure 14. Downward precipitating electron flux from 600 eV to 10 keV at 800 km for three different total precipitating
energy fluxes: 1, 2, and 3 erg cm−2 s−1 (black, blue, and green, respectively) in the case of single (solid lines) and
multiple reflection (dashed lines). Red lines also indicate the flux calculated with the new WPI boundary conditions for
L = 4.6 (solid red line) and L = 6.8 (dotted red line). While the cases of single and multiple reflection run nearly parallel
to each other, the cases with WPI exhibit a different shape.
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Figure 15. Histogram 1: Downward directional particle (left) and energy (right) flux at 800 km integrated from 1 eV to
10 keV for L = 4.6 (dashed bars) and L = 6.8 (solid bars) calculated for three scenarios: the complete simulation (gray),
no MI coupling (red), and no wave activity (blue). The integrated contribution from SE flux (green) with E < 600 eV in
the complete simulation is also presented.

Initial expectations for the energy spectra of electrons with energies E ≥ 600 eV that precipitate into the
atmosphere (as presented above in Figures 8 and 9) are that they should be consistent with the corresponding
energy spectra of the trapped electron population described by formula (9). This is supported by observa-
tions of particles at geosynchronous orbit, observations of the auroral display, and observations of auroral
electron precipitation around conjugate field lines, which was observed by DMSP 32, a polar-orbiting satellite,
and presented by Meng et al. [1979]. The same conclusion could also be made based on the recent the-
oretical study by Khazanov et al. [2015b] where plasma sheet electrons initially injected into atmosphere
with a Maxwellian-like energy spectra∼ AEe−E∕E0 maintained a very similar spectra in the upper ionosphere

Table 1. Integrated Fluxes (1 eV–10 keV) at 800 km

Waves Included Direction Flux Quantity L = 6.8 L = 4.6

LBC Up Particle 1.52 × 109 (48% of SUM) 1.97 × 108 (20% of SUM)

UBC Up Particle 1.10 × 109 (35% of SUM) 6.73 × 108 (70% of SUM)

ECH Up Particle 5.50 × 108 (17% of SUM) 9.13 × 107 (10% of SUM)

SUM Up Particle 3.17 × 109 1.61 × 108

LBC Down Particle 1.63 × 109 (49% of SUM) 2.19 × 108 (22% of SUM)

UBC Down Particle 1.15 × 109 (34% of SUM) 7.00 × 108 (69% of SUM)

ECH Down Particle 5.69 × 108 (17% of SUM) 9.59 × 107 (9% of SUM)

SUM Down Particle 3.35 × 109 1.02 × 108

LBC Up Energy 1.80 × 1012 (50% of SUM) 4.34 × 1012 (38% of SUM)

UBC Up Energy 1.29 × 1012 (36% of SUM) 6.48 × 1012 (56% of SUM)

ECH Up Energy 4.80 × 1011 (13% of SUM) 6.71 × 1011 (6% of SUM)

SUM Up Energy 3.57 × 1012 1.15 × 1012

LBC Down Energy 2.66 × 1012 (50% of SUM) 6.14 × 1011 (37% of SUM)

UBC Down Energy 1.90 × 1012 (36% of SUM) 9.66 × 1011 (57% of SUM)

ECH Down Energy 7.21 × 1011 (14% of SUM) 1.00 × 1011 (6% of SUM)

SUM Down Energy 5.28 × 1012 1.68 × 1012
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Table 2. Strong Diffusion Rates (s−1) for Electrons With Different Energies
at L = 4.6 and 6.8

E (keV) L = 4.6 L = 6.8

0.5 1.9 × 10−3 4.0 × 10−4

1.0 2.8 × 10−3 5.7 × 10−4

5.0 6.4 × 10−3 1.3 × 10−3

10.0 9.1 × 10−3 1.8 × 10−3

after multiple atmospheric reflections
from the magnetically conjugated
ionospheres. In that study, however,
Khazanov et al. [2015b] used bound-
ary conditions at the altitude of 800
km that assumed a Maxwellian-like
energy spectra isotropic in the down-
ward direction. Here we examine this
issue based on the new results pre-
sented in this paper to determine

whether ECH, LBC, and UBC wave activity, which were described above, produce a Maxwellian-like electron
distribution function (9) at upper ionosphere altitudes.

Figure 14 shows fluxes precipitating into the ionosphere that are calculated using a Maxwellian-like diffuse
auroral electron spectra (9) with a fixed value of the mean energy parameter E0 but varying values of the
parameter A. The cases shown in Figure 14 are calculated with boundary conditions imposed at the altitude
of 800 km, assuming a Maxwellian-like energy spectra ∼ AEe−E∕E0 as presented by Khazanov et al. [2015b].
One case shown is the result of taking into account multiple reflections in the magnetically conjugated iono-
spheres; additionally shown is the case calculated based on the boundary condition of equation (9), as shown
above in Figures 8 and 9. Black, blue, and green solid lines in this figure correspond to the electron flux initially
injected into the atmosphere at the altitude of 800 km with precipitating energy fluxes, 1, 2, and 3 erg cm−2 s−1,
respectively. After accounting for multiple reflections of this initial energy flux injection into both magneti-
cally conjugate regions, as described by Khazanov et al. [2015b], the calculated particle downward fluxes are
plotted by dashed lines of the same color, labeled Multiple Reflection. Each pair of black, blue, and green solid
and dashed lines run nearly parallel, demonstrating the similarity between the energy spectra of the plasma
sheet electrons initially injected into the atmosphere and the electrons after their multiple reflections and
degradation in both magnetically conjugated ionospheres.

Figure 14 also shows, with a red line, the flux precipitating into the ionosphere that is calculated using the new
boundary condition of equation (9) with A = 103 and E0 = 1 KeV. Based on the assumption of a fully filled loss
cone for all energies, as in the case of strong diffusion, this new boundary condition will produce an energy
flux into the atmosphere of about 10 erg cm−2 s−1. Such an assumption, however, is not realistic, because
based on the D𝛼𝛼 calculations presented in the section 3, only a small portion of plasma sheet electrons, at
some energies, suffers efficient precipitation loss at a rate approaching that of strong diffusion. In Table 2 we
present strong diffusion rates at L = 4.6 and 6.8 for electron energies 0.5, 1.0, 5.0, and 10.0 keV (e.g., Tripathi
et al. [2013]). From Figure 4 at L = 4.6 it is seen that D𝛼𝛼 for UBC just approaches the strong diffusion rate for
the energies 0.5 and 1.0 keV. At other energies and other wave modes, D𝛼𝛼 is much smaller than the strong
diffusion rate. For L = 6.8, D𝛼𝛼 for ECH waves (Figure 3b) exceeds the strong diffusion rate. For UBC and LBC
waves D𝛼𝛼 (Figures 6 and 7) approaches or exceeds the strong diffusion rate for 0.5 and 1.0 keV.

In reality, however, based on the pitch angle diffusion coefficients for the ECH, LBC, and UBC waves that have
been discussed above, the calculated energy flux in the case presented by the solid red line is 2.6 erg cm−2 s−1,
for L = 4.6, and is considerably bigger, 8.3 erg cm−2 s−1, for L = 6.8, as shown on Figure 14 by the red dotted
line. This represents about 25% and 80%, respectively, of the maximum energy fluxes that could be provided

Table 3. Downward Integrated Fluxes (600 eV–10 keV) at 800 km

Waves Included Flux Quantity L = 6.8 L = 4.6

LBC Particle 1.33 × 109 (47% of SUM) 1.89 × 108 (22% of SUM)

UBC Particle 1.01 × 109 (36% of SUM) 5.94 × 108 (70% of SUM)

ECH Particle 4.84 × 108 (17% of SUM) 6.84 × 107 (8% of SUM)

SUM Particle 2.83 × 109 8.52 × 108

LBC Energy 2.62 × 1012 (50% of SUM) 6.10 × 1011 (37% of SUM)

UBC Energy 1.87 × 1012 (36% of SUM) 9.35 × 1011 (57% of SUM)

ECH Energy 6.99 × 1011 (13% of SUM) 9.33 × 1010 (6% of SUM)

SUM Energy 5.18 × 1012 1.64 × 1012
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by the electron content of the trap zone in the case of the strong pitch angle diffusion. The shapes of the
spectra presented by both types of red lines in Figure 14, unlike the cases of multiple reflection shown in
dashed lines, do not run parallel to a solid line of single reflection. This shows that they are only slightly similar
to the spectra of electron flux precipitating into the ionosphere after being trapped in the magnetosphere
and are described by boundary condition (9) with the constant E0 = 1 KeV. The difference in spectral shape
is caused by the complexity of the pitch angle diffusion coefficients for the ECH, LBC, and UBC waves as a
function of their energy and pitch angle, which were shown in Figures 3–7.

In addition to providing the spectral shape of electron fluxes with waves, we present, in Table 3, the integrated
particle and energy fluxes that correspond exactly to the cases of Figure 14, as well as the partial contribu-
tion of each type of wave. Unlike in Table 1 above, the integration in Table 3 is performed over the range
600 eV–10 keV, which corresponds to the energy range of Figure 14. For both the integrated energy and par-
ticle fluxes, the majority of flux is again contributed by UBC, ∼60–70%, or LBC, ∼50%, at L = 4.6 and L = 6.8,
respectively. While Figure 14 illustrates the effect on electron spectral shape caused by wave activity, the
details of relative wave contribution in Table 3 give insight into their separate mechanisms and simultaneously
emphasize the enormous contribution that they make to precipitating flux.

5. Summary and Major Results

The electron diffuse aurora, a precipitation of high-energy magnetospheric electrons due to pitch angle scat-
tering by different kinds of wave-particle interaction in the plasma sheet, is an important source of energy
input to the Earth’s ionosphere. It provides a significant energy flux into the Earth’s ionosphere. It has been
found [Khazanov et al., 2014, 2015a, 2015b] that in order to fully understand the formation of this incom-
ing energy flux at the upper ionospheric boundary, ∼700–800 km, it is important to consider the coupled
ionosphere-magnetosphere system. The precipitation of magnetospheric electrons in the diffuse aurora is
also affiliated with their degradation toward lower energies and the production of secondary electrons. These
electrons can additionally be reflected back out of the two magnetically conjugate ionospheres, leading to a
series of multiple reflections through the magnetosphere that can greatly enhance the flux precipitating at
the upper ionospheric boundary (700–800 km). In this paper, for the first time, we discussed the formation of
the electron distribution function in the diffuse auroral region, beginning with the primary injection of plasma
sheet electrons via both electron cyclotron harmonic waves and whistler mode chorus waves to the loss
cone and including their subsequent multiple atmospheric reflections in the two magnetically conjugated
ionospheres.

In our results for electron fluxes, we used numerical diffusion coefficients for three types of waves: ECH
(Figure 3), LBC (Figures 5 and 7), and UBC (Figures 4 and 6), the calculation of which is described in section 3.
The effect of each individual type of wave activity, as well as their sum, on the precipitating electron
energy spectra and total integrated flux at the upper ionospheric boundary was presented in Figure 8 and
Histogram 1. The behavior of upward, downward, and omnidirectional fluxes with waves at different iono-
spheric altitudes for L = 4.6 and L = 6.8 was examined, both in terms of their energy spectra (Figures 9,
10) and total integrated flux (Figure 11, tabulated in Table 1), and was shown to be consistent with our pre-
vious work. The electron spectral energy distribution for different types of wave activity at the equator for
various pitch angles near the loss cone (Figure 12) and the trapped zone (Figure 13) was studied and again
illustrated the significant effect of wave activity on the electron flux spectral shape. The differences between
this spectral shape with wave activity and the initially injected Maxwellian-like primary spectrum was illus-
trated in Figure 14, and the corresponding effect on total fluxes due to the different types of wave activity was
calculated (Table 3). These results have demonstrated that magnetosphere-ionosphere coupling is a key ele-
ment in the formation of the electron distribution function in the diffuse auroral region and that the inclusion
of wave-particle interaction processes in the STET simulation produces a significant effect on precipitating
electron spectral shape and magnitude. The inclusion of these processes can be performed in a manner that
is consistent with our previous work and with observed data. As mentioned in section 1, the diffuse aurora
accounts for about three-quarters of auroral energy precipitating into Earth’s ionosphere. Therefore, as we
have demonstrated with the analysis in this paper, an approach that includes MI coupling processes and also
takes into account the formation of precipitating electron fluxes due to wave-particle interaction is essential
to provide a complete picture of ionosphere-magnetosphere energy transfer, a picture which has been left
incomplete by both the ionospheric and magnetospheric scientific communities until now.
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Appendix A: Collisional Processes
The kinetic equation (1) is gyroaveraged and the collisional terms in ⟨S⟩ a gyroaveraging procedure.
We adopted notation for all collisional processes following the book by Khazanov [2011, chapter 2,
equation (2.5.2)]. For their discussion as relevant to this paper, we can present the collisional terms in
equation (1) as

Coulomb Collisions With Electrons and Ions

⟨See⟩ + ⟨Sei⟩ = Ane

{
𝜕

𝜕E

(Φ
E

)
+ 1

2E2

𝜕

𝜕𝜇

[
(1 − 𝜇2)𝜕Φ

𝜕𝜇

]}
(A1)

where ne is the density of the thermal electrons, A = 2𝜋e4, ln(L) = 2.6 ⋅10−12 eV2 cm2 and ln(L) is the Coulomb
logarithm. The condition of plasma quasi-neutrality (ne = ni) has been used in arriving at (A1).

Elastic Collisions With Neutral Particles

⟨Sea⟩ = n𝛼 ∫ I𝛼(E, 𝜒)
[
Φ(E, 𝜇′) − Φ(E, 𝜇)

]
dΩ (A2)

where the scattering (𝜇′→ 𝜇) is described by the scattering angles (𝜒, 𝜂) with 𝜇′ = cos𝜒 cos 𝜃 + sin 𝜃
sin𝜒 cos 𝜂 and the solid angle dΩ = sin𝜒d𝜒d𝜂. The density of neutral particles of species 𝛼 is n𝛼 and the
differential elastic cross section is I𝛼(E, 𝜒)dΩ.

Inelastic Collisions/Excitation

⟨S∗e𝛼⟩ = n𝛼
∑

j

[
𝜎∗
𝛼j(E + E∗

𝛼j)Φ(E + E∗
𝛼j) − 𝜎

∗
𝛼j(E)Φ(E)

]
(A3)

Inelastic Collisions/Ionization

⟨S+e𝛼⟩ = n𝛼 ∫
2E+E+

𝛼

E+E+𝛼

I+
𝛼
(E′, E′ − E − E+

𝛼
)Φ(E′, 𝜇)dE′

+
n𝛼
2𝜋 ∫

∞

2E+E+𝛼

I+2 (E
′, E)∫

2𝜋

0
Φ(

E′,
√
(1 − 𝜇2) cos 𝜂

)
d𝜂dE′ − n𝛼𝜎

+
𝛼
(E)Φ(E, 𝜇) (A4)

where E+
𝛼

is ionization energy and 𝜎∗
𝛼j is the total scattering cross section for exciting neutral particles to a state

with threshold energy E∗
𝛼j . We also have

⟨𝜎+e𝛼⟩ = ∫
(E−E+

𝛼
)∕2

0
I+
𝛼
(E, E2)dE2 (A5)

which indicates the total ionization cross section for an electron with energy E. I+
𝛼
(E, E2) is the relevant

differential cross section, and E2 is secondary electron energy.

Quasi-Linear Interactions with ECH, LBC, and UBC Waves

⟨Sew⟩ = 1
v
𝜕

𝜕𝜇

[
(1 − 𝜇2)D𝛼𝛼

𝜕Φ
𝜕𝜇

]
(A6)

where𝜇 = cos 𝛼, ⟨Sew⟩ is the part of ⟨S⟩ in (1) that denotes the interaction of SE with ECH, LBC, and UBC waves,
and the local pitch angle diffusion coefficient D𝛼𝛼 is as discussed in section 3.

The transformation of local pitch angle diffusion coefficient D𝛼𝛼 into s−𝜇0 space in order to solve equation (1)
is performed with the equatorial variable 𝜇0 = cos 𝛼0 and takes the form

D𝛼𝛼 =
cos2 𝛼0

𝛾 − sin2 𝛼0

D𝛼0𝛼0
(A7)

where the equatorial pitch angle 𝛼0 is connected by the first adiabatic invariant and the relation 𝛾 = B0∕B(S)
to the local pitch angle 𝛼.
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