Chapter 6

EAQECCs from Constacyclic
Codes over a Class of Non-chain

Rings

In 2006, Brun et al. [21] proposed entanglement-assisted quantum error-correcting
codes (EAQECCs). These codes can be constructed from any classical linear codes
and do not require the dual-containing condition if shared entangled ebits are avail-
able. Lu et al. [64] proposed a decomposition of the defining set of constacyclic
codes and constructed four classes of MDS EAQECCs with less pre-shared maxi-
mally entangled states. Afterward, many researchers have constructed some classes
of MDS EAQECCs [38, 44, 59, 65, 82]. In this chapter, we explore the construction
of EAQECCs from constacyclic codes over a class of non-chain rings 7 as described
in Chapter 4. We define a polynomial Gray map and prove that the Gray image of
an a-contacyclic code is cyclic for a particular type of a. Further, we propose the
construction of EAQECCs from the Gray images of a-constacyclic codes over T and

consequently, construct some new MDS EAQECCs.
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6.1 Constacyclic Codes over T

In this section, we revisit a few important results on constacyclic codes over T
from [14]. Further, we define a polynomial Gray map and consequently prove that
the Gray image of an a-constacyclic code over T (for a specific choice of «) is
a cyclic code over I, under this Gray map. We justify this result with an illus-
trative example. Then, we recall the factorization y” — v and a result on BCH

(Bose-Chaudhuri-Hocquenghem) type bound for constacyclic codes.

Definition 6.1.1. For a unit o in 7, C C T" is called an a-constacyclic code of
length n over T if it is linear and 0, (v) € C whenever v € C, where the a-constacyclic

shift o,(v) of v.= (vo,vi,...,vu—1) € T" is defined as:

0a(V) = (QVp_1,V0, - - -, Vp_2).

Moreover, for a vector v = (vo,V1,...,Vu_1) € T", V Z?;()l v;4/* is an isomorphism
between 7™ and T[y|/{y" — «). Under this isomorphism, a linear code C is an a-

constacyclic code of length n if and only if it (its image) is a left submodule of

An =T/ (" = ).

Lemma 6.1.2. (Theorem 2, [14]) Let a = > NivigoinQivin.ir € U(T). A

TR
linear code C = @immir Nivig..irCirig. i, Of length n over T is an a-constacyclic code
over T if and only if C;;, . is an a4, ;,-constacyclic code over F,, for all ¢; €

{1,2,...L,},j=1,2,...r.

Theorem 6.1.3. (Theorem 4, [14]) Let o = ) iy Mivia.wiy Qliin.iy € U(T). Fur-

11,82,
thermore, let C = @, ;, ; Mii..i,Ciriy..i, be an a-constacyclic code of length n
over T, where Ciiy. 5, = (fiyir.i,(y)) 1S an «y,;,. ; -constacyclic code of length n

over Fq generated by fuiz...ir(y) and y" — Q.0 = fi1i2...ir(y)gi1i2...ir(y)7 for all



Chapter 6. FAQECCs from Constacyclic Codes... 141

i; € {1,2,...1;}, 5 = 1,2,...r. Then there exists a polynomial f(y) in 7 [y| such

that

(i) f(y) is a divisor of y™ — «;

_ hleden=33, o deg(fiyig..ir(¥)
(i) [C] = q i .

6.1.1 Polynomial Gray map

Let w be a primitive element of the finite field Fp. For a divisor L = [yly--- [, of

2_
¢* — 1, define v = qul, which is a primitive Lth root of unity.

Further, let

o = E MNivig..ir Ciyig. ips

01,8250 00p

where Qi i, — "}/kilizuir and

kilig...ir,‘ = Z(lj - 1)lj+1lj+2 R lr.
j=1

Throughout this chapter, a will be chosen in this way, and the ring 7 will be defined
as

T = IF‘(12 [Ul, Ugy - -y uT]/(f](“J)? Uity — ujuz>7
where f;(u;) are monic polynomials that split into distinct linear factors.

We define a polynomial Gray map as follows:

w: T/ (" — o) = Fely] /(g2 — 1)
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W)= D MiisisCirin.in () > (),

§1,520ens b
where i )
1
Yy
p(c(y) = (Civigein (Y))irin..is M|y |y Cigipin (y) € Fe2[y],
_y(L—l)n_
1 1 1 1
1 —1 -2 —(L-1)
M — Y Y Y
| @D 2 (LD (E-1)

One can readily verify that ¢(c(y)) is well defined. Note that ¢(c(y)) is the poly-

nomial representation of ®(c) (defined in Chapter 4).

Theorem 6.1.4. Let C = Miyig...i»Ciyin..i, D€ an a-constacyclic code of length

i162...ir
n over T such that Ci i, i, = firir.in(y) for i; € {1,2,...,0;}, 7=1,2,...,7. Then

©(C) is a cyclic code of length [yly .. .1,n over Fg generated by [, ;. fijir..i,(y)

Proof. Notethat a = )

11,02, 0r Mivig..ir Nigig.. iy where iy gy = Y200 and kuzz...w -

> im1 (i = Dljyaljyele. By Lemma 6.1.2, the linear code C is an a-constacyclic
code if and only if C;;,. 4 1S an ay,. 4.-constacyclic code over Fp for all i; &
{1,2,...,0;}, j=1,2,...,r. Since fi i 4 (Y)|Y" — Qiyiy..i, there exists g4, 0. (y) €

Feely] such that fi i, i (¥)Givig.i,(y) = Y — Qiyiy.q, for i; € {1,2,...,1;}, j =
1,2,...,r. Thus

II fiei®iiaa )= 1] " = anii)

11,8250+ 0y0p 11,82, 0lr
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— H (yn _ ,Ykilig.‘.z‘r)

11,82 ,5ueylp
L—1
=[[w" -+
7=0
— yLn 1 ylllz. lrn 1

and

I el ()= (52 e

J— n __
21,82,00ylp y at1t2~~-tr y atltz...tT
(11,82, y5r ) Z (E1 582,005t r)

for tj € {1’ 2,... 7lj}u J= 1,2,...,r. Let C(y) = Zil,iz,...,ir ni1i2~~.irfi112~44ir (y)ailizmir (y)

be an element of C, where a;,;, ;. (y) € Fply]. Then

p(c(y) = Z Jivia.ipQiyiy. i + Z O‘m;“ir Mfmz---irahiz---ir

1177/27 - 7‘17127
g 1”2 “f S ..
+ 1112 z, L112...lra21’L2...’LT +
11,12,
- Thaigein)(Kinigin) g
’Ll'LQ g 2172...09 22122, 2p
11,82,

—kijig..ip Ktrto. 4
= E ( E Uyt Sivig.iy Qigig.in )Y 112007

t1,t2,.. e 11,02,...,0p

Z112Wkttt
§ ( § anw tr e T> Jivio.ipQiyis i,

81,82, 0y8r \l1,t2,...,0
lll2...lrn -1
§ a’u’bz Ay y . fi1i2...i7»ai1i2...i7-'
— Qpig.a
7'177/27 182-tr

Therefore, by 6.1, there exists h(y) € Fp[y] such that

< H fz’lzg...i,,.) h = p(c(y)).

11,82,

This shows that ©(C) C ([, 4, s, firia.in). Also, we have
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|90(C)| _ |C’ _ q2(1112~..lrn—2i1,i2 ,,,,, i (deg(firig.ir(¥))) and

Tl e )] = 200 05O Tl e have o(C) =
<Hi1,i2,...,1’r firia.in)- Since, p(C) is an ideal of the ring F[y]/(y"2" — 1), we have

©(C) is a cyclic code of length lil5...l,n over F, with the generator polynomial

H'lezz fivio.in- O
Example 6.1.5. For ¢ = 32,7 = 2, let T = Faa[uy, ug)/(u? — 1, u3 — 1, u1us — ugtir ).
Then 717 = ugug, 2 = ur(1 —ug),m91 = (1 —ug)ug, nea = (1 —uq)(1 — ug) and every
element v € T can be uniquely written as v = 11011 + 712012 + 1)21U21 + N2ov0o. Let

w be a primitive element of Fg1. Let v = w?® and aj; = 7% = ¥ = 1, a;p =

ko — A1 _ . _ 20 kol A2 40 _ ka2 A3 60 _
V2 =yt =y = W ag = Y =yt =W, gy = Y2 =97 = W, For a =

2?1:1 Zi:l NivioQirin, 166 C = N11C11 @ N12C12 @ 121Ca1 D 122Ca0 be an a-constacyclic
code length n =5 over T such C;,4, = (fi,:,(y)). Let

arf" ap™ an™ ay™
M= O‘flklz Oéfzklz a51k12 nglm
011_11\621 041_2k21 042_1k21 sz_zlm
_O‘flkm O‘kagz O‘Ef” 0‘52k22

-1 1 1 1- -1 1 1 1- -1 1 1 1-

- 1 4l 42 43 - 1 4% 2 B 1 w80 40,20

1 ,7—2 7—4 7—6 1 ,72 1 72 1 w40 1 w40

_1 N3 6 779_ _1 N2 73_ _1 W20 40 760_

Then the Gray image of C under the polynomial Gray may, ¢(C) is a cyclic code of

length 20 over Fs: generated by fi1(y) fi2(y) f21(y) fa2 ().

Let n be positive integer and ¢ = p° be a prime power such that ged(n,q) = 1.

Further, let v be sth root of unity. Then, there exists a primitive snth root of unity
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w in some extension field of F 2 such that w™ = . Therefore,

n—1

v =y =]y —w").

k=0

Let Q@ = {1+ ks|0 < k <n—1}. For each ¢ € Q, let C; be the ¢*-cyclotomic coset

modulo sn containing ¢, i.e.,
Ci = {Z> Z.q27 Iéq47 s 7iq2(mi_1)}7

where m; is the smallest positive integer such that i¢*™ =i (mod sn). Let C be a -
constacyclic code of length n over F 2 such C = (f(y)). Define Z = {i € Q|g(w") = 0}
to be the defining set of C. Obviously, the defining set of C must be a union of some

¢*-cyclotomic cosets modulo sn and dim(C) =n — |Z].

Lemma 6.1.6. (BCH type bound of constacyclic codes [26]) Assume that ged(n, ¢) =
1. Let C be a y-constacyclic code code of length n over F,2 generated by f(y). Fur-
thermore, let {w!**¥|0 < k < d—2} be the set of roots of f(y), where w is a primitive

snth root of unity. Then the minimum Hamming distance of C is at least d.

6.2 Construction of EAQECCs

This section deals with the construction of MDS EAQECCs from the constacyclic
codes over 7. First of all, we recall the definition of EAQECCs, MDS EAQECCs
and a few important results on them. Then utilizing these results, we prove our main
result. Further, we provide a few illustrative examples to justify our construction.
Finally, we conclude this section by enlisting some MDS EAQECCSs obtained by this

method.
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Definition 6.2.1. An EAQECC denoted by [[n,k,d;c]], encodes k information
qubits with the help of ¢ pairs of maximally entangled states and corrects up to
d—1

LTJ errors, where d is the minimum distance of the code. The performance of an

EAQECC is measured by its rate % and net rate %

Suppose that H is an (n — k) x n parity check matrix of C over Fp. Then the
Hermitian dual Ct# of C has an n x (n — k) generator matrix H, where H' is the

conjugate transpose of H over F .

Lemma 6.2.2. [21, 96] Let C be an [n, k, d] 2 classical linear code over Fj and H be
its parity check matrix. An [[n,2k —n + ¢, d; ]|, EAQECC can be obtained, where
¢ = rank(H HY) is the required number of maximally entangled states and H' is the

conjugate transpose matrix of H over F .

Lemma 6.2.3. [26] Let 8 € F}, be a primitive /th root of unity and C be a -
constacyclic code of length n with defining set Z. Suppose that Z; = ZN(—¢Z) and
Zy = Z\ Zy, where —qZ = {ln—qz|x € Z}, l is a factor of ¢+ 1. Then, Z = Z; U Z,

is called a decomposition of the defining set of C.

Lemma 6.2.4. [26] Let C be a S-constacyclic code of length n over F,, where
ged(n, q) = 1. Suppose that Z is the defining set of C and Z = Z; U Z is called a

decomposition of Z. Then, the number of required entangled states is ¢ = |Z1].

Lemma 6.2.5. [59] Let C be a [S-constacyclic code with defining set Z. If Z =
71U Zy, then —qZy = Zy and —qZy, N Zy = 0.

For an [n,k,d| linear code over F,, the well-known Singleton bound states that
k <n—d+1. If the equality k = n—d+1 holds, then the code is called a maximum
distance separable (MDS) code. Moreover, the singleton bound for EAQECCs is

given below.
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Lemma 6.2.6. [21] Let C be an [[n, k, d; c]], EAQECC, where d < 2. Then,
2d—1)<n—k+c If2(d—1) =n—Fk+c, then it is called an MDS EAQECC.

Let w be a primitive element of Fp.. For a divisor L = [yly...1, of ¢ — 1, let

2_
v = w' T is a primitive Lth root of unity. Let n = ‘127_1, where s is a positive

integer. Then

n—1

v =) = [y — 720,
k=0

=01, L—1. Let
filz’zl..ir _ (y _ yf(kilizA.Arir-FLa))(y _ ,Y%(kiliz“gi,r—klzb))’

0 S a S b S n— 17 and Ciliz...ir = <fz1227,r(y>>7 Z‘j € {L 27 s >lj}a ] = 1727 s T
Now we state and prove our main result.

Theorem 6.2.7. Let C = @Zml Niyig...irCiyin. i, D€ an a-constacyclic code of length
n over T such that C; i, i, = (fiir..i. (Y)) IS & ;4,4 -constacyclic code over F 2, for
i; € {1,2,...,1;}, j = 1,2,...,r. Furthermore, let Z be the defining set of ¢(C)

and Ziliz...ir = Zi1i2-~~’ir71 U Zi1i2...ir,2 be the deﬁning set Of C’il’iz...ir7 Where

Zirig..ir1 = 1Ca|(=qCa) = C4  (mod Ln), kiyiy..i, + La < d < k4,4, + Lb},

Zivig. ip2 = {Ce|(—qCe) (mod Ln) N Ce =0, kiyiy. i + La < d < kiyiy. i, + Lb},

i; € {1,2,...,0;}, 7=1,2,...,r. Then, there exists a class of MDS EAQECCs with

parameters

[[lllg C. l«,«n, lllg C lrn — 2|Z| + Z Civig...ip» |Z|, Z Cilig‘..i.,«] ] s

11,82,000lr 11,82,0000 q
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where Citig..ip — |Zi12'2...i7~,1‘ for le € {1, 2, ce lj}, ] = 1, 2, ., T and l1l2 c. lrn —

2|1Z| + Zil,ig,...,ir Ciyig..i, = 0.

Proof. Note that Ciiy.in = (fiviein(¥))s Qiyigin = {1+ Siyiy.ik | 0 < k <
n—1}Y, Ziiy ir = {kiyip.in € Qilig..‘u|7ki”2‘“” is a root of f"’l"z“‘“(y)} and ¢(C) =

<Hz‘1¢2...zr firia.ir(y)). Then

Z = Uiig..i, Zi

1%2... 07

= Uiig..ir (Ziyig..iv1 U Ziyiy.iiy.2)
= (Uiris...i Ziri..ip1) U (Uiis. v Ziyin..iy.2)

= 71U Z,,

which implies that 7, = Uivig..iy Livig...in,15 Ty = Uivig...iy Zivig...in,2 a0d Z = ZlLJZg, c=
D s gy Cirin.ips WheTe Cipiy i = |Ziyiy inn| for iy € {1,2,...,0;}, j = 1,2,...,7.
From Lemma, ¢(C) is a cyclic code with parameters [l1ly ... 1,n, 11y ... ,n=2|Z|,|Z|,|Z|+
1] and it satisfies |Z|+1 = lily ... l,n— (1l ... l,n—|Z])+1. Therefore, p(C) is MDS.
Hence, using Lemmas and Theorem, we can construct a class of EAQECCs with pa-

rameters Hlllg N O T A VA S S AP N VA HD D Ciliz...z’rH ,

q
where Citig..ip = ’Zilig...ir,l‘ for ij € {1, 2,..., lj}, 3 =12 ...,r and lily...l,n —

2|12+ 324 o i Cinineip 2 0 O

Example 6.2.8. Continuing the Example 6.1.5, consider the factorizations of y° —

VY= =% P =yt =90 = 1in Faly] as:

y5 —y = (y _ w4><1)(y _ w4><5)<y _ w4><9)(y _ w4X13)(y _ w“”)

= (=) =)y — ")y — ) ™)
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Let

fuly) =y —w®

f2(y) = (y —wh)(y — ™)
fa1(y) = (y — ™) (y — ™)

foa(y) = (y — ™) (y — w™)

Let C; i, = (fiyin(y)) for iy = 1,2, iy = 1,2. Then,

Zn,l = {8}, Z11,2 = Q);
le,l = @, Zigp = {1,5}§
Z21,1 = {6}, Z21,2 = {9};

Zaog =0, Zanos = {15,19}.

Therefore,

C=C11 + Ci2 + C21 + Co2
= |Zu1| + | Z121| + | Zo11| + | Za2.1]

=1+0+1+0=2
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and |Z| = 9. Hence, by Theorem 6.2.7, there exists an EAQECC with parameters

[[20,8,7;2]]o.

Corollary 6.2.9. Let C = @, ,, s "Miriz...i;Ciri..i, De an a-constacyclic code of
length n over 7 such that C; i, i = (fiyin.i,(y)) 1S & g4y, 4.-constacyclic code
over Fp, for i; € {1,2,...,0;}, 7 = 1,2,...,r. If L = l4ly...1, is the smallest
positive integer such that —qC = C1, (mod Ln), then there exists a class of MDS
EAQECCs with parameters [[Ln, Ln — ¢(2L — 1),cL + 1;¢|,, where 1 < ¢ < n and
Ln—c¢(2L—1)>0.

Example 6.2.10. Let ¢ = 7, n = 8 and T = F 2 [uy, ug]/ (uf —uq, u3—ug, uyus—ugty ).
Since —7Cs = Cs (mod 48) and L = 6 is the smallest positive integer satisfying this
condition, by Corollary 6.2.9, there exists a class of MDS EAQECCs with parameters

[48,48 — 11¢, 6¢ + 1; ¢|]7, where 1 < ¢ < 4.

TABLE 6.1: MDS EAQECCs constructed from Corollary 6.2.9

ng g mn L MDSEAQECCs c
Fefuy, ug, us]/(uf —ui,u3 —ug,uj — Liugu; —wug) 5 6 8  [[40,40 — 15¢,8¢ + L:]]s 1<e<2
z[ul ug] /{u3 — vy, ud — ug, ugus — uguy) 7 8 6 [[48,48 —1lc,6¢c+ 1;¢]]7 1<e<4
qz [ul,uQ]/<u1 — ul,u23 uQ,ulug — uguy) 7T 8 9 [[72,72—17¢,9¢+ 1;¢]]7 1<e<4
F2lu1, ug, us)/(uf — 1 u2 — ug, u2 1, uiuj — uiu;) T 6 12 [[72,72—23¢c,12¢ + 1;(]]7 1<¢<3
q2 [ut, u, ug)/(u — 1, ud — uo,ud — Liwjuy —wug) 7 8 18 [[144,144 — 35¢,18¢+ 1]y 1<c<4
qz [u1, ug)/{u3 — ul,uﬁ uQ,ulug — uguq) 11 12 6 [[72,72 —1lc,6¢c+ 1511 1<c<6
F2lu1, ug, usl/(uf — vy, uj —ug,uj — Luuj —uu;) 13 14 8 [[112,112 = 15¢, 8¢+ L1z 1< <7
F2u1, ua) /(uf — w1, ud — ug, uyus — uQu1> 19 20 6 [[120,120 — 1lc,6c+ 1;c)l19 1 <c¢<10
F2fu1, u>]/<u1 ul,u% uz,uluzAf uguy) 19 10 9 [[90,90 — 17¢,9¢ + 1; c]]19 1<e<5
F2u1, ua, us]/(uf — 1 u2 — ug, u2 Luuj —uw) 19 20 12 [[240,240 — 23¢,12¢+ 15d)J19 1 <e <10
Foeluy, ug, us)/(ud — 1 ud —up,ud — Lwuy —wuy) 19 20 18 [[360,360 — 35¢.18¢ + 15¢flig 1< ¢ <10

TABLE 6.2: Comparison with existing MDS EAQECCs

q n L New MDS EAQECCs Net rate EAQECCs Net Rate
77 10 4 [[40,33,5;1]]2 0.80 [[40, 26, 5; 14]]72 [45] 0.30
7?10 4 [[40,26,9;2]]2 0.60 [[40, 26, 5; 14]]72 [45] 0.30
132 10 5 [[50,41,6;1]];52 0.80 [[50, 23, 4;21]]52 [61] 0.04
132 10 5 [[50,41,6;1]];52 0.80 [[50, 24, 4;20]] 52 [61] 0.08
132 10 5 [[50,41,6;1]];32 0.80 [[50, 36, 4; 14]] 52 [62] 0.44
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