Chapter 4

Global exponential stability of
neural networks with time-varying

delays via matrix measure method

4.1 Introduction

In this chapter, the global exponential stability of octonion-valued neural network
(OVNN) is studied. OVNN is different from real, complex and quaternion-valued
neural network. Octonion numbers are neither commutative nor associative. One
neuron of OVNNs can store eight times the information stored by one neuron of
RVNNs. OVNNs are frequently used in the processing of color images, time series
prediction, signal transmission etc [77, 78, 79]. In [78], the author have applied
OVNNs into five real-world forecasting problems. In [6], OVNNs are proposed to
estimate runoff rates. The authors in [80] have applied OVNNs in designing control

for robot manipulator. Therefore, it gives ample scope for OVNNs to be explored.
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The research on OVNNs is gaining rhythm because of its diversified applications.
Recent works on OVNNs are mainly due to CA Popa [20, 79]. In the present chapter,
the OVNNs with time varying delay is explored. The sufficient conditions for the

exponential stability are obtained using the matrix measure.

4.2 Model Description and Preliminaries

Consider the following octonion valued neural network with delay as
w(t) =— Dw(t) + Af(w(t)) + Bg(w(t — »#(t))) + I, (4.1)

where w(t) = [wi(t),wa(t), ..., wn(t)]T € O™ is the state vector of n neurons in the
network; D = diag{di,ds,...,d,} € R™™ is the self-feedback connection weights
matrix with d; > 0; A = [a;j]xn € Q™" and B = [b;],,x,, € O™ are the connection
weights matrices; f(.) : O" — 0" and g(.) : O® — O", are octonion-valued
nonlinear activation functions for time ¢ and t — s(t) respectively; s(t) is the time-
varying delay such that »(t) < s for some » € R; [ = [I4, 5, ..., I,]" is an external

input vector. The state vector being octonion is written as

w(t) =w°(t)oo +w' (H)or + w?(t) 0y + w’(t)os + w(t) os + w’(t) 05 + w°(t)os +w'(t)or.
(4.2)

where p; are the octonion units for i =0, ..., 7.

The addition and scalar multiplication in octonion numbers are defined in equations
(1.2) and (1.3). The multiplication of octonion units is given in Table 1, in subsection

1.3.2.2 in the chapter 1.

Following assumptions are be frequently used as and when required.
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Assumption 5. The activation functions f and g can be written as

Flw(®) =W ®)oo+ 1w t)er + f (W (B) o2 + fH(w'(t)) o5
+ [ W) os + (W (1)es + fO(wO(t))os + fT(W' (1)) or,
g(w(t)) =g"(W’(t)) o0 + g" (W' (1)) o1 + g*(w’(t)) 02 + g*(w’(t) 03

+g' (W' (t)es + ¢°(W(t))os + g°(W(8))os + g (W' (1)) o,
where each of fi(.) and ¢'(.) are functions from R™ to R" for i = 0,1, ..., 7.

Now, the neural network (4.1) with Assumption 5 can be separated into eight real

valued systems as
W) = — DWO(t) + A°fO(°(1)) — Z ATfHW(1) + B (w(t — (1))

=30 Bl ) + 1

WH(t) = — Dw'(t) + A fH(w' (1) + A f (W (1) + A% FAw(1) — AP (w*(1))
+ AL (W (1) — APFH W) — ATFT (1) + AT (1))
+ B (w(t = 5(1))) + B'g" (Wt — (1)) + B*g*(w(t — (1))
= Bg*(w*(t — (1)) + B'g"(*(t — x(t))) — Bg" (w'(t — (1))
= B (w(t — #())) + BTg® (W (t — (1)) + I,
W(t) = — Dw(t) + A°fA(w*(t)) — AL fA(w(1) + A% (w(1) + AP (W' (1))
+ANOWO(1) + AW (1) — AW (1) — ATF(W0(1)
+ B (W(t — #(1)) — B'g*(w’(t — (1)) + B¢ (W"(t — »(1)))
+ B (W' (t = 5(1))) + B'g® (W (t — (1)) + Bg" (w'(t — (1))

= B (Wt — #(1)) — BTg*(W(t — (1)) + I,
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W (t) = = Dw(t) + A FAWP(1) + AT PP (W) — AP TH W (1) + A FO(W° (1))
+ A1) — A O(W0(1) + A°FP (W0 (1) — ATFH (W ()
+ B (WP (t — (1)) + Bl (Wt — (1)) — B¢ (w'(t — (1))
+ BPg° (WOt — (1)) + B'g"(w(t — 5(1))) — B*¢°(°(t — (1))
+ BPg°(w(t = 5(t))) — B g (W (t — »(1))) + I,

Wh(t) = = D' (t) + A fH (1) — AL fP(WO (1)) — A2 FO(wO(1) — AP FT(WT(1))
+ AT () + A WD) + AP (W) + AT (WP(1))
+ B (Wt — (1)) — B'g"(W(t — (1)) — B?g°(w°(t — 5(1)))
= BPgT(W'(t = (1)) + B'¢"(w(t — 5(t))) + B¢ (w' (t = x(t)))
+ B¢ (w(t — 5(t))) + BT (W (t — »(1))) + I,

W (t) = — Dw’(t) + A fO(W’(1) + AL fH (W (1) — AP (W7 (1) + A FO(°(1))
— AW (1) + A W) — AW () + ATF (WP (2))
+ B (W7 (t = 5(t))) + B'g*(w(t — (1)) — B¢" (W' (t — (1))
+ BPg%(w(t = 5(t))) — Blg" (W' (t — 5(1))) + B*g"(w(t — (1))
— B°g*(w(t — (1)) + B g*(W*(t — »(1))) + I°,

WO(t) = — Dw(t) + A fO((1)) + AT (WT(1)) + A2 FH (W' (1) — AP FP(W(1))
— AW (1) + A W) + AP0 (1) — AT (W (1)
+ BY°(WO(t — (1)) + B'g" (W (t — (1)) + B¢ (w'(t — (1))
— BPg° (W7 (t — (1)) — B'*(w(t — 5(t))) + B*g* (W (t — (1))

+ B (WO(t — (1)) — BT (w'(t — (1)) + I°,
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W(t) == Dw'(t) + A f1(w'(t)) — ALfO(W(8) + A% f2 (W’ (1)) + A°fH(w' (1))
— AN (H) = AW (1) + A°FH (W (1) + ATFO(WO(1)
+B" (W (t — (1)) — B'g®(W°(t — »(1))) + B*g”(w(t — (1))

+ B (Wt — (1)) — B¢’ (W'(t — (1)) — B’g*(w(t — (1))

+ B (! (t — (1)) + BT (w0 (t — (£)) + 1. (4.3)

Remark 4.1. The commutativity and associativity do not hold in OVNNs. To reduce
the computation complexity, the OVNNs are separated into eight RVNNs. The
separation of OVNNs into constituent RVNNSs is based on the multiplication defined

in Table 1.

This system of eight equations can be written in one equation as
7 7
a(t) = — Dia(t) + Z Aifila(t)) + Z Bigi(a(t — »(t))) + T, (4.4)
=0 =0

where a(t) = [(W()T, (W (1)T, ..., W (E)T]T; Dy = diag(D, D, ..., Dlsuxsn; Jo =
diag[3°, 3,22, 2%, 34, 3%, 2, 07], 3y = diag[-2',2°, 22,32, 2°, 34, 37,29, 3, =
diag[—2?,—2%,20, 01,26, 07, 3¢~ %], 33 = diag[—2°,2?, — 2!, 20,27, — 26, 2.

— 2, 3, = diag[-2*, -, 26, —27,2°, 3", 32, 3%, Iy = diag|—2®,3*, —37, 2,

— Ot 0,38, ), 3y = diag[-2°, 37,34, — P, —32, 3%, 2°, —3Y, 3 = diag|-T',
-2°,2°, 04, -2%, =22, 2", 2 for D= A, B; fi(a(t)) = [(f (&' ()N, (F1 & ()T,
(FH" D)) s gila(t=3(1))) = [(g"(w (t=(1))))", (g" (W' (t=2()))". ..., (¢" (W' (t—
()L, for i =0,1,..,7 and T = [(I°)7, (I, ..., (IT)7]".

Remark 4.2. The OVNNs (4.1) are separated into eight real valued components.

Then it is merged into a single equation (4.4). Now, the global exponential stability
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of this system will be shown by using the Matrix measure method and Halanay

inequality. Some variants of the Halanay inequality are discussed in [81].

Let, e(t) = [(co(t))", (c1()", -, (er(0))T]" = a(t) — o* = [(an(t) — af)", (o (t) —
ONI()T7 ) (017(?f) - O‘;)T}T'

Then,

i=0,1,..,7.

Assumption 6. The eight constituents of each of the octonion valued activation

functions f* and ¢° satisfy the following inequalities:

|fi(x) — [ ()] < rila—yl,

g5(x) — g5 ()| < Lz =y,

where r; and [; are real constants for j =0,1,...,7.

Assumption 7. The above inequalities can be re-written for z # y as

£ (@) = £iw)]
[z =yl

lg5(x) — g5 ()]

<r
[z =y

= Ty,

<l, j=0.1,..T.

Lemma 4.3. [76] Let y(t) is a non negative continuous function defined on [tg —
»%,4+00), and ki and ko be constants with ky > ko > 0 satisfying the following

inequality for t > iy,

D (y(t)) < —kwy(t) + ko sup y(s),

t—x<s<t
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then the following inequality stands true for t > tq,

y(t) < sup  y(s)e ), (4.5)

to—x<s<ty

where r is a bound on the exponential convergence rate and is the unique positive

solution of r = ky — koe"* and DT (y(t)) is the upper right Dinni derivative.

Lemma 4.4. [76] Let the Assumption 7 holds and let ||.||, is an induced norm on
R™ ™. Let u, be the corresponding matriz measure. Then ji,(AG(e(t))) < pq(A*C),

where G(e(t)) = diag (fléfzt()t)), fléf%t()t)), f"g(s’(‘t()t))>, C = diag(cy, oy ..., ¢p), p=1,00,

max(0,a;), =7,
A= (qu;j) (S Rnxn, A* = (a*») =

)

Qijs i # J.
4.3 Main Results
In this section, the matrix measure method is applied to obtain exponential stability

criterion for the delayed OVNNSs.

Theorem 4.5. The OVNNs with the help of Assumptions 5 and 6 converge globally

exponentially to the equilibrium point if there exist

ki = —pqg(=D1) — E::() | Aillq(8)ar;,
ky = ZZ:O ||Bi||q(8)%li for ¢ = 1,2,00 such that ky > ko > 0.

Proof. By the definition of dinni derivative,

+ g @+ R)llg = lle@llq
b (E(t)) B hligl+ h
L)+ () + o)y — )l
h—0t h .
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Now,
left) -+ hé(t) + o(h?)ly =Ne(t) + h( — Dye(t) + gA,m@))
+i2;)BiGi<e<t — () + o), )
<7 = A et + hé 4l F (e,
" Z LB IGHe(t = ) ) + ot o (4
where

[Fo(e(®)lg =lfola(t)) — fola)Ig

Pleolt) +af) — fO(a)
FOeo(t) + a) — fO(a)
FOeo(t) + af) — f(a)
| (o) +ag) = fOlap) || _ 8I1 2 (eo(t) + o) — f2(af)I2
Feo(t) + a) — fO(af)
FOeo(t) + af) — fO(ag)
JO(eo(t) + ap) — fO(ap)
Feolt) +ap) = f*(ap)]

Therefore, by using assumption 6, ||Fy(e(t))|l, < (S)éroﬂe(t)Hq.
Similarly, | Fi(e(t)lly < (8)rrille(t)llq for i = 1,2,...,7 and [[Gi(e(t — s()))ly <
(8)ali||e(t — 5(t))]lq for i = 0,1, ..., 7.
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Thus, inequality (4.8) becomes

le(t) + hé(t) + o(h)llq <IT = hDylglle®)lq + A Z | 4illg(8) 7ille®)llg

+ Z |Billy(8)2Lille(t = 5¢(1))l4) + lo(h?)l],-

Therefore, by using lemma (4.3), we get

Do) < tim (=220 ey, + ZHAH el

h—0+

-

+ (O 1Bl )58 le(t = (1))l

=0

S_(_Mq(—D1)—Z||Ain( i) e g + ZHBII al;) sup le(s)ll,

t—n<s<t

=~ kulle(®lly + k2 sup_ le(s)]],-

—%S

Remark 4.6. The above theorem is an extension of the theorem proved in [64]. By
taking constants r; = 0 for ¢ = 2,3, ..., 7, we get
—11q(=D1) = | Aolly(2) 70— | A1 |(2) 71 = —p1g(=D1) = | Aoll(8) 770 = [| s} (8) 7 >
1Bollo(8)tho + [ Buly(®) 1 > 1 Ballo(2)tho + | Bulla(2)7ha > 0.

Theorem 4.7. The OVNNs (4.1) with the use of Assumptions (5) and (7) converge

globally exponentially to the equilibrium point if

7

= 1g(= D) = 1 (A*C) = 3 [|Ailly(r + 7o) ZHBII )il >0,

=0

7
where g = 1,00; 7 = maXi<i<p 7, A=Y Ai, C=1[ro,70,..; 70,71, 715 0s 71, ...,

T2, 77 s T7)2 1 and rest of the things are same as in previous theorem.
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Proof. After proceeding similar to the proof previous theorem up to equation (4.7),

we get
Pleolt) + i) — 1ap)) [ Fleot) +ap) — £(a3) 0
Pleo)+ap) =) | | Fa@+an-r@n| | @l +an - i
Pleolt) +ap) = £las) | | ey +an) - raz) || Fle) +az) - f(a3)
1oeo(t) +a3) = 1) || Ple +ap) - ) | | Pl +at) - Flad)
Poleolt) +ap) — s) || Pla) +an) - e || Fal) +ap) - fa)
Peolt) +ap) = s) || Pl +an) = ) || e +ap) - fo(az)
Poleolt) +ap) = £lag) || Foestt) +ag) = roap) || Foles(t) + ap) — f5(az)
Poleolt) +ap) = z))  \Flet) +a5) = f7(a2))  \JT(erlt) + a3) - f7(03)
0
FO(eolt) + ap) — f°(a5)
FO(eolt) + o) — f°(a5)
L | et +ai) (o)
P(eolt) + o) — f°(a)
FO(eo(t) + ap) — f°(a5)
FO(eolt) + af) — f°(a5)
FO(eolt) + o) — £°(a5)

= G(e())e(t) — my(e(t)) + mp(en(t)),

here G(c(9)) = diag { LU=t fleienre)  Flatiteirlon]

B(E(t)) = [O1cns (F1(er (D) +00) = D), (Fealt) + 05) = F2(a3))T oy (Ferlt) +
a3) = F1 )T, m(eo(®)) = Oren, (Feo(t) + af) = FOal))T, (F(eolt) + af) —
FO@E)T s (F(ealt) + ) — F(a) T

Similarly, F(e(t)) = G(e(t))e(t) — n(e(t)) +n2(e,(t)), for i = 1,2,...,T.




Chapter 4. Global exponential stability of neural networks... 81

Therefore,
£o(elt) + ) — £2a)|
fe(t) + %) = fO(a?)
fe(t) + %) — fO(a?)
0] e(t a*) — {0] O’,* L
Fleysan =1t < NG NIZIe@IG + r eI + Targlle(t)]3-
fe(t) + a%) = fO(a?)
fe(t) + %) — fO(a?)
fe(t) + %) = f2(a?)
Fo(ett) + o) = )|
Similarly,
IE ()| < IGE@e@ +r @2 + Tardlle@)I2,
fori=1,2,..,7.

Therefore, the equation (4.7) becomes,

l€() + he(t) + o(h)lg =[le(t) + h( — Dae(t) + ZAiFi(E(t)) + Z B;iGy(e(t — #(1))))
+o(h?)lq

<le(t) + h( — Dre(t) + > (Ai(G(e()e(t) = nf(e(t) + 7 (1))

i=0

+ Z Bigi(e(t — x(t))) + o(h?)|lq

7

<ll (I — h(D; - Ag(é@)))ﬁ(t)llq + R Al (lni (e(8))llg

=0

+Inf(ei()lla)) + h(Z 1Billg(8)7Lille(t = 32(£)llg) + llo(h?) g
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From the definition given in (4.6) and by using lemma 4.4 with some properties of

matrix measure, we have

D*(e(t) < lim ('I‘h(Dl —AGO, - 1)|\e<t>nq

h—0t h

+Z||Ai||q(”7]i1( )llg + llni (e()lq) +ZIIBII Jalille(t — (1))l
< = (= Hg(=Dr) — p1(AG(e( ZIIAII (r + 7ar)) | e(®) g

+ (X IBll(8)71:) sup_le(s)ll

7/5

<= (= Ha(=D1) = p1g(A°C) ZHAH (0 + Tart)) et

ZHB I4(8)21;) sup tII e(s)lq-

7/8

O

Remark 4.8. A matrix measure is used to prove the above results, which is more
general than the matrix norm. The matrix norm is always positive, whereas the
matrix measure can be positive or negative. Also, there is no need to construct
the Lyapunov function while obtaining sufficient conditions for global exponential

stability using the matrix measure method.

Remark 4.9. The assumption used to prove Theorem 4.7 is more general than the
assumption used in Theorem 4.5. In particular, Assumption 6 is a special case of
Assumption 5. Therefore, the Theorem 4.7 gives more general results than Theorem

4.5.
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4.4 Numerical Examples

Two examples are discussed in this section to show the effectiveness of the two

theorems stated in the previous section.

Example 4.1. Consider OVNNs (4.1) as

w(t) =— Dw(t) + Af(w(t)) + Bg(w(t — (1)) + I, (4.9)
40 0 air a2 bir bio i .
where D = , A= , B= I = with
0 50 (21 (22 ba1 Do io

a1 = 0.209 + 0.1p1 — 0.492 + 0.303 + 0.204 — 0.205 — 0.205 — 0.1 07,

a1z = 0.500 + 0.20; + 0.302 — 0.203 — 0.104 + 0.205 + 0.105 + 0.407,

as1 = —0.199 — 0.301 — 0.205 + 0.205 + 0.604 — 0.305 + 0.406 + 0.207,

oo = —0.200 — 0.101 + 0.402 + 0.303 + 0.404 + 0.105 — 0.195 — 0.307,

b11 = 0.509 — 0.101 +0.205 + 0.203 + 0.104 — 0.405 + 0.295 + 0.1 07,

bis = 0.209 — 0.301 — 0.195 — 0.303 + 0.194 — 0.505 — 0.206 + 0.307,

by1 = 0.199 — 0.401 — 0.205 + 0.203 — 0.194 — 0.405 — 0.206 + 0.107,

bas = 0.60¢ + 0.401 + 0.205 — 0.1p3 — 0.204 + 0.195 + 0.405 — 0.507,

11 = 1800 + 1901 + 2002 + 2103 + 2204 + 2305 + 2406 + 2507,

1o = 2509 + 2401 + 2305 + 2205 + 2104 + 2005 + 1906 + 1807.

Let the activation functions are given by fi(w(t)) = tanh(wi(t))ei, gi(w(t)) =
tanh(wi(t — »(t)))o; for i = 0,1,...7 and j = 1,2. Take ¢ = 2, r; = 1 = I; for
i=0,1,...,7 and »(t) = 0.45sin(¢).

Then, all the conditions of Theorem 4.5 are satisfied with k; = 23.4780 > 16.0745 =
ko > 0. Hence, the trajectories of the system converge globally exponentially to the

equilibrium point. The trajectories of the system (4.9) are shown in Figure 4.1.
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Example 4.2. Consider the OVNNs (1) as

w(t) = — Dw(t) + Af(w(t)) + Bg(w(t — (t))) + 1(t), (4.10)
120 0 aip Q12 b11 b12 Z'1
where D = , A= , B = I = with
0 130 21 A22 bar  bao (5

a11 = 0.300 + 0.201 — 0.205 + 0.403 + 0.194 — 0.1p5 — 0.306 — 0.3 07,

a2 = —0.309 + 0.301 + 0.105 + 0.403 + 0.304 — 0.1905 + 0.206 + 0.207,

as1 = 0.209 — 0.501 — 0.205 + 0.105 + 0.194 + 0.305 — 0.406 — 0.107,

aso = 0.190 +0.301 +0.1p3 + 0.203 — 0.204 — 0.105 + 0.405 + 0.3 07,

bi1 = 0.100 + 0.20; + 0.502 + 0.303 + 0.204 — 0.205 — 0.4p5 — 0.307,

bia = 0.4p9 — 0.301 — 0.705 + 0.1p3 + 0.104 + 0.405 + 0.306 — 0.507,

by = 0.309 — 0.201 — 0.195 — 0.103 — 0.304 + 0.205 + 0.306 + 0.207,

bas = —0.499 — 0.207 — 0.300 + 0.193 + 0.194 + 0.205 + 0.49¢ — 0.3 07,

1y = —95000 — 4901 — 4802 — 4703 — 4604 — 4505 — 4406 — 4307,

1o = 4000 + 4201 + 4402 + 4603 + 4804 4 5005 + 5204 + 5407.

Let the activation functions are given by fi(w(t)) = tanh(wi(t))ei, gi(w(t)) =
tanh(wi(t — »(t)))o; fori = 0,1,....7 and j = 1,2. Take ¢ = 1, r; = 1 = I; for
i=0,1,....,7 and »(t) = cos(t).

Then all the sufficient conditions of Theorem 4.7 are satisfied. Hence, the trajec-
tories of neural network (4.10) converge globally exponentially to equilibrium point.

The trajectories of this system are shown in Figure 4.2.

4.5 Conclusion

Sufficient criteria for global exponential stability of OVNNs have been derived using

the matrix measure method and Halanay inequality. Matrix measure is a better
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FIGURE 4.2: Trajectories of all the components of w(t) for n = 2.

choice than matrix norm, as it can be positive as well as negative, whereas a matrix
norm is always positive. Furthermore, two kinds of assumptions are used to obtain
two sets of different sufficient conditions for the required global exponential stability.
The results on RVNNs, CVNNs and QVNNSs are special cases of the results obtained
here. By using Halanay inequality, the results have been easily obtained. Also,
OVNNSs have been researched very little in the past. So, there is a plenty scope
of research in OVNNs, in the years ahead. As an extension of the present work,
global exponential stability of OVNNs with mixed time-varying delay could be done.
Furthermore, an attempt to find the fixed-time stability and finite-time stability of

OVNNSs with different delays will be an exciting challenge for future research.
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