Chapter 3

Alternating Direction Implicit
Approach for the
Two-Dimensional Time-Fractional
Nonlinear Klein-Gordon and

Sine-Gordon Problems

In this chapter, an numerical scheme is established to achieve the theoretical accu-
racy near the weak singularity at ¢ = 0 in solving the two-dimensional nonlinear
time-fractional mixed diffusion and diffusion-wave (TFMDW) equation. The gov-
erning problem involves diffusion term with TFCD of order 5 (0 < 8 < 1), and wave
term with TFCD of order o (1 < v < 2). The linearized L1 method is used to dis-
cretize both the TFCDs on nonuniform time meshes and central difference operator

for the space derivative approximation, the considered problem is converted to an
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equivalent system of equations. Further, the unconditional stability analysis is dis-
cussed. Numerical examples are given for 1D and 2D nonlinear TFMDW equations
with smooth and non-smooth exact solutions to describe the accuracy of numerical

scheme.

3.1 Introduction

In this chapter, we analyzed and discussed the numerical scheme for solving the

following 2D time fractional nonlinear mixed diffusion and diffusion-wave equation:

Cp C pa Pu | Pu
Dy, u+" Dy u+ F(u) = Eye) + a_yz + f(z,y,t), (z,y,t) € Qx(0,7], (3.1)
ou(x,y,0
uwy.0) = o(zy). B0 o) @) en (52)
u(z,y,t) = (z,y,1),  (2,y,t) € 92 x(0,T], (3.3)

where, Q = (0, L) x (0, L), Q=QUIN, ¢ € C(Q), p € C(Q), ® € C(Q x [0,T)),
and f € C(Q2 x [0,T]), where Q x [0,T] := [0, Ly] x [0, Ly] x [0, T]. Furthermore, the
operators CDg’t, “Dg, denotes the TFCDs of order 5 (0 < < 1) and o (1 < v < 2),

respectively. The TFCDs of a function u [14] are defined as:

! 0
CDgtu(x,y,t) = ﬁ/o (t—s)7" % ds, Be€(0,1), (3.4)
1 ! 0?
“Dju(z,y,t) = m/o (t—s)'™ % ds, a€(l1,2). (3.5)

When =1 and a = 2, then (3.1) converts into the classical telegraph equation.
Here, the second-order derivative (i.e. Oyu) characterizes the wave-type behavior,

while the first-order derivative (i.e. d;u) shows as diffusion like behavior. The
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mixed diffusion and diffusion-wave equation can be employed to investigate the in-
termediate processes between diffusion and diffusion-wave equations. The considered
problem (3.1) is generalization of the time-fractional telegraph equation. Suppose
the function F'(u(z,y,t)) satisfies the Lipschitz condition with respect to u with

Lipschitz constant £, then

|F(u) — F(@)| < Llu—1a|, Vu, . (3.6)

The problem (3.1) contains both time-fractional diffusion (or sub-diffusion) and the
time-fractional wave equation (or super-diffusion) terms together, due to which it
becomes more challenging to develop computational algorithm for solving higher
dimension problems. Also it is difficult task to find the analytical solutions of such

type problems.

In the literature, few research articles are available on the uniform meshes to solve
the linear time-fractional TFMDW equation [70, 76, 82] with some regularity con-
ditions and smooth exact solutions. However, these papers ignored the presence of
singularity in the solution at the initial time ¢ = 0. The existing finite difference
methods for the discretization of time-fractional derivatives of order g € (0,1) and
a € (1,2) are studied on uniform meshes, but some research works are there to
tackle the weak singularity for Caputo derivative of order 5 € (0,1) only (see [108]
related are in this). To tackle the singularity in both derivatives together of order
p € (0,1) and o € (1,2) remains to be marked. Our main interest in this work is
to handle the weak initial singularity in the solution of the nonlinear time-fractional
TFMDW equation. We consider the nonuniform mesh in time and uniform mesh in
space direction for the discretization of the problem (3.1)-(3.3).

Contribution and purpose of proposed work
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e The proposed work consists of an efficient approximation method namely
nonuniform L1 approach to discretize the time-fractional derivatives of or-
der 5 € (0,1) and a € (1,2) at grid point ¢,. We obtain the single step

discretization of wave term.

e We establish and analyze a finite difference scheme based on two step ADI
approach using nonuniform L1 method and central difference operator together
to solve the 2D nonlinear TFMDW equation. We considered two type functions
Klein-Gordon and Sine-Gordon for the nonlinear term F(u) in the considered

model (3.1).

e With some regularity conditions on the solution of nonlinear TFMDW equation
and weak restrictions on mesh points, the nonuniform L1 difference scheme

attains convergence order O(N—minG=F 3=a, 8, vla=1)) 1 p2 4 p2),

e To illustrate the advantage of nonuniform difference scheme, we present few
numerical experiments for non-smooth exact solutions along with non-zero

boundary conditions with weak singularity at ¢ = 0.

e We display error plots to quantify the solution layer at t = 0 and the impact

of general mesh on computed solutions of the considered problem.

The outline of the chapter is arranged as follows: In Section 3.2, we discuss the
nonuniform L1 method to approximate the TFCDs and prove the bound for local
truncation error which appears in approximation of derivatives. A linearized finite
L1 difference scheme based on two-step ADI approach for the governing problem
(3.1)-(3.3) having singularity at ¢ = 0 in the exact solution is derived in Section 3.3.
We analyze the unconditional stability analysis of this scheme in Section 3.4. We

present some numerical experiments with smooth and nonsmooth exact solutions to
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verify the theoretical convergence rate in Section 3.5. A brief conclusion of the work

is discussed in Section 3.6.

3.2 Nonuniform L1 Formula for Approximation

of the Time-Fractional Caputo Derivatives of

Order § € (0,1) and « € (1,2)

Let 0 =ty <t; < .. <ty <t,<..<ty =T bea nonuniform (general mesh)
partition of the time interval [0,T] with the grid-size 7, = ¢, — t,—1, 1 < n < N.
Throughout the chapter, we use the node points ty = (k7)7, 0 < k < n for v > 1
is a mesh grading parameter, where 7 = T%/N, and N is a positive integer. Define
fractional time grid points t, ¢ = 0t,_1 + (1 — 0)t,, for any 6 € [0,1], n > 1 and

U=A{u(t,) =u"| 1 <n < N} Foru €U, we introduce the following notations:

n n—1 n 1l
’U,n_% e u + u , 5tun—% _ u u 7
2 .
st = 2 {(u"+é —uTE) (unTE — 3
u = — o
t To | (Tug1 + ) (Tn + Tu1)

Throughout this manuscript, we suppose that the solution of problem (3.1) satisfies

the following condition [108]:

o
ot™

(x,y,t)‘ <C+t"™), m=0,1,2,3, Y(z,yt)eQx(0,T]. (3.7

1—1
(M) Considered mesh satisfy the condition 7,, < ¢, 7 min{l,tn ”}, 1 <n<N,

¢y > 0 is a constant, with ¢, < ¢,t,-1 and ™=

IN

cy= for 2 < n < N, where

n
tn—1

T = 1I£L3L§XN{TH}.
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We approximate the TFCDs discussed in (3.4) and (3.5) at the grid point t = t,, by

using the following half step length on discretized domain. For simplicity, we ignore

the space variables. Let, v(t) = &ggt), then we have
-1 1 L1
vz ud vz U} U? vru; 2 ur
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
ta oty ti 4 to R T

1
2 2
i I

. 1 tn a1 0" (s
by
i bt d O™u(s
B[,
k=0 tk—%

to m
— / (tn, — s)m_a_laau(s)ds} ,m—1<a<m, meN. (3.8)
t s

For m = 1 and m = 2, we get TFCDs defined in equations (3.4) and (3.5), respec-

tively on the non-uniformly discretized time domain.

e For m = 1, we use linear interpolation polynomials for discretization of (3.8) by

using the points {(¢ _%,un_%), (t,,u™)}, n>1and (tk_%,uk_%), (tk+%,uk+%),

n

(0 <k <n-—1) on first and second integration, respectively and let ¢ 1 = .

1
2

e For m = 2, the linear interpolation polynomials are generated by utilizing the

1

points {(t,3,0" %), (L, p 0" b = Land {(t 05 3), (0"},

1
2

(0 <k <n—1) on the first and second integration of equation (3.8), respec-

tively and let t_1 = to, where v(t) = w(t). Then we get

N

o(t_1) = ou

1 —a‘t ) +0(72) = v(ty) + O(72).
-2
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Now, the nonuniform L1 formulas for the approximation of the TFCDs defined in

(3.8) with m = 1 and m = 2 are given as follows:

CDg,tu(t) |t:t'n

n— n_%
nologo ks k-3 t1
+ (%> / T — )P ds}, (3.9)
=0 tk+% - tkfé bl
1 Tn_ﬁ n n—1
“rEa
St =)' P = (b — 1)
+ 2 2 uk+1 - uk—l :|7 310
>4 — b ) .10)
n—1
=W(n)(u" — ")+ Y A (uf —ut), (3.11)
k=0

n—1 g4l k=L et 4
viT2 — T2 k44 o
+) —/t by —s)! ds} , (3.12)

_ 2 1 7.3—04 u — un—l un—l _ un—?
S T(B—a) 227, + Ty Tn Tn—1

i { (tn — tk—%)Z_a — (tn — tk+%)2_a }{uk“ —uf ur =t H

_.|_ —
prd Tht+1 + Tk Th+1 Tk
_ _ _ n—1 —
u® — un 1 u™ 1 u™ 2 uk-l—l o uk uk o uk 1
= Z(n) - + Bn—k - ’
Tn, Tn—1 =0 Tk+1 Tk

(3.13)
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where, corresponding coefficients of equations (3.11) and (3.13) are defined as:

Weye o L w1 (o) (b
2 —p)2t-7 " ['(2-p) Tk+1 T Tk 7
(3.14)
Z(n) 201 T2 B 2 (tn — tk—%)Q_a — (tn — tk+%)2_a
n) = ke = )
IF'3—a) 7+ Tt F I'3—a) Tha1l + Tk
(3.15)

By using the mean value theorem, we can easily prove that
0<Ap g1 <Ak 0<Bnji1<B,y, Wn)>0, Z(n) >0, Vn>1. (3.16)

The following inequality will be helpful in proving the error bound

ool - ) rew e

=TN "'[1—(1-1/n)"] <CTN n" . (3.17)

3.2.1 Local Truncation Error for TFCDs Term

Lemma 3.2.1. Suppose 0 < 8 < 1, n € {1,2,...,N} and v € C?[0,T] n C3(0,T).

From equation (3.9), it holds that

n—1 t k+l k—1
1 k+3 utT2 2
ry = ————— tn—s_ﬁ{u’s— }ds,OSkSn—Q,
e p3 / (b = o)

1 tkz+§
(3.18)

1
1 u” —u"2

Ty = —F(l e /tn_1 (t, —s)™"° {UI(S) - m} ds, 1<n<N, (3.19)

where
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|TZ| S al n- min{2—4, ’yﬁ}’ |T’2| § 62 n_ min{2-4, ’Yﬂ}‘ (320)

Proof. By Taylor theorem, tk_% <t< tk+%, then

. uk—i—l o uk—l 1 t
u'(t) — =
lp41 — te—1 Tk+1 + Tk ¢

k—

(n—ty-1) = /t%; vy = n)}u”(n)dnl :

[N

From equations (3.18) and (3.21), we get

t 41 S
n t2 "
= —t d
Iril = ‘ { < Th+1 +7'k/ 1 [/t X k_%)u ()

1 k—

e — n)U"(n)dn} (tn — )77 dS}

n—2 t 1 t, 1
St [
= Tk+1+Tk 1 n 2

1

_ /:“1(
giey
_ (/t:_l(tn _ s)‘%s) (thys — n)} }U”(n)dn‘

n—2

_ 1 1 t;ﬁ? B ) \1-8 B Y18
- ‘F(Q - B) kz:; The1 T+ Tk /tk_l [(77 tk_g){(tn ) (tn tk*a) 1

=ty = W =t = (10 = )Yy

n—2 _ —
{[(2% — b — 1) = 2t =) Tt T
1

M [\')
l\)
[N

(2-5) 2

k=

max |u”(&)]. (3.22)

to<&1<tn

(2t =t = taa)' ™+ (2t — e — )/

Since ty = T(£)7, v > 1 and t,, — t), = 2% (n — k), therefore

Tn + Tk42

2-8 Tn + Tht1 s
(2 — tprs — 1) = |2 gy T TR g

2
<72P2(n—k)—1*7F. (3.23)
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We solve summation term of equation (3.22) in two parts. For 1 <k < [§] — 1, we

get
[2n7 — (k+1)" — kﬁP—BN—v(?—ﬁ)T?—B < CN—W@—B)n{(v—l)(2—ﬁ)}T2—B[Q(n —k)— 1]2—6.
Then first term of summation in (3.22) has following bound

|2ty — ther — te)* 7 — (2t — tp — ti1)* 7|
< (2t — terr — 1)+ (2t — th — tyo1)* "’

< ONEAPlODE=NT2=0002(n — k) — 1> P + [2(n — k) + 1]*7°},  (3.24)
and bound for the second term in the summation (3.22) is:

(2t — ti — ti1)' ™0+ (2t — tor — ti)' 7|

< ONEAORO=DA=ITI=61 0 (0 — k) + 117 + 2(n — k) — 1]7},  (3.25)

Now applying summation on (3.25), we get

r41-1
Z Tk%w [(2t, —t, — tk—1>1_6 + (2t — thyr — tk)l_ﬂ]‘
k=1

[51-1

< ON@=B) pl=DA=B}p2-F Z [(nY — (k= 1)) + (0" — m)l—ﬁ]‘
k=1

411
< ONCApAG=DU=PIT28 3™ (7 — (k — 1)7)17
k=1

< ONEBA2-Bp{lt-12-H)} (3.26)
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Now, we combine the equations (3.24) and (3.26) to get error bound for the case

1<k<[2]-1

|TZ| S CN—’y(Q—B)TQ—IBn{('Y_l)(Q_B)} max |u//(ﬁ1)|7 (327)

nle[tk_% 7tk+%}

9%u(t)
ot?

and the inequality | | < C(1+t772) handles the maximum value of second order

derivative of u in above equation (3.27). For [§] <k <n —1,

k+

n—2

R S . _

r? = — 1, 1 tn_ /B_tn_t l1ﬁ

7] 'N2_5hﬁwﬂhl+nj%1 (0=t )t =)' — (b — )7}
=[3 -1

=ty = D =ty = =) )

C g _
< —[/ S (=t (e — )Py
t

131-%
te_g
b [ ey - | e ()
r31-3 Ml oty y]
C
< to1—t1 ty —trng 1)>77 max " (M3)]. 3.28
- Tk+1+7’k( ks k_%)K k1 %) ] MElt,_ 1ty [u”(72)] ( )

In equation (3.18), it remains to show bound for £k = 0 and k =n — 1. For n = 1,

k =0, then
1 ' du(s) uz —ud
el [P =) _ d
N e T AR =i

cC [ %4 1
ST(1_p) Z;“l_ﬁﬁygws_ﬁ]
C i L, \B f}%_l}
Sta—g|lh ) [5t0 5
C [1/t—tN\T" 1
<t 15 0 ) 3= (329)
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Now, suppose that n > 1 and k = 0, then the error bound

751
1 ' o[0u(s)  uz —ud
_ _ -8 _
T(1—5) /to (tn =) { Os t;—to}ds
ty —to)' P — (t, — )P s ty
< ¢ [( 0) — ( 2) /zsﬂ_lds—(tn—tl)_ﬁ/285_1(18}
P(l - /6) ?1 to 2 to

S O R SR B M B PR 6}
<|ara =g [ - =t 7 = - )
C t, —t1] P
< 2
~ Tl —-p) { ty ]
< Cnb. (3.30)

Now, we consider the case k = n — 1. From equation (3.18), for some 7y, 12, 73 €

(tp—z,tn_1)

o (=L |Qulm) _ 9uln.)
" T(1-B)| o ot

tn71
/ *(tn — 5)Pds
t 3

n—2

-
< —" max u” ty—t 3)F
= F(2 _ ﬁ) 7736[75”,%%,%] ‘ (773)’ ( n %)

<C P73 b
< CN—W(B—Q)T%B(TZ’Y _ (n _ 1)7)2—6T6—2N7(ﬂ—2) (n _ 1)“/(2—5)
< C(n _ 1)(7—1)(2—6) (n _ 1)7(6—2)

< Cn~ P, (3.31)

Now, using equation (3.21) in (3.19), we get error bound on [tn_%, tn)

n 1 o ° "
[l < ‘F(l——ﬁ)ﬂz/tnl {/tnl(n—tn—;)u (n)dn

- / "6, - n)U”(n)dn} (tn —5)Pds
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-1 tn , 5
< i s—t, 1)%(t, —s) "ds
D RS
tn
—/ (tn — 3)2_5d3} max  |u"(73)|
t M€, 1.tn]
n—z 2
Tl e [ 2 8
L i s—t, 1) (t, —s) "ds
-1
-
= P (t, —t,_1)*F
F<4 _ /8) n ( n—§)

< OT* B N-C-8),(1=D)@=B) B2 \—(8-2)2(8-2)

< Cn~ P, (3.32)

]

Lemma 3.2.2. Suppose 1 < a < 2, n € {1,2,..., N} and v € C?[0,T] n C3(0,T).
Then by using (3.12), it holds that

n—1 t k+l k—1
1 ket vRte —pF3
Rl = — / (t, —s)' ™ |:’U/(S) — —} ds, (3.33)
[2-a) ,; bt =ty
1 tn 1 U"_% — U”_%
Ry = —— tp —s) |V (s) — ———|ds, 3.34
el G (LU e [ (334
n—y 2 2
where
’Rm < 5«1 n—min{S—cx, 7(a—1)}7 |RZ| < 52 n—min{?;—a, 'y(a—l)}‘ (335)
Proof. We prove this Lemma by using similar idea as in Lemma 3.2.1. [

By using the formulas (3.11) and (3.13), we can express the approximation of the

sum of the both operators CD& and CDS‘J. Then, we get the following compact
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form

Dy ultn) + DEult,)
W ¢ )

Tn—1
-1 +1 Lk E k-1
+2An7 uF = uf ) Bnk{“ - }+E", n>1,
=0 Tk+1 Tk
N _— u® — u'n,—l un—l _ un—Q Bl " 1
=W(n)(u" —u""")+ Z(n) — A+ — (" —u")
Tn Tn—1 Tn
By_j+1 — Bn- - n
+) {(An_k+1 + Ap_y) + i }(uk — uF ) = Bulty) + E7,
Tk
Z B A
_ |:W(7”L) + A+ (Tl) + 1:| (un . un—l) o (n> (un—l _ un—?)
Tn Tn—1
n—1
+ ZAn_k(uk — " — B,su’ +E, n > 2. (3.36)
k=1

Where coefficients W(n), Z(n), A,_x and B,_j are defined in equations (3.14) and

(3.15). Then the corresponding coefficients of (3.36) are given as:

(

(An+An—1)+&L_T—fM, k=1,
Mk = 4 (Apopsr + Apoy) + Zomist=Bos 2<k<n-—2, (3.37)
\(AQ'}‘A) n—fl, k=mn-—1.
For n =1,
Z(1)+ B

Dy ultn) +€ D yulty,) = [W(1) + Ay + (' — u®) — By + E,

1

(3.38)

where truncation error is E” = r7+rf+R!+RY. Then |E"| < (N~ min(2-5, 3—a,y8,(a-1))

Using the inequalities of equation (3.16) and mean value theorem, we can easily prove
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that

An,qul S An,]w 1 S k § n — 1. (339)

3.3 Methodology for Nonuniform L1 Difference

Scheme

Now, we discuss both one-dimensional and two-dimensional numerical difference

schemes on nonuniform temporal meshes for the considered problem (3.1).

3.3.1 The One-Dimensional Scheme

Let h = L be the step-size for the space variable and w, = {z; = ih|l <i < M —1}
be the space domain with boundary Wy = ws U dws. Then equation (3.1) at the grid

point (x;,t,) is defined as:

CDgtu(xi, tn) +¢ D ju(wi, tn) + Fu(zi, t,))

2 )
= Tulotn) 4 f(rt,), 7 € w1 <n <N,

(3.40)

u(zi, 0) = ¢(x;), 8“%;’0) =p(r;), 1<i<M-1,

u(z, ty) = O(xi,tn), 1€{0,M}, 1<n<N.

To approximate the Caputo derivatives on left-hand side of equation (3.40), we

use formula (3.36), and central difference approximation to discretize the spatial
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derivative on right-hand side of equation (3.40), we get

7 B A
{mn) FA %] (ap — ) — 20 (et 2y
Tn Tn—1
n—1
+ 3 Ans(uf —uf ™) + F(uf) = Bags
k=1

1
= ﬁ(u;ﬂrl —2u +ul )+ [P+ RY, v €ws, 1<n <N, (3.41)
Denote

Wn)+ A +—=~2"—"=7, 1<n<N, (3.42)

Now, we obtain the linearized implicit difference scheme from equation (3.41) as:

n 1 n ~ Z(n> n—1 Z(n) n—2

1 [ 2

n—1
= Ak(uf —uf ) = Fup ™) + f 4 Bapi + R, 1 €wy, 1< <N (3.44)
k=1

where R} < O(N—7min@=4, 3=a, 78, v(a=1)) 1 p2) for a positive constant C'. We replace
the analytical solution u;'; by its numerical solution U"; to omit the error term in

the equation (3.44). Then, we get the numerical scheme in compact form as:

LU = b,
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where
LU" =-%Ur + {Jn + %] ur - 5Uur,
Z(n) 1 Zm)yme2 = k k-1
b - [’Jn + —] Upt - 2y k; A (UF — UFY) (3.45)
— F(U* )+ fr+ By, n>1.

3.3.2 The Two-Dimensional Scheme

Let hy = ]Lw—ll and hy = AL4—22 be the step-sizes for space variables with grid points
x; = thy and y; = jho, respectively. The mesh points domain is Q, = {(hq, jho)|1 <
i <M, —1,1<j < M,— 1} with the boundary Q, = Q, U 0.

Then, we define the index sets

T={(N1<i<M—-1,1<j<My—1}, T={(,5)]0<i< M, 0<j<M2}.
The functions at grid points u(z;, y;, tn) = ui;, f(2s,yj,tn) = 7, Flulzi, yj,t0)) =
F(up;)for0 <n < N, (i,5) € Z. Suppose the grid functions space 4 = {u(z;, y;,t,) =

up; | (4,7) € 7, 0 <n < N}. For u € i, we define the following notations:

u” ,_u[l . uﬂH - —2um ,+uﬂ71 .

5IU?—%,]' = = h; ,J’ (SxquJ = = hgg : Ja
_ 1 . 3.46
Oydpttyt o1 = g Oyt i1 = Gyttiy 5 1), (3.46)

Apttij = Ogallij + Oyyi;-
\

Similar notations used for y variable. Considered model (3.1) at the grid point

(xi,9;,t,) using the approximation of Caputo derivatives from the equation (3.36),
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we have

CDg,tu(xia y]7 ) + DO tu<x27 yj7 ) + F(U(ﬂf“ Ys, tn))
:Ahu(xl7yj7tn)+f<xl7y]7tn)7 (Z7J> ET; 1§TL§N,
(3.47)
ou LiyYj5, . ..
w(zs,y;, 0) = Oz, y;), POHED = gl y,), (1)) €T,

w(xi, yj, tn) = Oz, y5,tn),  (1,7) € 87(2 Iﬁf), 1<n<N.

Using equations (3.36) and (3.42) to approximate the Caputo derivatives on the
left-hand side of equation (3.47) and central difference operators to approximate the
space derivatives in right-hand side of equation (3.47). Then we obtain the following

linearized implicit difference scheme

+ F(ufh) = Apull; + f15 + R,

1,57

(i,5) €Z, 1<n<N, (3.48)

where [9t7,| < C(N™™" (2-8. 8- 38, 2(a-1) +h2+h2) and J,, defined in (3.42). Let,
_ ~—1 : : n : : n
p = J,7, and replacing the exact solution u;'; by the approximate solution U}"; to

omit the error term in (3.48), we get

7
U ,uAhU” = |:1+,U (n):|U£j_1 Un 2 Z[LAn k ,” Uk 1)

i,J
Tn—1

— uF(UPY) + wfl + uBapiy, (,5) €Z, 1<n<N. (3.49)

To construct the ADI scheme, we add a small term (°Dy, +¢ Dg,)u25252U7; to

equation (3.49), and obtain

Z(n)

Tn—1

( Uz?,lj_ ?

A
(I — po2)(I — po)U = [1 + Mﬂ} (U 4 p2820207 ) —

7Y ]
Tn—1



Chapter 3. Alternating direction implicit approach... 91

n—1
ERTUL) — Y A [(U + WESUL) - (U + iS50 )]
k=1
— WU + ufly + uBapig,  (i,§) €Z, 1<n<N. (3.50)

Suppose an intermediate variable V;*; = (I—uéz)U 0<:< M, 1< My—1.

’L]’

For fixed j € Z, we first solve the following system of equations to find the interme-

diate solution Vl*]

(= ui)Vis = [L+ pZB (U + 125U — p2 2 (U7
PSS = p D) Ak [(UL + 2020308 — (U5

(3.51)
12020208 | = pF (U + pf s 4+ pBupig, i € Z, 1 <n < N,

7Y "]

Vo, = I —pd)Us;, Vi, = - m?)U&m, 1<n<N.

After getting V.*,

i, then we solve the following system to find the final numerical

solution U, for fixed ¢ € {1,2,..., M; — 1}

1,57

(I — pop)Uly; = Vi

1,57

UZT:LO = @(.TZ, y()’tn)? U;':LMQ - ®(mlv yngtn)'

1 Sj S M2 - 17
(3.52)

3.4 Stability Analysis of the Schemes

Here, we discuss the stability bound of the nonuniform L1 difference scheme (3.50)

for the nonlinear TEMDW equation (3.1) in detail.
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Lemma 3.4.1. The solution U* of the discrete difference scheme (3.45) satisfies the

following bound

~

~ -1

n n— ! C2 n

07 < 107 e+ |+ 2] A0l + Bll60 o+ 17
n—2

e Z(n) | rn-
+ Im,, [ U™ oo + T—IHU oo + D> (Mnopet — M) [U¥[|c |, (3.53)
n- k=1

where, Im,, = TZ (n) | A1+ L, and ¢;, ¢ are positive constants.

n—1

Proof. The difference scheme defined in (3.45) can be rewrite as:

~ 2 n ~ n— ]' n n Z(”) n— n— n—
[Jn + —} U =307+ 35 U + Uy + (U8 = UF) = AU

h2
n—2 _
+ A UL+ (Ais = M) UF = (UMY + f7 = Bu6,UY. (3.54)
k=1

For fix n € {1,2,..., N}, suppose i, such that |U"||. = Ogl'ngUi"\ = |U"|. Then
equation (3.54) at mesh point (z;,,t,) is

2 1 A
|ijn + _:| U,Z = jnUZZ—l + _(U'Z+1 + UZ"Z_]_> + T(n> (Uz?z_l - U,ZZ_Q) - AlUZz—l
n—1

E e
n—2 _
+ A UL+ (Mior = M) UE = F(URTY) + f1 = Bub,UL. (3.55)
k=1

Using the inequality |F(U)| < L|U| and the selection of i,, we obtain

n ~ n— 2 n n—
U oo < TullU" Hloo + 351U oo + (A1 + LT oo + Ana U7

2

In + m
Z

T(n) (UZ—I . U;z—2)

n—1

+ Bn||5tU0||oo +1f"ls0 +

(3.56)




Chapter 3. Alternating direction implicit approach... 93

where, J,, defined in equation (3.42). Now, using the values of A; and B; from

equations (3.14) and (3.15), respectively in equation (3.42), we obtain

A 1 (tn - tn_%)liﬁ - (tn — tn_%)lfﬁ
b F(Q_B) Tn—1 1 Tn
1 Crtr) P =1l
r2-p 2"%(ra+m)
(2 By
BERIP R s = AL (3.57)

where, ¢; > 0 for 0 < 8 < 1, and

B2 (tn —tn_3)’™% = (tn — 1)
Tn—1 + Tn

2 (27, + Tp1)? 7 — 2@

n

F(S — Oé) 22_a<7n—1 + Tn) 7
204—1 7_2—04 Tl 2—«
” 2 ° —1|;=c Z 3.58
F(B—Oc) Tn—1 1 Tn |:( * Tn ) :|, = (n)’ ( )

where, ¢o > 0, for 1 < a < 2. Then

~ (1+01) Tn_ﬁ (1+02) T @

¢y Co
. n__ 0,2 3.5
T@- 927 " TE-a)j2i e .8 e (3.59)

where, ¢, > 0 and ¢, > 0. Then equation (3.56) equivalent to

~ ~ -1
n n— €1 C2 n
107 < 10 o+ |5+ 2] (A0l Blla0 o+ 17
Z(n —
( >(U;;—1 — U+ (Mg — AU
k=1

+ (AL + O U +

n—1

} . (3.60)

Thus we get the desired result easily. ]
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Now, we analyze the stability of the difference scheme (3.50). Suppose U, and uj;

are the numerical and exact solutions of the considered problem (3.1)-(1.14). Let

oy, =U"—u;, (i,j)€Z, 1<n<N. (3.61)

7/7‘7

We obtain the following roundoff error equation of the difference scheme (3.50) by

using (3.61)

n—1
n—2
2(5555@?]2 MZ nk-1— A k:)(@f] 25§5§@fg)
k=1

+Anfl(@?7j 2(5252@0 ):| o ,UAl (@Zjl 252(52@71 1)

Yy ~1,] oY g

— u[FUEY) = Fulsh)] + pnBa6i©Y,, 1<n < N. (3.62)

1,57

Using the inequality |[F(U}; 1) —F(u; )| < LU =5 | from Lipschitz condition.

Z(n Z(n
(1= ) (1 = et = 1+ 2 (ot + wiziens) - e
n—2
+ 1202520072) 4 1Y [(Anciet — M) (OF; + 4262020F,) + A, 109 ]
k=1

— phi (071 + pP0305070 1) — nlLOy;t + uBL60y;,  (i,j) €Z, 1<n<N.
(3.63)



Chapter 3. Alternating direction implicit approach... 95

Now, we construct the grid function ©(z,y) as follows , forn =1,2,..., N

;

n
O] fﬂ_% <$§$i+%, yj—% <y§yj+%

2,7 %

O"(z,y) = - S (3.64)

The expression of the function ©"(x,y) in Fourier series form is given as
LS S e, us1 ()

np=—00 Ng=—00

where

1
Ly Ly

L1 Lo
£"(ny,my) = / O"(x,y)e 2mma/Litnay/L2) gy gy, (3.66)
0

Suppose the solution of equation (3.62) is OF, = retlictMtioh2) where e; = 2ny /Ly,

€9 = 2mny/ Ly, and ¢« = v/—1. It can be easily obtained as

4 erh ’ ,
2 . n n _ 2 1701 n t(iethi+jeaho
0,07 == 2 (@H-l] 207, + 0] ;)= _h_% sin <—2 )5 etlicthitjeshs) (3.67)
similarly,
4 h . .
5207, = i sin’ <—622 2)5%*“1"1%2@), (3.68)

16 . Elhl . €2h2 . .
(52(529? = —575 SlIl2 (_) Sln2 (_>£neL(Z€1hl+Je2h2). (369)
v9ii = 322 2 2
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Using the defined solution ©7; and expressions (3.67)-(3.69) into equation (3.63),

we get

du . o (ehy A . o [ €hy 0 Z(n)
[1 + n2 sin ( 5 >} [1 + 2 sin 5 "= 114pu — Ay
16,&2 . €1h1 . €2h2 n— Z(n) 16#2 . €1h1
[1 + _h%hg sin? (T) sin® (T>]§ - 0 _— 1+ n2h2 sin® 5

. €2l n— 16M2 . €1hy . €2l
sin? (T)}f 2 +,u[1 + %sm2 - sin? >

3
)

[(Apoie1 = M) €5 + Ay &0] — L™ (3.70)

Let,

Then, equation (3.70) yields

(1+ H)(1+ Hy)é™ = (1 +H1H2){ 1= phy — pL]e" + {u@}

Tn—1
n—2
(€7 =€)+ u ) [(Anmior = M) €8+ A’ } (3.71)
k=1

Using the hypothesis 7,,_1 < 7,,, 2 <n < N. Then we get following inequality

B = ) S (Rt = )€+ M)
(1+ Hy)(1 + Ho) }
(3.72)

" < (1+ HiH>) [

Lemma 3.4.2. For small value of h; and hs, the following inequality holds:

' [1 + }f%’;fg sin? (%) sin? (%)]
<1, Wn>1. (3.73)

EEQIE=E)
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Lemma 3.4.3. Suppose that £", 1 < n < N are the solutions of equation (3.72), then

€' <1, 1<n<N. (3.74)

Proof. We use induction argument and Lemma 3.4.2 to prove bound for |{"] in terms

of |€°]. For n =1,

(1+ HH,)
(14 Hy)(1+ Hs)

€' < & < €%, (3.75)
Now suppose that

1" <€, n=1,2,...,r— 1. (3.76)

By setting n = r in equation (3.72) and then using the equation (3.39) and (3.76),

we obtain
‘ [1 + %‘% sin? (612}“) sin? (622}‘2>]
€71 < 1€°]. (3.77)
[ (]
Using the Lemma 3.4.2 in above result (3.77), we get desired result. O

3.5 Numerical Results

In this section, we carry five numerical examples corresponding to model (3.1) to
verify theoretical accuracy of the numerical schemes defined in (3.45) and (3.51)-
(3.52) for solving the 1D and 2D nonlinear TFMDW equation respectively. We use
nonuniform meshes to achieve the theoretical OC if there is a strong singularity in

the exact solution of nonlinear TFMDW equation at t = 0. To validate the discussed
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difference schemes (3.45) and (3.51)-(3.52), we select F'(u) as:

Case 1 F(u) =u®—2u, Case2 F(u)=sin(u), Case3 F(u)=1u’

We use the following formulas to estimate the error and rate of convergence in 1D

nonlinear TFMDW equation

Eiy(h,7) = max ||U(ztn) — w(zs, tn)]]oo,

1<i<M—1
Ey(h,271) Ey(2h,7)
=1 = N s — l =2 E
" Og?[&(hm) } e Q{Ewm

where U(z;,ty) and u(x;, ty) denote the approximate and exact solutions of the

problem (3.1) in one dimension.

Example 3.5.1. Consider 1D Klein-Gordon TFMDW equation (3.1) with domain
(2,1) € [0,1] x [0, 1]

_ 0?u(z,t)

C'Z)g:tu(:[;’ t) +C D(O)é,tu(xv t) + F(U(ZE, t)) o2

+ f(x,t).

r+1) ,5-8
r(6+1—5)t +

The zero initial and boundary conditions with source term f(x,t) = (

D(5+1)
T+1—a)

=+ 7%0) sin(mx) + F (u(z, t)) are chosen from the exact solution u(z,t) =
tsin(7x), and nonlinear term is F(u(x,t)) = u® — 2u.

In Tables 3.1-3.4, we give the maximum absolute error and convergence order of the
proposed scheme (3.45) in the temporal direction. Tables 3.1-3.3, show the error
and OC for uniform mesh (7 = 1) as exact solution is sufficiently smooth, and
Table 3.4 represents the numerical results with nonuniform meshes. Tables 3.1-3.3
display the numerical results for different sets of values of fractional parameters
(B, ) with space step length h = :L-. In Table 3.4, we observe that the scheme

500

achieves OC min(2 — 3,3 — a, v, v(aw — 1)) for v = 2, 3 with different values of the
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parameters 3, a and M = 200. Tables 3.1-3.4, express that the proposed scheme
is efficiently accurate and the numerical results have agreement with the theoretical

OC min(2 — 3,3 — a,v8,v(a — 1)).

TABLE 3.1: Maximum absolute errors and OC in time direction for Example 3.5.1
with § = 3, M = 500 and varying values of 3, a.

B=020a=18 B=03a=16 B=07a=13
T luw = Ul OC lum = U || OC lum = Ul OC CPU(s)
1/25 | 1.1985E-02 5.1121E-03 4.0216E-03 1.187264

1/26 | 5.0479E-03  1.2474 1.8094E-03  1.4984 1.4442E-03  1.4775 1.719751
1/27 | 2.1360E-03  1.2408 6.4248E-04  1.4938 5.1487E-04  1.4880 2.879440
1/2% | 9.1239E-04  1.2272 2.3153E-04  1.4725 1.8722E-04  1.4595 4.973156

1/2° | 3.9308E-04  1.2148 8.5208E-05  1.4421 7.0400e-05  1.4111 9.710824

TABLE 3.2: Maximum absolute errors and OC in time direction for Example 3.5.1
with 6 = 3, M = 500 and varying values of (3, a.

B=050a=16 B=070a=16 B=095a=16
T lum = U || OC lum = Ul OC luw = Ul OC CPU(s)
1/25 | 5.6145E-03 6.8085E-03 1.0669E-02 1.286321

1/26 | 2.0196E-03  1.4751 2.5714E-03  1.4048 4.6355E-03  1.2027 1.843045
1/27 | 7.2568E-04  1.4766 9.7023E-04  1.4061 2.0388E-03  1.1850 2.855537
1/2% | 2.6345E-04  1.4618 3.6924E-04  1.3938 9.1218E-04  1.1603 4.950344
1/29 | 9.7214E-05  1.4383 1.4228E-04  1.3758 4.1485E-04  1.1367 10.68066

In Figure 3.1, we display the absolute error graphs for different choices of fractional
parameters (3, «) by using scheme (3.45) for 1D nonlinear TFMDW equation. Fig-
ures 3.1(a) and 3.1(b) represent the absolute errors for 5 = 0.2, « = 1.2 and 5 = 0.8,
a = 1.8, respectively with the smooth case of the solution i.e. § = 3. In Figure 3.3,

we compare the absolute error for Example 3.5.1 on nonuniform and uniform grids
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for = 0.5, a = 1.25 and M = N = 50. We see that the error is decreasing for
higher values of v as compare to v = 1 which indicates that the proposed scheme
(3.45) works well with nonuniform meshes. From Figure 3.2, we observe that the
slope of the approximate solutions follow similar pattern as of line y = 2x which

confirms that the proposed scheme has twice spatial order of convergence.
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(a) Scheme (3.45) with § = 0.2, o = (b) Scheme (3.45) with = 0.8, o =
1.2. 1.8.

FiGURE 3.1: Absolute error surfaces for Example 3.5.1 with § = 3, v = 1 and
M = N =50.
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log, ||error(h)]|
)

-10 ¢
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FIGURE 3.2: The rate of convergence in space direction for Example 3.5.1 with
different values of pairs (3,«a), 6 =3 and M = N = 50.

TABLE 3.3: Maximum absolute errors and OC in time direction for Example 3.5.1
with 6 = 3, M = 500 and varying values of 3, a.

B=03a=13 B=050a=15 B=080a=18
T luw = Ul OC lum = Ul OC lum = Ul OC CPU(s)
1/25 | 2.5106E-03 4.1917E-03 1.4526E-02 1.221002

1/26 | 7.8304E-04  1.6809 1.4332E-03  1.5484 6.2861E-03  1.2083 1.749084
1/27 | 2.3154E-04  1.7579 4.8363E-04  1.5672 2.7102E-03  1.2138 2777732
1/28 | 6.7759E-05  1.7728 1.6420E-04  1.5585 1.1713E-03  1.2103 4.821588

1/29 | 2.0650E-05  1.7142 5.6920E-05  1.5284 5.0799E-04  1.2052 9.247415

Figure 3.4 displays the behavior of the uniform and nonuniform meshes near singu-
larity at ¢ = 0 for Example 3.5.1. In graphs 3.4(a) and 3.4(b), we represent the
absolute error with (8,«) = (0.5,1.5), T'=1, M = N = 50 for the case of non

smooth solution i.e. § = a in Example 3.5.1. From Figure 3.4(a), we can see that
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the error blows-up near the singularity ¢t = 0 and after that it decreases smoothly.
To handle such behavior of error, we take nonuniform mesh by selecting v = 2 and
display the absolute error in the Figure 3.4(b). In Table 3.5, we compare our de-
scribed scheme (3.45) and the scheme used in [2] with M = 500, 5 = 0.5, a = 1.5
at the final time T'= 1. One can observe that the discussed method is in agreement
with the theoretical findings in less computational time as compared to the CPU (in

seconds) time of the scheme given in [2].

TABLE 3.4: Maximum absolute errors and OC in time direction for Example 3.5.1
with 6 = «, M = 200 and varying values of 3, a, ~.

v=1 y=2 v=3 B=038
B=05a=15 B=05a=15 B=08a=14 a=14

T lum = U || OC lum = U ||l OC lum = U || OC CPU(s)

1/160 2.0054E-03 1.5357E-03 1.9277E-03 1.209560

1/320 1.9560E-03  0.03596 7.5862E-04 1.0174 9.7332E-04  0.9859 1.699615
1/640 1.6805E-03  0.21903 3.7221E-04  1.0273 4.8876E-04  0.9938 3.097869
1/1280 | 1.3470E-03  0.31916 1.7992E-04  1.0488 2.4272E-04  1.0098 8.395788
1/2560 | 1.0354E-03  0.37946 8.4187E-05  1.0957 1.1788E-04  1.0420 45.40611
1/5120 | 7.7512E-04  0.41776 3.6600E-05  1.2017 5.4679E-05  1.1083 245.4984

1/10240 | 5.7025E-04  0.44282 1.3181E-05 1.4734 2.2922E-05  1.2542 1409.409




Chapter 3. Alternating direction implicit approach...

103

TABLE 3.5: Maximum absolute errors and OC in time direction for Example 1 of
[2] with M = 500.

Scheme (3.45) 2] Scheme (3.45) | [2]
8=05a=15 B=05a=15
T o™ = U0 ocC lu" = U7 |0 ocC CPU CPU
) 6.4560E-02 3.9393E-02 0.929317 0.55
10 | 2.5320E-02 1.3504 1.5505E-02 1.34 1.099860 1.29
20 | 8.9756E-03 1.4962 5.4021E-03 1.52 1.326152 2.12
40 | 3.0763E-03 1.5448 1.8141E-03 1.57 1.642594 3.50
80 | 1.0459E-03 1.5565 6.1968E-04 1.54 2.271350 6.08
160 | 3.5715E-04 1.5501 * * 3.427004 *
320 | 1.2353E-04 1.5317 * * 5.982780 *
640 | 4.3792E-05 1.4961 * * 12.39335 *
1120 oo B8 Eag
10 [ B_.EJ . "'a._Ev
ol »I'E,..ET" “D"‘E_
= O 4=1 o,
s = O ~=1.67
.
2 .|
%57 Duﬂ“uugnn““nu
§ al ° o o a a
- o
N.
2L
Nt

0.3

0.4 0.5 0.6

0.7

F1cuRE 3.3: Comparison of absolute error between uniform (v = 1) and nonuni-
form (y = 1.67) mesh for Example 3.5.1 with 5 = 0.5, « = 1.25, § = a and

M = N =50.

In Table 3.6, we display the error on L., norm and OC of the analyzed difference

scheme (3.45) in space direction by taking fixed time step length as 7 =

The

1
5000

presented results are carried out for different pairs of values of (4,7) and (3, «). From

the Table 3.6, one can note that the spatial convergence accuracy is of second-order.
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(a) Scheme with v =1 and 8 = 0.5,

a=1.5.
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(b) Scheme with v =2 and 8 = 0.5,

a=1.5.

FIGURE 3.4: Absolute error graphs for Example 3.5.1 on the uniform (a) and
nonuniform (b) meshes with M = N =50, § = a.

TABLE 3.6: Maximum absolute errors and OC in space direction for Example
3.5.1 with 7 = Wloo and varying values of 3, a.

B=03a=17 B=05a=15 B=0.7a=13

M| (6,7) |fu"=UTls OC [u" = Ul OC [u" = Ul OC

4 [(3,1) |2.6551E-02 2.9386E-02 3.0817E-02

8 6.6625E-03  1.9946  7.3442E-03  2.0004  T7.6910E-03  2.0025

16 1.6752E-03  1.9917  1.8371E-03 1.9991  1.9241E-03  1.9990
CPU | 69.553496 139.415052 206.774764

4 | (a,2.5) | 3.8941E-02 4.0582E-02 4.1006E-02

8 9.7099E-03  2.0038  1.0087E-02 2.0083  1.0244E-02  2.0011

16 2.4242E-03  2.0020  2.5185E-03 2.0019  2.6158E-03  1.9694
CPU | 73.374518 141.858775 232.028216
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Example 3.5.2. We consider the 2D nonlinear TFMDW equation (3.1) with L; =
Lo=mand T =1

CD&{M({L‘, Y, t) +C D((itu(x7 Y, t) + F(U(ZE, Y, t)) = AU(I7 Y, t) + f(l’7 Y, t)

Suppose the exact solution of the problem is u(x,y,t) = t*sin(z)sin(y) then the

corresponding initial and boundary conditions are zero and source term is

flz,y,t) = H52—fﬁ)t4ﬁ + H52—i00t4a 4 2t* | sin(z) sin(y) + F(u(z,y,t)).

Let hy = hoy = h be the spatial step-sizes. To compute the error in 2D nonlinear
TFMDW problem, we use the following formula
EZ(haT) = max HU(xiayjatN) _u(xhyj?tN)Hom

1<i<M;—1
1< Mz -1

where U(x;,y;,ty) and u(z;,y;,tny) denote the approximate and exact solutions of
the problem (3.1) at the final time 7" = 1. We use the following formulas to find
the OC in temporal and spatial direction for the proposed ADI scheme (3.51)-(3.52)

corresponding to the maximum norm.

Ey(h, 27)] ry = logs [%2((227:))] '

o= ton| B

Tables 3.7, 3.8, 3.9, display the maximum absolute errors and convergence accuracies
of the ADI scheme (3.51)-(3.52) in time direction for Example 3.5.2. In Example
3.5.2, we deal with all three cases of F'(u) to investigate numerical schemes (3.45) and
(3.51)-(3.52) in the considered domain [0, 7]* x [0, 1]. Tables 3.7, 3.8, 3.9, represent
the numerical experiments for F'(u) = sin(u), u® — 2u, u?, respectively with 50 x 50

uniform points and different choices of fractional parameters 5, «. From the Tables,
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one can note that the temporal OC is min(2 — 3,3 — «) on the uniform meshes and
numerical results are in agreement with this accuracy. In Figure 3.5, we express
the surface of maximum absolute error at final time 7" = 1 with M; = My = 50,

7 =10.002 and (8, a) = (0.3, 1.5) for Example 3.5.2.

TABLE 3.7: Maximum absolute errors and OC in time direction for Example 3.5.2
with F'(u) = sin(u), varying values of 3, a and hy = hy = .

B=02a=18 B=04a=17 B=08,a=125
T |u” — UT|le  OC Ju” — Ul OC Jum — U]l OC CPU(s)
1/23 1.2239E-01 9.2435E-02 5.9529E-02 0.353195

1/24 5.2297E-02  1.2267 3.6758E-02  1.3304 2.3754E-02  1.3254 0.978580
1/25 2.2510E-02  1.2162 1.4680E-02  1.3242 9.9971E-03  1.2486 2.807489
1/2¢ 9.7411E-03  1.2084 5.8943E-03  1.3165 4.0784E-03  1.2935 9.290004
1/27 4.2362E-03  1.2013 2.3849E-03  1.3054 1.7497E-03  1.2209 33.64847
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FIGURE 3.5: Absolute error graphs for Example 3.5.2 with M = 50, N = 500,
B=03,a=15and F(u) = u® - 2u.
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TABLE 3.8: Maximum absolute errors and OC in time direction for Example 3.5.2
with F'(u) = u? — 2u, varying values of 8, o and hy = hg = -

B=020=18 B=04a=17 B=08,a=125
T lum = Ul OC lum = Ul OC lum = Ul OC CPU(s)
1/23 1.3527E-01 1.0067E-01 6.4124E-02 0.242581
1/24 5.9700E-02  1.1800 4.1879E-02  1.2653 2.7796E-02  1.2060 0.836927
1/2° 2.6241E-02  1.1859 1.7234E-02  1.2809 1.1888E-02  1.2254 2.679007
1/26 1.1505E-02  1.1896 7.0538E-03  1.2888 4.9726E-03  1.2574 9.125027
1/27 5.0411E-03  1.1904 2.8870E-03  1.2888 2.1371E-03  1.2183 33.25655

TABLE 3.9: Maximum absolute errors and OC in time direction for Example 3.5.2
with F'(u) = u?, varying values of 3, a and hy = hy = 20

8=03,a=13 B=05a=15 B=08a=18
T lum = U] OC lum = U]l OC lum = U] OC CPU(s)
1/23 4.4042E-02 6.6310E-02 1.4413E-01 0.253837
1/24 1.4027E-02  1.6507 2.3180E-02  1.5163 6.1282E-02  1.2339 0.822873
1/2° 4.2918E-03  1.7086 8.0213E-03  1.5310 2.6370E-02  1.2165 2.578670
1/26 1.2976E-03  1.7257 2.7870E-03  1.5251 1.1422E-02  1.2072 7.927668
1/27 4.1677E-04  1.6386 9.8845E-04  1.4955 4.9692E-03  1.2007 27.24583

In Table 3.10, we give the maximum error on L., norm and convergence accuracy in

space direction for Example 3.5.2 with N = 10,000. Table 3.10 shows the numerical

results for F/(u) = u® — 2u with v = 1 and different pairs of parameters (3, «). The

Table 3.10 confirms that the ADI scheme (3.51)-(3.52) is second-order accurate in

space.



Chapter 3. Alternating direction implicit approach... 108

TABLE 3.10: Maximum absolute errors and OC in space direction for Example
3.5.2 with F(u) = u® — 2u, varying values of §, o and 7 = =+

-
B=03,a=15 B=05a=13 B=070a=16

M| |u-UT| OC lu" = UT||lc OC |u" = Ul OC  CPU

4 | 7.2600E-03 9.0010E-03 5.7216E-03 1214.8286

8 | 1.8386E-03  1.9813 2.2782E-03  1.9822 1.4535E-03  1.9769 4780.3552
16 | 4.6208E-04  1.9924 5.7172E-04  1.9945 3.6905E-04  1.9776 18765.016

FExample 3.5.3. In this example, we consider 1D nonlinear TFMDW equation on

(x,t) € Q x [0,1]
2
D (1) +¢ Dl 1) + (e 1) — 2u(r, 1) = T
o Ou(z,0)
u(z,0) =0, 5 =0, z€qQ,

w(0,) =0, wu(l,t) = (T +t)sin(1), (z,t) € 90 x (0,T].

The nonsmooth exact solution of the equation (3.1) is given as u(x,t) = (t°+ +

t*)sin(z), (z,t) € Q x [0,1] and corresponding source term is

foy=[REE D@t D ey, TO4D e

['(2) Fla+1-7) I'+2—a)

+ (a4 1) 4+ P 4 ¢ sin(z) + ud(2, t) — 2u(z, 1).

We calculate this problem using scheme (3.45) in domain (z,t) € [0,1] x [0,1]. In
Tables 3.11, 3.12, 3.13, we present maximum absolute errors and convergence rates
in the time direction on nonuniform mesh for Example 3.5.3. Tables 3.11-3.13,
display the numerical results for a fixed value of M = 500 and different choices of

pairs (f, a) using nonuniform temporal meshes to achieve the desired accuracy. We
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can see from Tables 3.11-3.13 that the proposed scheme (3.45) is computationally

efficient and results are in agreement with OC min(2 — 3,3 — o, 73, y(a — 1)).

TABLE 3.11: Maximum absolute errors and OC in time direction for Example
3.5.3 with different values of 3, a, v and M = 500.

vy=1 v =267 vy=4

B=03a=13 8=03a=13 B=03a=13
T lum = Ul OC |l = U™l OC lum — U ||l OC CPU(s)
1/2% | 1.6647E-02 1.0450E-02 1.9366E-02 1.284360
1/26 | 1.3825E-02  0.26794 3.4704E-03  1.5903 4.8003E-03  2.0124 1.886483
1/27 | 1.1705E-02  0.24015 1.7827E-03  0.96107 1.2554E-03  1.9349 2.934278
1/2% | 9.8867E-03  0.24362 1.0683E-03  0.73871 3.4401E-04  1.8677 4.971753
1/2% | 8.2777E-03  0.25625 6.2599E-04  0.77113 9.9921E-05  1.7836 11.14403
1/21% | 6.8687E-03  0.26921 3.6299E-04  0.78620 3.1286E-05  1.6753 31.48197

In Figure 3.6, plot 3.6(a) shows the effect of mesh grading parameters 4’s on the

absolute error for a non-smooth exact solution in Example 3.5.3. We take particular

choice of pair (5,a) = (0.5,1.5) and different v = 1, 1.67, 2, 2.22 with M =

N = 50. One can note from Figure 3.6(a) that the error decreases for choice of

nonuniform mesh in approximation method.

In Figure 3.6(b), we compare the

exact and approximate solutions on nonuniform meshes taking v = 4 for Example

3.5.3 with = 0.5, a = 1.5, M = 33, and N = 20 at final time level T' = 1.
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FIGURE 3.6: Graph of absolute error (left panel) and, exact and numerical solu-
tions (right panel) at final time 7" = 1 for Example 3.5.3 with § = 0.5, a = 1.5.

TABLE 3.12: Maximum absolute errors and OC in time direction for Example
3.5.3 with different values of 3, «, v and M = 500.

v=1 y=25 v =1.67

B=05a=15 6=05a=15 6=08a=138
T lum = U« OC lum = Ul OC lum = Ul OC CPU(s)
1/25 | 1.0940E-02 8.5965E-03 4.5669E-03 1.224926
1/26 | 5.4993E-03  0.99229 2.1721E-03  1.9847 1.8530E-03  1.3013 1.747783
1/27 | 4.1482E-03  0.40675 5.7657E-04  1.9135 8.0375E-04  1.2050 2.744124
1/2% | 3.2101E-03  0.36989 1.6085E-04  1.8418 3.5122E-04 1.1944 4.810063
1/29 | 2.4802E-03  0.37217 4.7721E-05  1.7530 1.5431E-04  1.1865 9.626798
1/21% | 1.8888E-03  0.39296 1.5257E-05  1.6451 6.8047E-05  1.1812 31.41446

In Figures 3.7, we compare surfaces of absolute error between uniform mesh (y = 1)

and nonuniform mesh (y = 2.5) when = 0.5, « = 1.5, M = N = 50 for Example

3.5.3. We can see from Figures 3.7(a) and 3.7(a) that both the surfaces have different

behavior near the singular point ¢ = 0. In Figure 3.7(a), we can observe the blows-

up behavior of error near the singular point ¢ = 0. To handle the weak singularity
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near initial time, we use general mesh by choosing v > 1 in time discretization

process. Figure 3.7(b) display the similar error for nonuniform mesh v = 2.5, and

one can notice that our time discretization method works well with graded mesh.

Lo h 00 gV
RSN
lmzl:" '0:0:‘:»::“' W
ARIHRRXN
IO,
OONN

45
0
'0

%103

(a) Scheme (3.45) with v = 1.

108
35

25

0

(b) Scheme (3.45) with v = 2.5 .

FIGURE 3.7: Absolute error graphs for Example 3.5.3 on the uniform (a) and

nonuniform (b) meshes with (5,a) = (0.5,1.5) and M = N = 50.

TABLE 3.13: Maximum absolute errors and OC in time direction for Example
3.5.3 with different values of 3, a, v and M = 500.

v=35 v=214 v=2.14

8=07a=13 B=05a=16 8=06,a=17
T lum = U]l OC [um =U|s OC lum = U]l OC CPU(s)
1/25 | 1.9015E-02 6.4165E-03 6.1205E-03 1.24999
1/25 | 4.9207E-03  1.9502 1.6581E-03  1.9522 2.0175E-03  1.6011 1.79594
1/27 | 1.3935E-03  1.8201 4.5500E-04  1.8656 8.0501E-04  1.3255 2.90179
1/2% | 4.3119E-04  1.6924 1.3426E-04  1.7608 3.2400E-04  1.3130 5.18547
1/29 | 1.4699E-04  1.5526 4.3573E-05  1.6236 1.3122E-04  1.3040 9.88331
1/210 | 5.5028E-05  1.4175 1.5815E-05  1.4621 5.3354E-05  1.2983 31.0253
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FExample 3.5.4. We consider 2D Klein-Gordon TFMDW equation on the computa-
tional domain Q x [0, 7] = ([0, 1] x [0, 1]) x [0, 1]

QUI zux
Dy u(z, y,t) +° Dgyu(z, y, t) + Flu(z,y, 1) = Tumel 4 ZUeud o gy 1),

u(z,y,t) =0, au(g;;y,o) 0, =,y €,

u(z,y,t) = (P + 1) (sin(1))?, w,y €9, te€ (0,7
The exact solution of considered problem is u(z,y,t) = (t°*1 + t*)sin(x)sin(y),

z,y € Q, t € (0,1]. Then the related source term is defined as:

e L D+ 1)

fayt) = |03+ 2) 1+ L@t w%+FFW+”

T(o+1—f) (B+2—a)

+2 (7 + 1) | sin(z) sin(y) + F(u(z,y, t)).

In Table 3.14, we give the maximum absolute error and convergence order for Ex-
ample 3.5.4 in the time direction for fixed h; = hy = 1/20, varying N, and different
choices of pairs (f,«a) = (0.3,1.5), (0.7,1.6), (0.8,1.4) for nonuniform mesh by se-
lecting v > 1. In this Table 3.14, we deal with Case 1 on the domain [0, 1] x [0, 1].
We can see from Table 3.14 that the temporal accuracy of the current scheme (3.51)-

(3.52) agrees with min(2 — 3,3 — o, 75, v(av — 1)).
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TABLE 3.14: Maximum absolute errors and OC in time direction for Example
3.5.4 with different values of 8, a, v and hy = hy = 2—10.

v =333 vy=2 v = 3.67

B=03a=15 B=07a=16 8=08a=14
T lum = Ul OC lum = Ul OC lum = Ul OC CPU(s)
1/2% | 6.8501E-04 5.1280E-04 1.1696E-03 11.43926

1/2° | 3.3671E-04  1.0246 2.5339E-04 1.0171 3.9252E-04  1.5752 56.13212
1/21° ] 1.6259E-04  1.0502 1.2191E-04  1.0555 1.9282E-04  1.0255 348.3140
1/2' | 7.5626E-05  1.1043 5.5548E-05  1.1340 9.1934E-05  1.0686 1559.488

1/212 | 3.4541E-05  1.1306 2.2439E-05  1.3078 4.1031E-05 1.1639 7498.723

Figure 3.8 displays the absolute error for Example 3.5.4 using the finite difference
scheme defined in (3.51)-(3.52) for different pair of fractional parameters (5, a) =
(0.3,1.5) at T = 1. Figure 3.8(a) expresses the error plot corresponding to uni-
form discretization v = 1 in approximation method (3.51)-(3.52). However, Figures
3.8(b), 3.8(c), 3.8(d) show the error plot for nonuniform cases v = 2, v = 3, v = 4,
respectively. From these figures we can note the effectiveness of the nonuniform
meshes. Figures 3.8(b), 3.8(c), 3.8(d) have smooth behavior of absolute error in
comparison to Figure 3.8(a). We see that the error is increasing for uniform mesh
due to non-smooth nature of boundary condition. In resolving such type of singu-
larities in boundary conditions as well as in solutions, we employ the nonuniform

mesh to recover an optimal OC.
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Absolute error

(c) For scheme (3.51)-(3.52) with (d) For scheme (3.51)-(3.52) with
v =3. v = 4.

FIGURE 3.8: Graphs of absolute error using ADI scheme (3.51)-(3.52) with h; =
he =1/20, 7 =1/400, 8 =0.3,a = 1.5, T =1 0on Q = [0,1] x [0, 1] with different
values of v for Example 3.5.4.

Table 3.15, present the maximum absolute errors and OC in space direction with
N = 30,000 and varying M;, M, for Example 3.5.4. Numerical results are discussed
for different values of § and a on nonuniform time grids by taking mesh grading
parameter v = 2.67. We analyze that the numerical results are in agreement with
theoretical convergence rate. Table 3.15 shows that the ADI scheme (3.51)-(3.52) is

second-order accurate in space direction.
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TABLE 3.15: Maximum absolute errors and OC in space direction for Example
3.5.4 with different values of 3, a, v = 2.67 and 7 = =

-

B=05a=18 B=05a=15 B=04,a=16
M| ||Ju"=U"||lc OC |lum = U||.e OC |lum = U"||.e OC
4 | 3.8119E-04 3.7501E-04 3.8169E-04

8 | 1.0461E-04  1.8655 1.0453E-04  1.8431 1.0584E-04  1.8505
16 | 2.4791E-05  2.0771 2.7165E-05  1.9440 2.7060E-05  1.9676

FExample 3.5.5. Consider the nonlinear Klein and Sine-Gordon TFMDW equation
in 1D and 2D with the following exact solution

(Xr - C)2

u(XT,t):tpeXp<— T ),7":1,2, Xi=z, Xo = (z,y), X, xteQx][0,1].

Then the initial and boundary conditions are
w(X,,0) =0=u(X,,0), r=1,2, X, €Q,

X, —()?
u(X,,t) = tPexp ( - %), (X, t) € 09 x (0,1].
and the source term is

Flp+1) 5, Tl+1)

2
ﬂme:(F .

(p+1-7) Flp+1-a) v
(Xr - C)Q

- = o e (= B 4 puce)

Tables 3.16 and 3.17 describe the absolute error and OC of one and 2D cases for
Example 3.5.5, respectively. Table 3.16 represents the error on L., norm and OC for
both temporal and space directions by using the scheme (3.45). In this Table, we

fix M = 2000, varying N, and fix N = 2000, varying M to get the numerical results
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in temporal and space directions, respectively. In Table 3.16, we use nonlinear term
F(u) = v? ¢ = 0.5, ¥ = 0.02 with different values of 8, o, and v to handle the
nonsmooth nature of the exact solution on the domain 2 x [0,7] = [0,1] x [0, 1]. In
Table 3.17, we display the absolute error on the L., norm and OC on the temporal
side by using the scheme (3.51)-(3.52). Table 3.17 shows the numerical results
for F(u) = sin(u), ¢ = 50, ¥ = 100 with different pairs (8, ) on the domain
Qx[0,T] = [0,100] x [0,100] x [0, 1]. Tables 3.16 and 3.17 confirm that the numerical

schemes (3.45) and (3.51)-(3.52) provide good accuracy for both directions.

TABLE 3.16: Maximum absolute errors and OC in time (M = 2000) and space
(N = 2000) directions for Example 3.5.5 (1D case) with different values of 3, a,
v, p=a,(=05and ¥ =0.02, F(u) = u?

v =14/5 N =13/2 y=13/7 B =04
B=050a=16 B=04,0=18 B=03,a=17 a=18
T Jum — Ul OC Jum — Ul OC " —U|ls OC  CPU(s)
1/25 | 4.0778E-04 8.7445E-04 6.0008E-04 0.025324
1/27 | 1.6071E-04 1.3434  3.8323E-04 1.1902  2.3855E-04 1.3309 31.23791
1/28 | 6.2901E-05 1.3533  1.6733E-04 1.1956  9.5195E-05 1.3253 77.08585
1/2° | 2.4340E-05 1.3697  7.2838E-05 1.1999  3.8018E-05 1.3242 166.6383
1/21° | 9.2273E-06  1.3994  3.1582E-05 1.2056  1.5102E-05 1.3320 314.9025
1/211 | 3.5192E-06  1.3907  1.3603E-05 1.2152  6.0159E-06 1.3279 767.3831
N=3 v =14/5 v =13/6 B =07
B=08a=14 B=06,a=15 B=070a=16 a =06
h Jum — U]l OC Jum — Ul OC Jum — U]l OC  CPU(s)
1/2¢ | 3.2919E-02 3.2923E-02 3.2898E-02 6.090590
1/2° | 7.8612E-03 2.0661  T7.8574E-03 2.0669  7.8524E-03  2.0668 11.53135
1/26 | 1.9493E-03  2.0118  1.0438E-03 2.0151  1.9436E-03 2.0144 17.66998
1/27 | 4.9172E-04 1.9871  4.8579E-04 2.0005  4.8669E-04 1.9976 26.07127
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Figure 3.9 demonstrates the absolute error for a nonsmooth solution of Example
3.5.5 using the method defined in (3.45). In this Figure, we plot the surface of error
for (8,a) = (0.5,1.5) and M = N = 50 with different values of grading parameter
v. The effect of the nonuniform meshes near the singularity at ¢ = 0 can be observed
from these Figures 3.9(a) and 3.9(b). In Figure 3.9(a), the error behavior blows
up near the singularity ¢ = 0. However, this behavior of error is tackled in Figure

3.9(b) by selecting a suitable choice of parameter ~.

x10° x10°

X
3

Absolute error
oo - N oW 5 o o<

Absolute error

(a) Scheme (3.45) with v = 1. (b) Scheme (3.45) with v =3 .

FIGURE 3.9: Absolute error graphs for Example 3.5.5 on the uniform (a) and
nonuniform (b) meshes with (5, a) = (0.5,1.5) (¢, ¥) = (0.5,0.02) and M = N =
50.
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TABLE 3.17: Maximum absolute errors and OC in time direction for Example
3.5.5 (2D case) with different values of 8, a, p = 3, ¢ = 50 and ¥ = 100,
F(u) = sin(u).

B=05a=15 B=05a=17 B =0.85,aa =13
T v = U« OC v = Ul OC v = Ul OC CPU(s)
1/2? | 1.2333E-01 1.7721E-01 1.5049E-01 0.527258

1/23 | 4.2854E-02  1.5250 6.9380E-02  1.3528 5.9737E-02  1.3330 1.594473
1/2% | 1.4914E-02  1.5228 2.7353E-02  1.3428 24714E-02  1.2733 4.128901
1/25 | 5.2105E-03  1.5172 1.0835E-02  1.3360 1.0520E-02  1.2322 10.67341

1/2% | 1.8348E-03  1.5058 4.3138E-03  1.3287 4.5699E-03  1.2029 30.42070

FExample 3.5.6. In this example, we consider 2D Klein-Gordon TFMDW equation

on the domain (x,y,t) € Q x [0, 1]

Dy (. y,t) +° Dgulz, y,t) + u(z,y,t) — 2u(z, y,t) = Au(z,y,t) + f(z,9,1),

u(z,y,0) =0, %:0, x,y € €,

u(z,y,t) = t° cos(mz) cos(my), z,y €9, te (0,77,
\

with source term

5! 5!
f(z,yt) = m#’)—ﬁ + mt5_a + 27%t° | cos(mx) cos(my)

+ (t° cos(mx) cos(my))? — 2(t° cos(mx) cos(my)).

It this case, the analytic solution is u(x,y,t) = t° cos(mx) cos(my), =, y € Q. We
solve this equation (3.1) by using ADI difference scheme (3.51)-(3.52) on the domain
Qx[0,7] =10,1] x[0,1] x [0, 1]. In Table 3.18, we display the numerical results with

different values of g = 0.3, 0.5, 0.8 and o = 1.8 for Example 3.5.6. We observe that
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the convergence rate agrees with the temporal accuracy which is min(2— 4,3 —a) =

1.20 for the choice of g and «a.

TABLE 3.18: Maximum absolute errors and OC in time direction for Example
3.5.6 with different values of 8, a = 1.8 and M; = My = N.

5=0.3 6=05 5 =028
T | —Ur. ocC lu” — U]l OC lv" — Ul OC  CPU(s)
1/5 | 5.2675E-02 5.2699E-02 5.4911E-02 0.054558
1/10 | 2.1215E-02 1.3120 2.1369E-02 1.3023 2.2534E-02 1.2850 0.122206
1/20 | 6.1250E-03  1.7923 6.1936E-03  1.7866 7.3124E-03  1.6237 0.457092
1/40 | 2.5477E-03  1.2655 2.6427E-03  1.2288 3.2341E-03  1.1770 5.851943

In Tables 3.19 and 3.20, we present the numerical results in space direction for

Examples 3.5.3 and 3.5.6, respectively with different choice of pairs (3, @) and fixed

time step size 7 =

1
15000

Table 3.19 shows the maximum absolute error and OC on

nonuniform meshes by using v = 2.67, whereas in Table 3.20 the numerical results

are given with uniform meshes. From Tables 3.19 and 3.20, we can observe that

the scheme for 1D case (3.45) as well as for 2D case (3.51)-(3.52) is second order

accurate in space.

TABLE 3.19: Maximum absolute errors and OC in space direction for Example

3.5.3 with F(u) = u® — 2u, varying values of 3, o, vy = 2.67 and 7 = ﬁ.
B=03,a=16 B=05a=15 B=04,a=16
My =M, | |[u" = UT||» OC lum = U« OC lum = Ul OC CPU
3 8.1391E-04 7.7763E-04 7.4013E-04 2159
6 2.1783E-04  1.9017 2.0498E-04  1.9236 1.9594E-04 1.9174 4339
12 5.7831E-05 1.9133 5.2308E-05  1.9704 5.2038E-05  1.9128 6535
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TABLE 3.20: Maximum absolute errors and OC in space direction for Example

3.5.6 with F(u) = u® — 2u, varying values of 3, @, y =1 and 7 = Wlo()'
B=03a=18 B=05a=15 B=04,0=1.6
M, =M, | |[u" = U], OC lum = U ||l OC lum = Ul OC
4 6.0666E-03 6.5495E-03 6.4245E-03
8 1.7071E-03  1.8293 1.8062E-03  1.8584 1.7803E-03  1.8515
16 4.7527E-04  1.8448 5.0116E-04  1.8496 4.9411E-04  1.8492
32 1.2233E-04  1.9579 1.2732E-04  1.9768 1.2567E-04  1.9752

3.6 Conclusion

We discussed an efficient difference schemes based on ADI approach for solving
the 2D nonlinear TFMDW equation. We proposed nonuniform L1 approximation
method by using discretization process based on half grid subintervals of domain
[0, T'] defined in (3.8) to approximate the TFCDs of order 8 (0 < f < 1) and a (1 <
a < 2) in equation (3.1). This approximation method has an advantage in numerical
accuracy over the methods on uniform discretization. The nonuniform L1 method is
used for the approximation of the time-fractional derivatives, and central difference
approximation for the space derivative to get an equivalent system of equations of
the considered model (3.1)-(3.3). The local truncation error bound is shown for time-
fractional derivative approximation methods. The theoretical investigation describes
that the derived scheme has convergence rate min(2— 3, 3—a, v, v(aw—1)) in time
and second order in space direction, and it is unconditionally stable for g € (0,1)
and a € (1,2). Numerical examples show that the difference scheme confirms the
OC in time and space direction, and works well for finding the numerical solutions

to high-dimensional problems. The current numerical algorithm handles the weak
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singularity at ¢ = 0 i.e. when exact solution is non-smooth for the governing problem
(3.1)-(3.3). We presented several numerical examples with zero as well as non-zero

boundary conditions corresponding to smooth and non-smooth exact solutions of

the considered problem.

%107

Absolute error

FIGURE 3.10: Absolute error graphs for Example 3.5.6 using the scheme (3.51)-
(3.52) with M} = My = N =80 and 8 = 0.85, a = 1.85.
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