JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 162, 309-316 (1991)

Generalized Convex Duality for
Multiobjective Fractional Programs

R. N. MUKHERJEE

Department of Applied Mathematics,
Institute of Technology, Banaras Hindu University.
Varanasi-221005, India

Submirted by E. Stanley Lee
Received February 5, 1990

Egudo derived some duality theorems for Multi-objective programs using the
concept of efficiency coupled with some generalized convexity assumptions on the
objective and constraint functions. The main results of the present work can be
thought of as extensions of the results of Egudo in the context of multi-objective
fractional programs. T 1991 Academic Press. Inc.

1. INTRODUCTION
We consider the following multi-objective fractional progamming

problem
(VFP)

Minimize (f‘(x) Sa(x) fP(x)>

£1(x) £2(x) 7 g,(x) 0

subject to A(x)<0.

Corresponding to (VFP) we have a parametric multi-objective program-
ming {VFP), of the following type

(VFP),
Minimize (fy(x)—u, g,(x), f3(x)— 03 g2(x),, fp(x) — v p gp(X)) 2)
subject to A(x)<0.
The dual of (VFP), can be given as follows
(VFD)
Maximize (v,, U5, ..., Up)
subject to V{r'(f(u)— v'g(u)) + u'h(u)} =0 (3)
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Siu)—v; g(u)=0 (4)
uh(u)=0 (5)
P
17,20, i=1,2,..,P, Y =1, veR” ,ueR™. (6)

The functions f;: R* > R, g;:R"> Rand h: R— R", for i=1,2,3, .., Pare
assumed to be differentiable.

We give some preliminary definitions and results from [3] which are
used subsequently in our later results.

DermNITION 1. A feasible solution is efficient for (VFP) if and only if
there is no other feasible solution x for (VFP) such that for some
ieP=1,2,.,P

(7)
and

i ] (1]
;%g%, forall jeP. (8)

For maximization problem the signs in the inequalities (7) and (8) can be
reversed.

The following lemma connecting (VFP) and (VFP), has been proved
in [1].

LEMMA 1. Let x, be an efficient solution to (VFP). Then there exists
o€ RE such that x, is efficient to program (VFP),.

Geoffrion [4] characterized proper efficiency of a multi-objective
programming by the following lemma. Such characterization is used for
strong duality results derived later in the sequel.

LEMMA 2. If for some fixed Ae0e R”, x° solves the single objective
program

(P;)
Minimize 2'f (x)
subject to h(x) < 0;

Then x° is properly efficient for (VFP), where g,(x)=1, fori=1,2, 3, ..., P.
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A necessary and sufficient condition which characterizes efficient solu-
tions of (VFP) with g,(x)=1, for i=1,2,3, ..., P can be given as follows
(see [2] or [7]).

LEMMA 3. A point x° is an efficient solution for (VFP) if and only if x°
solves
Pk(ﬁo)
Minimize f,.(x)
subject to f,(x) <f(x%),  forall j#k, h(x)<O0:

for each k=1,2, .., P.

Remark. For Theorem 3 in the section on strong duality theorem we
shall use Lemma 3 with fs replaced by f,/g..

2. DuALITY RESULTS

Some duality theorems of weak and strong type connecting (VFP), and
(VFD) have been derived next with the beginning result which assumes the
function f(x), —g.(x), and A;(x) to be convex for I<i<Pand 1 <j<m.

THEOREM 1. Assume that all feasible x for (VFP),. and all feasible
(u, 7, u) for (VFD), fi—v,g,,i=1,2,.,Pand h,, j=1,2, .., m are convex
functions. If also either (a) t,>0 all i=1,2,..,P or (b)Y w,(fi(-)—
v, g( )+ XL, y;g,(+) is strictly convex at u, then the following cannot hold

fi(x) < forall jeP=12,..P (9)
g(x)
and

Proof. Suppose contrary to the result that (9) and (10) hold. Then
since x is feasible for (VFP), and y >0, (9) and (10) imply

filx)—v;gx)<0 forall jeP
and

Silx)—v, g{x)<0 for some ieP,
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respectively. Now hypothesis (a) and 7, 7,=1 imply

T,(fi(x) —v;g:(x)) <0. (11)

1

I M

i

Also from (4), (5), (6), and (11) we have

P

Z (fi(x)—v,g{x)) + Z yjhj(x)
=1

i=1 j=
P m
< Z T,(fi(u) —v.g.(u)) + Z yihi(u). (12)
i=1 Jj=1
Since f;—u;g; and #1; ar
follows from (12) that

convex and t,>0, i=1,2,., P, y20, it

(x—u)" (Z t{Vfi(u)—uNVg,(u)} + Vy‘h(u)) <0, (13)

which contradicts (3).

Case (b) can be proved similarly.

Using p-convexity we can obtain a weak duality theorem for a fractional
programming problem as follows.

DEFINITION. A function /% R” — R is said to be p—convex [5, 6] if there
exists a real number p such that for each x, ue R" and 0<A<1,

FOx+ (=) u)<Ax)+ (1= 1) f(u)—pi(1 = A)|x—ul’

For a differentiable function f: R" — R, f is p-convex if and only if for all
x, ueR"”

fx)~f) 2 (x—u)' Vf () +p | x—ul®

For p >0 then f is said to be strongly convex; and if p is negative then f
is said to be weakly convex.

THEOREM 2. (Weak Duality). Assume that for all feasible ¢ for (VFP),
and all feasible (u,t,y) for (VFD), f,—v,g, are p—convex and h;,
Jj=1,2,..,m are o-convex. If also either

(@) ©,>0foralli=1,2,...mand ¥.[_ t,P,+3 " y06,200r
(b) Zf=1 P+ Z,m= 1 V0> 0.



MULTIOBJECTIVE FRACTIONAL PROGRAMS 313

Then the following cannot hold

fj(__‘ﬂgu,- forall jeP={1.2, .. P] (14
gj(x)

and
-f_l(x)<vi forsome ieP. (13)
g:x)

Proof. Suppose contrary to the result that (14) and (15) hold. Then
since x is feasible for (VFP), and y >0, (14) and (15) imply that
Jilx)—v;g;(x)<0, forall jeP (16)
and
Sux)—r;g,(x) <0, for some i e P. (17)

Now if hypothesis (a) holds, then from t,>0 for all ie P, (16) and (17) we
obtain

Yt filx)—v,8.(x)) <0. (18)

From (4), (5), (6), and (18) we obtain

P P

Y t(filx)—v g (X)) = Y Tt filu) —gilu))
i=1 1= 1

m m

+ Y yib(x)= Y »h(u)<0. (19)
=1

1=1

Now from (19), p—convexity of f;— v, g, and 6 -convexity of ;s we obtain

(x—u) (Z T, V(fi{u) —u; gi(“)) +V (Z J’jh/(“))

P m
+(Z o+ Y y,-aj) | x—ul?<O.

=1 Jj=1
By hypothesis (a) this implies that
P
(x—u)’(Z r,-V(f,-(u)—v,»g,-(u,-)+y'Vh(u)><O (20)
i=1

which contradicts (3).
The proof for the case (b) is achieved in a similar fashion.



314 R. N. MUKHERJEE

COROLLARY |. Assume that weak duality (Theorem1 or 2) holds
between (VFP), and (VFD). If (u°, 1°, y°, v,) is feasible for (VFD) and u°
is feasible for (VFP), with v°=f(u°)/g(u®), then u° is efficient for (VFP),
and (1°, 1° y°, v°) is efficient for (VFD).

THEOREM 3 (Strong Duality). Let x° be a efficient point for (VFP)
and assume x° satisfies a constraint qualification for P,(x°) (see remark
following Lemma 3) for at least one k=1, 2, ..., P; then there exists 1°€ R,
e R™, and vye€ RY such that (x° 1° y°, vy) is feasible for (VFD). If also
weakly duality (Theorem 1 or 2) holds between (VFP), and (VFD) then
(x°, 7% »°, v,) is efficient for (VFD).

The proof of Theorem 3 can be given on similar lines as that of [3,
Theorem 3].

3. WEAK AND STRONG DUALITY RELATIONS

In this section we give some weak and strong duality relations between
programs (VFP), and (VFD) under some pseudoconvexity/strictly
pseudoconvexity assumption on the objective functions and quasiconvexity
assumptions on the constraint functions.

THEOREM 4 (Weak Duality). Assume that for all feasible x for (VFP),
and all feasible (u, T, y) for (VFD), y'h(-) is quasiconvex at u. If also any of
the following holds

(a) 17,>0, VieP={1,2,..,P}, and f,—v,g, i=1,2,.,P are
pseudoconvex at u;

(b) ;>0 foralliecP and ¥ 7,(f(-)—v,g,(-)) is pseudoconvex at u;

(c) P tifi(-)—g:(-)) is strictly pseudoconvex at u, then the

i=1

Sfollowing cannot hold:

fi(x) i p_
e WeP={1.2.. P} @
and

Proof. For each feasible x for (VFP), and each feasible (u, 1, y) for
(VFD) we have

y'h(x)—y'h(u) <0.
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Since y'h(-) is quasiconvex at u, we have

(x —u) Vy'h(u) 0. (23)
Applying (21) to (3), we obtain

R
(x—u)" Y t,V(filu)—u; g (u))=0. (24)

r=1

Now suppose contrary to the resuit of the theorem that (21) and (22) hold.
If 1,>0, for all ie P=1, 2, ..., P, then (21) and (22) imply that

T(f(x)—u;g,(x)) <0 forall jeP (25)
and

T, (fio(X) — v, 8, (x) <0, for some iyeP. (26)

Equations (25) and (26) also imply that

P
Y 1 (fi(x)—v, g,(x)<O. (27)
=1

By (4),

P P
Y ot (fx)—u gix) < Y, T fi(u)—v, g (u)) (28)

t=1 =1

By hypothesis (a) since f,(-)— v, g;(-) are pseudoconvex, (28) it implies
than

P
=y (X 3=, = 5,200 ) <0 (29)
i=1
contradicting (24).
By hypothesis (b), ie., 37, t.(fi(-)~u; g.(-)) is pseudoconvex at u,
(28) implies (29), again contradicting (24).
From 1,20, i=1,2,.., P, (25) and (26) we obtain

P

Y T fi(x)— v, g(x)) < Z T fiu)—v, g(u)) (30)

i=1 i=

and by hypothesis (c), i.e., X7, 7,(fi(-) — v, g,(-)) is strictly pseudoconvex,
(28) which implies (29) again contradlctmg (24).
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COROLLARY 4. Assume weak duality (Theorem 4) holds between (VFP),
and (VED). If (4% 1°% 3°, vy) is feasible for (VDP) such that u° is feasible
for (VFP), (where vy=(f(u°)/g(u®)/g(1°))) then u° is efficient for (VFP),
and (1°, 1° 1°, vy) is efficient for (VDP).

THEOREM 5 (Strong Duality). Ler x° be efficient for (VFP) and assume
that x° satisfies a constraint qualification [3] for P,(e°) for at least one
k=1,2,..,p (see also remark following Lemma3). Then there exists
°e R”, y°e R™, and vye R%, such that (x°, ©° y°, v,) is feasible for (VDP).
If also weak duality (Theorem 4) holds between (VFP), and (VDP) then
(x°, 7% 3°, v,) is efficient for (VDP).

The proof of Theorem 5 is analogous to Theorem 3.
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