
Chapter 6

Banach-space-valued

ultradistributions involving the

Weinstein transform

6.1 Introduction

Distributions are functions that allow for rigorous treatment of derivatives and other

operations on non-smooth or singular objects. Scalar distributions are a specific type

of distribution that maps test functions to scalar values. The dirac delta function

and the Heaviside step function are examples of scalar distributions.

The theory of Banach-space-valued testing functions to the distributions was origi-

nated by Zemanian [89]. This type of space is more general than scalar distributions.

He introduced the inductive limit space Dm(A) which is given by

Dm(A) = Dm
Rn(A) = ∪∞i=1D

m
Ki

(A);
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where Dm
Ki

(A) is the linear space of all smooth function f from Rn into a Ba-

nach space A, such that supp φ ⊂ Ki are the compact subsets of Rn and Ki ⊂

Ki+1,∪i=1Ki = Rn. The topology generated of the semi-norm of Dm
Ki

(A) is defined

by

γk(φ) = sup
t∈Ki
|| Dk

t φ(t) ||A, 0 ≤ k ≤ m.

Motivated by the result of Zemanian [89], exploiting the theory of Mellin transform,

Tiwari [79] defined Banach space-valued distributions and proved several results,

including a Mellin-type convolution theorem. From the result of [79, 89], Koh and

Lie [27] proved the subspace µDI(A) is dense in Hµ(A) and further showed that

there is a bijection from [Hµ(A);B] onto [Hµ; [A;B]]. It is also shown that the

Hankel transformation of an arbitrary order onHµ(A) is an automorphism onHµ(A).

Upadhyay [83] investigated the Hω
µ (A) type space, which was defined by the set of

all those smooth, complex valued functions φ(x) on I = (0,∞) such that

γµλ,k(φ) =

∣∣∣∣∣∣∣∣exp[λω(x)]

(
x−1 d

dx

)k
x−µ−

1
2φ(x)

∣∣∣∣∣∣∣∣
A

<∞, ∀ λ, k ∈ N0.

and discussed their algebraic and topological properties by using the theory of the

Hankel transform. Motivated by the results of [27, 79, 83, 89], in the present chap-

ter we investigated various properties of the Banach-space-valued ultradistributions

associated with the Weinstein transform.

6.2 The Space [Hβ
ω(A)] and its Properties

In this section, the space Hβ
ω(A) is defined, and its various properties are discussed

by utilizing the theory of the Weinstein transform.
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Definition 6.2.1. The space H(A) is the set of all those smooth, complex-valued

function φ(x) from Rn+1
+ into A which satisfy the following norm:

γm,k(φ) = sup
x∈Rn+1

+

|| xm(∆n
W,β)kxφ(x) ||A < ∞, ∀ m, k ∈ N0. (6.2.1)

Theorem 6.2.2. The Weinstein transform (Fwφ) is an automorphism on H(A).

Proof: Let φ ∈ H(A), then we show that Fw(φ) ∈ H(A). From (6.2.1), we have

γα,m[(Fwφ)(ξ)] = sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ξm(∆n
W,β)αξ (Fwφ)(ξ)

∣∣∣∣∣∣∣∣
A

. (6.2.2)

Now, first, we can find

(∆n
W,β)αξ (Fwφ)(ξ) = (∆n

W,β)αξ

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)φ(y) dµβ(y)

=

∫
Rn+1
+

(∆n
W,β)αξ e

−i〈ξ′, y′〉Jβ(ξn+1yn+1)φ(y) dµβ(y).

In view of (1.4.5), we get

(∆n
W,β)αξ (Fwφ)(ξ) =

(∫
Rn+1
+

(− || y ||2)αe−i〈ξ
′, y′〉Jβ(ξn+1yn+1)φ(y) dµβ(y)

)
.

Set (− || y ||2)αφ(y) = g(y). Then above expression yields

(∆n
W,β)αξ (Fwφ)(ξ) =

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)g(y) dµβ(y).
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From (6.2.2), we find that

γα,m[(Fwφ)(ξ)]

= sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ξm ∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)g(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ ∫
Rn+1
+

ξ2me−i〈ξ
′, y′〉Jβ(ξn+1yn+1)g(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ ∫
Rn+1
+

(|| ξ ||2)me−i〈ξ
′, y′〉Jβ(ξn+1yn+1)g(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

= sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ ∫
Rn+1
+

(−1)m(∆n
W,β)my

[
e−i〈ξ

′, y′〉Jβ(ξn+1yn+1)

]
g(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

.

By integrating the parts, we obtain

γα,m[(Fwφ)(ξ)]

≤ sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ ∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)(∆n

W,β)my g(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣e−i〈ξ′, y′〉Jβ(ξn+1yn+1)

∣∣∣∣∣∣∣∣
A

·
∣∣∣∣ ∫

Rn+1
+

(∆n
W,β)my g(y) dµβ(y)

∣∣∣∣
≤
∣∣∣∣ ∫

Rn+1
+

(1 + y2)k(∆n
W,β)my g(y)(1 + y2)−k dµβ(y)

∣∣∣∣
≤ sup

ξ∈Rn+1
+

∣∣∣∣∣∣∣∣(1 + y2)k(∆n
W,β)my g(y)

∣∣∣∣∣∣∣∣
A

·
∣∣∣∣ ∫

Rn+1
+

(1 + y2)−k dµβ(y)

∣∣∣∣
≤ sup

ξ∈Rn+1
+

∣∣∣∣∣∣∣∣ k∑
r=0

(
k

r

)
(y2)r(∆n

W,β)my g(y)

∣∣∣∣∣∣∣∣
A

·
∣∣∣∣ ∫

Rn+1
+

(1 + y2)−k dµβ(y)

∣∣∣∣
<∞.

By the inversion formula for the Weinstein transform, we have F−1
w φ(y) = Fwφ(−y).

Therefore, Fw is one-one. So that Fw is an automorphism.

From the definition 2.2.7, we restate the following definition:
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Definition 6.2.3. Let ω be a continuous real-valued function defined on Rn+1
+ pos-

sessing the following condition:

(i) 0 = ω(0) = lim
x→0

ω(x) ≤ ω(x+ y) ≤ ω(x) + ω(y), ∀x, y ∈ Rn+1
+ .

(ii) Jn(ω) =

∫
|y|≥1

ω(y)

1+ || y ||2
dµβ(y) <∞.

(iii) a+ b log(1 + y) ≤ ω(y), ∀ y ∈ Rn+1
+ , a ∈ R, and b > 0.

We denote by M the set of all continuous functions satisfying (i), (ii) and (iii).

Definition 6.2.4. Let ω ∈ M . The space Hω(A) is the set of all complex valued

infinitely differentiable functions φ from Rn+1
+ into a Banach space A, satisfying

pωλ,k(φ) = sup
x∈Rn+1

+

|| eλω(x)Dkφ(x) ||A<∞, ∀ λ, k ∈ N0. (6.2.3)

Theorem 6.2.5. Let α ∈ N0 and φ ∈ Hω(A), then we have the following relation:

eλω(x)(∆n
W,β)αxφ(x) =

α∑
j=0

2j∑
r=1

∑
δ1,δ2,...,δn≥0

(
α

j

)(
α− j

δ1, δ2, ....δn

)
E ′β,rx

r−α
n+1e

λω(x)D2δ′+r
x φ(x).

(6.2.4)

Proof : From [13, P.14], for a constant E ′β,r, r ∈ {1, 2, ..., α} depends only on β

satisfying

(∆n
W,β)αxφ(x) =

α∑
j=0

2j∑
r=1

(
α

j

)
E ′β,r x

r−α
n+1(∆n)α−jx′

∂r

∂xrn+1

φ(x), (6.2.5)

where

(∆n)α−jx′ =

(
∂2

∂x2
1

+
∂2

∂x2
2

+ .....+
∂2

∂x2
n

)α−j
.
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Using multi-index theorem for α− j ∈ N0 we get

(∆n)α−jx′ =
∑

δ1,δ2,...,δn≥0

(
α− j

δ1, δ2, ..., δn

)
∂2δ1

∂x2δ1
1

....
∂2δn

∂x2δn
n

. (6.2.6)

From (6.2.5) and (6.2.6), we find

(∆n
W,β)αxφ(x) =

α∑
j=0

2j∑
r=1

∑
δ1,δ2,...,δn≥0

(
α

j

)(
α− j

δ1, δ2, ..., δn

)
E ′β,r x

r−α
n+1

[
∂2|δ′|+r

∂x2δ1....∂x
2δn
n

1 ∂xrn+1

φ(x)

]
,

where δ′ = (δ1, δ2, ..., δn) ∈ Nn
0 and | δ′ |= δ1 + δ2 + ...+ δn.

This implies that

eλω(x)(∆n
W,β)αxφ(x) =

α∑
j=0

2j∑
r=1

(
α

j

)(
α− j

δ1, δ2, ..., δn

)
E ′β,r x

r−α
n+1e

λω(x)D2|δ′|+r
x φ(x).

Lemma 6.2.6. Let φ ∈ Hω(A). Then for any non-negative real number λ, multi-

index α and positive constants E ′β,α we find the following relation:

∣∣eλω(x)(∆n
W,β)αxφ(x)

∣∣ ≤ E ′β,α
∣∣xαn+1e

λω(x)D2α
x φ(x)

∣∣.
Proof: Let φ ∈ Hω(A). Then from (6.2.4) we have

eλω(x)(∆n
W,β)αxφ(x) =

α∑
j=0

2j∑
r=1

(
α

j

)(
α− j

δ1, δ2, ..., δn

)
E ′β,r e

λω(x)xr−αn+1D
2|δ′|+r
x φ(x).
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Therefore

∣∣eλω(x)(∆n
W,β)αxφ(x)

∣∣ =
∣∣ α∑
j=0

2j∑
r=1

(
α

j

)(
α− j

δ1, δ2, ..., δn

)
E ′β,r e

λω(x)xr−αn+1D
2|δ′|+r
x φ(x)

∣∣
≤

α∑
j=0

2j∑
r=1

(
α

j

)(
α− j

δ1, δ2, ..., δn

)
E ′β,r

∣∣eλω(x)xr−αn+1D
2|δ′|+r
x φ(x)

∣∣
≤

α∑
j=0

2j∑
r=1

(
α

j

)
E ′β,r

∣∣eλω(x)xr−αn+1D
r
xφ(x)

∣∣
≤

α∑
j=0

(
α

j

)
E ′β,j

∣∣x2j−α
n+1 e

λω(x)D2j
x φ(x)

∣∣
≤E ′β,α

∣∣eλω(x)xαn+1D
2α
x φ(x)

∣∣.

Hence ∣∣eλω(x)(∆n
W,β)αxφ(x)

∣∣ ≤ E ′β,α
∣∣xαn+1e

λω(x)D2α
x φ(x)

∣∣.
From the above concepts, we are able to define the space Hβ

ω(A) which are given

below:

Definition 6.2.7. The space Hβ
ω(A) is defined as the set of all functions φ ∈ Hω(A)

such that

γωλ,k(φ) = sup
x∈Rn+1

+

|| eλω(x)(∆n
W,β)kxφ(x) ||A<∞, ∀ λ, k ∈ N0. (6.2.7)

Theorem 6.2.8. For ω ∈M , the space Hβ
ω(A) is a subspace of H(A).
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Proof: Let φ ∈ Hβ
ω(A). Then we have to show that γm,k(φ) <∞.

From (6.2.1), we have

sup
x∈Rn+1

+

∣∣∣∣xm(∆n
W,β)kxφ(x)

∣∣∣∣
A

= sup
x∈Rn+1

+

∣∣∣∣xmeλω(x)e−λω(x)(∆n
W,β)kxφ(x)

∣∣∣∣
A
.

Since xme−λω(x) ≤ 1 for some λ > 0.

Therefore, above expression yields

sup
x∈Rn+1

+

|| xm(∆n
W,β)kxφ(x) ||A= sup

x∈Rn+1
+

|| xmeλω(x)e−λω(x)(∆n
W,β)kxφ(x) ||A

≤ sup
x∈Rn+1

+

|| eλω(x)(∆n
W,β)kxφ(x) ||A

<∞.

Therefore, we get:

γm,k(φ) <∞.

The above implies that Hβ
ω(A) ⊂ H(A).

Definition 6.2.9. φ(x) belongs to DRn+1
+

(A) iff φ is defined on Rn+1
+ , takes its value

in A and there exist b ∈ Rn+1
+ such that φ(x) = 0 for | x |≥ b.

Let

ωDRn+1
+

(A) = DRn+1
+

(A) ∩Hω(A). (6.2.8)

Theorem 6.2.10. The subspace ωDRn+1
+

(A) is dense in Hβ
ω(A).

Proof: Let θ(x) ∈ DRn+1
+

(A) such that

θ(x) = 1, for 0 <| x |≤ 1

and θ(x) = 0, for | x |≥ 2.
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Now, we take φ(x) ∈ Hω(A) and λ, k ∈ Nn+1
0 . Then

eλω(x)(∆n
W,β)kxφ(x)

[
θ

(
x

η

)
φ(x)− φ(x)

]
= eλω(x)(∆n

W,β)kxφ(x)

[
φ(x)

(
θ

(
x

η

)
− 1

)]
.

From (1.4.15), we have

eλω(x)(∆n
W,β)kxφ(x)

[
θ

(
x

η

)
φ(x)− φ(x)

]
= eλω(x)

k∑
j=1

2j∑
m=1

m∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,...,δn≥0

(
k

j

)(
m

q

)(
k − j

δ1, δ2, ..., δn

)
1

ρ′!
E ′β,m

× xm−kn+1 D
ρ+q
x φ(x) ·Dρ′+2δ′+m−q

x

[
θ

(
x

η

)
− 1

]
.

Therefore,

sup
x∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)(∆n
W,β)kxφ(x)

[
θ

(
x

η

)
φ(x)− φ(x)

]∣∣∣∣∣∣∣∣
A

= sup
x∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)

k∑
j=1

2j∑
m=1

m∑
q=0

max∑
|ρ′|≤2(k−j)

∑
δ1,δ2,...,δn≥0

(
k

j

)(
m

q

)(
k − j

δ1, δ2, ..., δn

)

× 1

ρ′!
E ′β,mx

m−k
n+1 D

ρ+q
x φ(x) ·Dρ′+2δ′+m−q

x

[
θ

(
x

η

)
− 1

]∣∣∣∣∣∣∣∣
A

.

This above yields

sup
x∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)(∆n
W,β)kxφ(x)

[
θ

(
x

η

)
φ(x)− φ(x)

]∣∣∣∣∣∣∣∣
A

≤
k∑
j=1

2j∑
m=1

m∑
q=0

max∑
|ρ′|≤2(k−j)

∑
δ1,δ2,...,δn≥0

(
k

j

)(
m

q

)(
k − j

δ1, δ2, ..., δn

)
1

ρ′!
E ′β,m

× sup
x∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)Dρ+q
x φ(x)

∣∣∣∣∣∣∣∣
A

· sup
x≥η

∣∣∣∣Dρ′+2δ′+m−q
x

[
θ
(
x
η

)
− 1
]

xk−mn+1

∣∣∣∣.
From (6.2.3), supx∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)Dρ+q
x φ(x)

∣∣∣∣∣∣∣∣
A

< ∞ and since θ(x) and its derivatives

are bounded, it follows that
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supx≥η

∣∣∣∣Dρ′+2δ′+m−q
x

[
θ
(
x
η

)
−1
]

xk−mn+1

∣∣∣∣ −→ 0 as | η |−→ ∞,

for fixed k and 0 ≤ ρ′ + 2δ′ +m− q ≤ k.

Hence, this imply that

θ

(
x

η

)
φ(x) −→ φ(x) in Hβ

ω(A).

This prove that the subspace ωDRn+1
+

(A) is dense in Hβ
ω(A).

Theorem 6.2.11. If φ ∈ Hβ
ω(A) and ω ∈M , then the Weinstein transform Fwφ is

an automorphism on Hβ
ω(A).

Proof : Let φ ∈ Hβ
ω(A), then we have to show that Fw(φ) ∈ Hβ

ω(A). From (6.2.7)

we have

γωλ,α[Fwφ(ξ)]

= sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(ξ)(∆n
W,β)αξ (Fwφ)(ξ)

∣∣∣∣∣∣∣∣
A

= sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(ξ)(∆n
W,β)αξ

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)φ(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

.

Using (1.4.5), we get

γωλ,α[Fwφ(ξ)]

= sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(ξ)

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)(−‖y‖2)αφ(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

.
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Now, we take f(y) = (−‖y‖2)αφ(y) then above expression yields

γωλ,α[Fwφ(ξ)] = sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(ξ)

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλ|ω(ξ)|
∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

.

Form [46], we find for every ε > 0 there exists a constant C(ε) > 0 such that

|ω(ξ)| ≤ ε‖ξ‖2 + C(ε).

Therefore, we have

γωλ,α[Fwφ(ξ)]

≤ sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλ(ε‖ξ‖2+C(ε))

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ eλC(ε) sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣eλε‖ξ‖2 ∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ eλC(ε) sup
ξ∈Rn+1

+

∣∣∣∣∣∣∣∣ ∞∑
m=0

(λε)m

m!
‖ξ‖2m

∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

= eλC(ε)

∞∑
m=0

(λε)m

m!
sup

ξ∈Rn+1
+

∣∣∣∣∣∣∣∣ ∫
Rn+1
+

‖ξ‖2me−i〈ξ
′, y′〉Jβ(ξn+1yn+1)f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

= eλC(ε)

∞∑
m=0

(λε)m

m!
sup

ξ∈Rn+1
+

∣∣∣∣∣∣∣∣ ∫
Rn+1
+

(∆n
W,β)my (e−i〈ξ

′, y′〉Jβ(ξn+1yn+1))f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

.
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By integrating by parts, we get

γωλ,α[Fwφ(ξ)]

≤ eλC(ε)

∞∑
m=0

(λε)m

m!
sup

ξ∈Rn+1
+

∣∣∣∣∣∣∣∣(−1)m
∫
Rn+1
+

e−i〈ξ
′, y′〉Jβ(ξn+1yn+1)(∆n

W,β)my f(y) dµβ(y)

∣∣∣∣∣∣∣∣
A

≤ eλC(ε)

∞∑
m=0

(λε)m

m!

(
sup

ξ∈Rn+1
+

∣∣∣∣∣∣∣∣e−i〈ξ′, y′〉Jβ(ξn+1yn+1)

∣∣∣∣∣∣∣∣
A

)∣∣∣∣ ∫
Rn+1
+

(∆n
W,β)my f(y) dµβ(y)

∣∣∣∣
≤ eλC(ε)

∞∑
m=0

(λε)m

m!

∣∣∣∣ ∫
Rn+1
+

eλω(y)(∆n
W,β)my f(y)e−λω(y) dµβ(y)

∣∣∣∣
≤ eλC(ε)

∞∑
m=0

(λε)m

m!
sup

y∈Rn+1
+

∣∣∣∣∣∣∣∣eλω(x)(∆n
W,β)my f(y)

∣∣∣∣∣∣∣∣
A

·
∣∣∣∣ ∫

Rn+1
+

e−λω(y) dµβ(y)

∣∣∣∣
= eλC(ε)

∞∑
m=0

(λε)m

m!
pm,λ(f(y))

∣∣∣∣ ∫
Rn+1
+

e−λω(y) dµβ(y)

∣∣∣∣
<∞.

This shows that Fw(φ) ∈ Hβ
ω(A).

Then by the inversion formula for the Weinstein transform, we have F−1
w φ(y) =

Fwφ(−y). Therefore Fw is one-one. So that Fw is an automorphism.

Definition 6.2.12. We denote ωDRn+1
+

(A) ⊕ (A) is the linear space of all φ ∈

ωDRn+1
+

(A) having representation of the form φ =
∑

k akhk where ak ∈ ωDRn+1
+

(A), hk ∈

A and the summation is over a finite number of terms.

Theorem 6.2.13. The space ωDRn+1
+

(A)⊕ (A) is dense in Hβ
ω(A).

Proof: Let θ(x) be the function which is same as in Theorem 6.2.10. Then for

φ ∈ ωDRn+1
+

(A), we have to show that

θ

(
x

η

)
Fw(φ) −→ Fw(φ) as η −→∞ in Hβ

ω(A).
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Now, we take φ(x) ∈ Hβ
ω(A) and λ, k ∈ Nn+1

0 , then

eλω(x)(∆n
W,β)kx

[
θ

(
x

η

)
(Fwφ)(x)−(Fwφ)(x)

]
= eλω(x)(∆n

W,β)kx

[
(Fwφ)(x)

(
θ

(
x

η

)
−1

)]
.

Using (1.4.15), we get

eλω(x)(∆n
W,β)kx

[
θ

(
x

η

)
(Fwφ)(x)− (Fwφ)(x)

]
= eλω(x)

k∑
j=1

2j∑
m=1

m∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,...,δn≥0

(
k

j

)(
m

q

)(
k − j

δ1, δ2, ..., δn

)
1

ρ′!
E ′β,m

× xm−kn+1 D
ρ+q
x (Fwφ)(x) ·Dρ′+2δ′+m−q

x

[
θ

(
x

η

)
− 1

]
.

Therefore,

sup
x∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)(∆n
W,β)kxφ(x)

[
θ

(
x

η

)
(Fwφ)(x)− (Fwφ)(x)

]∣∣∣∣∣∣∣∣
A

= sup
x∈Rn+1

+

∣∣∣∣∣∣∣∣eλω(x)

k∑
j=1

2j∑
m=1

m∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,...,δn≥0

(
k

j

)(
m

q

)(
k − j

δ1, δ2, ..., δn

)

× 1

ρ′!
E ′β,mx

m−k
n+1 D

ρ+q
x (Fwφ)(x) ·Dρ′+2δ′+m−q

x

[
θ

(
x

η

)
− 1

]∣∣∣∣∣∣∣∣
A

≤
k∑
j=1

2j∑
m=1

m∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,...,δn≥0

(
k

j

)(
m

q

)(
k − j

δ1, δ2, ..., δn

)
1

ρ′!
E ′β,m

× sup
x∈Rn+1

+

eλω(x)

∣∣∣∣∣∣∣∣Dρ+q
x (Fwφ)(x)

∣∣∣∣∣∣∣∣
A

· sup
x≥η

∣∣∣∣Dρ′+2δ′+m−q
x

[
θ
(
x
η

)
− 1
]

xk−mn+1

∣∣∣∣. (6.2.9)

Hence,

supx≥η

∣∣∣∣Dρ′+2δ′+m−q
x

[
θ
(
x
η

)
−1
]

xk−mn+1

∣∣∣∣ −→ 0 as η −→∞,

for fixed k and 0 ≤ ρ′ + 2δ′ +m− q ≤ k.
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In view of (6.2.3), we have

sup
x∈Rn+1

+

eλω(x)

∣∣∣∣∣∣∣∣Dρ+q
x (Fwφ)(x)

∣∣∣∣∣∣∣∣
A

<∞.

Then we have

∣∣∣∣∣∣∣∣eλω(x)(∆n
W,β)kxφ(x)

[
θ

(
x

η

)
(Fwφ)(x)− (Fwφ)

]∣∣∣∣∣∣∣∣
A

−→ 0 as η −→∞.

Therefore,

θ

(
x

η

)
Fw(φ) −→ Fw(φ) is in Hβ

ω(A) as η −→∞.

This proves the theorem.

Theorem 6.2.14. Let ω ∈ M , then Hβ
ω(A) is topological algebra under point-wise

multiplication .

Proof: Let φ, ψ ∈ Hβ
ω(A), then we have

γωλ,k(φψ) = sup
x∈Rn+1

+

|| eλω(x)(∆n
W,β)kx

(
φψ
)
(x) ||A . (6.2.10)

Using (1.4.15), we have

(∆n
W,β)kx[φ(x)ψ(x)] =

k∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,..δn≥0

(
k

j

)(
r

q

)(
k − j

δ1, δ2, ..δn

)
× 1

ρ′!
E ′β,rx

r−k
n+1

(
Dρ′+q
x φ(x)

)
·
(
Dρ′+2δ′+r−q
x ψ(x)

)
.
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Then from (6.2.10), we find

γωλ,k(φψ)

= sup
x∈Rn+1

+

eλω(x)

∣∣∣∣∣∣∣∣ k∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,..δn≥0

(
k

j

)(
r

q

)(
k − j

δ1, δ2, ..δn

)

× 1

ρ′!
E ′β,rx

r−k
n+1

(
Dρ′+q
x φ(x)

)
·
(
Dρ′+2δ′+r−q
x ψ(x)

)∣∣∣∣∣∣∣∣
A

≤ sup
x∈Rn+1

+

eλω(x)

∣∣∣∣∣∣∣∣ k∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,..δn≥0

(
k

j

)(
r

q

)(
k − j

δ1, δ2, ..δn

)

× 1

ρ′!
E ′β,r

(
Dρ′+q
x φ(x)

)
ekω(x)

(
Dρ′+2δ′+r−q
x ψ(x)

)∣∣∣∣∣∣∣∣
A

, for some k ∈ N

≤ sup
x∈Rn+1

+

k∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,..δn≥0

(
k

j

)(
r

q

)(
k − j

δ1, δ2, ..δn

)
× 1

ρ′!
E ′β,re

λω(x)
2

∣∣∣∣(Dρ′+q
x φ(x)

)∣∣∣∣
A
· e

λ+2k
2

ω(x)
∣∣∣∣(Dρ′+2δ′+r−q

x ψ(x)
)∣∣∣∣

A

≤
k∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,..δn≥0

(
k

j

)(
r

q

)(
k − j

δ1, δ2, ..δn

)
1

ρ′!
E ′β,r

× sup
x∈Rn+1

+

e
λω(x)

2

∣∣∣∣(Dρ′+q
x φ(x)

)∣∣∣∣
A

sup
x∈Rn+1

+

e
λ+2k

2
ω(x)
∣∣∣∣(Dρ′+2δ′+r−q

x ψ(x)
)∣∣∣∣

A
.

In veiw of (6.2.3), we get

γωλ,k(φψ) ≤
k∑
j=0

2j∑
r=1

r∑
q=0

∑
|ρ′|≤2(k−j)

∑
δ1,δ2,..δn≥0

(
k

j

)(
r

q

)(
k − j

δ1, δ2, ..δn

)
× pω

ρ′+q,λ
2

(φ) · pω
ρ′+2δ′+r−q,λ+2k

2

(ψ) <∞.

This implies that

γωλ,k(φψ) <∞.

Theorem 6.2.15. Let ω ∈M , then Hβ
ω(A) is topological algebra under convolution.
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Proof: Let φ and ψ ∈ Hβ
ω(A) then

γωλ,k(φ#βψ) = sup
x∈Rn+1

+

eλω(x)
∣∣∣∣(∆n

W,β)kx
(
φ#βψ

)
(x)
∣∣∣∣
A
. (6.2.11)

From [78, P.21], we get

γωλ,k(φ#βψ) = sup
x∈Rn+1

+

eλω(x)
∣∣∣∣(φ#β(∆n

W,β)kxψ
)
(x)
∣∣∣∣
A
. (6.2.12)

Using (1.4.12) we have

∣∣∣∣(φ#β(∆n
W,β)kxψ

)
(x)
∣∣∣∣
A

=
∣∣∣∣ ∫

Rn+1
+

φ(y)(∆n
W,β)kxψ(x, y) dµβ(y)

∣∣∣∣
A
.

In veiw of (1.4.7), we obtain

∣∣∣∣(φ#β(∆n
W,β)kxψ

)
(x)
∣∣∣∣ =

∣∣∣∣ ∫
Rn+1
+

φ(y)

(∫
Rn+1
+

ψ(z)(∆n
W,β)kxDβ(x, y, z)

dµβ(z)

)
dµβ(y)

∣∣∣∣
A
.
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Taking (1.4.8), we get

∣∣∣∣(φ#β(∆n
W,β)kxψ

)
(x)
∣∣∣∣
A

=
∣∣∣∣ ∫

Rn+1
+

φ(y)

(∫
Rn+1
+

ψ(z)(∆n
W,β)kx

(∫
Rn+1
+

e−i〈x
′, ξ′〉Jβ(xn+1ξn+1)

× ei〈y′, ξ′〉Jβ(yn+1ξn+1)e−i〈z
′, ξ′〉Jβ(zn+1ξn+1) dµβ(ξ)

)
dµβ(z)

)
dµβ(y)

∣∣∣∣
A

=
∣∣∣∣ ∫

Rn+1
+

φ(y)

(∫
Rn+1
+

ψ(z)

(∫
Rn+1
+

(
− ||ξ||2

)k
e−i〈x

′, ξ′〉Jβ(xn+1ξn+1)

× ei〈y′, ξ′〉Jβ(yn+1ξn+1)e−i〈z
′, ξ′〉Jβ(zn+1ξn+1) dµβ(ξ)

)
dµβ(z)

)
dµβ(y)

∣∣∣∣
A

=
∣∣∣∣ ∫

Rn+1
+

φ(y)

(∫
Rn+1
+

ψ(z)

(∫
Rn+1
+

e−i〈x
′, ξ′〉Jβ(xn+1ξn+1)ei〈y

′, ξ′〉Jβ(yn+1ξn+1)

×
(
− ||ξ||2

)k
e−i〈z

′, ξ′〉Jβ(zn+1ξn+1) dµβ(ξ)

)
dµβ(z)

)
dµβ(y)

∣∣∣∣
A

=
∣∣∣∣ ∫

Rn+1
+

φ(y)

(∫
Rn+1
+

ψ(z)(∆n
W,β)kzDβ(x, y, z) dµβ(z)

)
dµβ(y)

∣∣∣∣
A

=
∣∣∣∣ ∫

Rn+1
+

φ(y)

(∫
Rn+1
+

(−1)k(∆n
W,β)αzψ(z)Dβ(x, y, z)

)
dµβ(y)

∣∣∣∣
A

≤ sup
z∈Rn+1

+

∣∣∣∣(∆n
W,β)kzψ(z)

∣∣∣∣
A
·
∣∣∣∣ ∫

Rn+1
+

φ(y)
( ∫

Rn+1
+

Dβ(x, y, z) dµβ(z)
)
dµβ(y)

∣∣∣∣
A
.

Therefore,

∣∣∣∣(φ#β(∆n
W,β)kxψ

)
(x)
∣∣∣∣
A
≤ sup

z∈Rn+1
+

∣∣∣∣(∆n
W,β)kzψ(z)

∣∣∣∣
A
·
∣∣∣∣ ∫

Rn+1
+

φ(y)dµβ(y)
∣∣∣∣
A
.
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Using above expression in (6.2.12), we get

γωλ,k(φ#βψ) ≤ sup
z∈Rn+1

+

eλω(z)
∣∣∣∣(∆n

W,β)kzψ(z)
∣∣∣∣
A
·
∣∣∣∣ ∫

Rn+1
+

φ(y)dµβ(y)
∣∣∣∣
A

=γωλ,k(ψ)
∣∣∣∣ ∫

Rn+1
+

elω(y)φ(y)e−lω(y)dµβ(y)
∣∣∣∣
A

≤γωλ,k(ψ) sup
y∈Rn+1

+

∣∣∣∣elω(y)φ(y)
∣∣∣∣
A
·
∣∣ ∫

Rn+1
+

e−lω(y) dµβ(y)
∣∣

≤γωλ,k(ψ) sup
y∈Rn+1

+

elω(y)
∣∣∣∣φ(y)

∣∣∣∣
A
·
∣∣ ∫

Rn+1
+

e−lω(y) dµβ(y)
∣∣

=γωλ,k(ψ)γωl,0(φ)
∣∣ ∫

Rn+1
+

e−lω(y) dµβ(y)
∣∣ <∞ .

This proves the present theorem.

***
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