Chapter 6

Banach-space-valued
ultradistributions involving the

Welnstein transform

6.1 Introduction

Distributions are functions that allow for rigorous treatment of derivatives and other
operations on non-smooth or singular objects. Scalar distributions are a specific type
of distribution that maps test functions to scalar values. The dirac delta function
and the Heaviside step function are examples of scalar distributions.

The theory of Banach-space-valued testing functions to the distributions was origi-
nated by Zemanian [89]. This type of space is more general than scalar distributions.

He introduced the inductive limit space D™(A) which is given by
D™(A) = Dgi(A) = U2, DR (A);
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where D7 (A) is the linear space of all smooth function f from R" into a Ba-
nach space A, such that supp ¢ C K; are the compact subsets of R” and K; C
Kiy1,Ui1 K; = R™. The topology generated of the semi-norm of D7 (A) is defined
by

Ye(®) = sup || DFo(t) |4, 0<k<m.

tek;
Motivated by the result of Zemanian [89], exploiting the theory of Mellin transform,
Tiwari [79] defined Banach space-valued distributions and proved several results,
including a Mellin-type convolution theorem. From the result of [79, 89], Koh and
Lie [27] proved the subspace ,D;(A) is dense in H,(A) and further showed that
there is a bijection from [H,(A); B] onto [H,;[A;B]]. It is also shown that the
Hankel transformation of an arbitrary order on H,(A) is an automorphism on H,(A).
Upadhyay [83] investigated the H}/(A) type space, which was defined by the set of

all those smooth, complex valued functions ¢(x) on I = (0, 00) such that

k
exp[Aw(z)] (I_li) m_“_%gb(x) < oo, VA keNy.

A

'75,1@(?25) = A

and discussed their algebraic and topological properties by using the theory of the
Hankel transform. Motivated by the results of [27, 79, 83, 89], in the present chap-
ter we investigated various properties of the Banach-space-valued ultradistributions

associated with the Weinstein transform.

6.2 The Space [H’(A)] and its Properties

In this section, the space H?(A) is defined, and its various properties are discussed

by utilizing the theory of the Weinstein transform.
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Definition 6.2.1. The space H(A) is the set of all those smooth, complex-valued

function ¢(z) from R’ into A which satisfy the following norm:

Ymik(P) = sup || xm(AT‘}Vﬁ)ﬁgb(x) lla < oo, Vm,k €Ny (6.2.1)

xeR’_fle
Theorem 6.2.2. The Weinstein transform (F,¢) is an automorphism on H(A).

Proof: Let ¢ € H(A), then we show that F,,(¢) € H(A). From (6.2.1), we have

. (6.2.2)

Va,m[(f.w(ﬁ)(g)] = Ssup

+1
EER™

§" (Ap )¢ (Fud)(€)

Now, first, we can find

(A (Ft)O) = Aa)f [ T Goui)ol) disto)

+

- /R”“ (A%ﬁ)?e_i@/’y,) J5(Ent1Ynt1)0(y) dp(y).
¥

In view of (1.4.5), we get

@) o€ = ([ 10 IPPeE a(6rean)o) dust) ).

n+
RY

Set (— || y I*)*¢(y) = g(y). Then above expression yields

(Al 5)E(Fud)(§) = / e Y Jo(Eni1Yni1)9(y) dus(y).

n+1
R+
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From (6.2.2), we find that

/Va,m[("rwgb) (5)]

= sup fm/ » €_i<51’y/>Jﬂ(§n+1yn+1)g(y)dﬂﬂ(y)
RTL

§€R1+1 A
< sup / e ) Ta(Eniaynr1)9(y) dus(y)
EGR1+1 R A

< sup /R n+1(||£||2)m€_i<€/7y,>Jﬁ(fn—i-lyn-i-l)g(y) dps(y)
+

n+1
£ER

A

— sup /R DAy [€_i<£l’yl>Jﬁ(§n+lyn+l)} 9(y) dps(y)

+1
¢ER”

A

By integrating the parts, we obtain

'Va,m[(]:wﬁb) (é)]

< sup / 671'(5/’y/>Jﬁ(fnﬂyml)(ATvLV,ﬁ);ng(y)d#ﬂ(y)
gern || JRY A

< s e 6| | [ (A%,B);”g(y)duﬁ(y)‘
56Ri+1 A R’i—‘rl

<| [ 0 PR+ ) dut)

+

< sup |[(1+ 7)) (Alg)rg(y) ‘/ (1+y2)kduﬁ(y)‘

gerTH! A R+
k

< sup Z() "(Aty)y9(y) ‘/ (1+y2)kduﬁ(y)‘
135l | et A R+

< Q.

By the inversion formula for the Weinstein transform, we have F'¢(y) = F,o(—y).

Therefore, F,, is one-one. So that F,, is an automorphism.

From the definition 2.2.7, we restate the following definition:
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Definition 6.2.3. Let w be a continuous real-valued function defined on RTFI pOs-

sessing the following condition:

(i) 0=w(0)=limw(r) <w(®+y) <w()+wly),Vr,ye R

z—0

’ _ w(y) ~
@) )= [ ) <o

(i)  a+blog(l+y) <w(y),VyeRT a€R, andb> 0.

We denote by M the set of all continuous functions satisfying (i), (ii) and (iii).

Definition 6.2.4. Let w € M. The space H,(A) is the set of all complex valued

infinitely differentiable functions ¢ from R’™" into a Banach space A, satisfying

Pie(@) = sup || P DF¢(z) ||a< 00, ¥V Ak € Ny (6.2.3)

n+1
$ER+

Theorem 6.2.5. Let o € Ny and ¢ € H,(A), then we have the following relation:

a  2j .
w(x n ey o a—7 / r—a dw(z "
O (A )0@) = 30 () (5,575, ) Ertmtem e D2 o)

§=0 r=1 61,62,...,0n>0 J
(6.2.4)

Proof : From [13, P.14], for a constant Ej ., r € {1,2,...,a} depends only on j3

satisfying

where
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Using multi-index theorem for @ — 57 € Ny we get

» a—j 20 H2on
ALY = ) 2.
( n)m Z (51’ 527 . 5n) ax%& ax26n (6 6)

51,62,...,0n>0 n

From (6.2.5) and (6.2.6), we find

@ s @2|6’|+r
(ATVLV,B Ol ZZ Z (?) (517§27 {5 )EBT n+1|: 26n, ¢($) )

201....0x7,
§=0 r=1 81,02,...,00>0 oxy 31’2“

where ¢’ = (01,02, ...,0,) € Nj and | 0’ |= 61 + 02 + ... + 0Op,.

This implies that

a  2j .
Aw(z n J r—a dw(z) n2|d'|+r
)(AWE N Z ( > (51752; 75 )Eéﬁ. n+1€ | )Dxl ’ QS(CC)

]: 0 r=1

Lemma 6.2.6. Let ¢ € H,(A). Then for any non-negative real number X\, multi-

index o and positive constants E, = we find the following relation:

et

‘ekw(z)( nW’ﬁ)g¢($)| < Elﬁ,@z ‘$z+1e)\w($)D§a¢(l’) | .

Proof: Let ¢ € H,(A). Then from (6.2.4) we have

Aw(z) [ AT - ] / Aw(z) .r—a 2|8 |+r
(AW5 ZZ ( > (51’52’ ,5 )Eﬁ,r € xn—l—le ¢<$>

7=0 r=1
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Therefore

‘ Aw(z) An a ‘_}ZZ o ) Eé,r eAw(:c) n+1D2|(5 |+r¢( )‘
] 517527“'75

7=0 r=1

. _J / w(z) . r—a 47
<;;( )(51’52"“’571)1535# | @) g7 a DA () |
SH I HERTCEREE

7=0 r=1

Q

< Z (j) Ej, |$i]+1aem ’ Dij(b(m)‘
§=0

<Ej, |0, D ()]

Hence

[ (A p)50()| < By ah e D o()]
From the above concepts, we are able to define the space H”?(A) which are given
below:
Definition 6.2.7. The space H?(A) is defined as the set of all functions ¢ € H,(A)

such that

Yor(@) = sup || (A ) 6(2) [[a< 00, ¥ Ak € No. (6.2.7)

n+1
z€RY

Theorem 6.2.8. For w € M, the space H?(A) is a subspace of H(A).
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Proof: Let ¢ € H?(A). Then we have to show that 7, x(¢) < oo.

From (6.2.1), we have

sup |2 (Afy p)z()|], = sup |2 e (A, )io(x)] | -
zeRTH ’ zeRTH ’

Since x™e @) < 1 for some A > 0.

Therefore, above expression yields

sup || 2™(A 5)k0(x) |[a= sup || 2P N(AY H)E(x) |4
zeRTT! zeRTH

< sup || (AR 5)z0(2) [

+1 v
n
z€RY

<.

Therefore, we get:

'Ym,k(qs) < 0.
The above implies that H?(A) C H(A).

Definition 6.2.9. ¢(z) belongs to Dyt (A) iff ¢ is defined on R’ takes its value

in A and there exist b € R such that ¢(z) = 0 for | z |> 0.

Let

(,UD]R:LL+1(A) = DRT”(A) N HW(A) (6.2.8)

Theorem 6.2.10. The subspace wDRiﬂ(A) is dense in HP(A).

Proof: Let 0(z) € DMH(A) such that

O(z)=1, for 0<|z|<1

and 6(z) =0, for |xz|>2.
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Now, we take ¢(z) € H,(A) and A\, k € NI, Then

MO0 |8 )olo) - o(a)| = g ko) o) (0 2) - 1) |

From (1.4.15), we have

Therefore,
x
sup |28k 6 £ Jote) — oto)
xGRT‘l n A
kK 2] m max I m I ]
— Aw(z) -
= s |33 > O0Ga )
T€RY j=1 m=1 q=0 |p/|<2(k—j) 61,62,....6n>0 12925 - En

>
r_, m—k myp+q p'+26'+m—q x
X EEﬁ’mxn+1 Daz Qb(.flf) . Daz 0 ;

This above yields

2j

N K\ (m k—j 1,
SZ Z Z (j)(q)(élvé%“'?én)EEﬁ’m

=1 m=1 ¢=0 |p/|<2(k—j) 91,02,...,6,.>0

.

Dg’+25’+m—q (%) —1
x sup ||eM@DPrag(z)|| - sup k_L (”) } ‘
zeRH A z>n Tpi1

@ Drtag(x)|| < oo and since §(x) and its derivatives

From (6.2.3), sup,cgn+:
* A

are bounded, it follows that
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oy o) o
Supxzn xk;;ﬂ
n

for fixed k and 0 < p' + 28+ m — g < k.

— 0as | n|— oo,

Hence, this imply that

9(%)¢($) s 6(z) in HE(A).

This prove that the subspace wDRiﬂ (A) is dense in HP(A).
Theorem 6.2.11. If ¢ € HP(A) and w € M, then the Weinstein transform F,¢ is

an automorphism on HP(A).

Proof: Let ¢ € H?(A), then we have to show that F,(¢) € H?(A). From (6.2.7)

we have

Vol Fuwd(§)]
= sup ||eO(A )¢ (Fud)(©)
gerH! A
= sup eA“’(@(A"}‘Vﬁ)?/ e J(Enirynn)S(y) dps(y)
¢eRrH? R} A

Using (1.4.5), we get

MO [ ) )0 ds)
R"™ 1

+ A
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Now, we take f(y) = (—||y]|*)*¢(y) then above expression yields

’YL)’\J,a [‘qub(g)] = Sup

el /R O TG f () das (y)
n

A

e,\lw(s)l/ . e—i@/’y/>Jﬁ(§n+1yn+1)f(y) dps(y)
RY

A

Form [46], we find for every e > 0 there exists a constant C'(¢) > 0 such that

w(€)] < elléll* + C(e)-

Therefore, we have

A(elIElP+C(e) /R N T Ja(Ensrnan) £ () dps(y)

A

gerytt

A

elel? / O s (Eayan) (y) ds(y)
)"

ZO(

o Qg
oo s 00,

m=0 : EGRT’I

gerytt

6™ [ e Ty ) i)

/R P S T i) F(0) dits )

= (Ae)™

7 sup
m—0 m! EGR;H—I

A

A

[ B e TG ) disl)

A
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By integrating by parts, we get

VralFuwd(£)]
€ - Ae)™ m —i(& n m
<0y B sy [l [ e 6 i) Bl ) dis(y)
m=0 EERT RY A
AC(e) - ()\e)m —i(¢',y') n \m
<e Z m] 568111;’81 e " Y Jg(Ent1Yntr) , Rn+1<AWﬂ)y f() dps(y)
m=0 + +
AC(e) - ()\6 " Aw(y) (AR \m —Aw(y)
<05 OO [ 0 )
AC(€) - (/\€>m Aw(x) (A \m . —Aw(y)
< > sup (| (AR 5)i () e W dpug (y)
m=0 yeR} 7 A RIH
= oc0 3 I )| [ e )
m=0 m' " RT_I
< Q.

This shows that F,(¢) € HE(A).
Then by the inversion formula for the Weinstein transform, we have F,'¢(y) =

Fuwd(—y). Therefore F,, is one-one. So that F, is an automorphism.

Definition 6.2.12. We denote wDRiﬂ(A) @ (A) is the linear space of all ¢ €
wDgn (A) having representation of the form ¢ = >, axhy, where a;, € WD (A), hy, €

A and the summation is over a finite number of terms.

Theorem 6.2.13. The space WDRiH(A) ® (A) is dense in HP(A).

Proof: Let 6(z) be the function which is same as in Theorem 6.2.10. Then for

¢ € wDRTl(A), we have to show that

9<%) Ful®) — Fu(0) as n — oo in HP(A).
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Norw, we take 6(x) € HE(A) and Ak € Ny, then
MOt o) Fut) o)~ (Rt | = it (Fuoe) (6 2) 1) |
Using (1.4.15), we get

gk o) Rt o) - (Fao)e)

Y Y Y Z . (lj) (m) (51,/(;2,_..{5 )pl’!E/B’m

j=1 m=1 q=0 |p/|<2(k—7) 61,02,..

3

% xnm+1kDp+q(fw¢) (a:) Dp /4+26"+m— q{ ( ) ]

Therefore,
x
sup eM(J”)(A%ﬁ)iW@ [9 (—) (Fud)(x) = (Fud) (55)}
xeRT’l n A
k27 m k m k ]
_ Aw(z) B
= sup |le Z Z Z Z Z ' 51,0 )
ERnJrl - . ] q 1,025y Un
reRy j=1 m=1 ¢=0 |p/|<2(k—j) 01,62,...,0n>0

1 o
X Byt DY (F ) () - DY [G(E) - 1}
pt »

A

rr v 5 G060

j=1 m=1 ¢=0 |p’|§2(k—j) 01,625,000

X sup (@) D£+q(]-"wgz§)(x)

n+1
z€R]

(6.2.9)

- sup

A z>n k:m

0
Dr+20'+m— q|: (g) _ ]
z n

n+1 ‘

Hence,
D +20+m=a[g() 1]
SUP,>p, P = — 0 as n — oo,
n

for fixed k and 0 < p' + 28 +m — g < k.
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In view of (6.2.3), we have

Aw(x)

DT Fuo)(x)|| < oo.

A

sup e
41
T€R'Y

Then we have

MO0 |8 ) (Fudlla) - (7o)

— 0 as n — oo.
A

Therefore,

r isin H? as 0.
e(n)fmﬂfww) HE(A) as ) —

This proves the theorem.

Theorem 6.2.14. Let w € M, then HP(A) is topological algebra under point-wise

multiplication .

Proof: Let ¢,¢ € HP(A), then we have

Yar(ow) = sup || X (AY )5 (¢v) (2) la - (6.2.10)

n+1
z€RY

Using (1.4.15), we have

=YY Y Y (’;) (q) (51f€5;i5n)

Jj=0 r=1 ¢=0 |p/|<2(k—j) 01,02,..6,>0

x %E'ﬁ,rﬂfﬂ'i(Di/*%(w)) (DT ()
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Then from (6.2.10), we find

)
k 27 r .
k\ (r k —
- o ( )( )( j )
sup e 5 E .
reRLT 70 151 0 2y .50, anz0 NI/ N4 N0 02, -0n

1 / /
K (D F0(a) - (D21 (0)

A

23y x5 (0065

Jj=0 r=1 ¢=0 |p/|<2(k—j) 01,02,..0n.>0

< sup M@
+1
z€RY

1 / / !
X — B (DS T (x)) e (DI 0y (7)) ||, for some k € N
p k)

A

< sup Z Z i Z Z <k> (;) <51,kc52_, :]:(Sn)

1
TERT 570 T=1 420 | |<2(k—i) 61,02,0n>0 N

(D7 6(@))] |, - e

)w.:(ac)

(z) ‘ ’ ( DP ' +26" +r— qw

, D La

SRRIPIED> (’5) () (s )5

=0 r=1 q=0 |p/|<2(k—j) 61,02,-.6,>0 P

1
EB
,0

Aw(zx)
X sup e 2
mGR"

A2k

(D 0())]|, sup e @[ (D7),
zeRTT

+

In veiw of (6.2.3), we get

X pw/ 7% (¢) ' pc,:’—i-Q(;’—i—T—q,% (¢) < 0.

This implies that

Yar(d) < o0

Theorem 6.2.15. Let w € M, then HP(A) is topological algebra under convolution.
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Proof: Let ¢ and ¢ € H?(A) then

Vr(o#st) = sup O||(AR)E (d#s0) (2)]] - (6.2.11)

mER"+1

From [78, P.21], we get

Vak(PFfay) = sup GA”(:”)H (D#s(Aly)z) (2)]] (6.2.12)

IER”

Using (1.4.12) we have

lo#s(aiaf) @Il =l [, o0 o0t st

In veiw of (1.4.7), we obtain

letsit@l =l [ o [, vohatDster.

dﬂﬂ(2)> dus(y)|] ,-
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Taking (1.4.8), we get

= H/ (/ (2)(Afy )y (/ L€ T Ty (@nbatn)

x 'W"e Jﬁ(yn+1§n+1)€_ ¢ JB(Zn+1§n+1)d/~LB(§)) d/lﬁ(z)) d#ﬁ(y)HA

B H Rnﬂ ( R+ ’(/)(Z) (/]R”“ (_ ||§||2)k€_i<x/7£,>Jﬁ(xn—&-lfn—i-l)

x €Y To(yni1€nin) e s (2 16ntn) dua(ﬁ)) du/a(Z)) dus(y)|| ,

B H Rn+1 (/RSLFH w(z) (/]R,Jr+1 6_i<$/7§l>Jﬁ(xn-klgn—s—l)ei@,’£/>J,B(yn+1§n+1)
x (= lIel1?) e ") J5(znansn) dﬂﬂ(é)) duﬂ(2)> dus(y)||
= H/ é(y (/ b(2) (Al )i Dp(,y, 2) dug(z ))duﬁ ),

= o ([ 0 @Dt ) ) st

< s 18kl 000 [, Datern2) st o],

Therefore,

lota@iusio) @l < s Gkl [ ol
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Using above expression in (6.2.12), we get

Ruloo) < s it ol

zeR"

:'Yf\Jk(w)H /n+1 elw(y)¢(y>e—lw(y)duﬁ(y)‘|A

<) s 06| [ e dusto)
yeR
<) s O] [ dusto)

yeR"

RN [ da(a)] < .
+
This proves the present theorem.

kK%K
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