Chapter 4

Compactly supported distributions

In this chapter, we will prove that the Weyl transform of a compactly supported
distribution on R?" is in SP(H) if and only if the Fourier transform of the distribution
is in LP(R?*"), 1 < p < oo. Moreover, we will prove that the Weyl transform of a
compactly supported distribution on R?*" is a compact operator if and only if the

Fourier transform of the distribution vanishes at infinity.

4.1 Introduction

In Chapter 2, we considered smooth measures supported on a compact smooth hy-
persurface in R?" of positive Gaussian curvature, and proved that the Weyl transform
of such a measure is compact and belongs to SP(#H) if p > n > 6 (see Theorem 2.1.1).
We also conjectured that the Weyl transform of a smooth measure supported on a
compact smooth hypersurface in R?" of positive Gaussian curvature is in SP(H) if

p > 4n/(2n — 1), with no restriction on n (see Conjecture 2.5.1).
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This conjecture was recently settled by Luef and Samuelsen in [29, Theorem 1.4].
They settled the conjecture in the affirmative by proving the following more general

result.

Theorem 4.1.1. Let u be a compactly supported Radon measure on R®*™. Let [i
denote the symplectic Fourier transform of . Then W(u) € SP(H) if and only if

it € LP(R?") for 1 < p < co. Moreover, W () is compact if and only if ji € Co(R?*™).

The main result of this chapter is the following theorem, which is a generalization

of Theorem 4.1.1, and is proved in Section 4.4.

Theorem 4.1.2. Let T be a compactly supported distribution on R?™. Let T denote

the Fourier transform of T.

(a) For1 <p<oo, W(T) € SP(H) if and only z'ff € LP(R*"). Moreover, if K is
a compact set in R®"™, then there exists a constant Cx such that
T

)
p

Cyt

< IW(T)|s» < Cc||T
p

whenever supp(T) C K.

(b) Furthermore, W(T) is compact if and only if T € Co(R?™).

4.2 Weyl transform of a tempered distribution

In this section, we study the Weyl transform of a tempered distribution. We only

give a brief introduction to the topic. For a detailed discussion, we refer to [26, 30].



Compactly supported distributions 59

Definition 4.2.1. An operator X € B(H) is called a Schwartz operator if there

exists k& € S(R*") such that for every ¢ € H,

(W = [ Hope@)ds, yer

Let S(H) denote the set of Schwartz operators on H. We define a family of semi-

norms on S(H) as follows. Let @; and P; be the operators defined by

(Qif)(x) =x;f(x), and

(PI)@) = =i (0).

For multi-indices «, 8, o/, 8’ € Ny and X € S(H), define

b
op

1X Lo s = HQO‘PBXPB'Q“'

B,

where Q¥ = Q%' ...Q% and P? = P/ ... PP Then X — [ X o .00 5 18 & semi-
norm. These seminorms turn S(H) into a Fréchet space. Let S’(H) denote the
topological dual of S(H). Observe that if X € S(H), then X* € S(H), where X* is

the adjoint of X.

Theorem 4.2.2. Let So(H) = {X € S(H) | X has finite rank}. Then So(H) is
dense in S(H).

Theorem 4.2.3. For 1 < p < oo, S(H) C SP(H). Moreover, if 1 < p < oo, then

S(H) is dense in SP(H).

The proof of these results can be found in [26, 61].
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Recall that the Fourier-Wigner transform of X € S'(H) is the function a(X) :
R?" — C defined by

a(X)(z,y) = tr(Xp(a,y,1)7").

Observe that if X € S(H), then a(X) € S(R?*"). In fact, we have the following

fundamental fact.

Lemma 4.2.4. The map o : S(H) — S(R*) is a topological isomorphism.
Proof. Let X € S(H). Observe that (cf. [61, Lemma 11.2])

a(P,X) = i-2-a(X) + mya(X),

8xj
a(QiX) = — %aiyja()() zjo(X)/2,
a(XP;) = iﬁia:ja(X) —my;a(X), and
a(XQj) = %%Q(X)—f—xja()()ﬂ
It follows that 5 )
a—%a(X) =-3 (a(P;X) + a(XF;)),
0 .
8—%04()() = —7i(a(Q;X) + (XQy)),
zjof(X) = (X Q;) — a(Q;X), and
yia(X) = 5 (a(P,X) ~ a(XP)).

Therefore « is continuous on S(H). Observe that the Weyl transform maps S(R?*?)
to S(H). By the open mapping theorem, it follows that o : S(H) — S(R?") is an

isomorphism. O

For a function f on R", let f~ denote the function defined by f~(x) = f(—z),

r e R
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We now define the Weyl transform of a tempered distribution.

Definition 4.2.5. Let T' € §'(R*"). Define W(T) : S(H) — C by

(W(T)(X) =T(a(X)7), X €SH).

It follows from Lemma 4.2.4 that W(T") € §'(H); W(T) is called the Weyl transform
of the tempered distribution 7. We now prove that the two definitions of Weyl

transform coincide for integrable functions.

For A € B(H), define Ty : S(H) — C by
T4(X)=tr(AX), X eS(H).

It can be shown that T4 € S'(H).

For f € LY(R*"), let E; be the tempered distribution defined by

)= [ [ famepdedy. v e SE).

Let X € S(H). By Definition 4.2.5 and the dominated convergence theorem, it

follows that
(W(E))(X) =

= By(a(X)")
= [ [ 1@ el -2~ dedy
-/ [ (X p(r.y. 1)) drdy
— w(XW(f)

= Twp)(X).

We now define the Fourier-Wigner transform of an element in S’'(H).
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Definition 4.2.6. Let ¥ € §'(H). Define a(¥) : S(R*") — C by

a(V)(p) = V(W (g™)), ¢ e SER™).

It follows from Lemma 4.2.4 that o(¥) € S'(R*"); (V) is called the Fourier- Wigner
transform of . We now prove that the two definitions of Fourier-Wigner transform

coincide for trace class operators.
Let A € S'Y(H), and ¢ € S(R*"). By Definition 4.2.6 and the dominated convergence

theorem, it follows that

a(Ta) () = Ta(W (7))

A[ [ vt deay )

(
—t (A [ [ v vptws i dy)

_ / [ e e(Ap(e g ) dr dy
_ / L vt a(A) o) de dy
= Ey)(¥).

If T € §'(R?) and ¢ € S(R*"), then
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Similarly, we conclude that W («a(¥)) = W for all ¥ € S'(H).

4.3 An observation of Tim Steger

In this section, we prove that Fourier-Wigner transforms of trace class operators
are locally the same as symplectic Fourier transforms of integrable functions. The

results in this section are from [59].

Definition 4.3.1. Let (z,y) € R*" and X € SP(H), 1 < p < co. Define (z,y) - X

to be the operator

(z,9) - X = pla,y, 1) X p(z,y,1)"".

Since p is unitary, it follows from Theorem 2.2.9 that if (z,y) € R** and X € SP(H),
then (z,y) - X € SP(H), and ||(z,y) - X||go = | X||s». This action of R*" on SP(H)
is called quantum translation. The motivation for this definition may be found in

[56, p28]. This action plays an important role in the works [56, 60, 62].

Definition 4.3.2. Let ¢ € L'(R?*") and X € SP(H), 1 < p < oo. Define ¢ - X to be

the operator given by

0 X = [ [ aw) (@) X) dedy

The following result was proved in [60, Theorem 3.7] for p = 1.

Lemma 4.3.3. If ¢ € L'(R*") and X € SP(H), 1 < p < oo, then ¢- X € SP(H).
Moreover,

lg - Xllse < llally [1X 1o -
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Proof. Let ¢ € L'Y(R*") and X € SP(H). Then

lo-Xloo = | [ [ aten (o) any

Sp

< [ [ el Xl dredy
n Rn

< [ [ law )l 1X] dody
n Rn

= llally 1 Xl g -

Therefore ¢ - X € SP(H). O

Let e : R?® x R*™ — C be the function defined by

e((z,y), (€ n)) = 7109,

The symplectic Fourier transform of a function f € L'(R*") is the function on R*"

defined by
fem= [ [ elww). €msiedry.

More generally (see e.g., [30]), if T is a tempered distribution on R?", the symplectic

Fourier transform of T is the tempered distribution T given by

T(p) =T((¢)"), ¢ €SER™).

It is well known that if T is a compactly supported distribution on R*", then Tis a

function on R?" given by the formula

T(z,y) = T(e(- (z,9))), (r,y) €R™
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Since the symplectic Fourier transform is just a rotation of the Fourier transform, it

follows that T € LP(R?") if and only if T € LP(R?"), - ‘ 7, 1<p <.
p

Moreover T € Co(R?") if and only if T € Co(R2").

Let ¢ € L'(R*") and X € S'(H), then ¢-X € S'(H). The following lemma describes
the relation between a(q - X) and «(X) ([60, Lemma 3.10]).

Lemma 4.3.4. If ¢ € L*(R*") and X € S'(H), then
alg- X) = qa(X).
Proof. Let (z,y),(¢,n) € R*™ and X € S*(H). Then

a((z,y) - X)(&n) = alplz,y, )X p(z,y, 1)) (En)
= tr(p(z, y, DX p(x,y, 1) p(§,n, 1))
— te(plasyy DX pl(—, =y, (=€, =, 1)
= e((z,y), (€& m)tr(p(z,y, X p((—€, —n, D (~2, —y, 1))
= e((z,9), (& m)er(p(e, y, DX p(&,n, 1) plx,y,1)7)
= e((a,y), (&) r(Xp(&,n, 1))
= e((z,y), (& n)a(X) (&, 7).

Therefore
y) - X)(€,m) de dy

/ u). (€.m)a(X) (€, n) di dy
§ma(X)(&,n).

alq- X)(&n)

\\
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Observe that if ¢ € S(R*") and X € S(H), then ¢- X € S(H). More generally, if
q€ S(R?*) and T € §'(H), then ¢- T : S(H) — C is defined by

(¢-T)(X)=T(¢"-X), XeSH).

It follows that ¢ - T € S'(H).

Lemma 4.3.5. Let g € S(R*) and T € S'(H). Then
o(g-T) = io(T).

Proof. If ¢ € S(R*"), then

Let g(z,y) = e 50405 (2, y) € R2". Then g € L®(R?"), and ||g|| = 1.

Definition 4.3.6. For X € S'(#H), let 8(X) be the function on R*" defined by

B(X)(z,y) = g(z,y)a(X)(z,y).

Observe that if X € S'(#), then 3(X) € L'(R?"). For X € S*(H), let 3(X) denote

the symplectic Fourier transform of 5(X).
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Theorem 4.3.7. If X € S'(H), then S(X) € L'(R*"). Moreover,
|30, < 1xils-

Corollary 4.3.8. If X € SY(H) and o(X) is compactly supported, then a(X) is the

symplectic Fourier transform of an L' function.

Theorem 4.3.7 and Corollary 4.3.8 are due to Tim Steger. The detailed proofs were
first given in [59] (see also [60]).

4.4 Proof of the main result

We will prove Theorem 4.1.2 in this section.

By Theorem 4.3.7, if X € S'(#), then 3(X) € L'(R*") and

|3 < 1xls-

Observe that 3 : SY(H) — L*(R?") is bounded.

Lemma 4.4.1. Let 1 < p < 2. Then j extends to a bounded linear map from SP(H)

to LP(R*"). Moreover if X € SP(H), then
|B| <Xl

Proof. Since a extends to an isometric isomorphism from S*(H) to L?(R?"), and
multiplication by an L> function defines a bounded linear operator on L?(R?"), it
follows that 3 extends to a bounded linear map from S?*(H) to L?*(R*"). By the

Plancherel theorem, it follows that § extends to a bounded linear map from S%(H)
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to L2(R*"), and if X € S*(H) then

|8C0)|, = 18CON, < gl a1, = la(X)l, = 1X 52

By the Calderon-Lions interpolation theorem ([41, Theorem 9.20, Example 1, Propo-
sition 8)), it follows that if 1 < p < 2, then B extends to a bounded linear map from
SP(H) to LP(R?*"). Moreover if X € SP(H), then

|30 < 1l

For f € LYR?), let T(f) = W(fg), where g(z,y) = e~ 5(«"+) (2 y) € R?". By
Lemma 4.3.4,
I(f)=r-Wi(g).

Observe that W(g) = ¢ ® ¢, where ¢(t) = 27 V4e=1° ¢ € R*. Tt follows that
W (g)|ls: = 1. Therefore I' : L'(R?*") — S'(H) is bounded, and if f € L'(R*"),
then

I llge < 11

Lemma 4.4.2. Let 1 < p < 2. Then T' extends to a bounded linear map from

LP(R?™) to SP(H). Moreover if f € LP(R*"), then

ITfllse < A1, -

Proof. By the Plancherel theorem and the fact that W extends to an isometric

isomorphism from L?(R*') onto S?(H), it follows that I' extends to a bounded
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linear map from L?(R**) to S?(H). Moreover if f € L*(R*"), then

ITfllse =

<l |7, = 1, = 171

By the Calderon-Lions interpolation theorem, it follows that if 1 < p < 2, then T’

extends to a bounded linear map from L?(R?*") to SP(H), and if f € LP(R*"), then

I [l go < 11, -

We will now prove that if 2 < p < oo, then ﬂv extends to a bounded linear map from

SP(H) to LP(R*") and T extends to a bounded linear map from LP(R?*") to SP(H).

Observe that 3 is the formal adjoint of the operator I'. Indeed if X € S (H) and
f € S(R*), then

| [ soensedray= [ [ 36060 (.~ dedy
Z/Rn/Rngwy ©,y)f (. —y) dz dy
= [ [ el g~ (== de dy
— tr (XTW( f))
— r (XT(f)

Let 2 < p < o0, and X € SP(H). Let p’ be the conjugate of p, i.e., i—i— - = 1. Then

1
p

1 <p' < 2. Define Mx : Lp/(RM) — C by

Mx(p) = tr(T()X), ¢ € LV (R™).
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Then, by Lemma 4.4.2,

[Mx ()] < 1T s X Tgw < Mol 11X -

Therefore My is a bounded linear functional on LP' (R*"), and || Mx/|,, < |X]/g-

Therefore, there exists ¢ € LP(R*") with [|¢[|, < [|X||g, such that Mx(p) = [ ¢,
Then B(X ) = 1. Indeed, since 3 is the formal adjoint of T', it follows that if

X € §(H) and ¢ € S(R*"), then
[ v =dx(e) =uv)x) = [ picx)
Therefore f(X) € LP(R?"), and

50 < X1 (4.2)

Let 2 < p < 00, and f € LP(R*). Let p’ be the conjugate of p. Then 1 < p/ < 2.

Define L; : S”(H) — C by
L) = [ [ ey dedy. X € S00)
n Rn
Then, by Lemma 4.4.1,

()] < ||B(x)

o Il < 11X g 1A -

Therefore L; is a bounded linear functional on S¥ (H), and IL¢llop < I, By
Theorem 2.2.11, there exists Y € SP(H) with [[Y|g, < ||f]|, such that L;(X) =
tr(YX). Since I' is the formal adjoint of 3, it follows that ['(f) = Y. Therefore
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I'(f) € SP(H), and

ITfllse < 1111, - (4.3)

We are now in a position to prove part (a) of Theorem 4.1.2. Let K be a compact
set in R?". Suppose T is supported in K, and T € LP(R?), 1 < p < co. Then
TelLr (R?"). Let f be a compactly supported smooth function which is identically

one on K, and put h(x,y) = e§(|x‘2+|y‘2)f(x, y). Then h is integrable; put Cx =

d

K
Let Ty = hT'. Then T} is a compactly supported distribution. By Young’s inequality,
Ty = h+T € LP(R?"). Therefore, by Lemma 4.4.2 and equation (4.3), D(T}) € SP(H)

< Tvl . However

p

and HF(TI)

Sp

v

D(Ty) = W(gTy) = W(ghT) = W(T).
Therefore W(T') € SP(H), and

IW(D)lls < |73

el
p

e
p

p

Conversely, assume that T is supported in K, and W(T') € SP(H), 1 < p < oo. Let
Z = h-W(T), where h(z,y) = ez(="+v") f(z y) and f is a compactly supported
smooth function which is identically one on K. Then, by Lemma 4.3.3, Z € S?(H)

and || Z||gp < Ck [|[W(T)||gp. Therefore, by Lemma 4.4.1 and equation (4.2), 5(Z) €
LP(R?™) and HB(Z)H <1 Zllg» < Cx |[W(T)||g. However, by Lemma 4.3.5,
p

B(Z) = (9 Z)) = (ghT) =T
Therefore T' € LP(R?"), and hence T € LP(R?"). Moreover,

[

old
p

SOk [,
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This proves part (a) of Theorem 4.1.2. We will now prove part (b) of Theorem 4.1.2.

Let T be a compactly supported distribution on R?" such that T e Co(R?™). Then
T € Co(R?). Let ¢ > 0. Let B denote the closed unit ball centered at 0 in R2",
and put K = supp(7) + B (Minkowski sum). Then K is compact. Let p be a
non-negative smooth function supported in B with [ p = 1. For each r > 1, let p,
be defined by p,.(z,y) = r**p(rz,ry). Observe that for each r > 0, g, € L'(R*"),

Iprlle = 1, and lim, o p, = 1 uniformly on compact sets. It follows that for

sufficiently large r, ||p,T — TH <e/Cg. Put Y =W(p,+T). Then Y € S'(H) by
part (a) of Theorem 4.1.2. Since p, * T — T is supported in K, it follows from part

(a) of Theorem 4.1.2 that

Y = W)l = W (pr+T =T)|

op

< Ck H(/)r « Ty =T

[e.o]

ZCK‘

pT=T| <=
Therefore W (T') is compact.

Conversely, let T' be a compactly supported distribution on R*"* such that W (T') is

compact. Let e > 0. Observe that for each r > 0, W(p,) € S*(H), |W(p.)., <1,

op —

and W (p,) converges strongly to the identity operator as r — oc.

Since W(T) is compact and the finite rank operators are dense in IC(H), there exists

a finite-rank operator X such that for sufficiently large r,

€
T)—-X —
W) =Xl < 5~
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Let p,9 € H. Then (W(p,))(¢) converges to ¢ in H, i.e., for sufficiently large r,

£
W(Pr =0l < ———F——.
IWlere =ell: < 35 0T

Therefore, for sufficiently large r,

W (prp@d—p@d| = W) —e) @9

= [[W(pr)e — ¢lls 191l

9
< —.
~ 3Ck

It follows that for sufficiently large r,
W (pr) X = Xl < ¢/(3CKk).
By equations (4.4) and (4.5), for sufficiently large r,

W (pr)W(T) = W(T)]|

op

< [[Wp)W(T) = W(pr)X|lop, + W (pr) X = Xl + | X = WD),

€ 2e
< —— [[W{(p, N
< s W)y + 55~

< £
Cx’

(4.5)
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Put f = p,4T. Then f € S(R*). Since p, T — T is supported in K, it follows

from part (a) of Theorem 4.1.2 that

|7-7| <cciwe.sr-1)l,,

= Cx [W(pp 4 T) = W(T)||

op

= Ck [[W (pr)W(T) = W(T)

Hop

<e.

Therefore T € Co(R?"), and so T € Co(R?").

4.5 Conclusion

We conclude that the Weyl transform of a compactly supported distribution on R?"
is in SP(H) if and only if the Fourier transform of the distribution is in LP(R?*"),
1 < p < oc0. Moreover, the Weyl transform of a compactly supported distribution
on R?" is compact if and only if the Fourier transform of the distribution vanishes

at infinity. As a consequence of this, we conclude the following results.

In Theorem 2.1.1, we proved that the Weyl transform of a smooth measure supported
on a smooth compact hypersurface in R?*, n > 2. is compact, provided that the
hypersurface has positive Gaussian curvature. Moreover, we proved that the Weyl
transform of such a measure belongs to SP(H) if p > n > 6. In Theorem 3.4.1,
we proved that the Weyl transform of a smooth measure supported on a smooth
compact hypersurface in R? is compact, provided that the hypersurface has non-

zero curvature. By Theorem 4.1.2 and Theorem 1.4.3, we get the following result.

Theorem 4.5.1. Suppose S is a compact connected smooth hypersurface in R*",

whose Gaussian curvature is nonzero everywhere. Let p be a smooth measure on
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S. Then W(u) is a compact operator. Moreover, W(u) € SP(H) if and only if

p>4n/(2n —1).

In Theorem 3.1.1, we proved that the Weyl transform of a smooth measure supported
on a finite type real-analytic submanifold of R*" is compact. By Theorem 4.1.2,

Theorem 1.4.5, and Theorem 1.4.6, we get the following result.

Theorem 4.5.2. Suppose M is a finite type smooth submanifold of R**. Let j = o
be a smooth measure on M. Then W (u) is a compact operator. Moreover, W () €

SP(H) if and only if p > 2nk, where k is the type of M inside the support of 1.



