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Abstract In this article, the nonlinear coupled two-dimensional space-time fractional order reaction-
advection–diffusion equations (2D-STFRADEs) with initial and boundary conditions is solved by using Shifted
Legendre-Gauss-Lobatto Collocation method (SLGLCM) with fractional derivative defined in Caputo sense.
The SLGLC scheme is used to discretize the coupled nonlinear 2D-STFRADEs into the shifted Legendre
polynomial roots to convert it to a system of algebraic equations. The efficiency and efficacy of the scheme are
confirmed through error analysis while applying the scheme on two existing problems having exact solutions.
The impact of advection and reaction terms on the solution profiles for various space and time fractional order
derivatives are shown graphically for different particular cases. A drive has been made to study the convergence
of the proposed scheme, which has been applied on the proposed mathematical model.

Keywords Two dimensional nonlinear coupled equations · Fractional order system · Reaction advection
diffusion equations · Convergence analysis

1 Introduction

Water on earth is present in two forms - underground and surface water [1–3]. The majority of fresh water on
Earth comes from underground sources, which account for around 97% of all fresh water. Groundwater system,
also known as aquifer, is a porous media where the water is stored in the pore space within the soil grains.
Sub-surface water is one of the purest forms of water due to its isolation from the biosphere. However, once
contaminated, it is extremely expensive in terms of efforts and finances required to decontaminate it. Humans,
wildlife, the ecosystem, etc., are all seriously harmed by polluted groundwater. The geological disposal of
wastes of various kinds has become a probable hazard for the purity of groundwater. Hence, it is a regulatory
requirement to demonstrate that such waste disposal does not harm the quality of groundwater up to an extent
where it becomes unusable. The regulations require the analysis of impact of such waste disposal at different
stages of the lifetime of the facility viz. siting, construction, operation, decommissioning, etc. The numerical
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modeling of transport of contaminants in groundwater is the most important tool for such impact assessment
studies in the absence of measured values, especially in case of impact assessment at the siting or construction
stages when facility is no longer existing. The nonlinear coupled 2D-STFRADEs have proven to be successful
in describing the migration behaviour of conservative as well as non-conservative pollutants in groundwater
[4,5]. These equations incorporate various physical phenomena such as advection, diffusion, molecular mixing,
reaction, etc. In recent years, the significance of these equations in the mentioned field has led to enhanced
interest of scientists and engineers in developing new and more efficient methods of their solution [6,7].

Using fractional calculus, it is possible to generalise integrals and derivatives of integer order to those of
non-integer order. Various forms of fractional differential operators are introduced: Caputo type [8], Riemann-
Liouville type [9], Grunwald-Letnikov type [10], etc. Fractional calculus has advanced significantly in recent
years and attracted a lot of researchers in the fields of applied sciences, engineering, and economics [11–20].
The fractional order form of these equations is more important than the standard order for understanding many
complex physical problems. Fractional-order forms of these equations are considered because there are many
evidences that the standard-order equations cannot adequately describe most of the physical processes. The
main advantage of the fractional differential operator is that it has both global and non-local properties, for
instance, in dispersion phenomena to interpret the anomalous behavior of pollution in groundwater and porous
soils.

In literature, numerous numerical methods for solving space-time fractional reaction-advection–diffusion
equations are available, among them are the Shifted Legendre Collocation scheme [21], Chebyshev wavelets
collocation method [22], Finite element method [23], Finite difference method [24], Neural network method
[25], Shifted Jacobi collocation method [26]. Ren et al. [27] have found a numerical scheme for solving the space
fractional diffusion equation based on the shifted Chebyshev-tau algorithm [28]. The two dimension fractional
diffusion equation have been solved numerically, using the finite difference method [29,30] and the Fourier
spectral technique [31]. Hadhoud [32] suggested that the time fractional Burgers’ nonlinear coupled equations
can be solved numerically using the Non-polynomial B-spline [33] and Shifted Jacobi spectral collocation
[34] techniques. A class of fractional reaction-diffusion models are solved numerically in [35]. Zhang et al. [36]
have suggested that the two-dimensional nonlinear fractional diffusion-wave equations can be solved using a
second-order stabilized semi-implicit time-stepping Fourier spectral method [37]. The numerical solution for
a class of multi term variable-order fractional differential equations has been obtained using shifted Legendre
polynomials [38]. Two shifted Jacobi-Gauss collocation schemes [39] are used for solving two-dimensional
variable-order fractional Rayleigh-Stokes problem and variable fractional order equation [40,41]. Space and
time fractional order coupled reaction diffusion equations in two dimensions are solved using the SLGLCM
[42]. Here it is specified that in the model the advection terms have not been considered by the authors.
Moreover there were a scope of showing the effect of nonlinear reaction terms on the solution profile.

In the classical mechanics, the interaction between two objects is known as coupling. For the coupled
diffusion process the concentration of one system affects the concentration of the other system. In other words,
we can say that the effect of the macroscopic behaviors of micro-particles of one system on the other system
due to the Brownian motions of the particles, is known as coupled reaction-advection–diffusion equations.
Therefore, in the present article the authors have made an endeavour to solve a two-dimensional nonlinear
coupled space-time fractional order reaction-advection-diffusion equations given by

∂γ ũ(x, y, t)

∂tγ
= ∂1+α ũ(x, y, t)

∂x1+α
+ ∂1+β ũ(x, y, t)

∂y1+β
+ ν1

∂α ũ(x, y, t)

∂xα

+λ1 ũ(x, y, t)
(
ũ(x, y, t) − ṽ(x, y, t)

) + g1(x, y, t), (1)

∂γ ṽ(x, y, t)

∂tγ
= ∂1+αṽ(x, y, t)

∂x1+α
+ ∂1+β ṽ(x, y, t)

∂y1+β
+ ν2

∂βṽ(x, y, t)

∂yβ

+λ2 ṽ(x, y, t)
(
ṽ(x, y, t) − ũ(x, y, t)

) + g2(x, y, t), (2)

under the initial and boundary conditions as

ũ(x, y, 0) = h1(x, y), ũ(0, y, t) = h2(y, t)
ũ(X, y, t) = h3(y, t), ũ(x, 0, t) = h4(x, t)
ũ(x, Y, t) = h5(x, t), ṽ(x, y, 0) = h6(x, y)
ṽ(0, y, t) = h7(y, t), ṽ(X, y, t) = h8(y, t)
ṽ(x, 0, t) = h9(x, t), ṽ(x, Y, t) = h10(x, t)

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(3)
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where 0 ≤ x ≤ X , 0 ≤ y ≤ Y , 0 ≤ t ≤ T , 0 < γ ≤ 1, 0 < α ≤ 1, 0 < β ≤ 1, ν1, ν2 are the advection
coefficients, λ1, λ2 are the reaction coefficients and g1(x, y, t), g2(x, y, t) are the force functions. h1(x, y),
h2(y, t), h3(y, t), h4(x, t), h5(x, t), h6(x, y), h7(y, t), h8(y, t), h9(x, t), h10(x, t) are sufficiently smooth
functions. The salient feature of the article is the graphical presentations of the effect of concentration of one
system on the other in the fractional order system for different particular cases.

The remaining sections of the article are organised as follows: Sect. 2 introduces a few useful definitions
and properties which are utilized in the development of numerical solution. In Sect. 3 the proposed numerical
scheme is provided in detail which is used to solve the nonlinear coupled 2D-STFRAD by converting those
into a system of algebraic equations, which are solved using the Newton-Cotes method [43]. The error and
convergence analyses are furnished in Sect. 4. Two test problems are given in Sect. 5 to validate the efficiency
of the proposed numerical scheme. The concerned coupled fractional order model is solved using the proposed
scheme in Sect. 6, which is followed by a overall conclusion of the present research given in Sect. 7.

2 Preliminaries

Some basic theories and properties are introduced in this section. They have been used to solve the considered
2D-STFRADEs in the later sections.

2.1 Caputo fractional derivative

Caputo fractional α order derivative of a function ũ(x, y, t) with respect to t is given as [44]

c
0D

α
t ũ(x, y, t) =

⎧
⎪⎨

⎪⎩

1

�(n − α)

∫ t

0

1

(t − τ)α−n+1

∂nũ(x, y, τ )

∂τ n
dτ, if n − 1 < α < n ∈ N,

∂nũ(x, y, t)

∂tn
, if α = n ∈ N.

(4)

Caputo fractional derivative satisfies linearity property, i.e., c
0D

α
t (μ1 ũ+μ2 ṽ) = μ1

c
0D

α
t ũ+μ2

c
0D

α
t ṽ where

μ1, μ2 are constants.

2.2 Legendre polynomial

In this section, some important properties of shifted Legendre polynomial have been introduced. It is assumed
that Pk(z) represents the kth degree Legendre polynomial (in the interval [−1, 1]) as given in [42]. Then
Pk(z) satisfies recurrence relation

Pk+1(z) = 2k + 1

k + 1
zPk(z) − k

k + 1
Pk−1(z), k = 1, 2, 3, ...

where P0(z) = 1, P1(z) = z.
Introducing z = 2z

Z − 1, a shifted Legendre polynomial in the interval [0, Z ]. The shifted Legendre
polynomials PZ ,k(z) are produced by using the recurrence formulas

PZ ,k(z) = 2k + 1

k + 1

(
2z − Z

Z

)
PZ ,k(z) − k

k + 1
PZ ,k−1(z), k = 1, 2, 3, ...;

PZ ,0(z) = 1, PZ ,1(z) = 2z

Z
− 1

which satisfy the orthogonality property
⎧
⎨

⎩

∫ Z

0
PZ ,i (z)PZ ,k(z)dz = Z

2k + 1
, for i = k,

= 0, for i �= k.

An explicit analytical form of the shifted Legendre polynomial is

PZ ,k(z) =
k∑

s=0

(k + s)!zs
(k − s)!(s!)2Zs

.



5 Page 4 of 22 Anjuman et al.

3 Shifted Legendre-Gauss-Lobatto collocation method

In this section, an attempt is made to use the efficient and effective method SLGLCM [42] consisting of Legendre
polynomials to solve the 2D-nonlinear coupled space-time fractional order reaction-advection–diffusion Eqs.
(1) and (2) under the prescribed initial and boundary condition.

The approximate solutions for 2D-STFRAD nonlinear coupled equations are defined as

ũ(x, y, t) �
Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(t)PX,i (x)PY, j (y), (5)

ṽ(x, y, t) �
Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(t)PX,i (x)PY, j (y), (6)

where PT,k(t), PX,i (x) and PY, j (y) are the shifted Legendre Polynomials given in the Sect. 2.2, Nx , My

and Kt are positive integers. Therefore, the unknowns c̆i, j,k , d̆i, j,k and hence, the concentrations ũ(x, y, t),
ṽ(x, y, t) are obtained by substituting (5) and (6) into Eqs. (1) and (2), and satisfying Eqs. (3).

To calculate the standard and Caputo fractional order derivatives of basis functions PT,k(t), PX,i (x) and
PY, j (y) , let us consider

T (t) = [PT,0(t), PT,1(t), ..., PT,Kt (t)],

where PT,k(t) =
k∑

s=0

(−1)(k+s) (k + s)!t s
(k − s)!(s!)2T s

, k = 0, 1, 2, ...;

Case 1: for γ = 1, we have

dT (t)

dt
= d

dt
[PT,0(t), PT,1(t), ..., PT,Kt (t)] = [0, P ′

T,1(t), ..., P
′
T,Kt

(t)], (7)

where P ′
T,k(t) =

k∑

s=1

(−1)(k+s) (k + s)!t (s−1)

(k − s)!(s!)(s − 1)!T s
, k = 1, 2, 3, ...

Case 2:

c
0D

γ
t T (t) = [0, Pγ

T,1(t), ..., P
γ

T,Kt
(t)], γ ∈ (0, 1) , (8)

where

c
0D

γ
t PT,k(t) =

k∑

s=1

(−1)(k+s) (k + s)!t s−γ

(k − s)!(s!)�(k + 1 − γ )T s
. (9)

To calculate the spatial derivatives for x , let us consider

P(x) = [PX,0(x), PX,1(x), ..., PX,Nx (x)].
For second order derivative of PX,i (x), consider

d2X (x)

dx2 = d2

dx2 [PX,0(x), PX,1(x), ..., PX,Nx (x)] = [0, P ′′
X,1(x), ..., P

′′
X,Nx

(x)], (10)

where

P ′′
X,i (x) =

i∑

s=2

(−1)(i+s) (i + s)!x (s−2)

(i − s)!(s!)(s − 2)!Xs
, i = 2, 3, 4, ...

Now

c
0D

α
x X (x) = [0, Pα

X,1(x), ..., P
α
X,Nx

(x)], α ∈ (0, 1) , (11)
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where

c
0D

α
x PX,i (x) =

i∑

s=1

(−1)(i+s) (i + s)!xs−α

(i − s)!(s!)�(s + 1 − α)Xs
. (12)

Similarly for spatial derivative for y, the second order derivative of PY, j (y) is

d2Y (y)

dy2 = d2

dy2 [PY,0(y), PY,1(y), ..., PY,My (y)] = [0, P ′′
Y,1(y), ..., P

′′
Y,My

(y)], (13)

where P ′′
Y, j (y) =

j∑

s=2

(−1)( j+s) ( j + s)!y(s−2)

( j − s)!(s!)(s − 2)!Y s
, j = 2, 3, 4, ...;

For β ∈ (0, 1), we have

c
0D

β
y Y (y) = [0, Pβ

Y,1(y), ..., P
β
Y,My

(y)], (14)

where

c
0D

β
y PY, j (y) =

j∑

s=1

(−1)( j+s) ( j + s)!ys−β

( j − s)!(s!)�(s + 1 − β)Y s
. (15)

The fractional derivatives at the SLGL nodes xNx ,p, yMy ,q and tKt ,r are calculated as

∂α ũ(x, yMy ,q, tKt ,r)

∂xα

∣∣
∣∣
x=xNx ,p

�
Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(tKt ,r)
c
0D

α
x PX,i (x)

∣
∣
x=xNx ,p

PY, j (yMy ,q), (16)

∂β ũ(xNx ,p, y, tKt ,r)

∂yβ

∣
∣∣
∣
y=yMy ,q

�
Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(tKt ,r)PX,i (xNx ,p)
c
0D

β
y PY, j (y)

∣∣
y=yMy ,q

, (17)

∂γ ũ(xNx ,p, yMy ,q, t)

∂tγ

∣∣
∣∣
t=tKt ,r

�
Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k
c
0D

γ
t PT,k(t)

∣
∣
t=tKt ,r

PX,i (xNx ,p)PY, j (yMy ,q), (18)

∂αṽ(x, yMy ,q, tKt ,r)

∂xα

∣
∣∣
∣
x=xNx ,p

�
Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(tKt ,r)
c
0D

α
x PX,i (x)

∣∣
x=xNx ,p

PY, j (yMy ,q), (19)

∂βṽ(xNx ,p, y, tKt ,r)

∂yβ

∣∣
∣∣
y=yMy ,p

�
Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(tKt ,r)PX,i (xNx ,p)
c
0D

β
y PY, j (y)

∣
∣
y=yMy ,q

, (20)

∂γ ṽ(xNx ,p, yMy ,q, t)

∂tγ

∣
∣∣∣
t=tKt ,r

�
Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k
c
0D

γ
t PT,k(t)

∣∣
t=tKt ,r

PX,i (xNx ,p)PY, j (yMy ,q). (21)

The aim of this scheme is to estimate the residuals from Eqs. (1) and (2) which are set to zero at

2(Nx − 1)(My − 1)Kt

collocation points. So, substituting all these Eqs. (5), (6) and (16)–(21) in Eqs. (1) and (2), we get

Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,kφ1i, j,k − λ1 G1(ũp,q,r, ṽp,q,r) − g1p,q,r = 0 , (22)

Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,kφ2i, j,k − λ2 G2(ũp,q,r, ṽp,q,r) − g2p,q,r = 0, (23)
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where p = 1, 2, 3, ..., Nx − 1, q = 1, 2, 3, ..., My − 1, r = 1, 2, 3, ..., Kt and

ũp,q,r = ũ(xNx ,p, yMy ,q, tKt ,r),

ṽp,q,r = ṽ(xNx ,p, yMy ,q, tKt ,r),

G1(ũp,q,r, ṽp,q,r) = ũ2(xNx ,p, yMy ,q, tKt ,r) − ũ(xNx ,p, yMy ,q, tKt ,r) × ṽ(xNx ,p, yMy ,q, tKt ,r),

G2(ũp,q,r, ṽp,q,r) = ṽ2(xNx ,p, yMy ,q, tKt ,r) − ũ(xNx ,p, yMy ,q, tKt ,r) × ṽ(xNx ,p, yMy ,q, tKt ,r),

g1p,q,r = g1(xNx ,p, yMy ,q, tKt ,r),

g2n,m,r = g2(xNx ,p, yMy ,q, tKt ,r),

φ1i, j,k = c
0D

γ
t PT,k(t)

∣
∣
t=tKt ,k

PX,i (xNx ,p)PY, j (yMy ,q) − PT,k(tKt ,r)
c
0D

1+α
x PX,i (x)

∣
∣
x=xNx ,q

PY, j (yMy ,q)

− PT,k(tKt ,r)PX,i (xNx ,p)
c
0D

1+β
y PY, j (y)

∣∣
y=yMy ,q

− ν1PT,k(tKt ,r)
c
0D

α
x PX,i (x)

∣∣
x=xNx ,p

PY, j (yMy ,q),

φ2i, j,k = c
0D

γ
t PT,k(t)

∣
∣
t=tKt ,r

PX,i (xNx ,p)PY, j (yMy ,q) − PT,k(tKt ,r)
c
0D

1+α
x PX,i (x)

∣
∣
x=xNx ,p

PY, j (yMy ,q)

− PT,k(tKt ,r)PX,i (xNx ,p)
c
0D

1+β
y PY, j (y)

∣∣
y=yMy ,q

− ν2PT,k(tKt ,r)PX,i (xNx ,p)
c
0D

β
y PY, j (y)

∣∣
y=yMy ,q

.

The above system consists of 2(Nx − 1)(My − 1)Kt equations with 2(Nx + 1)(My + 1)(Kt + 1) unknown
coefficients. To find the unique solution of the above system we require

2
(
1 + My + Nx + NxMy + 2Kt (Nx + My)

)

additional equations. Again 2
(
1 + My + Nx + NxMy + 2Kt (Nx + My)

)
additional equations are derived

from the initial and boundary conditions.

Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(0)PX,i (xNx ,p)PY, j (yMy ,p) = h1p,q ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(0)PX,i (xNx ,p)PY, j (yMy ,q) = h6p,q ,

where p = 1, 2, 3, ....., Nx − 1, q = 1, 2, 3, ..., My − 1.

Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(tKt ,r)PX,i (0)PY, j (yMy ,q) = h2q,r ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(tKt ,r)PX,i (0)PY, j (yMy ,q) = h7q,r ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(tKt ,r)PX,i (X)PY, j (yMy ,q) = h3q,r ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(tKt ,r)PX,i (X)PY, j (yMy ,q) = h8q,r ,

where q = 0, 1, 2, ..., My, r = 0, 1, 2, ..., Kt .
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Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(tKt ,r)PX,i (xNx ,p)PY, j (0) = h4p,r ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(tKt ,r)PX,i (xNx ,p)PY, j (0) = h9p,r ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

c̆i, j,k PT,k(tKt ,r)PX,i (xNx ,p)PY, j (Y ) = h5p,r ,

Nx∑

i=0

My∑

j=0

Kt∑

k=0

d̆i, j,k PT,k(tKt ,r)PX,i (xNx ,p)PY, j (Y ) = h10p,r ,

where p = 1, 2, 3, ..., Nx − 1, r = 0, 1, 2, ........, Kt .
Hence, for hip,q = hi (xNx ,p, yMy ,q), i = 1, 6, h jq,r = h j (yMy ,q, tKt ,r), j = 2, 3, 7, 8 and hkp,r =

hk(xNx ,p, tKt ,r), k = 4, 5, 9, 10, we obtain a system of 2(Nx + 1)(My + 1)(Kt + 1) algebraic equations with
2(Nx + 1)(My + 1)(Kt + 1) unknown coefficients, which can be easily solved. After finding the coefficients,
one may determine the solutions of ũ(x, y, t) and ṽ(x, y, t) from the expressions (5) and (6).

4 Error and convergence analyses

In this Section the attempt is made to estimate the error bounds and analyse the convergence of the solutions.
Let ũ(x, y, t) and ṽ(x, y, t) be sufficiently smooth functions in the domain [0, X ] × [0,Y ] × [0, T ].
Theorem 1 [42] Let us consider ŨNx ,My ,Kt (x, y, t) and ṼNx ,My ,Kt (x, y, t) are the best approximations of
functions ũ(x, y, t) and ṽ(x, y, t), respectively. Then, we have

||ũ(x, y, t) − ŨNx ,My ,Kt (x, y, t)||L2 ≤ (XYT )
1
2 A1

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
, (24)

||ṽ(x, y, t) − ṼNx ,My ,Kt (x, y, t)||L2 ≤ (XYT )
1
2 A2

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
, (25)

where A1 and A2 are given in Appendix A.

Theorem 2 [42] Consider ŨNx ,My ,Kt (x, y, t) = ∑Nx
i=0

∑My
j=0

∑Kt
k=0 c̄i, j,k PT,k(t)PX,i (x)PY, j (y) and

ṼNx ,My ,Kt (x, y, t)=
∑Nx

i=0

∑My
j=0

∑Kt
k=0 d̄i, j,k PT,k(t)PX,i (x)PY, j (y) are the best approximations of the

exact solutions of ũ(x, y, t) and ṽ(x, y, t). Assume ŨNx ,My ,Kt (x, y, t)=
∑Nx

i=0

∑My
j=0

∑Kt
k=0 c̆i, j,k PT,k(t)PX,i

(x)PY, j (y) and ŨNx ,My ,Kt (x, y, t) = ∑Nx
i=0

∑My
j=0

∑Kt
k=0 d̆i, j,k PT,k(t)PX,i (x)PY, j (y) be the numerical solu-

tions obtained by the proposed scheme. Then, we obtain

||ŨNx ,My ,Kt (x, y, t) − ũNx ,My ,Kt (x, y, t)||L2 ≤ ||C̄ − C̆ ||2
( Nx∑

i=0

My∑

j=0

Kt∑

k=0

XYT

(2i + 1)(2 j + 1)(2k + 1)

) 1
2

,

(26)
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||ṼNx ,My ,Kt (x, y, t) − ṽNx ,My ,Kt (x, y, t)||L2 ≤ ||D̄ − D̆||2
( Nx∑

i=0

My∑

j=0

Kt∑

k=0

XYT

(2i + 1)(2 j + 1)(2k + 1)

) 1
2

,

(27)

where

‖C̄ − C̆‖L2
=

( Nx∑

i=0

My∑

j=0

Kt∑

k=0

(|c̄i, j,k − c̆i, j,k |2)
) 1

2

,

‖D̄ − D̆‖L2
=

( Nx∑

i=0

My∑

j=0

Kt∑

k=0

(|d̄i, j,k − d̆i, j,k |2)
) 1

2

.

Theorem 3 [42] Let us consider ũNx ,My ,Kt (x, y, t) and ṽNx ,My ,Kt (x, y, t) are the approximations of ũ(x, y, t)
and ṽ(x, y, t) obtained by the proposed method. Then, we obtain

||ũ(x, y, t) − ũNx ,My ,Kt (x, y, t)||L2 ≤ (XYT )
1
2 A1

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
+ ||C̄ − C̃ ||L2

×
( Nx∑

i=0

My∑

j=0

Kt∑

k=0

XYT

(2i + 1)(2 j + 1)(2k + 1)

) 1
2

, (28)

||ṽ(x, y, t) − ṽNx ,My ,Kt (x, y, t)||L2 ≤ (XYT )
1
2 A2

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
+ ||D̄ − D̃||L2

×
( Nx∑

i=0

My∑

j=0

Kt∑

k=0

XYT

(2i + 1)(2 j + 1)(2k + 1)

) 1
2

. (29)

Theorem 4 [42] Let w1Nx ,My ,Kt
(x, y, t), w2Nx ,My ,Kt

(x, y, t), w3Nx ,My ,Kt
(x, y, t), w4Nx ,My ,Kt

(x, y, t), w5Nx ,My ,Kt
(x, y, t), w6Nx ,My ,Kt

(x, y, t), w7Nx ,My ,Kt
(x, y, t), w8Nx ,My ,Kt

(x, y, t), g1Nx ,My ,Kt
(x, y, t)

and g2Nx ,My ,Kt
(x, y, t), are approximations of w1(x, y, t), w2(x, y, t), w3(x, y, t), w4(x, y, t), w5(x, y, t),

w6(x, y, t), w7(x, y, t), w8(x, y, t), g1(x, y, t) and g2(x, y, t), which satisfy the assumption of Theorem 1,

where
∂ ũ(x, y, t)

∂t
= w1(x, y, t),

∂2ũ(x, y, t)

∂x2 = w2(x, y, t),
∂2ũ(x, y, t)

∂y2 = w3(x, y, t),
∂ ũ(x, y, t)

∂x
=

w4(x, y, t),
∂ṽ(x, y, t)

∂t
= w5(x, y, t),

∂2ṽ(x, y, t)

∂x2 = w6(x, y, t),
∂2ṽ(x, y, t)

∂y2 = w7(x, y, t),
∂ṽ(x, y, t)

∂y
=

w8(x, y, t). Then, we have

||H(x, y, t) − HNx ,My ,Kt (x, y, t)||L2 ≤ (XYT )
1
2 An

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
, (30)

where H ∈ {
w1, w2, w3, w4, w5, w6, w7, w8, g1, g2

}
,An ∈ {A3, A4, A5, A6, A7, A8, A9,A10 A11,

A12
}

and An = max

{
max

∣
∣∂

Nx+1H(x, y, t)

∂xNx+1

∣
∣, max

∣
∣∂

My+1H(x, y, t)

∂yMy+1

∣
∣, max

∣
∣∂

Kt+1H(x, y, t)

∂t Kt+1

∣
∣, max
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∣∣∂
Nx+My+Kt+3H(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
at (x, y) ∈ [0, X ] × [0,Y ] and t ∈ [0, T ]. Here An, n = 3, 4, ..., 12 are

given in Appendix A.

Theorem 5 Let ũ2
Nx ,My ,Kt (x, y, t), ũ

2(x, y, t), be the approximate and exact solutions, respectively, then

||ũ2(x, y, t) − ũ2
Nx ,My ,Kt

(x, y, t)||L2 ≤ (XYT )
1
2 A13

(
1

4

(
X

Mx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
. (31)

Proof We known that the product of two sufficiently smooth functions is a sufficiently smooth functions, we
have

||ũ2(x, y, t) − ũ2
Nx ,My ,Kt

(x, y, t)||L2 ≤ (XYT )
1
2 A13

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
, (32)

where A13 is given in Appendix A.
Similarly, we can find the above calculations for ũṽ and ṽ2

||(ũṽ)(x, y, t) − (ũṽ)Nx ,My ,Kt (x, y, t)||L2 ≤ (XYT )
1
2 A14

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
, (33)

||ṽ2(x, y, t) − ṽ2
Nx ,My ,Kt

(x, y, t)||L2 ≤ (XYT )
1
2 A15

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
, (34)

where A14 and A15 are given in Appendix A. �	

Theorem 6 Let

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

be approximate solution of
∂γ ũ(x, y, t)

∂tγ
, then

∣∣
∣∣

∣∣
∣∣
∂γ ũ(x, y, t)

∂tγ
−

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

≤ T−γ+1

�(2 − γ )
(XYT )

1
2 A3

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
.

Proof Consider the term

∣∣
∣∣

∣∣
∣∣
∂γ ũ(x, y, t)

∂tγ
-

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

and using Eqs. (4), we have

∣∣
∣∣

∣∣
∣∣
∂γ ũ(x, y, t)

∂tγ
−

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

=
∣
∣∣∣

∣
∣∣∣

1

�(1 − γ )

∫ t

0
(t − τ)−γ

(
∂γ ũ(x, y, τ )

∂τγ
−

(
∂γ ũ(x, y, τ )

∂τγ

)

Nx ,My ,Kt

)
dτ

∣
∣∣∣

∣
∣∣∣
L2
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Using the inequality (24) and integral property given as

∣
∣
∣
∣
∫ t

0
f (�, τ )g(�, τ )dτ

∣
∣
∣
∣ ≤ M

∫ t

0

∣
∣
∣
∣ f (�, τ )

∣
∣
∣
∣dτ, where

∣
∣
∣
∣g(�, τ )

∣
∣
∣
∣ ≤ M,

we get

≤
(

1

�(1 − γ )

∫ t

0
(t − τ)−γ dτ

)∣∣
∣∣

∣∣
∣∣
∂γ ũ(x, y, t)

∂tγ
−

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

=
(

1

�(1 − γ )
(t)−γ+1 1

(1 − γ )

)∣
∣∣
∣

∣
∣∣
∣
∂γ ũ(x, y, t)

∂tγ
−

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

∣
∣∣
∣

∣
∣∣
∣
L2

≤ T−γ+1

�(2 − γ )
(XYT )

1
2 A3

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
. (35)

Similarly, we can find

∣∣
∣∣

∣∣
∣∣
∂γ ṽ(x, y, t)

∂tγ
−

(
∂γ ṽ(x, y, t)

∂tγ

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

≤ T−γ+1

�(2 − γ )
(XYT )

1
2 A7

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
,

(36)

∣∣
∣∣

∣∣
∣∣
∂α ũ(x, y, t)

∂xα
−

(
∂α ũ(x, y, t)

∂xα

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

≤ X−α+1

�(2 − α)
(XYT )

1
2 A6

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
,

(37)

∣∣
∣∣

∣∣
∣∣
∂βṽ(x, y, t)

∂yβ
−

(
∂βṽ(x, y, t)

∂yβ

)

Nx ,My ,Kt

∣∣
∣∣

∣∣
∣∣
L2

≤ Y−β+1

�(2 − β)
(XYT )

1
2 A10

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
,

(38)

�	
Now, using Eqs. (30)–(38) and large values of Nx , My , Kt , the approximate solution convergence to exact
solution. Substituting Eqs. (30)–(38), in Eqs. (5) and (6), the error bounds have been studied for the following
cases when α, β, γ ∈ (0, 1); α = 1, β, γ ∈ (0, 1); β = 1, α, γ ∈ (0, 1); and γ = 1, α, β ∈ (0, 1).

Case 1 When α, β, γ ∈ (0, 1),
∣
∣
∣
∣

∣
∣
∣
∣

(
∂γ ũ(x, y, t)

∂tγ
−

(
∂γ ũ(x, y, t)

∂tγ

)

Nx ,My ,Kt

)
−

(
∂1+α ũ(x, y, t)

∂x1+α
−

(
∂1+α ũ(x, y, t)

∂x1+α

)

Nx ,My ,Kt

)

−
(

∂1+β ũ(x, y, t)

∂y1+β
−

(
∂1+β ũ(x, y, t)

∂y1+β

)

Nx ,My ,Kt

)
− ν1

(
∂α ũ(x, y, t)

∂xα
−

(
∂α ũ(x, y, t)

∂xα

)

Nx ,My ,Kt

)

− λ1

(
ũ2(x, y, t) − ũ2

Nx ,My ,Kt
(x, y, t)

)
+ λ1

(
ũ(x, y, t) × ṽ(x, y, t) − (

ũ(x, y, t) × ṽ(x, y, t)
)
Nx ,My ,Kt

)



Study of two-dimensional nonlinear coupled... Page 11 of 22 5

−
(
g1(x, y, t) − g1Nx ,My ,Kt

(x, y, t)

)∣
∣
∣
∣

∣
∣
∣
∣
L2

≤ T−γ+1

�(2 − γ )
(XYT )

1
2 A3

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1

×
(

T

Kt

)Kt+1)
− X−α+1

�(2 − α)
(XYT )

1
2 A4

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1

×
(

Y

My

)My+1( T

Kt

)Kt+1)
− Y−β+1

�(2 − β)
(XYT )

1
2 A5

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
− ν1

X−α+1

�(2 − α)
(XYT )

1
2 A6

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
− λ1(XYT )

1
2 A13

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
+ λ1(XYT )

1
2 A14

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
− (XYT )

1
2 A11

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1( T

Kt

)Kt+1)
. (39)

Similarly,

∣∣
∣∣

∣∣
∣∣

(
∂γ ṽ(x, y, t)

∂tγ
−

(
∂γ ṽ(x, y, t)

∂tγ

)

Nx ,My ,Kt

)
−

(
∂1+αṽ(x, y, t)

∂x1+α
−

(
∂1+αṽ(x, y, t)

∂x1+α

)

Nx ,My ,Kt

)

−
(

∂1+β ṽ(x, y, t)

∂y1+β
−

(
∂1+β ṽ(x, y, t)

∂y1+β

)

Nx ,My ,Kt

)
− ν2

(
∂βṽ(x, y, t)

∂xβ
−

(
∂βṽ(x, y, t)

∂xβ

)

Nx ,My ,Kt

)

− λ2

(
ṽ2(x, y, t) − ṽ2

Nx ,My ,Kt
(x, y, t)

)
+ λ2

(
ṽ(x, y, t) × ũ(x, y, t) − (

ṽ(x, y, t) × ũ(x, y, t)
)
Nx ,My ,Kt

)

−
(
g2(x, y, t) − g2Nx ,My ,Kt

(x, y, t)

)∣
∣∣
∣

∣
∣∣
∣
L2

≤ T−γ+1

�(2 − γ )
(XYT )

1
2 A7

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1( Y

My

)My+1

×
(

T

Kt

)Kt+1)
− X−α+1

�(2 − α)
(XYT )

1
2 A8

(
1

4

(
X

Nx

)Nx+1

+ 1

4

(
Y

My

)My+1

+ 1

4

(
T

Kt

)Kt+1

+ 1

64

(
X

Nx

)Nx+1

×
(

Y

My

)My+1( T

Kt

)Kt+1)
− Y−β+1

�(2 − β)
(XYT )

1
2 A9

(
1

4

(
X
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Table 1 MAE in the approximate solutions ũ and ṽ at t = 1 with α = 0.9, β = 0.7, γ = 0.6 for Example 1

α = 0.9, β = 0.7, γ = 0.6

(Nx , My, Kt ) MAEũ MAEṽ CO.ũ CO.ṽ

(3,3,3) 1.6977 × 10−4 2.15385 × 10−4 2.24734 3.34581
(4,4,4) 2.44074 × 10−5 1.19992 × 10−5 10.4272 6.07269
(5,4,4) 2.38245 × 10−6 3.09491 × 10−6 6.27438 11.0697
(6,4,4) 7.58945 × 10−7 4.11279 × 10−7 21.8145 15.6798
(7,4,4) 2.62904 × 10−8 3.66798 × 10−8 − −

Thus for large values of Nx , My , Kt , the error converges to zero. In the similar way, we can show the
convergence of the said equations for other three cases for the large values of Nx , My , Kt .

5 Numerical analysis

In this section, the results for two test problems are presented to assess the practical performance of the
proposed method. Assume that the SLGL interpolation nodes ũE(x, y, t) and ũNx ,My (x, y, t) are the exact and
numerical solutions, respectively. Then the Maximum Absolute Error (MAE) at t = T is determined as

MAEũ = max
1≤i≤Nx ,1≤ j≤My

{∣∣ũE(xi , y j , T ) − ũNx ,My (xi , y j , T )
∣∣
}
.

The following formula is used to evaluate the order of convergence [45] as

CO = log
(

maxEabs(N1)/ maxEabs(N2)
)

log(N2/N1)
.

Example 1 First, let us consider the Eqs. (1) and (2) for the space-time fractional reaction-advection–diffusion
in two dimensions for (x, y) ∈ [0, 1] × [0, 1], t ∈ [0, 1] and with the force terms as

g1(x, y, t) = t x2−α y

(1 − 5α + (1 + α)2)�(1 − α)
F

[
1,

(
2 − 1 + α

2
,

5

2
− 1 + α

2

)
; −x2

4

]
+ t x1−α y ν1

(1 − α)�(1 − α)

× F[1,
(
1 − α

2
,

3

2
− α

2

); −x2

4
] + t3 y2 λ1 cos(x) sin(x) + t1−γ y sin(x)

(1 − γ )�(1 − γ )
− t2 y2

× λ1 sin2(x),

g2(x, y, t) = − t4 y2 λ2 cos2(x) + t2 y1−β ν2 cos(x)

(1 − β)�(1 − β)
+ 2t2−γ y cos(x)

(2 − 3γ + γ 2)�(1 − γ )
+ t2 x1−α y

(1 − α)�(1 − α)

× F

[
1,

(
3

2
− 1 + α

2
, 2 − 1 + α

2

)
; −x2

4

]
+ t3 y2 λ2 cos(x) sin(x).

whose exact solutions are ũ(x, y, t) = y t sin(x), ṽ(x, y, t) = y t2 cos(x), which can be used to obtain the
initial and boundary conditions.

In this example, using our proposed technique presented in Sect. 3, we find the approximate solutions, for
(x, y) ∈ [0, 1]× [0, 1] and t ∈ [0, 1], (α, β, γ ) = (0.9, 0.7, 0.6) with the advection coefficients as ν1 = 0.6,
ν2 = 0.6 and reaction coefficients as λ1 = −1, λ2 = −1. The graphical comparisons of the numerical
solutions and their exact solutions of ũ and ṽ with (α, β, γ ) = (0.9, 0.7, 0.6), (Nx , My, Kt ) = (7, 4, 4) at
t = 1 are shown in Figs. 1 and 2, where the exact and the numerical solutions are quite similar with a Maximum
Absolute Error.

Tables 1 and 2 give the Max absolute errors of ũ(x, y, t) and ṽ(x, y, t) for two different set of values of
fractional derivatives (α, β, γ ) = (0.9, 0.7, 0.6) and (α, β, γ ) = (0.8, 0.7, 0.4).

It is clearly seen from the tabular presentations that the numerical error decreases as Nx , My , Kt increases,
showing that the present scheme converges well. Figure 3 illustrates the behaviour of the absolute errors of
ũ and ṽ for the various values of x and y at t=1.
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Fig. 1 Plots of a exact solution and b) numerical solution of ũ(x, y, t) at t = 1 for Example 1

Fig. 2 Plots of a exact solution and b numerical solution of ṽ(x, y, t) at t = 1 for Example 1

Table 2 MAE in the approximate solutions ũ and ṽ at t = 1 with α = 0.8, β = 0.7, γ = 0.4 for Example 1

α = 0.8, β = 0.7, γ = 0.4

(Nx , My, Kt ) MAEũ MAEṽ CO.ũ CO.ṽ

(3,3,3) 1.84367 × 10−4 2.06424 × 10−4 2.14702 3.08874
(4,4,4) 2.89031 × 10−5 1.43566 × 10−5 10.9146 6.66894
(5,4,4) 2.53053 × 10−6 3.24164 × 10−6 5.94443 10.7282
(6,4,4) 8.56099 × 10−7 4.5845 × 10−7 21.9859 15.8309
(7,4,4) 2.88827 × 10−8 3.99452 × 10−8 − −

Example 2 Let us consider the Eqs. (1) and (2) with (x, y) ∈ [0, 1] × [0, 1], t ∈ [0, 1] having force terms as

g1(x, y, t) = e−x t (−x)1+α x−α y + e−x t (−x)1+α x−1−α y (1 + α) + e−x t (−x)α x1−α y

× ν1 − e−x t (−x)α x−α y α ν1 − λ1 e−2x t2 x2 + t x (1−α)y(1 + λ1)

�(1 − α)

+ 1

�(1 − α)
e−x t x2−α y ν1 E[α, −x] − 1

�(1 − α)
e−x t x1−α x−α y α ν1 E[α, −x]
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Fig. 3 Plots a and b represents error graph ũ(x, y, t) and ṽ(x, y, t) at t = 1 for Example 1

Table 3 MAE in the approximate solutions ũ and ṽ at t = 1 with α = 0.9, β = 0.8, γ = 0.7 for Example 2

α = 0.9, β = 0.8, γ = 0.7

(Nx , My, Kt ) MAEũ MAEṽ CO.ũ CO.ṽ

(3,3,3) 4.57811 × 10−4 1.39938 × 10−4 2.11934 2.32918
(4,4,4) 7.3506 × 10−5 1.87465 × 10−5 8.04149 9.76675
(5,4,4) 1.22186 × 10−5 2.12043 × 10−6 7.2857 6.99568
(6,4,4) 3.23691 × 10−6 5.92239 × 10−7 18.2326 21.9403
(7,4,4) 1.94767 × 10−7 2.01218 × 10−8 − −

Table 4 MAE in the approximate solutions ũ and ṽ at t = 1 with α = 0.8, β = 0.7, γ = 0.4 for Example 2

α = 0.8, β = 0.7, γ = 0.4

(Nx , My, Kt ) MAEũ MAEṽ CO.ũ CO.ṽ

(3,3,3) 5.19718 × 10−4 1.48218 × 10−4 1.9992 2.0048
(4,4,4) 9.25629 × 10−5 2.62706 × 10−5 8.60461 10.6934
(5,4,4) 1.35695 × 10−5 2.41644 × 10−6 6.80543 6.66507
(6,4,4) 3.92375 × 10−6 7.16849 × 10−7 18.5661 22.5584
(7,4,4) 2.24265 × 10−7 2.2142 × 10−8 − −

+ 1

(1 − γ )�(1 − γ )
e−x t1−γ x y + 1

�(1 − α)
e−x t (−x)1+αx−α y�(1 − α,−x)

+ 1

�(1 − α)
e−x t (−x)1+α x1+α y �(1 − α,−x) + e−x t3 x y2 λ1 sin(x),

g2(x, y, t) = t2 y x2−α

(1 − α + (1 + α)2)�(1 − α)
F

[
1,

(
2 − 1 + α

2
,

5

2
− α

2

)
; −x2

4

]
+ e−x t3 x y2 λ2 sin(x)

+ t2 y1−β ν2 sin(x)

(1 − β)�(1 − β)
+ 2t2−γ y sin(x)

(1 − β)�(1 − β)
+ 2t2−γ y sin(x)

(2 − 3γ + γ 2)�(1 − γ )
− t4 y2 λ2 sin2(x).

whose exact solutions ũ(x, y, t) = t x y e−x , ṽ(x, y, t) = t2 y sin(x) can be used to obtain the initial and
boundary conditions.

This example is solved for a number of values of (Nx , My, Kt ) at t = 1 for two different values of
(α, β, γ ) = (0.9, 0.8, 0.7) and (α, β, γ ) = (0.8, 0.7, 0.4) with advection coefficients ν1 = 0.6, ν2 = 0.6 and
reaction coefficients λ1 = −1, λ2 = −1. The MAEũ and MAEṽ of the present scheme are shown in Tables 3
and 4 for the aforementioned two sets of values of (α, β, γ ).

It is seen from tables that the errors converge well as the values of Nx , My , Kt are increased. The plots of
exact and numerical values of ũ and ṽ are shown through Figs. 4 and 5, respectively for the aforementioned
values of parameters.

The absolute errors of ũ(x, y, t) and ṽ(x, y, t) for the fractional order derivatives (α, β, γ ) = (0.9, 0.8, 0.7)
and (Nx , My, Kt )=(7,4,4) at t=1 are shown through Fig. 6.
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Fig. 4 Plots of a exact solution and b numerical solution of ũ(x, y, t) at t = 1 for Example 2

Fig. 5 Plots of a exact solution and b numerical solution of ṽ(x, y, t) at t = 1 for Example 2

Fig. 6 Plots a and b represent error graphs ũ(x, y, t) and ṽ(x, y, t) at t = 1 for Example 2
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Fig. 7 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for different values of γ = 0.6, 0.8, 1 and fixed
α = 0.9, β = 0.7, λ1 = −1, ν1 = ν2 = 0.6. where Nx , My, Kt = 4

6 Application of shifted Legendre-Gauss-Lobatto collocation numerical method to solve consider
2D-STFRAD nonlinear coupled equations

After the validation of the developed algorithm given in previous section, a drive has been made to solve
the mathematical model of 2D-STFRAD described the form of the in nonlinear Eqs. (1) and (2) along with
the following initial and boundary conditions by using the efficient numerical scheme SLGLC for different
particular cases when (x, y) ∈ [0, 1] × [0, 1], t ∈ [0, 1].

ũ(x, y, 0) = 0
ũ(0, y, t) = 0
ũ(1, y, t) = (ν1 + 1) (λ1 + 2) α β γ y t
ũ(x, 0, t) = 0
ũ(x, 1, t) = (ν1 + 1) (λ1 + 2) α β γ x t
ṽ(x, y, 0) = 0
ṽ(0, y, t) = 0
ṽ(1, y, t) = (ν2 + 1) (λ2 + 2) α β γ y t2

ṽ(x, 0, t) = 0
ṽ(x, 1, t) = (ν2 + 1) (λ2 + 2) α β γ x t2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(41)

Here the numerical results found are depicted through graphical plots for different particular cases. Figure 7
depicts the nature of the solution profiles for different values of time fractional derivative γ = 0.6, 0.8, 1 for
fixed values of α = 0.9, β = 0.7, and for advection coefficients ν1 = 0.6, ν2 = 0.6 and reaction coefficients
λ1 = −1, λ2 = −1.

It is seen that the solute concentrations increase as γ approaches from fractional-order derivative to integer
order. Figure 8 depicts the nature of the solution profile for various values of γ = 0.6, 0.8, 1 at fixed α = 0.9,
β = 0.7 for λ1 = −1, λ2 = −1, ν1 = 0, ν2 = 0.

The nature of solution profile of Fig. 8 is just the same as the Fig. 7 but due to the absence of advection
terms the concentration of solute is less in each case. Fig. 9 shows the nature of the solution profile for different
values of spatial derivative α = 0.2, 0.6, 1 for the fixed values of β = 0.7, γ = 0.6 and advection coefficients
ν1 = 0.6, ν2 = 0.6 and reaction coefficients as λ1 = −1, λ2 = −1.

It is seen that the solute concentration increases as fractional order derivative α approaches to integer order.
Figure 10 depicts the nature of the solution profile for various values of α = 0.2, 0.6, 1 at fixed β = 0.7,
γ = 0.6 for λ1 = −1, λ2 = −1, ν1 = 0, ν2 = 0.

The nature of solution profile of Fig. 10 is just the same as the Fig. 9 but due to the absence of advection
terms the concentration of solute is less in each case. Fig. 11 shows the nature of the solution profile for various
values of β = 0.4, 0.7, 1 at α = 0.9, γ = 0.6 at ν1 = 0.6, ν2 = 0.6, λ1 = −1, λ2 = −1.

It is seen that the solute concentration increases as β approaches to integer order derivative. Figure 12
depicts the variations of solute concentration with the variations of β = 0.4, 0.7, 1 and for fixed α = 0.9,
γ = 0.6 for λ1 = λ2 = −1, and ν1 = 0, ν2 = 0.
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Fig. 8 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for different values of γ = 0.6, 0.8, 1 and fixed
α = 0.9, β = 0.7, λ1 = −1, with advection coefficients ν1 = ν2 = 0 where Nx , My, Kt = 4

Fig. 9 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for different values of α = 0.2, 0.6, 1 and fixed
β = 0.7, γ = 0.6, λ1 = λ2 = −1, ν1 = ν2 = 0.6 where Nx , My, Kt = 4

Fig. 10 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for different values of α = 0.2, 0.6, 1 and fixed
β = 0.7, γ = 0.6, λ1 = λ2 = −1, with advection coefficients ν1 = ν2 = 0 where Nx , My, Kt = 4
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Fig. 11 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for different values of β = 0.4, 0.7, 1 and fixed
α = 0.9, γ = 0.6, λ1 = λ2 = −1, ν1 = ν2 = 0.6 where Nx , My, Kt = 4

Fig. 12 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for different values of β = 0.4, 0.7, 1 and fixed
α = 0.9, γ = 0.6, λ1 = λ2 = −1, with advection coefficients ν1 = ν2 = 0 where Nx , My, Kt = 4

The nature of solution profile of Fig. 12 is similar to Fig. 11, but due to the absence of advection terms the
concentration of solute is less in each case. It is observed from Fig. 13 that the solute concentrations are lower
for the sink terms (λ1 = −1, λ2 = −1) as compared to the source terms (λ = 1, λ2 = 1) as well as for the
case of conservative system (λ1 = 0, λ2 = 0), when α = 0.9, β = 0.8, γ = 0.7, ν1 = ν2 = 0.6.

7 Conclusions

In the present scientific contribution a drive has been made to develop a powerful SLGLC numerical scheme
to solve the nonlinear coupled 2D-STFRAD equations. The important feature is the error analysis between the
results obtained by the proposed numerical approach and the existing results which clearly exhibit the efficiency
and effectiveness of the scheme. The another attribute is the showcasing of effects of advection terms and
reaction terms on the solution profiles for various space and time derivatives graphically for different particular
cases. Important feature is the graphical presentations of the variations of concentration of the concerned model
when approaches from fractional order system to the integer order system. The salient feature of the article is
the convergence analysis of the proposed scheme while applying on the concerned two dimensional nonlinear
coupled model.

The current work creates opportunities for future works to handle the highly non-linear PDEs and also
solving wide range of PDEs with variable fractional order derivative as well as integer order derivative.

Author contribution A.: Formal Analysis, Investigation, Methodology, Writing, Original draft. M. C.: Con-
ceptualization, Writing-review and editing, Numerical Simulation. S. D.: Conceptualization, Writing-review



Study of two-dimensional nonlinear coupled... Page 19 of 22 5

Fig. 13 Plots of the concentrations of solute ũ(x, y, t) and ṽ(x, y, t) at t = 1 for fixed α = 0.9, β = 0.8, γ = 0.7, ν1 = ν2 =
0.6 and different values of λ1 = λ2 = −1, 0, 1 where Nx , My, Kt = 4

and editing. H. A.: Writing original draft, Numerical Validation.
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A Appendix

A1 = max

{
max

∣
∣∂

Nx+1ũ(x, y, t)

∂xNx+1

∣
∣, max

∣
∣∂

My+1ũ(x, y, t)

∂yMy+1

∣
∣, max

∣
∣∂

Kt+1ũ(x, y, t)

∂t Kt+1

∣
∣, (42)

max
∣
∣∂

Nx+My+Kt+3ũ(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣
∣
}
, (43)

A2 = max

{
max

∣
∣∂

Nx+1ũ(x, y, t)

∂xNx+1

∣
∣, max

∣
∣∂

My+1ṽ(x, y, t)

∂yMy+1

∣
∣, max

∣
∣∂

Kt+1ṽ(x, y, t)

∂t Kt+1

∣
∣, (44)

max
∣
∣∂

Nx+My+Kt+3ṽ(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣
∣
}
, (45)

A3 = max

{
max

∣
∣∂

Nx+1w1(x, y, t)

∂xNx+1

∣
∣, max

∣
∣∂

My+1w1(x, y, t)

∂yMy+1

∣
∣, max

∣
∣∂

Kt+1w1(x, y, t)

∂t Kt+1

∣
∣, (46)

max
∣
∣∂

Nx+My+Kt+3w1(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣
∣
}
, (47)

A4 = max

{
max

∣
∣∂

Nx+1w2(x, y, t)

∂xNx+1

∣
∣, max

∣
∣∂

My+1w2(x, y, t)

∂yMy+1

∣
∣, max

∣
∣∂

Kt+1w2(x, y, t)

∂t Kt+1

∣
∣, (48)
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max
∣∣∂

Nx+My+Kt+3w2(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (49)

A5 = max

{
max

∣∣∂
Nx+1w3(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1w3(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1w3(x, y, t)

∂t Kt+1

∣∣, (50)

max
∣∣∂

Nx+My+Kt+3w3(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (51)

A6 = max

{
max

∣∣∂
Nx+1w4(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1w4(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1w4(x, y, t)

∂t Kt+1

∣∣, (52)

max
∣∣∂

Nx+My+Kt+3w4(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (53)

A7 = max

{
max

∣∣∂
Nx+1w5(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1w5(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1w5(x, y, t)

∂t Kt+1

∣∣, (54)

max
∣∣∂

Nx+My+Kt+3w5(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (55)

A8 = max

{
max

∣∣∂
Nx+1w6(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1w6(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1w6(x, y, t)

∂t Kt+1

∣∣, (56)

max
∣∣∂

Nx+My+Kt+3w6(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (57)

A9 = max

{
max

∣∣∂
Nx+1w7(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1w7(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1w7(x, y, t)

∂t Kt+1

∣∣, (58)

max
∣∣∂

Nx+My+Kt+3w7(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (59)

A10 = max

{
max

∣∣∂
Nx+1w8(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1w8(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1w8(x, y, t)

∂t Kt+1

∣∣, (60)

max
∣∣∂

Nx+My+Kt+3w8(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (61)

A11 = max

{
max

∣∣∂
Nx+1g1(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1g1(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1g1(x, y, t)

∂t Kt+1

∣∣, (62)

max
∣∣∂

Nx+My+Kt+3g1(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (63)

A12 = max

{
max

∣∣∂
Nx+1g2(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1g2(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1g2(x, y, t)

∂t Kt+1

∣∣, (64)

max
∣∣∂

Nx+My+Kt+3g2(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (65)

A13 = max

{
max

∣∣∂
Nx+1ũ2(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1ũ2(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1ũ2(x, y, t)

∂t Kt+1

∣∣, (66)

max
∣∣∂

Nx+My+Kt+3ũ2(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (67)

A14 = max

{
max

∣∣∂
Nx+1ũṽ(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1ũṽ(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1ũṽ(x, y, t)

∂t Kt+1

∣∣, (68)

max
∣∣∂

Nx+My+Kt+3ũṽ(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, (69)
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A15 = max

{
max

∣∣∂
Nx+1ṽ2(x, y, t)

∂xNx+1

∣∣, max
∣∣∂

My+1ṽ2(x, y, t)

∂yMy+1

∣∣, max
∣∣∂

Kt+1ṽ2(x, y, t)

∂t Kt+1

∣∣, (70)

max
∣∣∂

Nx+My+Kt+3ṽ2(x, y, t)

∂xNx+1∂yMy+1∂t Kt+1

∣∣
}
, at (x, y) ∈ [0, 1] × [0, 1] , t ∈ [0, 1] . (71)
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