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Abstract In this article, the nonlinear coupled two-dimensional space-time fractional order reaction-
advection—diffusion equations (2D-STFRADEs) with initial and boundary conditions is solved by using Shifted
Legendre-Gauss-Lobatto Collocation method (SLGLCM) with fractional derivative defined in Caputo sense.
The SLGLC scheme is used to discretize the coupled nonlinear 2D-STFRADE:s into the shifted Legendre
polynomial roots to convert it to a system of algebraic equations. The efficiency and efficacy of the scheme are
confirmed through error analysis while applying the scheme on two existing problems having exact solutions.
The impact of advection and reaction terms on the solution profiles for various space and time fractional order
derivatives are shown graphically for different particular cases. A drive has been made to study the convergence
of the proposed scheme, which has been applied on the proposed mathematical model.

Keywords Two dimensional nonlinear coupled equations - Fractional order system - Reaction advection
diffusion equations - Convergence analysis

1 Introduction

Water on earth is present in two forms - underground and surface water [1-3]. The majority of fresh water on
Earth comes from underground sources, which account for around 97% of all fresh water. Groundwater system,
also known as aquifer, is a porous media where the water is stored in the pore space within the soil grains.
Sub-surface water is one of the purest forms of water due to its isolation from the biosphere. However, once
contaminated, it is extremely expensive in terms of efforts and finances required to decontaminate it. Humans,
wildlife, the ecosystem, etc., are all seriously harmed by polluted groundwater. The geological disposal of
wastes of various kinds has become a probable hazard for the purity of groundwater. Hence, it is a regulatory
requirement to demonstrate that such waste disposal does not harm the quality of groundwater up to an extent
where it becomes unusable. The regulations require the analysis of impact of such waste disposal at different
stages of the lifetime of the facility viz. siting, construction, operation, decommissioning, etc. The numerical

Anjuman - S. Das
Department of Mathematical Sciences, Indian Institute of Technology (BHU), Varanasi 221005, India
e-mail: anjuman.rs.mat21 @itbhu.ac.in

S. Das
e-mail: sdas.apm@iitbhu.ac.in

M. Chopra
Radiation Safety Systems Division, Bhabha Atomic Research Centre, Mumbai 400085, India
e-mail: manish1307 @gmail.com

H. Altenbach ()
Faculty of Mechanical Engineering, Otto von Guericke University Magdeburg, Universititsplatz 2, Magdeburg 39106, Germany
e-mail: holm.altenbach@ovgu.de


http://crossmark.crossref.org/dialog/?doi=10.1007/s00161-024-01338-9&domain=pdf

5 Page2of22 Anjuman et al.

modeling of transport of contaminants in groundwater is the most important tool for such impact assessment
studies in the absence of measured values, especially in case of impact assessment at the siting or construction
stages when facility is no longer existing. The nonlinear coupled 2D-STFRADESs have proven to be successful
in describing the migration behaviour of conservative as well as non-conservative pollutants in groundwater
[4,5]. These equations incorporate various physical phenomena such as advection, diffusion, molecular mixing,
reaction, etc. In recent years, the significance of these equations in the mentioned field has led to enhanced
interest of scientists and engineers in developing new and more efficient methods of their solution [6,7].

Using fractional calculus, it is possible to generalise integrals and derivatives of integer order to those of
non-integer order. Various forms of fractional differential operators are introduced: Caputo type [8], Riemann-
Liouville type [9], Grunwald-Letnikov type [10], etc. Fractional calculus has advanced significantly in recent
years and attracted a lot of researchers in the fields of applied sciences, engineering, and economics [11-20].
The fractional order form of these equations is more important than the standard order for understanding many
complex physical problems. Fractional-order forms of these equations are considered because there are many
evidences that the standard-order equations cannot adequately describe most of the physical processes. The
main advantage of the fractional differential operator is that it has both global and non-local properties, for
instance, in dispersion phenomena to interpret the anomalous behavior of pollution in groundwater and porous
soils.

In literature, numerous numerical methods for solving space-time fractional reaction-advection—diffusion
equations are available, among them are the Shifted Legendre Collocation scheme [21], Chebyshev wavelets
collocation method [22], Finite element method [23], Finite difference method [24], Neural network method
[25], Shifted Jacobi collocation method [26]. Ren et al. [27] have found a numerical scheme for solving the space
fractional diffusion equation based on the shifted Chebyshev-tau algorithm [28]. The two dimension fractional
diffusion equation have been solved numerically, using the finite difference method [29,30] and the Fourier
spectral technique [31]. Hadhoud [32] suggested that the time fractional Burgers’ nonlinear coupled equations
can be solved numerically using the Non-polynomial B-spline [33] and Shifted Jacobi spectral collocation
[34] techniques. A class of fractional reaction-diffusion models are solved numerically in [35]. Zhang et al. [36]
have suggested that the two-dimensional nonlinear fractional diffusion-wave equations can be solved using a
second-order stabilized semi-implicit time-stepping Fourier spectral method [37]. The numerical solution for
a class of multi term variable-order fractional differential equations has been obtained using shifted Legendre
polynomials [38]. Two shifted Jacobi-Gauss collocation schemes [39] are used for solving two-dimensional
variable-order fractional Rayleigh-Stokes problem and variable fractional order equation [40,41]. Space and
time fractional order coupled reaction diffusion equations in two dimensions are solved using the SLGLCM
[42]. Here it is specified that in the model the advection terms have not been considered by the authors.
Moreover there were a scope of showing the effect of nonlinear reaction terms on the solution profile.

In the classical mechanics, the interaction between two objects is known as coupling. For the coupled
diffusion process the concentration of one system affects the concentration of the other system. In other words,
we can say that the effect of the macroscopic behaviors of micro-particles of one system on the other system
due to the Brownian motions of the particles, is known as coupled reaction-advection—diffusion equations.
Therefore, in the present article the authors have made an endeavour to solve a two-dimensional nonlinear
coupled space-time fractional order reaction-advection-diffusion equations given by

i(x,y, 1) M (x,y, ) 0 Pacx, y, 1) %a(x, y, 1)
| oxlte PIREY: T e
Frria(x, y,0) (@, y, 1) — 0(x, y, 1)) + g1 (x, y. 1), (1
o(x,y, 1) 90, y,0) PO,y ) | 9FD(x, y. 1)
ar oxlte ay1+P Y
Fha 0(x, y, 1) (BD(x, y, 1) —i(x, y, 1)) + g2(x, y, 1), 2

under the initial and boundary conditions as

L{(x, v,0) =hi(x,y),
u(X,y,t) = hs(y, 1),
u(x,Y, 1) =hs(x, 1),
0(0,y,1) =h7(y, 1),
0(x,0,1) = ho(x, 1),

u0,y, 1) = ha(y, 1)
ii(x,0,1) = ha(x, 1)
v(x,y,0) = he(x, y)
(X, y,t) = hg(y, 1)
v(x,Y,t) = hio(x,t)

3)
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where 0 <x <X, 0<y<Y,0<t<T,0<y<1,0<a<l1, 0<pB <1, vy, vy arethe advection
coefficients, A1, Ay are the reaction coefficients and g1 (x, y, t), g2(x, y, t) are the force functions. i (x, y),
ha(y,t), h3(y, 1), ha(x,t), hs(x,t), he(x,y), h7(y, 1), hg(y, 1), ho(x,t), hio(x,t) are sufficiently smooth
functions. The salient feature of the article is the graphical presentations of the effect of concentration of one
system on the other in the fractional order system for different particular cases.

The remaining sections of the article are organised as follows: Sect. 2 introduces a few useful definitions
and properties which are utilized in the development of numerical solution. In Sect. 3 the proposed numerical
scheme is provided in detail which is used to solve the nonlinear coupled 2D-STFRAD by converting those
into a system of algebraic equations, which are solved using the Newton-Cotes method [43]. The error and
convergence analyses are furnished in Sect. 4. Two test problems are given in Sect. 5 to validate the efficiency
of the proposed numerical scheme. The concerned coupled fractional order model is solved using the proposed
scheme in Sect. 6, which is followed by a overall conclusion of the present research given in Sect. 7.

2 Preliminaries

Some basic theories and properties are introduced in this section. They have been used to solve the considered
2D-STFRADES in the later sections.

2.1 Caputo fractional derivative

Caputo fractional « order derivative of a function u(x, y, ) with respect to ¢ is given as [44]

1 ! 1 "u(x, y,
o Fa |, G g g il <a<nen
N eyt A o
OPRICE YD = e,y by | @
; if a=neN.
at"

Caputo fractional derivative satisfies linearity property, i.e., Dy (i1 i+ 2 V) = w1 oDf i+ 2 gDfv where
{41, Mo are constants.

2.2 Legendre polynomial

In this section, some important properties of shifted Legendre polynomial have been introduced. It is assumed
that Py (z) represents the kth degree Legendre polynomial (in the interval [—1, 1]) as given in [42]. Then
Py (z) satisfies recurrence relation

2k + 1
Pry1(2) = 1

k
P —— P , k=1,2,3,..
7P (2) L 1(2)

where Py(z) =1, Pi(z) =z
Introducing z = 2—ZZ — 1, a shifted Legendre polynomial in the interval [0, Z]. The shifted Legendre
polynomials Pz x(z) are produced by using the recurrence formulas

p ()_2k+1 2z—ZP @ p @, k=1.2.3. ..
Z,k Z) = k+] Z Z,k Z k+] Zk—l < ’ - k) ’ LRS!
2z
Pz0(z) =1, Pz1(2) = 7z 1
which satisfy the orthogonality property
z z
/0 Pz.i(2) Pz x(2)dz = TR for i =k,
=0, for i # k.
An explicit analytical form of the shifted Legendre polynomial is

k

(k + $)z°
PO = e
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3 Shifted Legendre-Gauss-Lobatto collocation method

In this section, an attempt is made to use the efficient and effective method SLGLCM [42] consisting of Legendre
polynomials to solve the 2D-nonlinear coupled space-time fractional order reaction-advection—diffusion Eqs.
(1) and (2) under the prescribed initial and boundary condition.

The approximate solutions for 2D-STFRAD nonlinear coupled equations are defined as

Nx M)' Kt
A(x,y. ) > > 3" & jaPra(t) Px.i(x) Py (), (5)
i=0 j=0 k=0
Nr M,V Kt
D0,y ) = Y Y Y dija Pra(t) Px.i(x) Py (), (6)
i=0 j=0 k=0
where Pr(t), Px,i(x) and Py ;j(y) are the shifted Legendre Polynomials given in the Sect. 2.2, Ny, M,
and K, are positive integers. Therefore, the unknowns ¢;. ks cul,‘, j.k and hence, the concentrations u(x, y, 1),
v(x, y, t) are obtained by substituting (5) and (6) into Egs. (1) and (2), and satisfying Egs. (3).
To calculate the standard and Caputo fractional order derivatives of basis functions Pr x(t), Px ;(x) and
Py, ;(y) , let us consider

T(t) =[Pro®), Pr1(), ..., Pr g, (D],

k
(k + s)!t*
here Pr(t) = —pE Tk =0,1,2,..;
where Pre(t) ; R P
Case 1: for y = 1, we have
dr@) d / /
T E[Pr,o(t), Pr(t), ... Pr.x, ()] = [0, Pp ,(t), ..., P g, ()], (7
k
(k + s)t¢=D
here Pj (1) = — 1)+ . k=1,2,3,...
where Pr(®) ; D T oeh e = i
Case 2:
0D/ T(1) =10, P{ (1), ... P{ (D], ¥ €(0,1), ®)
where
k
(k +s)les=7
CDVP 1) = -1 (k+s) . 9
oD Pr) ; D Tk + 1 =T ®
To calculate the spatial derivatives for x, let us consider
P(x) =[Px,0(x), Px1(x), ..., Px N, (x)].
For second order derivative of Py ;(x), consider
de(x) d? I 1
= m[PX,O(x), Px 1(xX), ..., Px N, ()] = [0, Py (x), ..., Py y (X)], (10)
where
i .
; +5)lx—2)
PY () = S (=1t L i=2.3.4, ..
x.i (%) S;( R C RIS A
Now

oDy X (x) = [0, Py {(x), .., P)"("Nx(x)], ae(0,1), an
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where

(i +s)x57¢
Pi— )N +1—a)Xs

i
D% Py i(x) =Y (=1 (
s=1

Similarly for spatial derivative for y, the second order derivative of Py ;(y) is

Y@y d?
o2 d_yZ[PY’O(y)’ Pya(y), oo Prar, (M1 =10, Py (). ... Py yy,

1

y

(j +s)lys=2
(G —)sH(s —2)!Ys >

J
where P{,”j(y) = Z (—DHU+s j=2,3,4,..
s=2

For B € (0, 1), we have
6Dy (y) = [0, Pﬁl(y), PﬁMy(y)],

where
j .
GDEPy j(y) =) (=nUH

s=1

(G +s)lys—F
(G =)!IHT(s+1—-p)Ys"

The fractional derivatives at the SLGL nodes xy, p, Yum,.q and 7k, r are calculated as

Ny M)" K,

=~ YD Gk Pratix.s) DY Pxi ()| Pr. i),

X=XNep =0 j=0 k=0

0%u(x, YMy.q> tK,,r)
ax¥

Nx M,V Ky

~ 3NN & jaPralik, o) Px.iGen, p) 6DE Py j(v) ’y:yMy.q’

Y=IYMyq =0 j=0k=0

aﬂﬁ(xNx,pv y9 th,l')
dyB

Ny M}' K;

~3 NN G gDl PT,k(f)|[:th Px.i (v p) Py (Vuy.q)

8% it (XN, .ps VM 00 1)

aty
I=IKr =0 j=0k=0
~ N, My, K
a“v(x, ym,,q» 1K, r) SN A
’ y.q> YK, T ~ 3 c o
P ~ Z Z Z di jx Pr(tk, r) oD Px,i(x)|x:xwp Py, j(ym,.q)
X=XNx.p i=0 j=0k=0
Nx M.V Kt

8ﬁ5('xNx,p7 ya tK[,I‘)
ayP

~ D002 dijaPratin o) PriGn ) 60V Pr ]y,
Y=YMyp  i=0 j—0 k=0 '

Ny M)’ K,

= Z Z Z di.jx 5Df PT,k(l)|,=,K[_rPX,i(xNx,p)Py,j(yMy,q).

I=IKr =0 j=0 k=0

ayﬁ(_XfNX’p, yMy’q, t)
arv

The aim of this scheme is to estimate the residuals from Egs. (1) and (2) which are set to zero at
2(Ny — DMy — DK,
collocation points. So, substituting all these Egs. (5), (6) and (16)—(21) in Egs. (1) and (2), we get

Nx M,V K;

DD Gijab . — 2 Giliipqr Upgr) — 8lpqr =0,

i=0 j=0k=0
Nx M)’ Ky

Z Z Z ai,j,k¢2,-h,-‘k ) GZ('Zp,q,r, 5p,q,r) — 82 qr — 0,

i=0 j=0 k=0

(12)

(13)

(14)

(15)

(16)

a7

(18)

(19)

(20)

21

(22)

(23)
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where p=1,2,3,..,. N, —-1,q=1,2,3,...M,—1,r=1,2,3,..., K; and

Up,qr = U(XN, p, YM,.q: K, ,r)

1~)p,q,r = I~)()CNX,pv YMy.q> 1K, r)

G (lip,q.rs Up.q,x) = i (XN, ps YMy.q TK,) = BOON, ps YMy 00 1K) X DOON, ps YMy 0 1K 1)
Ga(iip,q.r Up.qr) = D-(XN,.ps VM, .q- tKror) — BXN, ps VM, g0 tKrr) X D(XN,.ps YM,.qs T o)

8lpqr = 81(XN,.ps YM,.q- IK,,r),

82nmr = 82(XN,.ps YM,.,q> 1K, 1)

$150 =607 PT’k(t)|l:fKt‘k Px.i(xNn,.p) Py.j(Ym,.q) — PT,k(fK,,r)(C)D)lfan,i(x)lx:xNM Py j(Yu,.q)

— 1 Pr(ig,.r) DS Px.i(x)|,

Py, j(ymy.q)>
Y=YMy.q P Y,j (yM},q)

- PT,k(fK,,r)PX,i(xNx,p)gD;+ﬁPY,j(Y)

=XNx,
¢, = 6D/ PT,k(t)|t:tkt‘rPX,i(xNx,p)PY,j()’My,q) — Pri(tg,r) GDIT PX,,-(X)|x:xNX pPY,j(yMy,q)

= Prati, 0 Pxi o) 60y PrjOl = va Pt o) Pri Conep) 65 PrjO)] -

The above system consists of 2(N, — 1)(M, — 1)K, equations with 2(N, + 1)(M, + 1)(K; + 1) unknown
coefficients. To find the unique solution of the above system we require

2(1+ My + Ny + NxMy + 2K, (Nx + My))

additional equations. Again 2(1 + My + Ny + NyMy + 2K, (N, + My)) additional equations are derived
from the initial and boundary conditions.

Ny My K,

Z Z Z Ci.jk Prk(0)Px i (XN, p) Py.j (Ym,.p) = h1,
i=0 j=0 k=0

Ny My K,

Z Z Z ai,j,kPT,k(O)PX,i(xNx,p)PY,j(yMy,q) = he, 4>

i=0 j=0 k=0
wherep=1,2,3,..... yNy—1,q=1,2,3,... M, — 1.

Nx M)‘ Kt

Y3 G jaPrattk, o) Px.i(0) Py j(yuy,.q) = hag,»
i=0 j=0k=0

Ny M)’ K,

Z Z Z di,jk Pr (1K, 0) Px.i (0) Py, j (Ym,.q) = M7,
i=0 j=0 k=0

Ny My K,

DX Gk Pratk, o) Pxi(X) Py j(yuy.q) = 3y,
i=0 j=0 k=0

NX M,V Kt

D30 dijwPraix, o) Px.i(X) Py j(ym,.q) = hs,,»

i=0 j=0 k=0

whereq=0,1,2,...,M,, r=0,1,2,..., K;.
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Nx M)’ Kr

D3N & juPrattk, o) Px.i(xen, p) Pr.j(0) = ha, .

i=0 j=0 k=0
Ny M}' K;

SO3 N dija Praix, o) Pxi(xn, p) Py (0) = ho, .

i=0 j=0 k=0
Ny M}' K

DD Gijk Prattk, o) Px.i(xn, p) Py, (Y) = hs, .

i=0 j=0 k=0
Ny M,V K

Z Z Z di.j.x Pr i (K, ) Px.i (XN, p) Py, (Y) = hioy,.

i=0 j=0 k=0

wherep=1,2,3,..,. N, — 1, r=0,1,2, ... , K.

Hence, for hip,q = h,-(xNx,p, yMy,q), I = 1,6, /’qu_r = hj(yM).’q, tK,,r)s ] = 2,3,7, 8 and hkp; =
hi(xn,.p> tk,r)s k =4,5,9, 10, we obtain a system of 2(Ny + 1)(My + 1)(K; + 1) algebraic equations with
2(Ny + 1)(My + 1)(K; + 1) unknown coefficients, which can be easily solved. After finding the coefficients,
one may determine the solutions of & (x, y, t) and v(x, y, t) from the expressions (5) and (6).

4 Error and convergence analyses

In this Section the attempt is made to estimate the error bounds and analyse the convergence of the solutions.
Let u(x, y,t) and v(x, y, t) be sufficiently smooth functions in the domain [0, X] x [0, Y] x [0, T'].

Theorem 1 [42] Let us consider []N},My,Kt (x,y,t) and VNX,My,K, (x, y,t) are the best approximations of
Sfunctions u(x, y,t) and v(x, y, t), respectively. Then, we have

- | 1/ X\t 1y \MHL oKl
(x,y,t) —U LY.t <(XYD)I1A|-|— ) il
13Ce. . 1) — Oty 0 (6 32 Dl < (XYT) 1(4(1@) +4<My) +4<Kt>

1/ X \Netl/ y \My+l /o \ Kitl
— (= — — 24
ralv) ) (&) ) a

. . 1/ X Nyi+1 1 Y My+1 1 T K;+1
5(x, . 1) — Vv, k, (6. v, DL, < (XYT)2 Ay = — —— o
lloCx, y, 1) = VN, My k, (X, ¥, DL, < ( ) 2(4<Nx> +4(My> +4(Kt>

1/ X \ Nl / y \My+1 /o \ Kitl
— (= — — , 25
wln) G &) @)

where Ay and Aj are given in Appendix A.

Theorem 2 [42] Consider Uy, .k, (6. ¥, 1) = Y1 Y100 Y800 & jac Proa(t) Py (x) Py, () and

~ M, - .
VN M,k (XY, t):ZlN:"O Zj=}0 Zf;o di j.k Pr.x(t) Px,i(x) Py, j(y) are the best approximations of the
. ~ ~ ~ M, o
exact solutions of i (x, y, t) and v(x, y, t). Assume Un;, M, .k, (X, ¥, t)=ZlN:X0 j:’O Z,ﬁo Cijk Prx(t)Px.i

~ My .y .
(xX) Py, j(y) and Un;, M, .k, (X, ¥, 1) = ZZNZXO Zjéo Zfzo di j.k Prk(t) Px i (x) Py j(y) be the numerical solu-
tions obtained by the proposed scheme. Then, we obtain

Nx M)’ Kt 1

g ~_C XYT 2
NUN, by K, (X Y5 1) — N, My K, (X, 9, DL, < ”C_C”Z(ZZZ . . ) |
i—0 j—0 k=0 Qi+ DQ2j+DRk+1)
(26)
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N My K XYT 3
‘7 ) ) 7t -0 ) at =< D_b )
VN My K (8, 90 8) = B aty k(6 s Dy < ] ”2<§,§,§0(2i+1><21+1>(2k+1)>
27)
where
Nx My t
||C—C||L2=<ZZZ<|@M &kl ))
i=0 j=0 k=0
X MV I
||D—D||L2=(ZZZ(|d,,k— di.j il ))
i=0 j=0k=0

Theorem 3 [42] Let us consider iy, m, k, (X, y,t) and 5Nx,My,Kt (x, y, t) are the approximations of u(x, y, t)
and ¥(x, y, t) obtained by the proposed method. Then, we obtain

L1 XA\ oy \MTE K
||ﬁ<x,y,t>—ﬁNX,My,Kxx,y,r)ans(xmzm(z(—) +—(—) +—<—)

N, 4\ M, 4\ k,
. 1/ x \ Nt/ y \My+1 /o Kit] e &l
64 M, K, t2
Ny MV K, VT !
(zzz ). @s)
par e 0(21+1)(2]+1)(2k+1)
1 1/ X \MH [y \AMAL o\ K
DX, ¥, 1) — v my & (6 Y DI, < (XYT)ZAx( (- (= (=
o(x, y, 1) — ON, My, &, (X, Y, DL, = ( ) 2<4(Nx> +4<My) +4<Kz)
. 1/ x \Netl / y \My+1 /oy Kot BB
64 M, K, b2
Ny M_ K 1
(zzz ). @)
= (2i + 1)(2] + 1)(2k +1)
Theorem 4 [42] Let Wiy, iy .k, (x,y,0), W2y, vy k, (x,y,0), W3y, ay.k, (x,y,0), Wiy, vy .k,

(¥, 1), Wsy ek, (6 Y5 1) Wey ary k, (X5 Y5 0)s Wy gy, (60 95 0), W8y oy, (X0 V3 0Dy &1y, agy k, (X5 V5 1)
and 82y My K, (x, y,1), are approximations of wi(x, y,t), wa(x,y,t), w3(x,y,t), wa(x,y,t), ws(x,y, 1),
we(x, v, 1), wi(x, y,t), wg(x, v, 1), g1(x, y,t) and g>(x, y, t), which satisfy the assumption of Theorem I,

du(x, y,t %i(x, vy, t %i(x, vy, t Aii(x, v, t
where D gy ey, TEEED ey, % = wstn,y,n, 2D
v(x, v, 1) 8%0(x, v, 1) 8%0(x, v, 1) Av(x, v, 1)
w4(X,yat)y—:w5(X,yat)y—2=w6(X,y,t),—2=w7(X,y,t),—=
ot ox dy dy

wg(x, y, t). Then, we have

H (e y.1) — H oy ol < rmyia (L) ()T
SRS N My, K (%> V> DLy = "\ 3\ N, 4\ M, 4\,

1/ X \Mtl/ y \ M+l /7 \ Kit]
—(= — — , 30
ralv) ) (&) ) o

where H € {wy, wa, w3, wa, ws, we, w7, ws, &1, &2}, An € {As, A4, As, As, A7, As, Ao, Ao A1,
ANt H(x, y, 1) I H (x, y,1) KT H(x, y, 1)
gt |- max| dy M+l |- max | — &

.Alz} and A, = max{max|
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aNx+My+Kt+3H(x’ v, 1)

PY S T |} at (x,y) € [0,X] x[0,Y]andt € [0,T). Here A,, n = 3,4,....12 are
xVx y y [ t
given in Appendix A.
Theorem 5 Let ii? Ny My K, (x,y,0), ﬁz(x, v, t), be the approximate and exact solutions, respectively, then

P00 — @ e oDl < xran( ()T ()T )
wx, Y, 1) =,y K, X Y DL = Pla\ v, 4\ M, 4\ k,

+1 X\ Nt /oy \My+l o Kt an
64 \ N, M, K, '

Proof We known that the product of two sufficiently smooth functions is a sufficiently smooth functions, we
have

i (x, y, 1) — iy (. y.0llL, < (XYT)2A TESR + FEAT. + TERL.
uc(x, vy, t) —i X, Y, < “\ a\ a\«.
y Ne My K X5 Vs DL, Bla\ v, 4\ M, 4\ K,

1/ x \Netl /oy \My+1 /oy Kitl
—| = — — , 32
rwln) ) (&) G2
where A13 is given in Appendix A.

Similarly, we can find the above calculations for it and 72

| 1/ X\t 1y \MTL g\ K
[l@v)(x, y, 1) — @O)N, M, k, (X, ¥, DL, < (XYT)ZA”(Z(E) + Z(Vy) + Z(E)

1/ X \Netl /oy \My+1 /o Kitl
—| — — — , 33
ralv) G () ) ®

. . . 1/ x \NeHl |/ y \MFL o\ Kt
9oy 1) = 03 gy k00 Ol = XY A ( (- ) +5 (5 +-(—

Ny 4\ M, 4\ K,
1/ x \Netl/ y \My+1 /oy Kitl
+ — — — — , 34
ax) @) &) o
where A4 and Ajs are given in Appendix A. ]
ay i 9 9 t . . ay 1 9 b t
Theorem 6 Let M be approximate solution of M then

aVu(x,y,t) aVu(x,y,t)
arY aty Ne M, K,

T7y+1 ) 1 X Ni+1 1 Y My+1
L T2-vy) 4\ N, 4\ M,

+1 T K,+1Jrl X \NeHl /oy \My+l oy Kt
4\ K, 64 \ N, M, K, '

Vu(x,y, 1) (Wﬁ(x,y,t))
Ny, My, K,

and using Eqgs. (4), we have

Proof Consider the term ‘

atY at¥ L,

0vi(x, y, 1) (é)Vﬁ(x,y,t))
atV aty NX:M)'sKT Ly

, . y
_ H 1 / @ _T)_y(ayu(x,y, 2N (Byu(x,y,r)) )dr
ra-y)Jo arr arv Ny My K,

L>
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Using the inequality (24) and integral property given as

||/0 e, g, Tdr|| < M/O || fGe, D||dT, where ||gGe, || < M,

t Y Y

S ( 1 / ‘- T)Vdr>‘ vi(x,y, 1) 3 (8 u(x,y,t))

(1 — )’) 0 arv oty Ny, My, K 1Ly
= ( 1 ([)_V"FI 1 )‘ 8Vﬁ(xa y’t) _ (8)/’;()(7 y’t))

r{—y) 1=y aty oty NeMy K L

. L/ X \ANH 1/ p AMHL Kt
< —(XYT 2A — -\ — -\ -
*ra-pn*'P 3<4<Nx) +4(My) +4(&)

1/ x \Netl /oy \My+1 /oy Kitl
—| = — — . 35
) G (6) ) 9
Similarly, we can find
T+l X N+1 y \ My+1
=ra—p (i) i)
re-y) N M,

‘ 7 0(x, y,1) <8Vﬁ(x, y,t))
Ny, My K,
L/ T\ Kt X My+1 o\ Kot
+Z<E) —(N—> ( ) (;) )

atY aty
(36)

()
r'Q—a) N, 4\ m,
L/ TNKF 1 x \ Nty A\ M+l o\ Kt
) e G &)
4\ K, 64 \ N, M, K,
(37)
y A+l | 1/ x \Mr 1y \ M
< —(XYT)2A10<—<—> + —(—)
L T@-p 4\ N, 4\ M,

+1 T K,+l+1 X Ne+1 % My+1 T K,+1
4\ K; 64 \ Ny M, K; '

(3%)

we get

0%u(x, y, ) 0%u(x, y, )
ox¥ ox¥ Ny My K,

Ly

Haﬁi}(x,y, t) <8'Bﬁ(xv y’t)>
ayP ayP Ny My K,

O

Now, using Egs. (30)—(38) and large values of N,, M, K, the approximate solution convergence to exact
solution. Substituting Egs. (30)—(38), in Egs. (5) and (6), the error bounds have been studied for the following
caseswhen o, 8,y € (0,1);a=1, B,y €(0,1);8=1, o,y € (0,1);andy =1, &, B € (0, 1).

Case I When o, 8,y € (0, 1),

i(x, v, 1) i(x, y,1) At i(x, y, 1) Al i(x, y, 1)
oty ot Ne My K, ox 1t Jx 1+ Ny My K,

(al+ﬂﬁ(x,y,z) <31+ﬁﬁ(x,y,r)> ) (aaﬁ(x, v, 1) (3"‘12(x,y,t)) )
_ _ — v _
dylts ayl+h Ny My K, dx dx* Ne My K

— (ﬁ2<x, yot) = diy, g, k, (50 Vs ,)> + (ﬁ(x, Yor) X 0,y 1) = (@, 3.0 X 0G0, 3.0) gy g )
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- (gl(x, Yot) = &l ay ok, (X0 Vs t))
: .
T+l | Lx AN oy \MTE BT o x Ny M
< (XYT)2As3( - = (= (= — (= =
“ra_ X A3(4(Nx) +4(M,v> +4(1<,) " 64(Nx> (My>
T K;+1 X—a+1 . 1 X Ny+1 1 Y My+1 1 T Ki+1 1 X Ny+1
- - (XYT) A - (= —(— (= — (=
* (K) ) ra_m " A4(4<Nx> +4(My) +4(1<,) MG (N)
y \MF o\ Ki! y A+l | 1/ X\ 1/ v \™ 1
— = - XyT)2As( - (= o (R -
X (My) (K) ) ra—p " A5<4<Nx) " y) +4<
)

+1
s\ M

+1 X \NHL oy \ M+l o\ Kt ot (XYT)zA 1/ x \ M
1(x r r T S 1rx
64 \ N, M, ] 'Te—w \z\ v

N

1 My+1
K *3 My>
N 1<T K;+1 N 1 X >NX+1< Y )My+l( T K,+1 N (XYT) A 1<X )NX+1 N 1 Yy My+1
4\ K, 64 \ N, M, K, ! 4\ N, 4\ M,
N 1/ T Ki+1 N 1 X Ny+1 Y My+1 T o (XYT)ZA 1/ X Ny+1 N 1 Y My+1
4\ K, 64 \ N, M, K; ! 44 NX 4\ m,
+1 T K,+I+1 X \NHL /oy \Mytl g\ Kot (XYT)z_A X 1+1 y \ Myt
4\ K, 64 \ N, M, K, "2\ v, 4\ M,
1/ T\ K+l 1/ X \Netl /oy \ Myl /o Kot
O O
4\ K; 64 \ N, M, K;
Similarly,

A v(x, v, 1) Y (x, y, 1) At T(x, y, 1) At (x, v, 1)
aty aty Nx:M\r'!Kt ax1+a 8x1+a NX,My,Kt

(a”ﬁﬁ(x,y,t) (a”ﬁﬁ(x,y,t)) ) (aﬂﬁ(x,y,z) (aﬂﬁ(x,yw) )
_ _ . _
dyl+h dyl+h Ny My K, dxP dxP Ny My K,

—)Q( (x,y, 1) — UN M, Kk, (X, y,t))+k2(v(x v, 1) x u(x, y,t)—(v(x v, 1) x u(x, y,t))N M, K{)

- (gz(xv Yy, [) - gszvMy,Kt ()C, Y, t))

L

) ) ) )
re—y 4\ Ny 4\ M, 4\ K; 64 M,y
&) )reaemiai(m) i) Z(?)

Y My+1 T K:+1 Y7ﬂ+1 . 1/ X Nx+1 1 Y 1
) @) ) -rmaeraGEm) G -(
M, X, r2—p) 2\, 2\, 4

L/ x \Netl /oy \My+1 /oy Kt x—a-+1 1 1/ x Nx+1 y \ M+l
+ == — — — v (XYT)2 Ajo| | — - =
64\ N, M, K, r2—a) 4\ N, i\,

1/ T K:+1 1 X Ny+1 y My+1 T K;+1 1/ X e+1 1 Y My+1

(= +—(= — = M(XYT)2 A ( - (= +-(—

(&) al) ) (E)) i) i)

1/ T K;+1 X Nyi+1 y My+1 T K,+1 1/ X Ny+1 1 Y My+1
() raln) Ge) () ) rmenia(R) T +i(Gs)

1/ T K:+1 1 X Ny+1 y My+1 T Ki+1 . %A 1/ X Ny+1 1 y My+1
Sle) rww) G (R) ) -emiaeG(R) T iy
N l<l>Kt+1 N i(i)Nx-‘rl <L>My+1 (l)Kt+l) (40)

4\ k, 64\ N, M, K,



5 Page 12 of 22 Anjuman et al.

Table 1 MAE in the approximate solutions # and v att =1 withae =0.9, 8 = 0.7, y = 0.6 for Example 1

a=09,=07,y=0.6

(Ny, My, K;) MAE; MAE; CO.i co.d
(3,3,3) 1.6977 x 10~ 2.15385 x 10~* 2.24734 3.34581
(4,4.4) 2.44074 x 107 1.19992 x 107 10.4272 6.07269
(5.4,4) 2.38245 x 107° 3.09491 x 107° 6.27438 11.0697
(6,4,4) 7.58945 x 1077 4.11279 x 1077 21.8145 15.6798
(7,4,4) 2.62904 x 10~8 3.66798 x 10~8 - -

Thus for large values of Ny, My, K;, the error converges to zero. In the similar way, we can show the
convergence of the said equations for other three cases for the large values of N, M, K;.

5 Numerical analysis

In this section, the results for two test problems are presented to assess the practical performance of the
proposed method. Assume that the SLGL interpolation nodes itg (x, y, t) and ity M, (x, y, 1) are the exact and
numerical solutions, respectively. Then the Maximum Absolute Error (MAE) at ¢+ = T is determined as

MAE; = 1SiSNI?,£})éjSMy {|ME(Xi’ Yo ) =ty (31 3 T)|}'

The following formula is used to evaluate the order of convergence [45] as

_ log (max Eqps(N1)/ max Egps (N2))
a log(N2/N1)

CO

Example 1 First, let us consider the Egs. (1) and (2) for the space-time fractional reaction-advection—diffusion
in two dimensions for (x, y) € [0, 1] x [0, 1], ¢ € [0, 1] and with the force terms as

t x> 1 5 2 PR
g1(x, y, 1) = Y y2 Fli(polfe 3 Ldey =] rxyw
1=5«+{+a0)) (1 —a) 2 2 2 4 1-o)l—ow

—x? ) 1177 y sin(x)
xF[1,(1-5,>—= );T]-i—t3 y% A1 cos(x) sm(x)-l—m—t2 y?

X A sinz(x),

402 2 12 y17F vy cos(x) 21277 y cos(x) 2 xlmey
g2lvy. ) ==y R cos )+ et s =) T =l —a)

301 1 —x2
><F|:1,<§— —|2—a,2_ _;O[); :j|+t3y2kzcos(x)sin(x).

whose exact solutions are i (x, y,t) = yt sin(x), v(x,y,t) = y 12 cos(x), which can be used to obtain the
initial and boundary conditions.

In this example, using our proposed technique presented in Sect. 3, we find the approximate solutions, for
(x,y) €[0,1]1x[0,1] andt € [0, 1], (a, B, ¥) = (0.9,0.7, 0.6) with the advection coefficients as v; = 0.6,
vy = 0.6 and reaction coefficients as A; = —1, A, = —1. The graphical comparisons of the numerical
solutions and their exact solutions of # and v with (e, 8, y) = (0.9,0.7,0.6), (N, My, K;) = (7,4,4) at
t = 1 are shown in Figs. 1 and 2, where the exact and the numerical solutions are quite similar with a Maximum
Absolute Error.

Tables 1 and 2 give the Max absolute errors of #(x, y, t) and v(x, y, t) for two different set of values of
fractional derivatives («, 8, y) = (0.9, 0.7,0.6) and (o, B8, y) = (0.8,0.7,0.4).

Itis clearly seen from the tabular presentations that the numerical error decreases as N, My, K; increases,
showing that the present scheme converges well. Figure 3 illustrates the behaviour of the absolute errors of
uand v for the various values of x and y at r=1.
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(b)

Fig. 1 Plots of a exact solution and b) numerical solution of #(x, y, ) at = 1 for Example 1

Fig. 2 Plots of a exact solution and b numerical solution of v(x, y, t) at r = 1 for Example 1

Table 2 MAE in the approximate solutions # and v atr =1 withae = 0.8, 8 =0.7, y = 0.4 for Example 1

a=08,8=07y=04

(Ny, My, K}) MAE; MAE; CO.i COo.%
(3,3.3) 1.84367 x 10~4 2.06424 x 10~ 2.14702 3.08874
(4,4,4) 2.89031 x 1073 1.43566 x 1075 10.9146 6.66894
(5,4,4) 253053 x 107° 3.24164 x 106 5.94443 10.7282
(6,4,4) 8.56099 x 107 4.5845 x 1077 21.9859 15.8309
(7,4,4) 2.88827 x 1078 3.99452 x 108 - .

Example 2 Let us consider the Egs. (1) and (2) with (x, y) € [0, 1] x [0, 1], ¢ € [0, 1] having force terms as

gy, =e "t (=) y et ()T y Qb a) Fe T () X Ty

t x1=0y(1 42
XV —e (=) x Yyav —A e X224+ o ¥( D
T —a)

1 1
+ m et xX e yv Ela, —x] — m e Xyl x “yav; Ela, —x]
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1.50x1070

1.25%1079 /

1.00x1070

Absolute erro{z'x1
u

_10 5x1 3
7.50x10 109t

510710}
ﬁ 5.00x10710 OV

2.50x10710

(a) (b)

Fig. 3 Plots a and b represents error graph u(x, y, t) and v(x, y, t) at ¢ = 1 for Example 1

Table 3 MAE in the approximate solutions # and v att =1 withae =0.9, 8 = 0.8, y = 0.7 for Example 2

a=09,=08,y=0.7

(Ny, My, K;) MAE; MAE; CO.i CO.b
(3,3,3) 457811 x 10~* 1.39938 x 10~ 2.11934 2.32918
4,44 7.3506 x 1073 1.87465 x 107 8.04149 9.76675
(5,4,4) 1.22186 x 1072 2.12043 x 10°°© 7.2857 6.99568
(6,4,4) 3.23691 x 107° 5.92239 x 10~ 18.2326 21.9403
(7.4,4) 1.94767 x 1077 2.01218 x 1078 — —

Table 4 MAE in the approximate solutions # and v atr =1 withae = 0.8, 8 = 0.7, y = 0.4 for Example 2

a=08,8=07y=04

(Ny, My, K,) MAE; MAE; CO.i CO.%
3,3,3) 5.19718 x 10~ 1.48218 x 1074 1.9992 2.0048
(4,4,4) 9.25629 x 1072 2.62706 x 107> 8.60461 10.6934
5.4,4) 1.35695 x 1073 241644 x 107° 6.80543 6.66507
(6,4,4) 3.92375 x 10~° 7.16849 x 1077 18.5661 22.5584
(7,4,4) 2.24265 x 1077 2.2142 x 1078 — —
+ . et xy+ ;e_x t(—x)"x Ty (1 — «, —x)
(IT=T'd-y) rad-oa ’
1
+ ﬁ e 1 (—x)lte 1t yId—a, —x)+e* 3 x y2 A1 sin(x),
-«
2 2« 2
t“yx I+ 5 o) —x “x .3 2 .
X, y,1) = Fll,([2———, = ——); — e Xt x y° Ay sin(x
S0 ) = T T A+ DI —a) [ ( 2 2 2) 4 }Jr y” Az sin(x)
2 ,1-8 : 2—y : 2—y :
t Vo sin(x 2t sin(x 2t sin(x
L2y v sin) y sin(x) YSNW o

(I=prad =45 " (I=prd =45 " 2=3y+yHrd -y

whose exact solutions u(x, y,t) = tx ye ¥, v(x,y,t) = 12 y sin(x) can be used to obtain the initial and
boundary conditions.

This example is solved for a number of values of (Ny, My, K;) at ¢t = 1 for two different values of
(o, B,v) =(0.9,0.8,0.7) and (e, B, y) = (0.8, 0.7, 0.4) with advection coefficients v = 0.6, v» = 0.6 and
reaction coefficients A = —1, A, = —1. The M AE; and M A E; of the present scheme are shown in Tables 3
and 4 for the aforementioned two sets of values of («, 8, ).

It is seen from tables that the errors converge well as the values of Ny, My, K; are increased. The plots of
exact and numerical values of # and v are shown through Figs. 4 and 5, respectively for the aforementioned
values of parameters.

The absolute errors of i1 (x, v, t) and v(x, y, t) for the fractional order derivatives («, 8, y) = (0.9, 0.8, 0.7)
and (Ny, My, K;)=(7,4,4) at t=1 are shown through Fig. 6.
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Fig. 4 Plots of a exact solution and b numerical solution of #(x, y, r) at t = 1 for Example 2

1.25x1079

1.00x 1079
1.x1078 ¢ o

Absolute error 7.50x10°
-9
5.x10
o&\ 5.00x 10710
0.0

2.50x10710

0

(a) (b)

Fig. 6 Plots a and b represent error graphs #(x, y, r) and v(x, y, t) atr = 1 for Example 2
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(a) (b)

Fig. 7 Plots of the concentrations of solute #(x, y,t) and v(x, y, ) att = 1 for different values of y = 0.6, 0.8, 1 and fixed
a=09, =07, &gy =—1, vy = v, =0.6. where Ny, My, K; =4

6 Application of shifted Legendre-Gauss-Lobatto collocation numerical method to solve consider
2D-STFRAD nonlinear coupled equations

After the validation of the developed algorithm given in previous section, a drive has been made to solve
the mathematical model of 2D-STFRAD described the form of the in nonlinear Eqgs. (1) and (2) along with
the following initial and boundary conditions by using the efficient numerical scheme SLGLC for different
particular cases when (x, y) € [0, 1] x [0, 1], ¢ € [0, 1].

u(x,y,00=0

(0, y,1) =0

u(l,y,) =i+ X +2)apyyt

u(x,0,1) =0

i, L,)=wm+D) 0 +Dafyxt

v(x,y,0)=0 @1
50, y,1) =0

i, y, )=+ 1) (+2)apyyt?

3(x,0,1) =0

i, 1=+ M +2apyxt?

Here the numerical results found are depicted through graphical plots for different particular cases. Figure 7
depicts the nature of the solution profiles for different values of time fractional derivative y = 0.6, 0.8, 1 for
fixed values of « = 0.9, 8 = 0.7, and for advection coefficients vi = 0.6, v = 0.6 and reaction coefficients
AM=—1,A=—1.

It is seen that the solute concentrations increase as y approaches from fractional-order derivative to integer
order. Figure 8 depicts the nature of the solution profile for various values of y = 0.6, 0.8, 1 atfixedo = 0.9,
B=0.7 forhi =—1, 1 =—1,v1 =0,v, =0.

The nature of solution profile of Fig. 8 is just the same as the Fig. 7 but due to the absence of advection
terms the concentration of solute is less in each case. Fig. 9 shows the nature of the solution profile for different
values of spatial derivative « = 0.2, 0.6, 1 for the fixed values of § = 0.7, y = 0.6 and advection coefficients
v = 0.6, v, = 0.6 and reaction coefficients as A| = —1, A, = —1.

It is seen that the solute concentration increases as fractional order derivative o approaches to integer order.
Figure 10 depicts the nature of the solution profile for various values of « = 0.2, 0.6, 1 at fixed 8 = 0.7,
y=0.6forA; =—-1,=—-1,v1=0,1,=0.

The nature of solution profile of Fig. 10 is just the same as the Fig. 9 but due to the absence of advection
terms the concentration of solute is less in each case. Fig. 11 shows the nature of the solution profile for various
valuesof 8 =0.4,0.7,1 ata =0.9,y =0.6 atv; =0.6,v2 =0.6, A1 = —1, ko = —1.

It is seen that the solute concentration increases as 8 approaches to integer order derivative. Figure 12
depicts the variations of solute concentration with the variations of 8 = 0.4,0.7, 1 and for fixed o = 0.9,
y =06 forh; =iy =—1,and vy =0, v, = 0.
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(a)

~ 0.4
vy L
t

(b)

Fig. 8 Plots of the concentrations of solute #(x, y,t) and v(x, y,t) at t = 1 for different values of y = 0.6, 0.8, 1 and fixed
a =09, B=0.7, A1 = —1, with advection coefficients vi = v, = 0 where N,, M,, K, =4

(b)

Fig. 9 Plots of the concentrations of solute i (x, y, ) and v(x, y, ) at t = 1 for different values of o = 0.2,0.6, 1 and fixed
B=07y=06, Ay = A =—1, v = v2 =0.6 where Ny, My, K, =4

— =1
’ — =06

03
(xy.1)

0.2¢
01%
s

0.0 i

(a)

Fig. 10 Plots of the concentrations of solute i (x, y, t) and v(x, y, t) at t = 1 for different values of « = 0.2, 0.6, 1 and fixed
B =07, y =06, Ay = A2 = —1, with advection coefficients v = v, = 0 where N, My, K; =4
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[ et
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(a) (b)

Fig. 11 Plots of the concentrations of solute u(x, y, t) and v(x, y, t) at t = 1 for different values of 8 = 0.4, 0.7, 1 and fixed
a=009, y=06, Ay = A =—1, vy = v =0.6 where N,, My, K; =4

—p=1
‘ —3=07

(xy,1)

(a) (b)

Fig. 12 Plots of the concentrations of solute u(x, y, ) and v(x, y, t) at t = 1 for different values of 8 = 0.4, 0.7, 1 and fixed
a=09, y=0.6, A,; = Ay = —1, with advection coefficients v| = v, = 0 where Ny, My, K; =4

The nature of solution profile of Fig. 12 is similar to Fig. 11, but due to the absence of advection terms the
concentration of solute is less in each case. It is observed from Fig. 13 that the solute concentrations are lower
for the sink terms (A1 = —1, A = —1) as compared to the source terms (A = 1, Ao = 1) as well as for the
case of conservative system (A; =0, A = 0), whena = 0.9, 8 =0.8,y =0.7,v; = vy = 0.6.

7 Conclusions

In the present scientific contribution a drive has been made to develop a powerful SLGLC numerical scheme
to solve the nonlinear coupled 2D-STFRAD equations. The important feature is the error analysis between the
results obtained by the proposed numerical approach and the existing results which clearly exhibit the efficiency
and effectiveness of the scheme. The another attribute is the showcasing of effects of advection terms and
reaction terms on the solution profiles for various space and time derivatives graphically for different particular
cases. Important feature is the graphical presentations of the variations of concentration of the concerned model
when approaches from fractional order system to the integer order system. The salient feature of the article is
the convergence analysis of the proposed scheme while applying on the concerned two dimensional nonlinear
coupled model.

The current work creates opportunities for future works to handle the highly non-linear PDEs and also
solving wide range of PDEs with variable fractional order derivative as well as integer order derivative.
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ceptualization, Writing-review and editing, Numerical Simulation. S. D.: Conceptualization, Writing-review
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Fig. 13 Plots of the concentrations of solute #(x, y, t) and v(x, y, t) at t = 1 forfixeda =0.9, =08, y =0.7, vi = v, =

0.6 and different values of .y = A, = —1,0, 1 where N,, M,, K, =4

and editing. H. A.: Writing original draft, Numerical Validation.
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A Appendix
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A5 = max{max ] P |, max | P , max PP o , (70)
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