Chapter 2

The Weilnstein transform
associated with a family of

generalized distributions

2.1 Introduction

The Weinstein transform has made a considerable impact on various problems in the
pure and applied mathematical, physical, and engineering sciences. It is also heavily
used in many other related scientific fields. Exploiting the theory of the Weinstein
transform, many applications have been done by many authors. In particular, Salem
and Nasr [57], Mejjaoli et al. [32, 33], Mohamed [35] and Mehrez [30] observed
various properties related to theWeinstein transform and thereby found several useful

observations.

The theory of ultradistributions was introduced by Beurling [5], Bjorck [8], and

Roumieu [53], which is an interesting and potentially useful generalization of the

17



Chapter 2. The Weinstein transform associated with a family of generalized
distributions... 18

relatively more familiar Schwartz distributions. A unification of the Beurling-Bjorck
theory and the Roumieu theory was made by Komatsu [29]. The Hankel transform
of ultradistributions in the Roumieu setting was contributed by Pathak and Pandey
[42] and Pathak and Shrestha [46] and presented their several important results.

Motivated by the results of Beurling [5], Bjorck [8], and Roumieu [53], in the present
chapter, the author provides a brief description of spaces of types D,, and D, and

finds their various properties by exploiting the theory of the Weinstein transform.

2.2 Spaces of type D,, D/, and its properties

In this section, spaces of types D, and D!, are defined and examined their various

properties.
Definition 2.2.1. A real valued function w on Rﬁ“ is called subadditive function
if it satisfies

0= w(0) = Imw(z) < w(E +7) <w(E) +olp).VEne R (221)

Definition 2.2.2. My = My(n) be the set of all continuous real valued functions w

on R satisfying (2.2.1), and

[ e N
Jn(w)_4>1|§|n+1 dps(€) < oo. (2.2.2)

Definition 2.2.3. If ¢ € LY(R™"), and w satisfy (2.2.1), and X is a real number

then

Jolln = [ 1 Futl) | O, (2.2.3)

+
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D, is the set of all ¢ € LI(RTFI) such that ¢ has compact support and
[0]rew <00 (¥ A>0).

The elements of D, is represents test functions.

Definition 2.2.4. Let (2 is an open subset of R"™ then
D,(Q)={¢:¢ € D, and supp ¢ C Q}.

Theorem 2.2.5. Let w € My(n), ¢ € D, and u be an integrable function with

compact support then u#zp € D,,.

Proof: From (1.4.1), we have

Fo)© = [ O b ula)dus(o)

Then

| (Fuu)(é) |= e ) Jo (21 &nr)ulx) dps(z) |

n+1
R+

§/+|€Wﬂ%uw@mmwnwmm

Rn 1

<[ O D) | u(o) | duao)
Rn 1

< [ Ju@) | duste), as [ ) 1< 1
R}

Which implies that
mmm&ng/ | ule) | dpss(z) (2.2.4)

n+1
RJr

Next, we have to show that [[u#s¢|r. < co.



Chapter 2. The Weinstein transform associated with a family of generalized

distributions... 20
Therefore, from (2.2.3) we have
luttaoll = [ |1 Fulurtad)€) | ) dus(e) (225)
Also by using (1.4.13), we get
lattsoln = [ EOESNE) | dusle)
< [ 1) | Fa)€) |49 dus(e)
R+
= [T F© 14 | (Fad(€) | diale)
< sup | (Fuu)(E) | | (Fud)(€) | X dpig(€).
éeR’_f_H Riﬂ
Now, in veiw of (2.2.3), we obtain
[u#sllne < sup | (Fuu)(€) | 1¢]xe- (2.2.6)

—+1
¢ERT

Moreover by using (2.2.4), we get

fattsolhe < (61 [ Luta) | diss(o)

< ||¢||A,w||u||L;(Ri“)

< 00.

which shows that

[utsollrw < oo

Hence we have

u#ggb eD,.
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Theorem 2.2.6. Let wy,wy € My(n). If for some real number A and postive con-

stant C we have

(JJQ(S) S A + C’wl(f) Vf € R1+l .

Then, D,, is dense subset of D, .

Proof: Let ¢ € D,,. Then we have

[6lln = [ 1 Fubl) | 449 dil) < oc, for X € R

+

For ¢ € D,,, and from (2.2.3) we find

[6llns = [ 1 Ea)E) 14 duc).

+

With the help of (2.2.7), the above yields

[ollnen < [ 1 E0E) X0 dpgfe)

+

— M / | (Fu®)(€) [ © dpg(€)
R7H

- /R [ (Fud)(©) [* @ dus(§)  (A=CAeR).

Using (2.2.3), then, we obtain last expression

[9lrwe < €[ @lla:-
Above implies that
[l xw, < o0

Hence

¢ € D,,.

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)
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Now we have to show that D, is dense in D,,. Then, let v € D,, and apply
Theorem (2.2.5), we obtain u#s¢. € D,,, where

—(n T n
ge(z) = +1>¢(E), (e>0,zeR™).
From (1.4.1), we can write

Fod(© = [ O T @)

+

—i{x’, & —(n T
Z/ e ’£>Jﬁ($n+1fn+1)€ ( +1)¢ <—> d#ﬂ(ﬂf)'
Ri+1 €

Taking

T—u and dpg(x) = € dpg(u),
€

We have

(Fuwde)(S) Z/Rn+1 e U Jo (et g1 Ena) D(w) dpug(u)
— /Rn+1 e—i<u’,6£'>Jﬁ(un+1€fn+1)¢(u) dug(u)

=(Fuw®)(€€).

This implies that
(Fude)(§) = (Fud)(€€). (2.2.11)

We now consider

lu = (u#sdelllre. = / O | Fulu = (utts6)) () | dps(s).
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By linear property of the Weinstein transform, we get

[l — (utta@e) | run =/ MO | (Fuu)(€) = Fulutso)(©) | dps(€).

n+1
R+

From (1.4.13), we get

lu = (u#s0)[[r0s
= /Rn+1 Aw2(8) | (Fuww) (&) — (Fuu)(§)(Fup) (&) | dus(§)

zéwfw@\ummaa—mmgwndw@>

< [T E© [0 (1= (o)) | duns(©)

Thus by using (2.2.11), we get

lu— (uttsde)la < /

n+
R+

N (Fau)(©) [ O | (1= (Fud)(e€)) | dps(€), (2:2.12)

which tends to zero as ¢ — 0, by the Dominated Convergence Theorem .

Hence, D,, is dense in D,,, .

Definition 2.2.7. The set of all continous real-valued functions w satisfying (2.2.1),

(2.2.2) and (2.2.13), is denoted by M
w() >a+blog(l+ | £]), VEERT aeR, b> 0. (2.2.13)

Definition 2.2.8. Let w € M, ¢ € L}(R}") and X is a real number then we define

Holllx = [llllre = S, | (Fud) (&) |9 (2.2.14)
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Theorem 2.2.9. Let w € M. Then there exists a positive constant A such that

C :/ e A dpg(€) < oo. (2.2.15)
Rn+1

+

Then
6]x < Calll|l|asa, VAER, (Vo € LY(RT)).

Proof: From (2.2.14), we have

Calllélllacs =Ca sup |[Fud(©)|e™9O = sup |FLg(€)le™ O,

n+1 n+1
{ERJF §€R+

Also by taking (2.2.15), we get

Call|o]|asa = sup [Fuo(€)[eDFNO / e M0 dpg(€))
56R1+1 Rn+1
> / e MO Fp(€)[e IO g (€)
Ri‘”
= / MO\ Foy(€)] dpag(€)
Rf;“

=ll9l]x-

Above shows that

Bl[x < Calllol][a+a-

Theorem 2.2.10. Let w € M. Let ¢ € D, then for any multi-index o, we have

(A%ﬁ)agﬁ € Dw‘
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Proof: Let ¢ € D,,. Then from (2.2.3), we have
el = [ 1FublO1™9 dus(e) < o0, A € R (22.16)
R+

We now take w € M. Then from (1.3.3), we find that

w&) Za+blogd+[[El}), (aeR, b>0)

w(€) —a > blog(1+ [[£]])
L((€) — a) > log(1 + I

L(w(€)—a
er @O0 > (14 [[¢]]) > |[¢]|

2a(y(€)—a e’
et @(©) )Z||£||2 ]

We thus obtain

]2 < e7He ™ (2.2.17)

Next, by the Weinstein transform of the derivative (1.4.5) of ¢, we have

P ((Afy5) @) (€)] = Il I(Fue) (€] (2.2.18)

From (2.2.3) we have

(85 Ol = [ OFA DG 0] i)

+

Using (2.2.18), we get

((Af5) ") (E)] a0 = /RW | [e] [P (Fud) ()] dpus(€)

+

/Rn+1 O (Fud) (ONNENP dpas(€)

+
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Thus, in veiw of (2.2.17), we obtain

—2aa 2«

II(A’SV,B)%)(S)IIA,WS/ L CUONFuo) e e dug(€)

R

_ o3 / (OO (F, ) (€)] dpas(€)
Rfl

—2aa

— gl 20

< 00.

Therefore,

(ArI/LV,ﬁ)OlQ5 € Dw .

Theorem 2.2.11. Let w € M and ¢ € D,, be given. Then the mapping from R
imto D, defind by

y— Ty(¢)

18 continuous.

Proof: Let w € M, ¢ € D,, and for x € R%™" then from (2.2.14), we have

||Ty(¢)_7'z(¢)||>\,w:/ L Fu(ry(@)(©) = 7(6)(€) 1™ Vs (€)

R+
Also, by the linear property of the Weinstien transform (1.4.1), we get
I78) = 2@l = [ IFurm(6)(€) = Furs )OI dst). (2219
+

First of all, we obtain

(m20)(y) = ¢(2)D(x,y, z) dps(2)

n+1
R+
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Thus, in veiw of (1.4.8), we find that

oW = [ <z>( / e Ty (@160 11)E Y Tp (s Gar)
+ +

x e " Ty (zn16nin) duﬁ@)) dps(2)

By using Fubini’s theorem, we get

o = [ ([ o i) du))

X Ja(Yn16nsr)e” ) Ta(@pi1Enrr) dps(€) .

Also, by the definition of the Weinstein transform (1.4.1), we find above expression

(7:0)(y) = /R (uw) <£>e-i<x”f’>Jﬁ<xn+1sn+1>)e"<y’f’>J5<yn+1sn+1> dpus(§)

Now, in veiw of (1.4.1) and (1.4.6), we get

(r20)(y) =F," (fw¢<y>ei<f”y’>J5<anynH>) ().

Therefore, we have

Fulm:0)(y) = e ) Ja(@ps1ynia ) (Fud) (y) (2.2.20)
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With the help of (2.2.19) and (2.2.20), we obtain

17(6) = (@)1
- / ™) Ty (G (Fud)(€) — ¢ Ts(@niabar)
;
X (Fu) (€)X Odpus (€)
: /Rnﬂ ™ g (ynsrorer) — € T (w1
;

x |(Fud) (€)M Odus(€) -

Hence, the above expression tends to zero as y — x. This implies y — 7,(¢) is

continuous.

Definition 2.2.12. Let L = (L), be an increasing sequence of positive numbers
and let  be an open subset of R’ then CL(Q) is the set of all u € C*(Q) such

that for each compact subset K of €2 there exists a constant C such that

sup [(Afy )" ul < CHHLY, (2.2.21)

where « is multi-index with
la| =k (k=0,1,2,...) .

Theorem 2.2.13. Let u € D, (), and

(Fuu)(©)] < ¢

S @ 1 e (2.2.22)

where C and a > 0 are positive constants with

) =>_ (%) (€ e RYH. (2.2.23)

k=0
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Then
u € CHQ).

Proof: Let u € D, () and w € M. Then, from the inversion formula of the

Weinstein transform (1.4.2), we have

ua) = [ F) O Ty(6rnr00) s ©)

So that

(Afygzu(@) = (Afg): /RW(fwu)(§)€i<£’,x'>Jg(§onnH)duﬁ(g)
N /Rnﬂ(Fw“)(g)@%ﬂ)g(€i<§”$,><]ﬁ(fn+1xn+1)) dpig(§)
— /Rn+l(]-"wu)(f) (1) JE12*) €€ %) Ja(Enyrns) dps(€)

= (07 [ Ea IR Ty 6z s 6).

+

Therefore, we get

max sup | (Al ) ()|
lal=k zeQ

= maxsup |(—1)* /Rn+1 ) J(Enia i) (Fuw) (OIE]P* dpp(€)]

la|=k zeQ

lal=k zeQ

< maxsup € 6] [ IF) @I dus@

<o [ PR dis©)

|al
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Now, by using (2.2.22) and (2.2.23), we get

N cle
max sup |(Afy 5)“u(z)| < max 115(§)
R7H qL(

lal=k ze0 o=k a&) (1 + |€])m+1
. €% Ly,
U /Rm aF|E[2R((1 + [€])m+1) dp(8)
dps(§)

oot [ g
N * Jare (1)

<Cia L%, (k=0,1,2..) .
Thus, we find that
|m|a>1§ sup |(Ayy ) u(r)| < Cia™®L¥,  (k=0,1,2..) .
Q=R 2eQ

Hence we have

ueCHQ).

sokok
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