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PREFACE

The theory of error-correcting codes plays a vital role in modern communication
systems, ensuring the reliability and efficiency of data transmission across noisy
channels. Cyclic codes have emerged as one of the most important classes of error-
correcting codes due to their ease of implementation, wide range of applications, and
their connection to elegant algebraic structures. In the past few decades, the study
of codes over rings has gained significant popularity due to their applications in
several modern technologies, such as 5G networks and flash memory systems. This
thesis is devoted to the study of certain algebraic codes like cyclic, constacyclic, skew
cyclic, and skew constacyclic codes over specific finite non-chain rings. Additionally,
it explores their applications in constructing quantum error-correcting codes, which
have become increasingly important in the emerging fields of quantum information
and computation. Moreover, it examines another significant class of error-correcting

codes called linear complementary dual (LCD) codes over these rings.

Throughout this research journey, I have been deeply fascinated by the interplay be-
tween algebra, coding theory, and quantum computing. The development of quan-
tum error-correcting codes is critical for realizing practical quantum computers, and

this work aims to contribute to this exciting and rapidly evolving field.

This thesis consists of an Introduction and seven chapters, including Prelimi-
naries as the first chapter and Conclusion and Future Scope as the last chapter.
Chapter 1 provides a comprehensive overview of preliminary concepts, definitions,

and results that will be useful for the subsequent chapters.

Introduction gives a general introduction. It also includes an extensive literature
review on cyclic codes, their generalizations, and their applications in constructing

quantum and LCD codes.

Chapter 1 serves as the foundation of the thesis, introducing essential concepts and
definitions from ring theory, classical coding theory, and the theory of quantum error

correction.

XIX
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Chapter 2 studies cyclic codes over a non-chain ring F,[u, v, w]|/(u® — u,v? — v, w? —
w, uv, vu, uw, wu, vw — wv) denoted as S. This chapter discusses the structural prop-
erties of cyclic codes over § and their duals. It establishes some important results on
the generator matrix of the Gray image of linear codes over S and the Gray image
of cyclic codes over §. Additionally, it presents the construction of quantum and

LCD codes from cyclic codes over S.

Chapter 3 investigates skew cyclic codes over a non-chain ring F[uq, us, . . ., u,]/{ud—

Uj, UiUj — ujui>£j:1 denoted as R. This chapter examines the structural properties
of skew cyclic codes over R and their duals. Furthermore, it provides methods for
constructing quantum and LCD codes from skew cyclic codes over R, leading to the

construction of many new codes with improved parameters.

Chapter 4 delves into skew constacyclic codes over a general non-chain ring F,[u1, us,

U [ fi(ug), winy — ujug)f ,—q denoted as T. It presents several key results on the
structural properties of skew constacyclic codes over T. It is proved that the Gray
image of a skew constacyclic codes over T is a skew quasi-(aq1. 1, 11,2, - -+ s Vyiy..0, )~

twisted code.

The findings of Chapter 4 are utilized in Chapter 5 to construct quantum and
LCD codes. This chapter investigates the Euclidean and Hermitian duals of skew
constacyclic codes over T develop methods for constructing quantum codes from
Euclidean and Hermitian dual-containing skew constacyclic codes over 7. Moreover,
quantum codes over nine different rings (belonging to the class of non-chain rings)
are also constructed. Consequently, many new and improved quantum codes are
obtained. Moreover, this chapter studies Fuclidean and Hermitian skew constacyclic
LCD codes over T, leading to the construction of several MDS, AMDS, and BKLCs

as Gray images of these codes.

The construction of quantum codes which are discussed in Chapters 2, 3, and 5
requires dual-containing codes. In 2006, Brun [21] proposed the construction of
quantum codes using shared entanglement which does not require dual-containing
codes. Chapter 6 focuses on the construction of entanglement-assisted quantum
error-correcting codes (EAQECCs) from constacyclic codes over 7. It is proven

that under a polynomial Gray map, the image of constacyclic codes over T is a

XX



cyclic code. Furthermore, a method to construct EAQECCs from these codes is
established, resulting in many new EAQECCs.

Chapter 7 provides a chapter-wise summary of this thesis. It also outlines the future
scope of the research in this direction and proposes several open problems for further

investigation.

I hope that the results presented in this thesis will not only enhance the understand-
ing of coding theory over finite non-chain rings but also inspire further research into
the direction of generalizations of cyclic codes, their study over finite rings and

construction of quantum codes from them.
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Introduction

Error-correcting codes are fundamental to modern communication systems, ensuring
the reliable transmission of information across noisy channels. With the rapid growth
of digital communication, including emerging technologies like 5G networks and
quantum computing, the study of error-correcting codes has become increasingly
important. Among various types of error-correcting codes, cyclic codes have gained
significant attention due to their structural simplicity, ease of implementation, and

broad range of applications in both classical and quantum contexts.

Over the past few decades, the study of codes over rings has gained substantial
traction, particularly in the context of non-chain rings. These algebraic structures
provide a rich framework for developing codes with improved properties and en-
hanced performance. In particular, codes like cyclic, constacyclic, skew cyclic, and
skew constacyclic codes over finite rings have been widely studied over the past 15
years. Furthermore, the development of quantum error-correcting codes (QECCs)
has become critical for the realization of fault-tolerant quantum computing, making

the study of these codes over specialized rings especially relevant.

This thesis investigates various classes of algebraic codes, focusing on their structural
properties and their applications in constructing quantum error-correcting codes and
linear complementary dual (LCD) codes. The work emphasizes the construction of
these codes over finite non-chain rings, presenting novel examples with improved
parameters that contribute to existing code databases. By examining these codes
in the context of a general non-chain ring structure, this study offers insights that
enrich the understanding of algebraic coding theory and its applications to quantum

codes.



Literature Survey

Error-correcting codes originated with Claude Shannon’s [85] groundbreaking paper
“A Mathematical Theory of Communication” in 1948. Shannon introduced the
concept of channel capacity and proved that reliable communication is possible over
a noisy channel using suitable coding schemes, provided that the transmission rate
is below the channel capacity. Although Shannon’s work was theoretical and did
not provide explicit constructions of error-correcting codes, it laid the foundation

for coding theory, which later led to the development of practical coding techniques.

The study of cyclic codes began with a series of technical notes by E. Prange from
the Air Force Cambridge Research Laboratory, published between 1957 and 1959
[76, 77, 78, 79]. These foundational works laid the groundwork for understanding
cyclic codes’ algebraic properties, particularly their ability to be implemented effi-
ciently due to their structure. Building on this early work, in 1961, W. W. Peterson
published a comprehensive book [72] that compiled various results on cyclic codes.
Peterson’s treatise significantly advanced the theory of error correction, establishing
cyclic codes as a critical area of research in coding theory. This foundation was fur-
ther solidified by Peterson and E. J. Weldon in their 1972 book [73], which expanded
on cyclic codes and their applications in error correction. Cyclic codes have been

further generalized as constacyclic codes by Berlekamp [13].

In the early 1990s, the focus on research in coding theory saw a significant shift
with the introduction of Linear Complementary Dual (LCD) codes. LCD codes,
first introduced by J. L. Massey in 1992 [69], are linear codes with the property
that they intersect trivially with their duals. Massey demonstrated the advantages
of LCD codes in terms of error correction and cryptographic security, particularly
highlighting their resilience to side-channel attacks and fault injection attacks in
cryptosystems [24]. By 1994, Yang and Massey had provided a criterion for a cyclic
code over a finite field to be LCD [97]. This characterization became the basis
for further studies, where researchers explored LCD codes over various finite rings.
Sendrier later demonstrated in 2004 that LCD codes satisfy the Gilbert-Varshamov

bound [84], which underscores their efficiency in coding theory.
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Parallel to the advancements in classical coding theory, the mid-1990s witnessed the
birth of quantum error-correction. In 1995, Peter Shor proposed the first quantum
error-correcting code in his landmark paper titled “Scheme for reducing decoherence
in quantum memory” [87]. This work laid the foundation for protecting quantum
information from decoherence, a significant barrier in developing reliable quantum
computers. Building upon Shor’s ideas, Steane [89] in 1996 introduced further meth-
ods for constructing quantum error-correcting codes (QECCs). The development of
QECCs saw a breakthrough in 1998 when Calderbank et al. [22] described a system-
atic method for creating quantum codes using self-orthogonal classical linear codes
over finite fields. This method, later known as the CSS (Calderbank-Shor-Steane)
construction, allowed for the efficient design of quantum codes that could correct

quantum errors induced by various types of noise.

The late 1990s and the early 2000s were marked by significant contributions to
the theory of quantum error-correction. In 1999, Rains [83]extended the study of
quantum codes by generating numerous non-binary quantum maximum distance
separable (MDS) codes, which are optimal in terms of error correction capabilities.
This work was pivotal in establishing the framework for quantum codes that meet
the quantum Singleton bound, a quantum analogue of the classical Singleton bound.
Grassl et al. [40] further advanced the field in 2004 by constructing various categories
of quantum MDS codes over finite fields. These developments inspired a series of
works by researchers like Ashikhmin [5], Ketkar [54] and Aly [4] who explored the

use of classical linear codes over finite fields to design robust quantum codes.

During the same period, research on classical codes extended beyond finite fields to
include rings. In 1994, Hammons et al. [43] showed the existence of many good
non-linear binary codes using the Gray map. Qian et al. [81] introduced the initial
method for constructing quantum codes from cyclic codes of odd length over the
finite chain ring Fy + ulF; with u? = 0. Motivated by these studies many researchers
obtained quantum codes using cyclic and constacyclic codes which either contain
their dual (dual-containing) or contained in their dual (self-orthogonal) over various
chain and non-chain rings [3, 6, 7, 8, 10, 12, 27, 29, 30, 36, 37, 39, 49, 50, 52, 55, 58,
66, 67, 80, 91, 95].

The study of LCD codes also expanded to finite rings in the mid-2010s. Researchers

began exploring the structure of LCD codes over chain rings, as seen in the works of
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Durgun [33] and Liu [63]. In 2021, Islam and Prakash [51] constructed new LCD and
quantum codes by imposing conditions on cyclic codes over the ring F,[u,v]/(u? —
au,v? — 1,uv — vu). Ali et al. [3] extended this line of research by studying cyclic
codes over rings such as F, + vF, + v*F,, which led to the construction of new

quantum and LCD codes.

Skew polynomial rings as a generalization of polynomial rings were introduced by
Ore in [70]. As a generalization of cyclic codes, Boucher et al. [18] developed the
idea of skew-cyclic codes or f-cyclic codes in 2007, where 6 is an automorphism of
the finite field being used as code alphabet. It is interesting to observe that for an
automorphism ¢, skew 6-cyclic codes of length n over F, can be identified as left
submodules in F [y; 0] /(y" — 1). Here F,[y; 6] is a non-commutative in general and
called a skew polynomial ring. In F,[y; 6] addition operation is the usual addition
of polynomials and multiplication is defined using the rule y * ay = 6(a)y®. Skew
constacyclic codes over finite chain rings have been investigated by Jitman et al.
[53]. Motivated by the study of skew cyclic codes over a finite field, Abularab et
al. [1] provided a study of skew cyclic codes over the ring Fy + vFy, where v? = v.
In 2014, Li [56] studied skew cyclic codes over F, + vF, with v* = 1. Further,
skew cyclic codes over F, + vF, were investigated by Gao and Gursoy [42] using
two different automorphisms. Yao et al.[98] described the structural properties of
skew cyclic codes over F, + uF, + vF, + uvF,. Moreover, they provided a formula
for the number of skew cyclic codes under certain conditions. Irwansyah et al. [48]
studied ©g-cyclic codes over a class of non-chain rings A,. Later, a more general
class of non-chain rings B was taken into consideration to study skew cyclic codes
by Irwansyah et al. [47]. In 2019, Ozen et al. [71] derived the conditions for a skew
cyclic code over [Fy to be self-orthogonal and dual-containing. Further a rectified
version of this criterion was introduced by Bag et al. [11]. Quantum codes have
been constructed from skew constacyclic codes over various finite rings and mixed
alphabets in [10, 11, 28, 31, 57, 74, 92, 93, 94].

In 2020, Bharadwaj et al. [15], studied skew constacyclic codes over the ring
F,[u,v]/(f(u), g(v), uv — vu) and provided some important results concerning these
codes. Being inspired by this study, Prakash et al. [75] provided methods to con-
struct quantum codes from Euclidean and Hermitian dual-containing skew consta-

cyclic codes over the same ring [15]. They also obtained Euclidean and Hermitian
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LCD codes and provided many good examples. Recently in 2024, Bharadwaj et al.
[14] explored constacyclic codes over a general class of non-chain rings, construct-
ing quantum codes from dual-containing constacyclic codes. This work inspired us
to extend these concepts to skew constacyclic codes, presenting methods for con-
structing quantum codes from both Euclidean and Hermitian dual-containing skew
constacyclic codes over this general class of non-chain rings. The focus on non-chain
rings has opened new avenues for the development of quantum and LCD codes,
leveraging the rich algebraic structures of more generalizations of cyclic codes to

achieve codes with better parameters.

In 2006, Brun et al. [21] introduced the concept of entanglement-assisted quantum
error-correcting codes (EAQECCs), demonstrating that EAQECCs can be built us-
ing any classical linear codes, provided the sender and receiver share pre-established
entangled ebits. This construction does not require the dual-containing condition.
Following this breakthrough, numerous researchers have developed EAQECCs with
favorable parameters [34, 61]. An [[n, k, d; c]] EAQECC can encode k information
qubits into n channel qubits with the help of ¢ pairs of maximally entangled states
and correct up to L%J errors, where d is the minimum distance of this code. By
entanglement-assisted (EA) quantum singleton bound [21], for any EAQECC with ,
its parameters [[n, k, d; c|], d < ”T*z satisfy 2(d—1) <n—k+c, where 0 < ¢ <n-—1.
If an EAQECC attains EA quantum Singleton bound, it is called a maximum dis-
tance separable EAQECC (MDS EAQECC). The construction of MDS EAQECCs
has attracted the attention of many researchers. Recently, Guenda et al. [41] proved
that the parameter ¢ of an [[n,2n — k + ¢, d; ]|, EAQECC can be determined by
the dimension of the Euclidean hull (or Hermitian hull) of an [n, k, d], linear code.
Different from Guenda’s method, Lu et al. [64] proposed a decomposition of the
defining set of constacyclic codes and constructed four classes of MDS EAQECCs
with less pre-shared maximally entangled states. Afterward, many researchers have
constructed some classes of MDS EAQECCs [38, 44, 59, 65, 82]. Hence, it is in-
teresting to construct EAQECCs from constacyclic codes over a general non-chain

ring.
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Motivation

The theory of error-correcting codes has long been a cornerstone in the fields of
digital communication and information theory, with cyclic codes standing out due
to their elegant algebraic structure and practical implementation. Since their intro-
duction by Prange in the late 1950s [76], cyclic codes have been extensively studied
and have found applications in various domains, including data transmission, stor-
age systems, and cryptographic protocols. These codes, traditionally studied over

finite fields, are well-known for their ability to detect and correct errors efficiently.

However, as the demands for reliable communication have grown, so has the need
for more robust and versatile coding schemes. This has led researchers to explore
the potential of codes over more general algebraic structures, such as finite rings.
The motivation to study codes over rings arises from their rich algebraic properties,
which provide new avenues for constructing codes with improved error-correcting
capabilities. For instance, the work of Hammons et al. [43] demonstrated that some
powerful non-linear codes, which are equivalent to linear codes over certain rings,

could outperform classical codes over fields when mapped via the Gray map.

Moreover, the extension of classical coding theory to ring structures has opened up
new possibilities for constructing quantum error-correcting codes (QECCs). Quan-
tum computation and communication are inherently prone to errors due to the
fragile nature of quantum states, necessitating efficient QECCs to protect informa-
tion against decoherence and quantum noise. Researchers like Qian [81] have shown
that codes over finite rings can serve as a rich source of quantum codes, leading to

advancements in quantum information theory.

In addition to their applications in quantum coding theory, codes over rings, partic-
ularly Linear Complementary Dual (LCD) codes, have gained attention due to their
utility in cryptography. LCD codes, first introduced by Massey [69], provide effec-
tive countermeasures against side-channel attacks and fault injection attacks, which
are critical for the security of cryptographic systems. The study of LCD codes over
rings has further revealed that such codes can meet or exceed the bounds achieved
by their counterparts over fields, making them attractive for secure communications

[24).
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Despite these promising developments, the theory of codes over rings is still not
as much developed as its counterpart over finite fields. Many open questions re-
main regarding the classification, construction, and optimization of these codes.
Furthermore, recent works have highlighted the potential of using skew-cyclic and
skew-constacyclic codes over rings, which used the concept of automorphisms to
introduce new algebraic structures and have shown promise in both classical and

quantum coding contexts [18, 88].

Given the increasing complexity of modern communication systems and the rising
need for robust error correction, there is a compelling need to further investigate
the algebraic properties of codes over rings. This research aims to contribute to this
growing field by exploring the constructions of cyclic, skew-cyclic, and LCD codes
over various classes of finite rings, with the goal of finding new and better quantum

codes.

Therefore, the motivation for this thesis is driven by the dual goals of advancing
theoretical knowledge in the arca of coding theory over rings and their application

in the construction of quantum and LCD codes.

Thesis Objectives

The objective of this thesis is to explore the theory and applications of algebraic
codes, specifically cyclic, constacyclic, skew cyclic, and skew constacyclic codes, over
finite non-chain rings. The research aims to investigate the structural properties of
these codes and their duals, focusing on their role in the construction of quantum
error-correcting codes and LCD codes. This work aims to develop new methods for
constructing quantum and LCD codes from these algebraic structures, contributing
to the advancement of quantum computing and communication systems. Addition-
ally, we aim to extend the study of entanglement-assisted quantum error-correcting
codes (EAQECCSs) derived from constacyclic codes. Through these efforts, the re-
search aspires to enhance the understanding of coding theory over finite rings and
provide novel contributions to the development of fault-tolerant quantum computing

systems.
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