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ABSTRACT

For a > 0, let ga(x) = e−ax2/2. For a, b > 0, let

E(a, b) = {f ∈ L1(R) | |f(x)| ≤ Cga(x) and
∣∣∣f̂(ξ)∣∣∣ ≤ Cgb(ξ) for some C ∈ R}.

Then, Hardy’s uncertainty principle (see [2, 4]) says that:

1. If ab > 1 then E(a, b) = {0}.

2. If ab = 1 then E(a, b) = Cga.

3. If ab < 1 then dimE(a, b) = ∞.

In [5], Vemuri considered the case ab < 1, a = b, in greater detail, and proved that

if f ∈ E(a, a), then

⟨f, φn⟩ = O

(
n−1/4

(
1− a

1 + a

)n/4
)

for n = 1, 2, . . . , and this estimate is sharp.

This result has been generalized to the higher dimensions by Garg and Thangavelu

(see [7]). In this thesis, we are interested in further improvement and generalization

of Vemuri’s result.

In Chapter 1, we give a brief introduction to the uncertainty principle, and discuss

some useful tools such as Hermite functions, Bargmann transform, etc to prove our

main results. We also provide proofs of some essential results about these objects.

Other uncertainty principles in harmonic analysis can be seen in [1]. For more about

the theory of Hermite expansions, see [3]. The Bargmann transform is discussed in
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[6].

In Chapter 2, we show that under the same assumptions as in Vemuri’s result,

certain combinations of Hermite coefficients have a better rate of decay, namely, the

following result. Let t > 0. If f ∈ E(tanh 2t, tanh 2t) then

⟨f, φn⟩+
n(n+ 2)√
4∏

j=1

(n+ j)

e4t⟨f, φn+4⟩ = O
(
n−3/4e−nt

)
,

for n = 1, 2, . . . . If t0 > 0 then this estimate is uniform for t ∈ [t0,∞) (see [9]).

In Chapter 3, we generalize Vemuri’s result, i.e, let a, b ∈ (0,∞) and suppose

ab < 1. If f ∈ E(a, b) then

⟨f, φn⟩ = O

(
n− 1

4

(
a+ b− 2ab

a+ b+ 2ab

)n/4
)

for n = 1, 2, . . . , and this estimate is sharp (see [8]). As a byproduct of the proof

of this result, we obtain the following strong Gaussian bound for the Bargmann

transform of f . Let a, b ∈ (0,∞) and suppose ab < 1. Let m = min{a, b} and f ∈

E(a, b). Then there exist unique numbers A = A(a, b) ∈ (0, 1), θ0 = θ0(a, b), θ1 =

θ1(a, b) ∈ (0, π/2), and τ = τ(a, b) ∈ (−π/4, π/4), and

|Bf(w)| ≤ C

√
2

1 +m
exp

(
A
r2

4
sin (2θ − 2τ)

)
, (w = reiθ), (1)

for θ0 ≤ θ ≤ θ1, θ0 + π ≤ θ ≤ θ1 + π, and

|Bf(w)| ≤ C

√
2

1 +m
exp

(
A
r2

4
sin (−2θ − 2τ)

)
, (w = reiθ), (2)
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for 2π − θ1 ≤ θ ≤ 2π − θ0, and π − θ1 ≤ θ ≤ π − θ0.

The proof of the last result is based on the Phragmén-Lindelöf argument.
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