A Study of Fixed Point Theory Using Various Contractions

in Different Spaces and Some Applications

The thesis submitted in partial fulfillment
for the Award of Degree
DOCTOR OF PHILOSOPHY

by

Jayanta Sarkar

DEPARTMENT OF MATHEMATICAL SCIENCES
INDIAN INSTITUTE OF TECHNOLOGY
(BANARAS HINDU UNIVERSITY)
VARANASI -221005

Roll No: 20121514 August 2024






CERTIFICATE

It is certifie '
ed that the work contained in this thesis titled “A Study of Fized Point
Theory Usi ; .
l Ty Using Various Contractions in Different Spaces and Some Ap-
plications” by
y Jayanta Saerkar has been carried out under my supervision and

that this tk
his work has not been submitted clsewhere for a degree

It iQ Wi
is further certified that the student has fulfilled all the requirements of the

C . o
omprehensive Examination, Candidacy, and SOTA for the award of a Ph.D. de
: .D. degree.

e

Dr. Tanmoy Som
(Supervisor)

Professor
Department of Mathematical Sciences
Indian Institute of Technology
(Banaras Hindu University)
Varanasi-221005

qfaeres /Supervisor

aferda s T

Department of Mathematical Sciences
drenfren e

Indian Institute of Technology
(=T f %
(Banaras Hindu University)

JRITN /Varanasi-221005



DECLARATION BY THE CANDIDATE

. Jayanta Sarkar, certify that the work embodied in this thesis is my own
bonafide work and carried out by me under the supervision of Prof. Tanmoy Som
from January 2021 to August 202/ at the Department of Mathematical

Sciences, Indian Institute of Technology (Banaras Hindu University),

Varanasi.

The matter embodied in this thesis has not been submitted for the

award of any other degree/diploma. I declare that I have faithfully acknowledged
and given credits to the research workers wherever their works have been cited in

my vx‘zork"in this thesis. T further declare that I have not willfully copicd any other’s

work, paragraphs, text, data, results, etc., reported in journals, books, magazines,

reports, dissertations, theses, etc., or available at websites and have not included

them in this thesis and have not cited as my own work.

L

Date:

35/28]2Y4

Place: Varanasi

Jomyom b SO Von—
(Jayanta Sarkar)

CERTIFICATE BY THE SUPERVISOR

It is certified that the above statement made by the student is correct to the best of

my/our knowledge.

*ﬁ%{m

(Prof. Tanm

Professor
Department of Mathematical Sciences

Indian Institute of Technology
(Banaras Hindu University)

Varanasi-221005

Supervisor
qaiaeteh /Sup e

fers
Department of Mathematical

i chnology
dian Institute fg{f Te rqg)

versity)
221005

In

(Ba

aras Hindu Uni
L /Varanasl-

Som)

Seiences

(Prof. Sanjay Kumar Pandey)
Professor & Head
Department of Mathematical Sciences
Indian Institute of Technology
(Banaras Hindu University)
Varanasi-221005
A¥TPEgs /HEAD
MNEIEREEIGRE )

Department of Mathematical Sciences
TR SRR e

Indian Institute of Teohnolo y
(=F1sh Rreafenes

(Banaras Hindu University)
E /Varanasi-221005



COPYRIGHT TRANSFER CERTIFICATE

Title of the Thesis: A Study of Fized Point Theory Using Various
Contractions in Different Spaces and Some Applications

Name of the Student: Jayanta Sarkar

Copyright Transfer

The undersigned hereby assigns to the Indian Institute of Technology
(Banaras Hindu University), Varanasi, all rights under copyright that

may exist in and for the above thesis submitted for the award of the

Ph.D. degree.

Date: 36/5'?)2"7 ’Jovno\ﬂr\\'ek Sonvon —

Place: Varanasi (Jayanta Sarkar)

Note: However, the author may reproduce or authorize others to re-
produce material extracted verbatim from the thesis or derivative of the

thesis for the author’s personal use, provided that the source and the

Institute copyright notice are indicated.




Dedicated

to
My Beloved Family



ACKNOWLEDGEMENTS

It was my Father’s dream to entail Dr. before my name. Pursuing a Ph.D. scholar
to achieve this dream has been a truly life-changing experience for me. It would not
have been possible to survive this roller coaster ride without the support, motivation,

and guidance I received from many people.

First of all, I am profusely overjoyed to take this opportunity to express my deepest
gratitude and sincere thanks to my respected advisor Prof. Tanmoy Som for his
constant support, motivation, expert guidance, and immense knowledge to enlighten
my path. His friendly and benevolent nature eased my most difficult times during
this Ph.D. course. He is the best mentor I could have ever imagined for my Ph.D.

study.

Words cannot express my gratitude and thanks to my Co-author Dr. Dhananjay
Gopal (Guru Ghasidas Vishwavidyalaya, Bilaspur, India) for his never-ending en-
couragement and inspiration and for giving me access to his immense knowledge.

This endeavor would not have been possible without his support and cooperation.

I would like to extend my sincere thanks to the rest of the Research Progress Eval-
uation Committee members Prof. Santosh Kumar Singh (Electrical Department)
& Dr. Abhash Kumar Jha, for their intuitive and sagacious comments, motivation,
and critical questions, which encouraged me to explore my research from various

perspectives.

I express my cordial thanks to Prof. Sanjay Kumar Pandey, Head of the Depart-

ment of Mathematical Sciences, and Dr. Anuradha Banerjee, Convener DPGC



of Department of Mathematical Sciences, IIT (BHU) for their support throughout
my research work. I also express my deep sense of gratitude to all the faculty mem-
bers of my Department. I would like to acknowledge all the facilities provided by

my Department and Institute to complete my research work.

[ am also grateful to the Council of Scientific and Industrial Research (CSIR), New
Delhi, India, for providing financial support through research fellowship for carrying

out research works leading to the preparation of the thesis.

I am thankful to my seniors Dr. Megha Pandey, Dr. Abhishek Senapati, Dr. Vishal
Agarwal, and Dr. Mohd Kashif for always being the best senior enlightening me at
first glance of research work, and easing my Ph.D. woes by sharing their experiences.

I am also blissful for all the invigorating discussions and fun with my fellow mates

Mr. Varun Makkar, Mr. Sunil Kumar and Mr. Arnab Mapus.

A very special thanks to very special people in my life, my younger brother, Mr.
Vibekananda Sarkar; my elder sister Mrs. Sonali Sarkar; my brother-in-law, Mr.
Tanmay Barman. 1 am extremely fortunate to have them in my life as supporters

for my entire life.

I owe my achievements to the support and blessings of my parents. I am thankful
for the guidance and blessings of my life coaches, my parents, Mr. Bhupendra
Nath Sarkar and Mrs. Laxmi Rani Sarkar, who have played a significant role
in shaping me into the person I am today. My father has always been my biggest
supporter, believer, and source of motivation, with his interesting and encourag-
ing conversations. On the other hand, my mother is my source of strength and
my lifeline. She always shows interest in my activities, even if she may not fully
comprehend them. I will forever appreciate her expressions of joy during important

milestones.

vi



My acknowledgment would be incomplete if I forgot to mention the founder of this
institution Pt. Madan Mohan Malviya Ji it is his blessings, due to which we all

are able to complete our dreams.

Last but not least, I would like to pay my vencration to Baba Vishwanath whose
blessings can be felt everywhere in this place. I am very grateful for Your blessing
and thank You for making me able to achieve this scientific endeavor and making

me of whom my family can be proud.

Once again, I would like to thank each and everyone who directly or indirectly

contributed to my entire journey of this research work:

Joomta.  Sonkan
(Jayanta Sarkar)

vil



List of Figures

3.1  Graph for enriched Clirié quasi-contraction map . . . .. . .. .. .. 44
4.1 Graph using the Krasnoselskii-Mann iteration . . . . .. .. .. ... 64
4.2  Graph using the modified Krasnoselskii-Mann iteration . . . . . . .. 65
7.1 Graph for first three iterations of the Example 7.19 . . . . . . . . .. 109

X1






List of Tables

3.1 Numerical illustration for enriched Cirié quasi-contraction map . . . . 44

4.1 Numerical experiment for the Krasnoselskii-Mann iteration: . . . . . . 63
4.2 Numerical experiment for the modified Krasnoselskii-Mann iteration: 64

xiil



Notations and Symbols

N Collection of all natural numbers

R Collection of all real numbers

R" n-dimensional Euclidean space

C(X) Set of all compact subsets of X

Xm Product space “X x X X ---m times”
cx)™ Product space “C(X) x C(X) X ---m times”
Ny First IV natural numbers

Fix(T) Set of all fixed points of T’

ComFix(S,T) Set of all common fixed points of S and T'
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