Chapter 5

A robust domain decomposition method
for singularly perturbed parabolic
reaction-diffusion problems with Robin

boundary conditions

In this chapter, we consider the following singularly perturbed parabolic reaction-

diffusion problem

Lu = uy(z,t) — eugy(x,t) + a(x, )u(x,t) = f(x,t), (x,t) € Q:=D x (0,7,

(5.1)
with the Robin boundary conditions
u(0, 1) = Veug(0,4) = go(t), u(l,t) + vVeus(1,t) = g:(t), t € (0,71, (5.2)
and initial condition
u(z,0) = gy(x), € D, (5:3)

where D = (0,1), a(z,t) > a > 0on Q, and 0 < ¢ < 1 is known as the perturbation
parameter. It is known that problem (5.1)-(5.3) has a unique solution exhibiting
boundary layers near x = 0 and x = 1 [72, 76, 77]. Such problems arise in the

modelling of certain types of bioswitches [121].
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There are only a very few studies of such problems with Robin boundary condi-
tions (RBCs) [72, 73, 76, 77] which are are based on the fitted mesh approach.
The objective of this chapter is two-fold: first, to introduce a domain decomposi-
tion method of SWR type to numerically solve problem (5.1)-(5.3), and second, to
present a parameter-uniform convergence analysis of the introduced method. We
consider a space-time partitioning of the original domain using the Shishkin tran-
sition point. The PDE associated with problem (5.1)-(5.3) in each subdomain is
discretized by the finite difference scheme, while the Robin boundary conditions of
problem (5.1)-(5.3) are approximated by a special finite difference scheme to main-
tain the accuracy. Then an iterative algorithm is introduced, where transmission of
the information to the neighbours is done using the piecewise-linear interpolation.
We discuss parameter-uniform convergence of the constructed method using auxil-
iary problems that separates the discretization and iteration errors. Note that the
convergence analysis of domain decomposition methods for problems with Dirich-
let boundary conditions cannot be straightforwardly applied to the present method
due to the presence of the Robin boundary conditions. Firstly, we require a differ-
ent definition of auxiliary problems to handle the Robin boundary conditions. The
boundary and initial conditions of the auxiliary problems in earlier works are simply
defined using the exact solution of the problem, but that is not entirely true for the
present problem. Secondly, we require a more complex constant coefficient problem
(in Theorem 3.2) and altogether different barrier functions (in Theorems 3.2 and 3.3)
for bounding the error between the auxiliary solution and the Schwarz iterates. It
is proved that the resulting numerical approximations are parameter-uniform and,
more interestingly, that the iteration convergence is optimal for small . Finally,

numerical results are provided to support the convergence theory.

This chapter is structured as follows: Section 5.1 provides a priori bounds for the
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solution derivatives, and Section 5.2 includes the development of the SWR method
for problem (5.1)-(5.3). Section 5.3 includes the convergence analysis of the devel-
oped method. Finally, in Section 5.4, we present the numerical results for two test
examples confirming our convergence theory. Then, we conclude the work in Section

2.5.

5.1 A priori bounds on the solution derivatives

We discuss a priori bounds on the solution derivatives of (5.1)-(5.3). The existence

of a unique solution of problem (5.1)-(5.3) is established in the following lemma.

Lemma 5.1. Suppose a, f € CPP2(Q), g1, g, € C#([O,T]), g € C**A(D),
B € (0,1), and the compatibility conditions up to the first order are true. Then,

problem (1)-(3) has a unique solution u € C+51+8/2)(Q).
Proof. See [122, Chapter IV, Section 5]). O

In the following lemma, crude bounds for the derivatives of u are given.

Lemma 5.2. Suppose a, f € CPHBI48/2(Q) g, g, € C#([O,T]), g € C*B(D),
B € (0,1), and the compatibility conditions up to the second order are true. Then,

problem (1)-(3) has a unique solution u € CUHA28/2(Q). Moreover, it holds

Proof. The proof follows from the arguments in [76, Theorem 5. O

am +Q2u

song | SO for 0<ai+20 <4, (5.4)
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The above bounds are not enough for the convergence analysis in Section 5.3. We
require to split v into regular and singular parts, and bounds for their derivatives

as given in the following lemma.

Lemma 5.3. Suppose a, f € CUP248/2(Q), g, g, € C5°([0,T)), g, € C*#(D),
B € (0,1), and sufficient compatibility conditions hold. Then, one can split u as

u = ui+us, where uy anduy are the reqular and singular parts, respectively, satisfying
1090y (, 1) < O(1 + @1)/2), (5.5)
0% ug(, t)| < Cem /2 (eH\/% - e<—<1—w>\/a_/6>) : (5.6)
for (z,t) €Q,0< ¢ < 4.

Proof. The lemma can be proved following the arguments in [76, Theorem 6].  [J

5.2 Construction and stability analysis of domain

decomposition method

We partition Q into Q, = D, x (0,T], p = ¢,m,r, where D, = (0,2p), D,, =

(p,1—p), D, =(1—2p,1) with the parameter p defined by

1
p:min{z, 2\/§1n]\7}. (5.7)

Here, p is chosen as the Shishkin transition parameter [6, 9], which enables us to
have fine meshes (for small ¢) on €, and €, (the subdomains corresponding to the
boundary layers). Further, we discretize each subdomain 2, with a uniform mesh in

both the spatial and temporal directions. On each spatial subdomain D,, = [a, b], we
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define a uniform mesh E;V ={zp; =a+ihy,i=0,...,N, h, = (b—a)/N}. When
the domain is obvious, for convenience, the term p will be dropped from the subscript
in ;. On the interval @ = [0, 7], we define a uniform mesh @™ = {t; = jA¢t, j =
0,...,M, with At = T/M}. Here, M and N are discretization parameters in time
and space directions respectively. Defining D}],V = ﬁgﬂDp, and wM = wMN(0,T], the
mesh QN M corresponding to €, is defined as QN M — DI]JV x wM . Further, we define
QM = DN s oM and WgéM = {xpo} x WM, AWM = {zpn} x| vévbM E;V X {to}.

Then, on each Qév M p =€, m,r, the discretization of (5.1) is defined as follows
LNMUP i = 0tUpij — €0,Upi + a5 jUpi = figy (2p0,t5) € QNM

where
FrU, — F7Upli
hy ’

5§Up;i7j = [
F Ui = WUpivry = Upi) /oy Fy Upig = (Upig — Upic1,5) /s

and 6;Up;i; = (Upij — Upij—1)/ At.

We discretize (5.2) as follows

DM U0,15) = Ul0,85) = VEFFU0.1) + 240U + U0, 1)

:gf(t])_{_%f( 7tj)a tj EwM7
(5.8)

F,{.V’MUT(]_,tj) = Ur(l, tj) + \/EF;UT(]_,t]) +

e (aU, + 0,U,) (1, ;)

:gT(tj)_'_ 2%]”(1,%’), tj ewM

Note that we have approximated the boundary conditions using a special discretiza-
tion scheme. If we had used the standard upwind scheme for the discretization of the
boundary conditions we would have obtained only the first order accuracy. There-

fore, we use a special discretization scheme for the boundary conditions, which is



Chapter 5. A robust domain decomposition method for singularly perturbed

parabolic reaction-diffusion problem with RBC's

90

based on improving the truncation error to maintain the second order accuracy.

Consider O™ = (ﬁévM \ Q) UQZM U(ﬁi\] M \ Q,,). To compute the approxi-

mate solution of problem (5.1)-(5.3) the algorithm is defined as follows. We start

the iterative process with U (x;,t;) the initial approximation, defined as follows:

UO(z,0) = gp(),0 < 2y < 1; UONy,t5) = 0,0 < m; < 1,0 < t; < T. Suppose

1,7 is used to denote the piecewise-linear interpolant function of Z at ¢;. For each

k > 1, we solve

LMol = f

Uék} (%7 0) = gb(l’z‘)

LM = f

Uik] (ﬂﬁz‘; 0) = gb(l‘z‘)
LN,MU7[7];3] = f

Wpty) = UM (p, 1),

1K (2;,0) = gu(x;)

\

We then compute U*! by

TYMUM0,8) = golt) + 24 £(0, 1)
k _
U (20, ;) = U (2p, 1)

UP(L = 20,t) = LUE( - 29,1,

k .
TNMUP(1,8) = g, (8) + L2 F(1, 1))

in QéV’M,
if tj € U.)M,
if tj S (UM,

: =N
ifx; € D, ,

in QM
if tj € CL)M,
if tj € WM,

. —=N
ite, €D,

- ON.M
in Q"

for t; € wM,

ny](l —p.tj) = IjUik}(l —p,t;) fort; € wM,

—=N
for z; € D,,.

—N,M

in Q,

—N,M
n )

m Y

(5.9)

in O\ Q.
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The iterations are performed until
HU[k—H] - U[k]HﬁN,JM < tol

is reached, where tol is a specified user tolerance.

For p = ¢, r, m, suppose the operator 7,V" is defined as TNMZ(y,t;) = Z(y,t;), y =
p, 2p, 1—p, 1=2p,t; € wM and T,V 2(0,t;) = T Z(0,t,), TNMZ(1,t;) =
INM7Z(1,t5), t; € wM. Now using the arguments in [76, Theorem 7] we can prove

the following maximum principle for LY.

Lemma 5.4. Suppose Z,, p = m,r,{, satisfies Z,(x;,0) > 0 for z; € E;V and
EN’MZp(xo,tj) > O, EN’MZP(.CCN,tj) > 0, tj S wM. Then, Zf LéV’MZp;Z'J > 0 1n

: . =N,M
Qg’M, it holds that Z,;; > 0 in 2,7 .
The stability of the numerical scheme is given by the following lemma.

Lemma 5.5. For any mesh function Z,, we have

1

HZPHQIJ)V,J\/I < max {l‘EN’MZp||7;\féM7 ‘|7;N7MZ}7’|7£;M7 HZPHVIJ)\,’#‘@ EHL;{JWMZPHQJJD“M} :

Proof. Suppose ®*(xz;,t;) = © & Z(z;,t;) is a mesh function with
1
0 = max { T 21| o [T Bl o 12l 2 g |

Then, it is easy to verify that 72N’M¢>i(xo,tj) >0, TVMO*(ey,t;) > 0, t; € WM,
&% (z;,0) > 0 for x; € E;V, and LM (x5, ;) > 0, (2;,1;) € QM. Hence, from

Lemma 5.4, the proof follows. n
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5.3 Convergence analysis

We now establish that the method gives parameter-uniform approximations to the
solution of problem (5.1)-(5.3). Further, we prove that the iterative process con-

verges optimally for small e. We consider the following auxiliary mesh function

~ . NM, &
U in Q7 \ Qp,
~ =N,M

~ =N,M , =

U, in Q" Q,

where ﬁp, p ={,m,r, are such that

(
N,M 17 . N,M
L€7 U[:f an£7 B

F?’Mﬁg«J,t‘j) = FéV’MU[k}(O, tj) for tj S CUM,

Us(2p, tj) =u(2p,t;) for t; € wM,
\ ﬁg($2,0> ZU(JZZ,O) if x; EE;V,
( ~
LMy . = f in QMM
Un(p,t;) = u(p,t;) for t; € wM,
Un(1—p,t;) = u(l—p,t;) fort; € wM,
| Upa(2:,0) = u(z;, 0) if x; € EZ,
( -
LMy, = f in QNM

U, (1 —2p, t;) =u(l—2p,t;) fort; € wM,

PNMTL(1,t5) = TNMUB(1,¢) for t; € wM,

U, (2;,0) = u(z;,0) if x; € Eiv.
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Here, the discrete operators LéV’M, LNM [ NM PNM - and FéV’M are the ones that
were defined in the previous section. The main difference between these problems
and the problems in the previous section is that we used the solution u of problem
(5.1)-(5.3) in the boundary conditions for Uy at (2p, t), U, at (1 —2p, t;), and U,

at (p,t;) and (1 — p,t;). By the triangle inequality, we get
||u— ||QNM<||U—U||QNM+HU U[k]H N,M. (5.11)

The following lemma gives the bound of the first term on the LHS of the inequality
n (5.11).

Lemma 5.6. Suppose u is the solution of (5.1)-(5.3) and U is the auziliary mesh
function defined in (5.10). Then

|lu—U|[gvar < C(At + N~2In* N). (5.12)

Proof. Note that (u — Up)(2p,t;) = 0 for t; € w™. On the other hand, from (5.1)-
(5.2) and (5.8) it follows that

M (u Ug)((),tj):<u—\/EF;u+2h—\/£g(au—l—5tu) (u — Veuy) — }\L/Ef> (0,,)

- (\/g(ux R L ut)) (0,5) + 5—=(0ru — ue)(0, ;)

2,/ 2\/‘

h h
=/ (um — Ffu+ Ezum> (0,t) + 2—\%(&@ —u)(0,t5), t; €w.

Using Taylor expansions and (5.4) we get

< Ve

~ ¢
Ty (u—Up)(0, 1)) th [tz (-, )| g ey T 4—\/5(?53' = tj-1) Nlwa (@i, g, o

< C(At+ (N'InN)?).
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Now,

L;V’M(u — fjp) = (LéV’M — L)u = (du —uy) — € ((5iu — um) in QIJJV’M, p=4L,m,r,

(5.13)
and
N,M - (t; —ti1) € 9
Lp7 (u—=Upij| < 9 (et (4, -)H[tj_l,tj] + Ehp [o— 23] [Tie1,mis1]
(5.14)

where we have used Taylor expansions to get (5.14). Since hy < C'y/eN~!In N, using
(5.4) it follows from (5.14) that

LYM(uw—Up)ij| < C(At+N2I?N) in QY.
Hence, by Lemma 5.4 with C(At + N~21n* N) + (u — (74)1»4-, one gets
= fJfHﬁéV,M < C(At+ N2 N).
A similar analysis gives
lu = Urllgvar < C(AE+ N2 1n® N).

Suppose p = 1/4. Then, we have h,, = 0.5N~! and e7! < C'In® N. Again, using

(5.4) it follows from (5.14) that

LYM(y —U,);5| < C(At+ N"2In?N) in QM.
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If p = 2,/SIn N, then h,, < CN~'. For (d;u — u;) use Taylor expansion and (5.4)
to get

‘((ﬁu — ut)l’yj’ < CAt in Q%’M

For &(62u—1u,,) use the decomposition u = u;+us, Taylor expansions, and (5.5)-(5.6)

to get
(92u1 32u2
U —ug). | < 82uy — 82y —
8‘( e )” B €< ( o 3x2>m " <IUQ or* /
< C8h2 84U1(.7tj> —|—C€ 821,&2(.,tj)
- m oxr? o ox? .
[xzflyx'rl»l] [xlflyx’kfl]

< ON242CerVes < ON2

Thus, |LNM (4 —Uy)is| < C(At+ N~2In2N) in Q¥M. So, applying Lemma 5.4

to C(At + (N"In N)?) & (u — U,,), one gets
|t — Upl|gvor < C(AL+ N"2In® N).
This completes the proof. n

The following notation will be used in the next two theorems.

= o { g (T~ ZUR o), ma (0 - ZUE - 2]
tjEw

t; cwM

o = mx{ ana [T = Tt g |G = G0 = )] |

t; cwM

We will show the parameter-uniform convergence of the method in two cases: when
p= 2\/5111]\7 and p = 1/4. In the next theorem, for p = 2\/5111 N, we first obtain

a bound of ||U — U[1]||§N,M and then combine it with Lemma 5.6 to get a bound
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of ||u — UM[|g~.ar. So, this result demonstrates that only one iteration is enough to

attain the required accuracy.

Theorem 5.7. Suppose u is the evact solution of (5.1)-(5.3) and UM is its ap-
prozimation obtained after the first iterate of the proposed method. Then, for p =
2\/EIn N, it holds

lu — UM |gvar < C(AL+ N2 In* N).

Proof. Observe that

LY@, —uly =0 in Q)M
(U, — UM)(2:,0) = 0 for z; € D, ,

M@, — UM (0,4) =0 for t; € wM,

1T = U (20, 1) < plT - for t; € w™.

For an arbitrary mesh function U, let us define

~ h
TYMU(0,t;) == U(0,t;) — VEFTU(0,4;) + 2—\%(@(] +6,U)(0, ;).

For (z;,t) € ﬁéV’M, consider
X (@i ty) = |xe+ (U — Uem)] (@i, 5),

where Y, solves

d¢Xe — €5§Xe +ax,=0 1in QéV’M,

) = g BE AL DY
Xe(zi,0) = 1 BN Aer for x; € D, , (5.15)

VM p(0,5) = 0 for t; € w™,

xe(2p,t;) = plt for t; € WM,
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with

A =2eh;—2e(& — 1)+ hia , B =2ch;—2e(& — 1) + hia,

and &,1 = 1,2, are as follows

S =M+ and =AM — X

with

et (B ) )

The solution of (5.15) is given by

™ e

xe(Ti ;) = ,u w;l — 5?\/’ v = B/A, (5.16)
1

which is monotonically increasing and satisfies x, > 0 in ﬁéV’M. Thus, one gets
xF(2,0) >0 if z; € Eév, M E(0,t) >0, xE(2p,t) >0 if t; € wM

and Ly \F (i, t;) > 0 if (24,t;) € Q™. Hence, applying Lemma 5.4 to x*, we
obtain

e . —N,M
(U = UMij] < xelzanty), if (zit;) €,

Further, since z; < p for (z;,t;) € ﬁéV’M\ﬁm, it follows from (5.16) that
N/2 _ (N2
/ —& / [1] PP = &

(1] —:
e =& e e (e )

Xe(wi,t5) < p

This implies that

pl] o? — &y ey
Xe(wi ) < e [ féi/f{ﬂ '
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Now, since ¢ > 1 and &/¢; < 1, we have (¢* — &' /¢) /(o — € /&) < Cyp. Thus,

one gets
1 Cy C,Um

va’(%’tj)S“] N N S Nz
901/+52/ 51/

For p = 2¢'/2a71/21n N, it holds

—N
e N < (1+ﬁ\/§> < AN if N > 1,
NYV e

having used Ay > 2 (j%\/@ ) and the arguments in [9, Lemma 5.1]. Further, since

)

pll < O we have y,(z,t;) < CN~2 in ﬁéVM\ﬁm Thus, we have

10 = U | gvarg,, < ON. (5.17)

Q

Similarly, it is

|0, — Ul < CN72, (5.18)

]Hﬁiw\ﬁ

Next, consider ﬁm — UM which satisfies

LNM(U, — UMy =0 in QNM
(U — UMY(2,,0) =0, ifz; €D,
(T = URY (0, 1)) = (T — LU (. 1))
< (U = U)o t)| + (T2 = U (p, 1))

<p,+CN72% t;€wM,

since the mesh points (p,t;) and (1 — p,t;) belong to QéV’M and QMM respectively.

Therefore, Lemma 5.4 gives

1T — U |[gnns < pip + CN72, (5.19)
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Combining (5.17), (5.18), and (5.19), we obtain
1T — UM|| s < gy, + CN72. (5.20)

Since (p,t;) € Q" » M and (1—p,t;) € Q M by Lemma 5.6 one gets p, < C(At+

N~2In? N) . Hence, using (5.20) and Lemma 5.6 in (5.11) the proof is complete. [

In the next theorem, for p = 1/4, we first obtain a bound on ||U — U[k]||§N,M and

then combine it with Lemma 5.6 to get a bound on ||u — UM|| ~,u.

I

Theorem 5.8. Suppose Ul is the approzvimation of the exact solution u of (5.1)-
(5.3), generated by the k-th iterate of the method. Then, for p = 1/4, it holds

llu — UM |gvar < C((5/6)" + (At + N2 In* N)) . (5.21)

Proof. The following notation is used

71— maX{HU U[k]HfNM\QMHUZ—U[k}HQéV’M\ﬁmaHUm_ HQNM}

py = o { g @ = 0) 2ot o [0 = )1~ 20,01}

tjewM

We have )
LYo, —uMy =0 in QY
(U, — UM)(2;,0) = 0, if 2, € Dy |
VM0, — U (0,t,) =0 ift; € wM
(T = UM (2p,t)] < pll - if 5 € M
We define

u[” x; + \/_

1]
o O UM ty),

\Ifi(xl, tj) =
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which verify that ¥U*(z;,0) > 0, z; € De7 FNM\I/ (0,¢;) > 0,¥%(2p,t;) > 0,

t; € wM;

+e
LYMY*E (g 1) = (x > ) 0 >0, (z:,t;) € QM
¢ (z ]) 20+ /2 aw,t ) (z J) ¢

So, Lemma 5.4 gives

(@~ 0"t < (5502 (5.2

Since z; < p for (x;,t;) € ﬁév’M\ﬁm, it follows from (5.22) that

U, — UlquM <o, (5.23)

S| Ot

Similarly, we have

U, — UL plt. (5.24)

]||QNI\/I\§ <

CDIO‘!

For ﬁm — UE}, we have
LM, — UMY =0 in QYM, (U, — UY)(2,,0) =0, if 7, € D, ;

and for t; € wM

~ 5 .
(s = URD (0, 8)| = (T = LU (0,8)] < 1y + g (sinee (p,1;) € ™)

N,M

~ ~ 5 . aN
|(Un=UR) (1=, t)] = |(Un=T,U) (A=, ;)] < ppt ! (simee (1=p,t5) € 2,77).

Therefore, Lemma 5.4 gives

_ 5
[1Um = Unllgvar < 1y + 2. (5.25)
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We next obtain an estimate for ul?. Since (2p,t;) and (1 — 2p,t;) belong to ﬁiﬁ’M,

it follows that

~ by
(O =ZUM)@0t)| < s+ 10+

~ 5
and (U, = UMY = 2p, 1)) < pigp+ ptp + éu“]

Thus, u < pa, + p, + 2pl'). Therefore, it holds that
0 > 1
max{v" u }S)\—i—éu s A= oy .
After repeating the above arguments one gets
W k] O Ik
max{v"™, p }g)\—l—éu .

We simplify this to get

5 k—1
< 6x + (6) pltl.

Thus,

5\
v < 6) + (6) plt.

(5.26)

Further, since (2p,t;), (1 —2p,t;) € QZ’M, (p,t;) € ﬁév’M, and (1 —p,t;) € ﬁiv’M,

by Lemma 5.6 A < C(At+ N~21In* N). Since pl!l < C, using (5.26) and Lemma 5.6

in (5.11) the proof is complete.

5.4 Numerical results

]

Numerical results considering a couple of examples are given that verify the conver-

gence theory.
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Example 5.1. Consider
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FIGURE 5.1: Solution plots for Example 5.1 taking N = 64, M = 16, and various

values of .
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TABLE 5.1: Errors and convergence orders for Example 5.1.
e=10""? N =064 N =128 N = 256 N =512 N =1024
At =0.25/4 At=025/4> At=0.25/43 At=0.25/4* At=0.25/4°
p=1 6.855E-05 1.712E-05 4.285E-06 1.069E-06 2.674E-07
2 3.193E-04 8.292E-05 2.072E-05 5.181E-06 1.295E-06
3 3.195E-03 8.063E-04 2.020E-04 5.054E-05 1.263E-05
4 3.530E-03 1.212E-03 3.972E-04 1.258E-04 3.885E-05
5) 3.530E-03 1.212E-03 3.972E-04 1.258E-04 3.885E-05
6 3.530E-03 1.212E-03 3.972E-04 1.258E-04 3.885E-05
7 3.530E-03 1.212E-03 3.972E-04 1.258E-04 3.885E-05
8 3.530E-03 1.212E-03 3.972E-04 1.258E-04 3.885E-05
ENAt 3.530E-03 1.212E-03 3.972E-04 1.258E-04 3.885E-05
RN-At 1.542 1.609 1.658 1.695
TABLE 5.2: Iterations for Example 5.1.
e=10""? N =064 N =128 N = 256 N =512 N =1024
At =0.25/4 At=0.25/4> At=0.25/43 At =025/4" At=0.25/4°
p=1 4 4 4 ) )
2 1 2 2 2 2
3 1 1 1 1 1
4 1 1 1 1 1
) 1 1 1 1 1
6 1 1 1 1 1
7 1 1 1 1 1
8 1 1 1 1 1

The solution plots for various values of € are given in Figure 5.1. Note that the
boundary layers are near to x = 0, 1. Taking tolerance error tol = N2, we com-
pute the approximate solution and denote it by UV**. We then evaluate parameter

uniform errors and convergence orders as follows

N,At
N,At __ N,At N,At __
E —%%XEE and R = log, <E2N7At/4)’

N,At
EE

where = |Ju — UNA|qva are the maximum pointwise errors. Table 5.1

EN,At RN,At

displays the computed errors EN-A! , and parameter uniform orders

for Example 5.1. Clearly, we can confirm parameter uniform convergence from this
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table. In addition, Table 5.2 gives the iterations needed for convergence; from this,
we observe that one iteration is enough to get the desired results for very small

values of ¢.

Example 5.2. Consider

(
urt) _ e | Ly (g t) = 3 (a,t) € (0,1) x (0,1],

u(0,t) — \/254(0, 1)
u(l,t) + e24(1,t)
u(z,0) =0 z € [0,1].

—(128/35)m =272 ¢ € (0,1],
—(128/35)7~Y/2¢7/2 t € (0,1],

\

€= 10.1 €= 10.3

time 1o space time 1o space

time 1o space time 1o space

FI1GURE 5.2: Solution plots for Example 5.2 taking N = 64, M = 16, and various
values of e.
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The solution plots for various values of £ are given in Figure 5.2. Note that the
boundary layers are near to x = 0, 1. Since the solution is unknown, we compute an-
other approximate solution to calculate the uniform errors and uniform convergence

orders as follows

EéV’At — maXN y |U2N’At/4($i, tj) . UN’At(l’i,tj)|, EN,At — max EéV,At’
(.Ii,tj)Gﬁ ’ €

EN.A

R oy ().
where U?V:A4/4 {5 obtained taking in each subdomain 2N + 1 points in space and
At/4 mesh size in time, but using the same subdomain parameter p as is considered
for UN-At. The error plots for various values of ¢ are given in Figures ?? and ?? for
Examples 5.1 and 5.2 respectively.

TABLE 5.3: Errors and convergence orders for Example 5.2.

e=10""P N = 64 N =128 N = 256 N =512 N = 1024
At =025/4 At=025/4> At=0.25/4 At=0.25/4* At=0.25/4°

p=1 7.647E-03 1.970E-03 4.965E-04 1.243E-04 3.11E-05

2 1.796E-02 4.449E-03 1.109E-03 2.772E-04 6.929E-05

3 1.858E-02 4.588E-03 1.143E-03 2.856E-04 7.138E-05

4 1.888E-02 7.929E-03 2.821E-03 9.318E-04 2.949E-04

5 1.888E-02 7.929E-03 2.821E-03 9.318E-04 2.949E-04

6 1.888E-02 7.929E-03 2.821E-03 9.318E-04 2.949E-04

7 1.888E-02 7.929E-03 2.821E-03 9.318E-04 2.949E-04

8 1.888E-02 7.929E-03 2.821E-03 9.318E-04 2.949E-04

ENAL 1.888E-02 7.929E-03 2.821E-03 9.318E-03 2.949E-04
RN:At 1.252 1.490 1.598 1.659

The computed errors

‘E'&{V,At7 EN,At

, and uniform convergence rates R™V2! for Exam-

ple 5.2 are tabulated in Table 5.3, showing the uniform convergence of the method.
Table 5.4 gives iterations that are performed to achieve the convergence for Exam-
ple 5.2. One can see that only one iteration is needed to get the solution up to the

desired accuracy for very small values e.
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TABLE 5.4: Iterations for Example 5.2.

=107 N=64 N = 128 N = 256 N =512 N = 1024
At =0.25/4 At =0.25/42 At=0.25/43 At=025/4* At=0.25/45

p=1 3 1 1 1 1

2 2 2 2 2 2

3 1 1 1 1 1

4 1 1 1 1 1

5 1 1 1 1 1

6 1 1 1 1 1

7 1 1 1 1 1

8 1 1 1 1 1

5.5 Conclusions

An SWR technique to solve singularly perturbed parabolic reaction-diffusion equa-
tions with Robin boundary conditions is developed and analyzed in this paper. The
original domain is initially divided into three overlapping subdomains. The problem
is discretized using the backward difference and central difference schemes for the
time and space derivatives, respectively. It is shown that the proposed scheme is
unconditionally stable. Error analysis is also discussed in this work, and it is demon-
strated that the proposed approach is uniformly convergent with order almost two
in space and one in time. Furthermore, it is shown that for small values of €, one
iteration is sufficient to achieve the specified accuracy. The idea discussed in this
paper can also be extended to singularly perturbed semilinear differential equations
having boundary conditions of Robin type. Further, it is our intention in the future

to extend the SWR technique to higher dimensional singularly perturbed problems.

Kokokokok skookok ko kok
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