Chapter 2

Approximation by Bernstein type operators

This chapter deals with Bernstein-type generalizations i,e,. approximating contin-
uous functions in finite intervals. Here, we have two sub-chapters, the first one is
about a modified Bernstein-Kantorovich operator, and the second one is about a

blending type Bernstein-Beta operator.

Throughout this chapter, we consider the set X = [0, 1].

2.1 Modified Bernstein-Kantorovich Operators

2.1.1 Introduction

In 2018, Usta [109] has introduced a new modification of Bernstein operators for a

continuous function ¥ on X and z € (0,1) as follows:

m

1 m ; - J
B (U, x) = — i —ma)d N1 — )N & m € N. 2.1
(0 m;o(j)o 11— 2) J (2.1
In that paper, he has investigated some convergence properties and established a
Voronovskaja-type asymptotic result for the operators (2.1) to estimate its con-

vergence speed. Furthermore, he added some numerical examples to illustrate the

convergence of such operators.
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In recent years, the generalization and modification of the Kantorovich variant has
become a popular area of research. Several researchers have contributed some works
in this area. For more details, we refer to the readers the papers [6, 7, 28, 51, 65,

75, 76, 79, 80, 90, 103, 115] and the references cited therein.

Motivated by this, we introduce a Kantorovich variant of the operators (2.1) for

U e ¢(X) and z € (0,1), as follows:

K (0) (@) = Ko, (Wi 7) = L (m> (j — ma)2a? =1 (1 = z)m=i1 /’"“ v()dt,  (2.2)

m m

=0 A1

where m € N. Note that, for U, ® € €(X), and a,b € R, we have

1 m ' ' J+1
K (W + bb; ) = > (m> (j —ma)?? 1 — )™ [ (aW + bD)(t)dt
m j=0 J sy
a(m+1) <~ (mY 2,51 m—j—1 it
= Z (G =ma) (1 —x) - U(t)dt
j=0 J #H
m g+l
b 1 4 . :
+ % 3 (T) (j — ma)?e? (1 — z)m ! /j T at)dt
j=0 mH1

=alC; (Vs x) + bIC; (P; ).

Also, for any ¥ > 0, we must have K% (¥;z) > 0. All these clearly imply that the

operators (2.2) are linear and positive.

We equip the spaces €(X), €5(X) and €%(X) with the sup norm:

W] = sup{[¥(z)| - = € [0,1]}.

The structure of this work is organized as follows. In Subsection 2.1.2, we compute
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some moments and central moments and establish some basic results for the opera-
tors (2.2). In Subsection 2.1.3, we discuss the order of convergence in terms of the
usual moduli of continuity as well as the Ditzian-Totic modulus of smoothness and
then for the function belonging to the Lipschitz-type class. In Subsection 2.1.4, we
derive a quantitative Voronovskaya-type asymptotic theorem. In the final subsec-
tion, we show the convergence of the considered operators (2.2) with the help of

some numerical examples.

2.1.2 Preliminary Results

In this subsection, we discuss some auxiliary results which will be used to prove our

main results.

Lemma 2.1. Let e;(t) := t* fori = 0,1,2,3. Then, the moments for the operators

(2.2) are calculated to be:

KC (eo; ) =1,
. m—2 3
tatess) = (551) ++ sy
m2—Tm-+6 6m — 8 7
,C* . — e e 2 = s
m(€2:) { (m+ 1) } " {<m+1>2}“ 3+ 1)
Ko (e3;2) = m’ — 15m” + 38m — 24 z* + Zm = G5 z?
(m+1)3 (m+1)3

N Bm—25 LB
m+ 153 [ dm 1)
Proof. Using the Lemma 1 of [109] and the operators (2.1), the above moments can

be easily derived. O]

As a consequence of the above lemma, in the next lemma we calculate the central

moments for the operators (2.2), which are defined by ¥ ((t—x)";x), r =0,1,2,---.
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Lemma 2.2. The central moments for the operators (2.2) are evaluated to be

G ((t = 2)%2) = 1,

Kollt =) =2 (% - ) = Cula), (23)
K ((t— )% 7) = {%} 2+ { 5’2;11;2 } v+ 3(m7+ s = () (24)

Lemma 2.3. If U € €(X), then |5 ()| < |[¥].

Proof. Using Lemma 2.1 and the norm defined for €(X), the result follows immedi-

ately. O]

Theorem 2.4. If U € €(X), then lim K} (V;z) = U(x) uniformly on any compact

m—0o0

subset of (0,1).
Proof. We notice from (2.2) and Lemma 2.1 that
lim K} (e;;x) = e;(x), for i=0,1,2.

m—r0o0

Hence the result follows from Korovkin’s theorem (see [74]). O

2.1.3 Local and Global Approximation Results

In this subsection, we estimate the rate of convergence of the newly defined opera-

tors (2.2) in terms of the modulus of continuity and with the help of the relation (1.9).
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Theorem 2.5. Let V € €(X) and x € (0,1). Then for any m € N, the operators

(2.2) satisfy
o (W5 2) — W ()] < 204 (T, 0m),
where Oy, = \/ fim(x) and p,(x) is defined in (2.4).
Proof. From Lemma 2.1, we know that IC¥,(1;z) = 1, thus
(W5 ) = W ()| < KL, (W) — G, (W () )| < KL (19 (E) — W(z)[;2).  (25)
Remembering the following property of modulus of continuity
|t - |

() — ()| < 0 (W,0) (T " 1) (2.

and then applying the operators K}, on both sides, we get,

G50:) = (o)) < 0, (Tl 1) 27

Next, we apply the Cauchy-Schwarz inequality to obtain

£ )2 ) 1/2
K (W) — ()] < Q4 (0,6) ((’Cm“t o) +1)

Finally, choosing 0 = §,, := v/ pm(z), we get the desired assertion. O

Theorem 2.6. For U € €L(X) and z € (0,1), we have the following inequality:
(W5 ) — W ()] < [Gn(@) [P ()] + 2000 (P, 6n),

where 8y, = \/ fim () and (,(x) is defined in (2.3).
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Proof. For any z,t € (0,1) and ¥ € €L(X), the Taylor series expansion ensures

that

Now, by applying the operators K, on both sides of the above equations, we obtain
t
Ko ((B(t) — U(z);2) = W' (2)K5, ((t — 2);2) + K, (/ (V' (u) — W' (@))du; x) - (28)

Next, for z € (0,1) and ¥ € €(X), we know that the following relation holds

W@y—m@ﬂgﬁﬂm&@<ﬁéfy+g.

Hence, as ¥’ € €(X), the above relation yields

[ ) - @)

gQﬂ@ﬁM(@gfy+H—xO.

So, by (2.8), we must have

G (W5 ) = W(2)| <[W'(2)][Gn ()]
1

+ 0 (¥ 6,) {5

Kma—@%w+mmu—ﬂwﬁ.

Applying Cauchy-Schwarz inequality to the right hand side of above inequality, we

obtain

K (W5 2) = W ()| <[W'(2)]|Cm ()]

+ Q1 (W', 6,,) {i\/lql((t —z)% ) + 1} VI ((t — x)2; ).

By choosing 8, = v/ i (), we get the desired assertion. O
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Theorem 2.7. Let U € €(X) and ® € €%4(X). Then there exists a positive constant

M such that for each m € N, we have

KiWia) = ¥(o) - S0'0) (L5 ) | < MO Vi),

where i, (T) = [{ 21(71;5’{’)12 } 2 + {2(327:;111)2 } x4+ —6(m11)2} )
Proof. By Taylor’s expansion, for ® € €%(X), we must have
¢
O(t) = d(x) + ' (2)(t — ) + / (t — 2)®"(2)dz.
Applying the operators K}, on both sides of the above equation, we obtain

K (@ 2) = B(x) + 3<1>’@)M + K (/:(t — )" (2)dz; m) .

m—+1

Then by taking the modulus on both sides, we have

K (s ) — D) — 39 () (311%1)

<Kt~ a1

Now, it is easy to observe that, for ¥ € €(X), we get

(;—2)

KCr (U z) — W (z) — 39" (x) —

< |G (@ = @10) = (9 - @) ()]

+

KE (@) — D(z) — 3@’(@%‘ .
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Using (2.9) and Lemma 2.3, we can deduce

(;—2)

m—+1
11 — 3m 3m — 11 7

<0 — L O S T e

<I H+[{2(m+1)2}x+{2(2m+1)2}x+6(m+1)2}” ”

Thus, taking infimum over all ® € €%(X) on the right side of above inequality, it

Kr (W x) — WU(z) — 39" (x)

yields
K (W z) — U(z) — 39 () G-2)| Ko (U, firm(2))
m m _'_ 1 — 2 Y m
Our desired theorem is proved by using the relation (1.9). O

Next, we present a local approximation result for the Lipschitz class of functions.

Theorem 2.8. For any n € (0,1] and ¥ € Lip%n(X), we have

(W5 ) — ()| < M (“m—”)/

ax? + bx

where piy, () is as in (2.4) and M > 0 depends on V.

Proof. 1t is easy to observe that for n =1,

I (W) — ()| < Ko (9(1) — ()]s ) < M {fc;; ( %x) } |

Using the fact that L

Ve = \/axé I and the Cauchy-Schwarz inequality, the

above inequality gives

* M *
K (W5 2) — W ()] S\/ﬁlcm(“ —z|; 1)
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M . 5 /2 “m—()l/2
< g (Kol =2 = ()

Hence the result holds for n = 1. Next, we consider the case when n € (0, 1).

It is easy to observe that

I (W5 ) = ()| <K, (|0 (E) — U(x)];x)

jt+1

i( )me )2l (1 — )i / () - wa)lde (2.10)

J
m+1

Setting p = % and ¢ = ﬁ and then applying the Hélder inequality to (2.10), we

obtain
o (W5 ) — W ()]
m FE= g /2
m+1 m 2, j—1 m—j—1 i 2/ !
< | — Z NG =mz) (1 — )" O W(t) = U(2)|Tdt
mo S5 \J s
PR (2-n)/2
m m 4 ,
X | —— Z ( )(j —mx)?2? (1 — x)™ I at
m =\
m J+1 /2
m+1 my . 2 j—1 m—j—1 o |t —af? !
<M | —— NG =ma) (1 — )™ At
m = \J i (t+ ax? + bx)
M * n/2
Sl + o) L ((t = @)% )]
M [ () iz
B ax? + bx '
This completes the proof. O

We’ll now establish a global approximation result for the newly defined operators
(2.2) in terms of first and second-order Ditzian-Totik uniform modulus of smooth-

ness, where the admissible weight function is taken as £(x) = [z(1 — x)]"/2.
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Theorem 2.9. For any ¥ € €(X), ® € €%(X) and x € (0,1) there exists M > 0

such that

i) 0] < 0 (w52 ) o (w, 2,

where Ty, (1) = (ptm(7) + 2 (2))Y? and § > 0.

Proof. For ¥ € €(X), we define the auxiliary operator

K (U:x) = K5 (Usx) + U(x) — (2(m3+ D + (ﬂ:n_+21)$> : (2.11)

Clearly, the above defined auxiliary operator preserves linear as well as constant
functions.
Let u = Az + (1 — A\, A € [0,1]. As €2 is concave on X, we must have £?(u) >

A2 (x) + (1 — N)E%(t) and hence we have

|t — ul Mz — ¢t < |t — z
E(u) ~ AP (@) + (1 - &) — E(x)

Also, using Lemma 2.3, for the operators (2.11) we obtain

[ (W5) = W) < (K, (0 = )] + |K,(P50) — D(a)] + [¥(x) - D(a)

< AT - | + [K;(D52) — O(x)], (2.12)

where ® € WZ(X).

By applying Taylor’s formula, for ® € WE(X), we get the following relation:

[ (®52) — @ ()|

t
<K (/ [t — uH@”(u)ldu;x) +

Z4+Cm ()
/ |z + G () — ul|®” (u)|du
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"t =yl
&2 (u)

< (@)€K, (= 2)% @) + €72 (@) |72 |¢ (@)
= £ (@)[1€2" |1t (@) + ¢ ()

du

/“%”Ww+@aw—uuu

< lea e, e

;Q+M%w

Using the above inequality and the equation (2.12) yields

[ (W5.0) = W (2)| < 4|0 = D + £ 2(2)[|€9" | [ () + ()],

Now, by taking the infimum over all & € W2(X) and then using (1.15), we get that

there exists M > 0 such that

Kz (W) — <M<Mm< Vin(@) % G U'

28(x)

But, by the definition of first-order Ditzian-Totik uniform modulus of smoothness,

we must have

8o+ 6olo) ¥ = ¥ (4 €0 Z ) - wi)

i (v57)

Finally, we obtain

1, (Ws) = W ()| <|K;, (U52) = W(a)| + U (a + Gu()) — U(z)]

<Mm< VW““2)>+%QQ%“D,

2(x) §(x)

which is the required result. O
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2.1.4 Voronovskaja-type Asymptotic Results
We establish a Voronovskaja-type asymptotic result for the newly defined operators
to study their speed of convergence.

Theorem 2.10. Let U be an integrable function on X such that V" exists at a fized

point x € (0,1). Then the following holds:

Jim. m{K:, (V;z) — U(x)} = (g — 31’) U'(z) + gm(l — )V (z).
Proof. By the Taylor expansion,
U(t) =W(z)+ V(z)(t —z) + 1\IJ”(JI:)(t — ) + At z)(t —2)?, (2.13)

2

where A(t,z) € €(X) and satisfies limA(¢, z) = 0.

t—x

For m € N, applying the operators K, on both sides of (2.13), we obtain

Ko (W) =V (z) + W' (2) K5, ((t — x); )

@)K ((t — 2% ) + K (A ) (¢ — )% )

and then applying limit m — oo on both sides, we get

lim m{K: (U;z) — U(z)} =m¥ (z) lim Kfn((t—x);x)—F%\I!”(a:) lim K ((t — )2 )

m—r 00 m—roo m—r 00

+m lim K& (A(t,z)(t — )2 2).

m—r oo

In the view of Lemma 2.2, we can easily obtain that

nllgéo m{lC;,(V;x) — ¥(z)} = (g — 3x) U'(x) + gx(l —x)U"(x)
+m lim K (A, 2)(t — 2)% ). (2.14)

m—00
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Now applying Cauchy-Schwarz inequality, it is easy to see that

m lim K (A(t, 2)(t — 2)%2) < KE (A2, 2); 2)/m2Ks ((t— )% 2). (2.15)

m—0o0

Also, Theorem 2.4 ensures that

lim K (A*(t,x);x) = A*(z,7) = 0. (2.16)

m—00

Lastly, in view of the fact that K ((t — z)% ) is of order m™ and then applying
(2.15) and (2.16) in (2.14) we get the desired result. O

Next, we present a quantitative Voronovskaja-type result for the newly defined op-

erators.

Theorem 2.11. For ¥ € €¢4(X), x € (0,1) and for sufficiently large m, the follow-

ing inequality holds:
m (I, (Vs x) — W(x)) — mGu(x)V'(z) — m'umT(x)\I/"(m)‘ =0(1) (\If”; L) :

as m — OQ.

Proof. By the Taylor series expansion,

\P//
U(t) =W(z)+ ¥(z)(t —z) + 2<'I> (y —2)* + A(t,v), (2.17)
where for y being a number between ¢ and x, A(t,z) = W(t — z)%. Now,

using the following property of 1st order modulus of continuity,

(t—=)*

B(y) — B(2)] < (1 + ?)(1 + 62)° (1 n ) 0, (0",
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and then combining it with the value of A(¢,x), we get

(t —=)*
54

AL, z)] < 21 + 22)(1 + 6%)? (1 + ) (t — )20 (1"; 5).

But then restricting 0 < 1, the above expression is reduced to

|A(t, )] < 8(1+a?) (1 + ( ?543:)4) (t —2)*0 (V";9). (2.18)

But then applying the operators K, on both sides of equation (2.17), we get,
* . / ,um(x) " * .
I3 (52) = () = ()W) — 200 | < K (A a)ie). (219)
Again, applying K¥ on both side of (2.18), we have
Kia(1A(a)s2) < 80U+ 20(050) (K0 = o50) + Kt = a)%0))

But, it is easy to notice that ¥, ((t — x)% ) is of O(1/m) and K7, ((t — z)% z) is of

O(1/m?). Hence, the above expression becomes,
" 2 . 1 1 1
Kr (A ) 2) <8(1+2*)u(P";6) |0 — ) + 540 — - (2.20)

Now, from (2.19) and (2.20), we get

(I (W) — W(w)) G (@) () - m )|

<8(1+ %) (T";0) [mO (i> 540( : )]

Lastly, we choose § = \/Lrnv to get the desired result. O]

As an immediate consequence of Theorem 2.11, we have the following result.
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Corollary 2.12. For ¥ € €%(X)

lim m [ (0 2) — () — ()0 () — 22 | Z 0,

m—r00 2

where (p(x) and py,(z) are given in (2.3) and (2.4) respectively.

We end this subsection by establishing a Griiss-Voronovskaja type result for the

special class of the newly defined sequence of operators.

Theorem 2.13. For U, ® € €%(X) and z € (0,1),

lim m{K; (Vd;x) — K (V; 2)KC (D5 2) } = 3z (1 — )V (2) P ().

m—r0o0

Proof. For U, ® € €%4(X), we have the following relation:

K (W®; 2) — K, (W5 2)KC, (@3 2)

K (U ) — () D) — (VDY () () — (WD) ()T

2
- () [K:;;(\If; v) = () = V()Gu(x) - qﬂ'u)“mﬂ

— K*

m

(Wi0) [ K5(012) = D(a) = ¥0)nlr) — ()25

+ £ ’"2@) (W ()@ () + 20 (2)@(z) — B"(x)KC, (V; )

+ G () [ (2) ' () — ' (2) K, (D5 7)].

Multiplying both sides by m and then taking the limit, we get

lim m{K (VO;z) — K7, (¥ 2) KL (P; ) }

= lim m {’C:;(w; 2) = U()®(x) — (TD) (1) (x) - <‘I@>”<x>umz(x>}

_ @(:L‘) Lim m {}Cjn(q/7x) _ \Ij(x) . \I’,(Z')Cm@j‘) . w//(x)ﬂm(x>1

m—00
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— lim (B )m | Ko (:2) — (a) — ¥ (@)Gno) — 0" () L)

m—0o0 2

+ lim [mp, (2)] ¥ (2)®'(z) + lim M[W(m)@"(m) — " (2)K;,(U; z)]

m— 00 m—o0

+ 1lim [mGy (2)][¥(2)9'(x) — (2) K, (P; 2)].

m—0o0

Lastly, using Theorem 2.4, Corollary 2.12 and the facts that lim m(,(z) = 2 — 32

m—r0o0 2

and lHm mpy,(x) = 3z(1 — x), we get the desired assertion. O
m—r0o0

2.1.5 Graphical Examples

In this section, we present some numerical examples for the Kantorovich variant of

Bernstein type operators (2.2) in order to show their approximation properties.

In Figures 2.1 and 2.2, we draw the results of Kantorovich variant of Bernstein type

operators for the test functions ¥(z) = e ”sin(22%) and x?log(1 + x) respectively.

Clearly, the proposed operator converges to these test functions.

L — Kigo(¥;x)
06 %
- Ksgo(W; %)
3
S
0.2}
L 1 L L L 1 L L L 1 n L L 1 L L L 1
L 0.2 0.4 0.6 0.8 1.0
0.2+
04l

FiGure 2.1: Convergence of Kantorovich variant of Bernstein type operators
KCx, (U5 ) to the test function W(x) = e~ sin(33%) for m = 100, 500.
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0.8} .

L ——  Kipo(¥;x)

Kgno(q'; x)
06 Y(x) = x%log(1 + x)
04+
0.2+
) P T T U S S
0.2 0.4 0.6 0.8 1.0

FiGure 2.2: Convergence of Kantorovich variant of Bernstein type operators
K:,(¥; x) to the test function ¥(x) = x2log(1 + z) for m = 100, 500.

2.2 Blending type approximation by A-Bernstein-

Beta type operators

2.2.1 Introduction

In 2010, Ye et al. [113] defined a new Bézier bases p,, ;(A\;z), j = 0,1,...,m with

the shape parameter A € [—1,1] by

;

ﬁm,(](/\; I) - pm,O(x) - mLHpm—l-l,l('r)a

P (A T) = P j () + A (mgfﬁlpmﬂ,j(ﬂs) — %pmﬂ,ﬁl(?ﬁ)) , (1<j<m—1),

\ﬁm,m()ﬁ T) = Pm(T) — mLHpm+1,m(x)7
(2.21)

where p,, ;(z) = (Tj”)xj(l —x)™ I,
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Referring to equation (2.21), it’s essential to highlight that incorporation of the shape
parameter A provides us with increased modeling flexibility for the positive linear
operators. Due to the above property, Cai et al. [40] have explored a modification

of the Bernstein polynomials as follows
- j
P%ﬂ@m)zigmen#D<E), (2.22)
]:

where Py, j(A; ) defined in (2.21). In particular, when A = 0 the operators (2.22)
boils down to the Bernstein polynomials (1.1). Further, some analysis of important
approximation properties of (2.22) has been conducted and results regarding their
rate of convergence have been established. Also, to ensure that some continuous
functions and different values of A\ lead to a better convergence speed compared to

the classical Bernstein polynomials.

Further, Cai [38] introduced generalized A-Bernstein operators by developing

Kantorovich-type A-Bernstein operators and their Bézier variant, and analyzed these
operators in terms of several approximation properties. Later, Acu et al. [15] in-
troduced A-Bernstein-Kantorovich operators and discussed various approximation
properties and asymptotic type results. In this context, we highlight the works of
authors who introduced modifications to the A\-Bernstein operators and established

their convergence in the papers, see [37, 75, 101, 102, 107].

It is worth noting that, many Beta-type generalizations like the Stancu-Beta op-
erator, Beta operator of the first kind, ¢-Stancu-Beta operator, (p,q)-Bernstein-
Beta operator, etc. are contributed to this field of Approximation theory, see

[2, 17, 26, 41, 64, 88, 91, 92].

In recent years, the Beta-type generalization of many operators has became quite a

popular area of research. Motivated by the above-mentioned works, we introduce a



Chapter 2. Approximation by Bernstein type operators 35

Beta-type generalization of the operators (2.22) as follows

m R 1 tjy—}—p(x)—l 1—¢ (m—j)v+p(z)—1
2) =) Pmi(Xi) 1% .
= o Bv+p(x), (m = j)v + p(x))

U(t)dt,  (2.23)

where the maps ¥ and p are continuous on X, A € [-1,1], z € X and p,, ;(\; x) is

given in (2.21). Also, v > 0 and (g, r) is the beta function defined by

1
Blq,r) = / tq_l(l — t)r_ldt, q, 7> 0.
0

One can easily observe that the operators 5323(\11; x) are linear and positive.

Remark 2.14. Some Special cases:
1. When p(z) = v = 1, we obtain the A-Bernstein-Durrmeyer operators
m 1
Dy (U, 2) = (m+1) Z . (A @ / P, (1)U (t)dt.
j=0 0
In addition, if A = 0, then we get the classical Bernstein-Durrmeyer operators

Dp(¥,2) = (m+1 me,] / Do ()W (2)dE.

2. When p(z) = 1, the above defined operators get reduced to the operators
defined in [13].

During this discussion, our primary concern is to analyze some of the essential
approximation properties of the operators (2.23). Also, we examine their speed of
convergence by establishing the Voronovskaja-type results. At last, we propose a
direct estimation result for absolutely continuous maps on X, whose derivatives are

equivalent to some function of bounded variation.
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Now onwards, we equip the space €(X) with the sup norm: || V|| = sup{|¥(z)|: z €
X}t

2.2.2 Auxiliary Results

This section discusses some basic results that will be used to establish the main

results.

Lemma 2.15. [40] The operators (2.22) satisfy the following relations

P (e0; ) =1,
1 —2x 4+ g™t — (1- x)m-s-l
Pua(er;z) =z + A |
e x) =z + { o e
1—x) 20 —da® + 2™ gt 4 (1 — )t -1
Aewa) = T m(m — 1) m2(m — 1) :
2(1 — 203 — 32 A3 S 9 qimil
Pa(es;2) —23 4+ 3% ( ) I =31+ I\ 623 + 6 3 3z
" m m? m(m — 1)
—922 4+ 9™ g + 4™t (1 — 2™ — (1 — 2)™) (m + 3)
m?(m — 1) m3(m — 1) m3(m? — 1) :

Lemma 2.16. For the newly defined operators (2.23), the usual moments are cal-

culated as:

;”ﬁzf)\(€0; 33) :17

~ 1
frli\(el; )

Ty + 2p(x)

{{myx ¥ p(2)} + { L= 2wt a™ - (1) H ,

m—1

1
~{mw + 2p(2)} (mw + 2p(x) + 1
AV

m —

o (57 (1= )™ - 1)+ (2p(2) + 1)(1 - 20+ 2™ - (1- x>m“>H :

P exi) [ a1 ) & mav(2o(z) + 1)

+po(z)(p(z) + 1)} + : {mu(Qx — 4a? + 221
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Proof. From the operators (2.23), we have the following relations

ﬁ“\(eo;x) =P

(617 )

(€03 ), (2.24)
tvHe@) (1 — ¢)m=iv+e(@)-1

o BUv+p x), (m —j)v + p(z))
(

)6(Jv+p(:r)+1, m — j)v+ p(z))
B(jv + p(x), (m — j)v + p(z))

N o [ E @)
=Y (2 505)
L P S ) N
Cmy -+ 2p(x)Pm’)‘< )+ mv + 2p(x)
boprte@)+L(] — ¢)m=v+e(z)—1
o By +p(x), (m = j)v+ pl(x))
O B ala) + 2, (= v+ pla)
= 2 P GG ) m = v + o)

_ iﬁm,j(A; z) (éz j: gfﬁ)) (W‘Z :LL 52())111)

V2P (e2; ) + mv(2p(x) + 1) Po(er; @) + p(z) (1 + p(x)) P (€0; )
(mv + 2p(z))(mv + 2p(z) + 1) '

3

13 (A ) dt

Pmj( AT

Pm,)\<€0;x)7 (225)

dt

(2.26)

To conclude our desired assertions, we use the Lemma 2.15 in (2.24), (2.25) and

(2.26). 0

Lemma 2.17. The operators (2.23) have the following central moments

zl )\(60 ) ) :]-a

~ 1 1—2z+ 2™ — (1 — )™t
AN CTRY p—— 1—22) + A
T (ereia) = e o)1 - 20) + 30 { = ]
m(zv? — 220 + xv — 2%v
T, (cani ) = g )

(mo + 2p(2)) (mv + 2p(x) + 1)
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| 222%0%(2) +2?p(z) — 20p%(x) —2p(2)) + p*(2) + p(2)
(mv +2p(z))(mv + 2p(x) + 1
+)\l/ {2mvz(1 —z) (™ + (1 — 2)™) + v(2™ 4+ (1 — )™ — 1)}
(m = 1)(mv + 2p(x))(my + 2p(x) + 1)
MA{(2p(x) +1)(1 — 4z + 42? — 222 + 22(1 — )™ 1)}
(m —1)(mv + 2p(x))(mv + 2p(z) + 1)

L A A2p(@) + (@™ — (1 - 2)™))

(1 — 1) (mw + 2p(@)(mw + 2p(2) T 1)

= B (). (2.28)

m,A\

Remark 2.18. The calculated central moments in Lemma 2.17 satisfy the following

limiting conditions

T 1-2
lim mPB7 (€105 ) :M7
m—00 ) v
3 1
1 PV . _ o 1

Lemma 2.19. The inequality HNﬁLL’V/\(\IJ;y)H < ||¥|| holds for any ¥ € €(X).

Proof. In view of the operator (2.23), Lemma 2.16, and the norm defined for €(X),

we immediately conclude the result. O]

Theorem 2.20. For any ¥ € €(X) and A € [—1, 1],
Tim [P0 (W5 2) — W(a)]| = 0.
Proof. From Lemma 2.16, one can easily derive that
Wllg{l)o ||§3ﬁf)\(€i§ y) —ei(y)|| =0, fori=0,1,2.

Hence the result follows from Korovkin’s Theorem [74]. O
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2.2.3 Local and Global Approximation Results

In this section, we estimate the rate of convergence of the newly defined operators

(2.22) in terms of the modulus of continuity and with the help of the relation (1.9)

Theorem 2.21. For x € X and ¥ € €5(X), we have the following relation

B (:0) = ()] < Jos ()W) + 20 B ) (3 ())

where o)\ () and 8"\ (x) are defined in (2.27).

m,A\

Proof. Being similar to the proof of Theorem 2.6, hence we omit it. m

Theorem 2.22. Let ¥ € €(X) and ® € €4(X). Then 3 a constant C > 0 obeying

the following relation for each m € N

m,A m,\

Yo (0 2) = W) — ol ()0 ()] < €0 (W, /B4 ()).
Proof. Similar to that of Theorem 2.7. So, we omit it. O

Next, we present a local approximation result for the Lipschitz-type class of func-

tions.

Theorem 2.23. For any n € (0,1] and ¥ € Lz’p‘;\’fm(X), we must have

N0,V i fr;,,j)\(x) iz
(B (Vs 2) = U(z)| < M| —5——

ax? + bx

where ()" (x) is given in (2.28) and M > 0 depends on V.

Proof. Similar to that of Theorem 2.8. So, we omit it. O]
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We’'ll now establish a global approximation result for the newly defined operators

(2.23) in terms of first and second-order Ditzian-Totik uniform modulus of smooth-

ness, where the admissible weight function is taken as £(z) = [z(1 — )]

Theorem 2.24. For any ¥ € €(X) and x € X, 3 M > 0, such that

B (U5 2) — U(a)] < MOS (qf %) L0 (q, Oéfé’é()w)) |

2
uhere 725(e) = { 01250 + (@)}

Proof. Being similar to that of Theorem 2.9, so we skip it.

2.2.4 Voronovskaja-type Asymptotic Results

1/2.

(2.29)

This section presents Voronovskaja-type asymptotic results to study the speed of

convergence of the operators (2.23).

Theorem 2.25. Assume that an integrable function ¥ on X such that V" exists at

some point x € X. Then we have the following relation

lim m{‘i?f,;’jk(\lf;x) —U(x)} = (1 —22)p(x)

m—00 14

Proof. By the well-known Taylor’s expansion,

W(t) = W) + W)t — ) + W)t — ) + Al )t~ o),

where A(t,z) € €(X) and it satisfies lim A(t,z) = 0.

t—x

For m € N, we apply the operators ‘i}ﬁfA on (2.30) to obtain

B (U5 x) =W(w) + U (2)Bo5 ((t = w);2) + S0 (@) (- )% )

m,A 9 m,A

V(2) +2(1 — 2) (1 + %) V(2).

(2.30)
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RN 2)(t — 2)5 ),
and of course applying limit m — oo on both sides, we get

lim m {7 (V5 z) — W(x)}

m—r0o0

= W) T m (0~ )) + ) tim o B )a)

m—00 m—0o0

+ lim m 53%7)\(/&(@ r)(t — x)% ).

m—ro0

Next, using Remark 2.18, we can easily obtain

i e () - @) =E 2D ) o) (14 ) v
+ lim m oA 2)(t — 2)% ). (2.31)

Hence, from the Cauchy-Schwarz inequality, we get

tin (A, 20— )% ) < T (A2 )0\ m P (1 — )15 )

m—0o0

Also, Theorem 2.20 ensures that

lim %fr’f")\(A%t,x); z) = A*(z,z) = 0. (2.33)

m—0o0

Lastly, in view of the fact that 53%)\((15 — x)% x) is of order m~2 and then applying

(2.32) and (2.33) in (2.31), we conclude the proposed result. O

Next, we proceed for a quantitative Voronovskaja-type estimation for the newly

defined operators using the 1st-order Ditzian-Totik modulus of smoothness.
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Theorem 2.26. For ¥V € €4(X), x € X and sufficiently large m, there exists M > 0

satisfying the following relation

‘m (B (02) = (@) ) = mal!y (@)% (2) - mﬁ”;’g(x) v (z)

M ¢ , 1
< EfQ(m)gh <‘I’ ’ﬁ) )

14
)

where o))"\ (x) and 3"\ (z) are given in (2.27) and (2.28) respectively.

Proof. For U € €4(X) and x € X. Taylor’s series ensures us the following

U(t)—U(z)— (t —2)V'(z) = /t(t —2)W"(2)dz.

This leads to the following relation

YO —ap = [(a- a6 - v

V(t) = W(z) = (t — )V (x) -

Now, applying the operators (2.23) on both sides, we obtain

- g (- )

B 0i0) = W)~ B0 - i) o) - T

" t
<3 (| [ 1= A1) - v

;x> : (2.34)

It is easy to notice from [56, p.337] that the following inequality is true for any
® € WE(X):

/ [t = 2|[9"(2) — W'(2)|dz| < 20" — @||(t — 2)* + 2| £P'||¢ ()]t — 2], (2.35)

Also, using the facts that {BﬁfA((t —x)?% z) is of order m™! and {BﬁfA((t —x)tz) is

of order m~2, for sufficiently large m, we can get a constant M > 0, such that

B (= o)t a) < L) and  B((—2)h2) < —Led@).  (2.36)

m,)\ — 2m m,)\ 2m2
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In view of (2.35), (2.36) and the well-known Cauchy-Schwarz inequality, (2.34) yields

(W) = ) — ) ) — 2w )

<2 W — @B (= @)% 2) + 2007  (@)BoA (|t — af’s )

< @)~ @] + 286 () B — 250 R (- 2)'5 )

M
—& (@) (10" = @ + m~||ge]])

IA

Lastly, taking infimum over all ® € WE(X), we get the desired assertion. O

In light of the above theorem, one can draw the following conclusion.

Corollary 2.27. For ¥ € €%(X)

P,V
i |0 (W) — (o) — af W (@) = 220 ()| = 0.

We complete this section by showing a Griiss-Voronovskaja type result for a partic-

ular class of the newly defined sequence of operators.

Theorem 2.28. For ¥, ® € ¢4(X) and x € X,

m—ro0

i {505 0) — (Ui B0 030} = (14 ) ol = W ()0 (0),

Proof. The same line of proof as that of Theorem 2.13 so, we omit it. n

2.2.5 A direct Estimation

The final step of our discussion is to calculate the error while approximating the
functions from a special class, namely BV’(X), which consists of all continuous

maps with derivatives of bounded variation.
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tju+p(z)71(17t)<m*j)l’+ﬂ(z)*1

By setting K} (2, 1) = > 2710 Pin,j (A ) TGt i ie@y— @ the kernel, we can

easily rewrite our operator (2.23) as
o~ 1 ~
(i) = [ Koot 00 (2.37)
0

Lemma 2.29. For x € (0,1] and large positive integer m, we obtain the following

1mequalities

1. If 0 <y <z, then

) = [ R,y < SmalD)
I N R
2. If v < z <1, then
P,V ! 0,V fr;t/)\(x)
1-— m,)\(sz) = ; ICm’/\(ZL’,t)dt S m

Proof. Using (2.37) and (2.28) we observe that, for 0 < y < z,

v Vg —t\? -
o, y) = / Ko\ (x, t)dt < / ( ) K2, (x, t)dt
0 0

r—Yy
(- )ka)  B()
(z —y)? (z —y)?
For the second part, the proof is similar. O]

Theorem 2.30. Let ¥ € BV'(0,1) and x € (0,1). If m € N is sufficiently large,

then the following inequality is estimated:

Bo (W 0) — ()| < {W(4) + W (o)}l (@) + 5y /B (W (a4) — W)}

(V)

[vm]
BN (2) > T L (W) +
m, ]:1 —? x \/m Vm
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(fl') 1— o (1=2)
+(L =) B Zis: P )+ LD g,

where the function WV, is defined as

.

U'(t) —V(z—), 0<t<uz,
V() =S W(t) = W(z+), z<t<l,

0, t=nx.

\

Proof. We know that the operator (2.23) preserves the constant functions and hence
. 1 N 1 - t
P (Wsa) —U(x) = / (U(t) — U(z)KY (w, t)dt = / K (x,t) (/ ‘P'(z)dz) dt. (2.38)
: o , T .

Also, for ¥ € BV'(0, 1), we can write

U'(2) :%{\If’(x—i-) + W (x—)} + P (2) + %{\If/(x—i-) — U (x—)}sgn(z — x)

FIW(E) — W) + V), (239)

where 97 is the Kronecker delta function and defined as
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It is easily observed that
1 t 1 B
/0 ( / {\If’(z) AT ) + \I/’(x—)}} 5;czz) Koo (e, t)dt = 0. (2.40)
Now, using relation (2.37), we have
! g 1 ’ ’ Y N 1 / ’ 0>V
/0 (/1 5{‘1! (z4)+ U (x—)}dz) K\ (z, t)dt = 5{\11 (2+) + W (=) }P0 (¢ — 25 x). (241)
Also, by some manipulations and the Cauchy-Schwarz inequality, we get

<l - wEon /0 £ — 2% (x, )t

| — DN =

AW () = V@) yP (It — o)

< %W’(H) — U'(z—)} [~5;,”A((t —2)%; :):)] 2

(2.42)

Now, using (2.39)-(2.42) in (2.38), we have

B0 (05 2) — U(x) é%{@’m) + W (=) JRA (= i)
}1/2

oW ) — W (o)} (B~ 2)sa)

+/01 (/: \y;(z)dz> K2, ()t

=W () + W (a0l (1) + 53 /B @) (a4) — W' (a-))

+ /0 ’ ( / t qf;(z)dz> K2 (o, )t + / 1 < / t qf;(z)dz> K2 (o, )t

This yields

B (W 0) — ()| < {W(4) + W (r) Yol (o)

LB W L h (249
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where [} =

’ (fi \Iffv(z)dz) Iéf,;l:)\(x,t)dt‘ ,and [y = ‘le (fzt \Iffr(z)dz> l@fﬁt’/\(x,t)dt’.
To establish our claim, we need to estimate the integrals I; and I,. It is noticed
that for t < x, we have I&Zjﬁ(a:, t)dt = di()"\(z,t), where d; denotes the differential
operator with respect to t.

Now, applying integration by parts, we get

I = /0 (/t \p;(zmz) d; ;;;;(x,t)‘
- |[([ ves) ] - [Meogseoa

_ /m o (x, t)\If;(t)dt‘
g/y /(o )| (1 ydt+/| (o )W (1) d.

m

Substituting y =z — —=,

T

= . T ,
I S/ | ﬁ;,A(%t)II‘I’;(t)IdH/ |G (@, ][5, ()] dt.
0 r—

B

Now, by noting the facts that W (x) = 0 and |¢}"\ (2, )| < 1, it follows

| igs@nlvo = [ 1ol - vl
Ifﬁ I*ﬁ

<[ s

m
< —"Sﬁ,i(\lf’) (2.44)
NG
Also, by using Lemma 2.29 and the substitution t = x — £, we have

€T

T— 7= I_Lm \Ij/ ’
/ Y 1Co (e, )| (1) |t < %(x)/ vm WL ( )Ith
’ | 7 0 (x —1)

T——= U/ —
o [ 0B,

(x —1)
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vm
<z~ 1 p”(x)/l T2 L (V)dz

m,\ =%
Vml it
AT AT e
j=1 77
<o) Y T (V). (2.15)
Combining (2.44) and (2.45), we get
L <o '8 (@ Z T2 (1)) + Ti’f = (U)). (2.46)

Further,, we note the fact that for ¢ > z, the relation I@ﬁfk(x, t)dt = di(1 ="\ (2, 1))

holds and hence by applying the by parts rule of integration on I, it yields

n=| [ ([ werte) it - )

-\ wias) a - “)l - [ - g

-| [ - o
<[ - [ - g oo

Substituting w = = + ( \F) in the above inequality we get

171) 1

x+(
L [T -t [ - gl

a:—i—r

( z)

By using Lemma 2.29 and the substitution ¢t = z + , we have

[ - s <o [ =
vm

o 22) (t —x)?
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o [ O,

+4-2) (t —x)?

1 ppw 1 x+(1—z) ,
<(x—1) 57;{,,\(37) T 7 (V))dz
Jm

Using the fact |1 — ()"\(z,t)| < 1, we can deduce

o 022) ot 22
/ 11— ’Z’A(x,t)||\11;(t)|dt:/ 1= G, OV (1) — W5 ()| dt

oy 1=2)

+ e _ )
g/ . T(U)dt < u )if Vm(w).

This leaves us with the following inequality

CE 1 — 1) ap0=2)
L < (1—a)' 60 Zz oy 4 LD gy (2.47)

Finally, substituting (2.46) and (2.47) in (2.43), we get the desired estimation.

Kokokokokoskook sk kkk
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