
9. Appendix A
9.1 Proof of Lemma 1.1

Proof: Let X = [x, x], Y = [y, y], and Z = [z, z]

(i) (X⊕Y)⊖gH (Y⊕ Z)

= [min{(x+y)− (y+z), (x+y)− (y+z)},max{(x+y)− (y+z), (x+y)− (y+z)}
= [min{x− z, x− z},max{x− z, x− z} = X⊖gH Z.

(ii) Since, X = Y⊕ Z,

[x, x] = [y, y]⊕ [z, z] =⇒ x = y + z, x = y + z =⇒ x− y = z, x− y = z.

Hence, X⊖gH Y = Z.

□



10. Appendix B
10.1 Proof of Lemma 1.2

Proof: Let W = [w,w], Y = [y, y] and Z = [z, z]. From the gH-difference, we have

the following four possible cases:

(i) Given that ϵ ⪯ (W⊖gH Y)⊖gH Z = [w− y − z, w− y − z] . Since w− y ≥ z + ϵ

and w − y ≥ z + ϵ, we have z + ϵ ≤ z + ϵ ≤ w − y. This implies z + ϵ ≤
min{w − y, w − y}. Also, z + ϵ ≤ w − y ≤ max{w − y, w − y}. Clearly we have

[z+ϵ, z+ϵ] ⪯ [min{w−y, w−y},max{w−y, w−y}] and hence Z⊕ϵ ⪯W⊖gHY.

(ii) (W ⊖gH Y) ⊖gH Z = [w − y − z, w − y − z]. Thus, the proof is straightforward

and identical to Case (i).

(iii) (W⊖gH Y)⊖gH Z = [w − y − z, w − y − z]. Since w − y ≥ z + ϵ, w − y ≥ z + ϵ,

we have z + ϵ ≤ z + ϵ ≤ w − y. This implies z + ϵ ≤ min{w − y, w − y}.
Also, z + ϵ ≤ w − y ≤ max{w − y, w − y}. Clearly we have [z + ϵ, z + ϵ] ⪯
[min{w − y, w − y},max{w − y, w − y}] and hence Z⊕ ϵ ⪯W⊖gH Y.

(iv) (W⊖gH Y)⊖gH Z = [w− y − z, w− y − z]. Thus, the proof is identical to Case

(iii).

□

10.2 Proof of Lemma 1.3

Proof: Let X = [x, x],Y = [y, y], Z = [z, z] and W = [w,w]. Then,

(X⊕Y)⊖gH (Z⊕W)

= [min{x+ y − z − w, x+ y − z − w},max{x+ y − z − w, x+ y − z − w}]

= [min{x− z + y − w, x− z + y − w},max{x− z + y − w, x− z + y − w}]. (10.1)

We have

min{x− z + y − w, x− z + y − w} ≥ min{x− z, x− z}+min{y − w, y − w}
(10.2)

and max{x− z + y − w, x− z + y − w} ≤ max{x− z, x− z}+max{y − w, y − w}.
(10.3)



By (10.2) and (10.3), from (10.1), we write

(X⊕Y)⊖gH (Z⊕W)

= [min{x− z + y − w, x− z + y − w},max{x− z + y − w, x− z + y − w}]

⊆ [min{x− z, x− z}+min{y − w, y − w},max{x− z, x− z}+max{y − w, y − w}]

= [min{x− z, x− z},max{x− z, x− z}] + [min{y − w, y − w},max{y − w, y − w}]

= (X⊖gH Z)⊕ (Y⊖gH W).

□

10.3 Proof of Lemma 1.4

Proof: Let W = [w,w],Y = [y, y] and Z = [z, z]. Then, −1 ⊙W = [−w,−w],−1 ⊙
Y = [−y,−y],−1⊙ Z = [−z,−z].
From Definition of gH-difference of two intervals, we have

either −1⊙W⊖gH −1⊙Y = [y−w, y−w] or −1⊙W⊖gH −1⊙Y = [y−w, y−w].
Then, one of the following holds true:

(a) ((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z) = [y − w + z, y − w + z]

(b) ((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z) = [y − w + z, y − w + z]

(c) ((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z) = [y − w + z, y − w + z]

(d) ((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z) = [y − w + z, y − w + z].

From this, we have

(a) 0⊖gH {((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z)} = [w − y − z, w − y − z]

(b) 0⊖gH {((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z)} = [w − y − z, w − y − z]

(c) 0⊖gH {((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z)} = [w − y − z, w − y − z]

(d) 0⊖gH {((−1⊙W)⊖gH (−1⊙Y))⊖gH (−1⊙ Z)} = [w − y − z, w − y − z].

On the other hand,

(a) (W⊖gH Y)⊖gH Z = [w − y − z, w − y − z]

(b) (W⊖gH Y)⊖gH Z = [w − y − z, w − y − z]

(c) (W⊖gH Y)⊖gH Z = [w − y − z, w − y − z]
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(d) (W⊖gH Y)⊖gH Z = [w − y − z, w − y − z].

Hence, the desired result follows. □

10.4 Proof of Lemma 1.5

Proof: Let X = [x, x],Y = [y, y] and Z = [z, z].

(i) Let us consider the following four representations:

(a) (X⊖gH Y)⊖gH Z = [x− y − z, x− y − z],

(b) (X⊖gH Y)⊖gH Z = [x− y − z, x− y − z],

(c) (X⊖gH Y)⊖gH Z = [x− y − z, x− y − z],

(d) (X⊖gH Y)⊖gH Z = [x− y − z, x− y − z].

• Case 1. Given that 0 ⪯ X⊖gH Y. Then we have

0 ≤ x− y and 0 ≤ x− y

=⇒ 0− z ≤ x− y − z and 0− z ≤ x− y − z

=⇒ [0− z, 0− z] ⪯ [x− y − z, x− y − z]. (10.4)

So, from (10.4), we have 0⊖gH Z ⪯ (X⊖gH Y)⊖gH Z .

• Case 2. Similarly, we will arrive at this conclusion (10.4). So, from (10.4), we have

0⊖gH Z ⪯ (X⊖gH Y)⊖gH Z.

• Case 3. This case can be proved by using the same steps as Case 1.

• Case 4. This case can be proved by using the same steps as Case 2.

(ii) Let W = [w,w]. By the definition of gH-difference, there may be the following

four cases.

(a) (X⊖gH Y)⊖gH W = [x− y − w, x− y − w]

(b) (X⊖gH Y)⊖gH W = [x− y − w, x− y − w]

(c) (X⊖gH Y)⊖gH W = [x− y − w, x− y − w]

(d) (X⊖gH Y)⊖gH W = [x− y − w, x− y − w].

The following two cases are needed to consider for the representation of these

above four cases.
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• Case 1. Since Z ⪯ X⊖gH Y, we have

z ≤ x− y and z ≤ x− y

=⇒ z − w ≤ x− y − w and z − w ≤ x− y − w

=⇒ either [z − w, z − w] ⪯ [x− y − w, x− y − w] (10.5)

or [z − w, z − w] ⪯ [x− y − w, z − y − w] (10.6)

From (10.5) and (10.6), we have Z⊖gH W ⪯ (X⊖gH Y)⊖gH W.

• Case 2. Similarly, at the last step, we have

either [z − w, z − w] ⪯ [x− y − w, x− y − w] (10.7)

or [z − w, z − w] ⪯ [x− y − w, x− y − w] (10.8)

From (10.7) and (10.8), we have Z⊖gH W ⪯ (X⊖gH Y)⊖gH W.

(iii) Given that X⊖gH Y ⪯ [L,L]. From the formula of gH-difference of intervals,

x− y ≤ L and x− y ≤ L

=⇒ − L ≤ y − x,−L ≤ y − x

=⇒ either [−L,−L] ⪯ [y − x, y − x]

or [−L,−L] ⪯ [y − x, y − x].

Hence, [−L,−L] ⪯ Y⊖gH X.

(iv) Given that [−γ,−γ] ⪯ X⊖gH Y. From the formula of gH-difference of intervals,

− γ ≤ x− y and − γ ≤ x− y

=⇒ y − γ ≤ x and y − γ ≤ x

=⇒ [y − γ, y − γ] ⪯ [x, x].

Hence, Y⊖gH [γ, γ] ⪯ X.

(v) Given that Z ⪯ X⊕Y. Then,

[z, z] ⪯ [x, x]⊕ [y, y]

=⇒ z ≤ x+ y, z ≤ x+ y

=⇒ z − y ≤ x, z − y ≤ x

=⇒ [z − y, z − y] ⪯ [x, x].
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Hence, Z⊖gH Y ⪯ X.

□

10.5 Proof of Lemma 3.1

Proof: Let y⊤ ⊙ Ĉ = D and D = [d, d]. Note that

∥D∥I(R) = max{|d|, |d|}. (10.9)

On the other hand,

∥D∥I(R) = ∥y1 ⊙C1 ⊕ y2 ⊙C2 ⊕ · · · ⊕ yn ⊙Cn∥I(R)
≤ ∥y1 ⊙C1∥I(R) + ∥y2 ⊙C2∥I(R) + · · ·+ yn ⊙Cn∥I(R)
= |y1|∥C1∥I(R) ⊕ |y2|∥C2∥I(R) + · · ·+ |yn|∥Cn∥I(R)

≤ ∥y∥
n∑
i=1

∥Ci∥I(R)

= ∥y∥∥Ĉ∥I(R)n . (10.10)

Then, taking into account (10.9) and (10.10), we obtain

|d| ≤ ∥y∥|Ĉ∥I(R)n and |d| ≤ ∥y∥∥Ĉ∥I(R)n

=⇒ −∥y∥∥Ĉ∥I(R)n ≤ d and − ∥y∥∥Ĉ∥I(R)n ≤ d

=⇒ −∥y∥∥Ĉ∥I(R)n ≤ |d| and − ∥y∥∥Ĉ∥I(R)n ≤ |d|

=⇒ −∥y∥∥Ĉ∥I(R)n ≤ max{|d|, |d|}

=⇒ −∥y∥∥Ĉ∥I(R)n ≤ ∥D∥I(R)

Thus, we arrived at the desired result. □
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11. Appendix C

11.1 Proof of Lemma 1.6

Proof: Let Q = [q, q],C = [c, c],R = [r, r]. From Definition of gH-difference of two

intervals, we have

inf{Q,R⊕C} ⊖gH C

= inf{[q, q], [r + c, r + c]} ⊖gH [c, c]

=[inf{q, r + c}, inf{q, r + c}]⊖gH [c, c]

=[min{inf{q, r + c} − c, inf{q, r + c} − c},max{inf{q, r + c} − c, inf{q, r + c} − c}],
(11.1)

and

inf{Q⊖gH C,R}

= inf{[min{q − c, q − c},max{q − c, q − c}], [r, r]}

=[inf{min{q − c, q − c}, r}, inf{max{q − c, q − c}, r}]. (11.2)

In order to show inf{Q,R⊕C} ⊖gH C ⊆ inf{Q⊖gH C,R}, we first need to show that

inf{min{q − c, q − c}, r} ≤ min{inf{q, r + c} − c, inf{q, r + c} − c}, (11.3)

and

max{inf{q, r + c} − c, inf{q, r + c} − c} ≤ inf{max{q − c, q − c}, r}. (11.4)

To show (11.3), we first have that

inf{min{q − c, q − c}, r}

≤ min{q − c, r}

= inf{q − c, r}

≤ inf{q, r + c} − inf{c, c}

= inf{q, r + c} − c. (11.5)



Similarly,

inf{min{q − c, q − c}, r} ≤ inf{q, r + c} − c. (11.6)

Combining (11.5) and (11.6), we have

inf{min{q − c, q − c}, r}

≤ min{inf{q, r + c} − c, inf{q, r + c} − c}. (11.7)

Note that

inf{q, r + c} − c ≤ q − c ≤ max{q − c, q − c} (11.8)

and

inf{q, r + c} − c ≤ r ≤ r. (11.9)

From (11.8) and (11.9), we have

inf{q, r + c} − c ≤ inf{max{q − c, q − c}, r}. (11.10)

Similarly,

inf{q, r + c} − c ≤ inf{max{q − c, q − c}, r}. (11.11)

Combining (11.10) and (11.11), we have

max{inf{q, r + c} − c, inf{q, r + c} − c} ≤ inf{max{q − c, q − c}, r}. (11.12)

Accumulating (11.7) and (11.12), we have

inf{Q,R⊕C} ⊖gH C

= [min{inf{q, r + c} − c, inf{q, r + c} − c},max{inf{q, r + c} − c, inf{q, r + c} − c}]

⊆ [inf{min{q − c, q − c}, r}, inf{max{q − c, q − c}, r}]

= inf{Q⊖gH C,R}.

□
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11.2 Proof of Lemma 1.7

Proof: Let Q = [q, q],C = [c, c],R = [r, r]. From Definition of gH-difference of two

intervals, we have

inf{Q⊖gH C,R} ⊖gH R

= inf{[min{q − c, q − c},max{q − c, q − c}], [r, r]} ⊖gH [r, r]

= [min{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r},

max{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r}]

On the other hand, from the similar gH-difference definition,

inf{(Q⊖gH C)⊖gH R, 0}

= [inf{min{min{q − c, q − c} − r,max{q − c, q − c} − r}, 0},

inf{max{min{q − c, q − c} − r,max{q − c, q − c}} − r, 0}]

Next, we can have two following inequalities:

inf{min{q − c, q − c}, r} − r

= inf{min{q − c, q − c}, r} − inf{r, r}

≤ inf{min{q − c, q − c} − r, 0}

≤ min{q − c, q − c} − r

≤ max{min{q − c, q − c} − r,max{q − c, q − c} − r}. (11.13)

and

inf{max{q − c, q − c}, r} − r

= inf{max{q − c, q − c}, r} − inf{r, r}

≤ inf{max{q − c, q − c} − r, 0}

≤ max{q − c, q − c} − r

≤ max{min{q − c, q − c} − r,max{q − c, q − c} − r}. (11.14)

By combining (11.13) and (11.14), we have

max{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r}

≤ max{min{q − c, q − c} − r,max{q − c, q − c} − r}. (11.15)
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Next, we can make other two inequalities:

inf{min{q − c, q − c}, r} − r

= inf{min{q − c, q − c}, r} − inf{r, r}

≤ inf{min{q − c, q − c} − r, 0}

≤ 0. (11.16)

and

inf{max{q − c, q − c}} − r

= inf{max{q − c, q − c}, r} − inf{r, r}

≤ inf{max{q − c, q − c} − r, 0}

≤ 0. (11.17)

By combining (11.16) and (11.17), we have

max{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r} ≤ 0. (11.18)

Therefore, accumulating (11.15) and (11.18), we have

max{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r}

≤ inf{max{min{q − c, q − c} − r,max{q − c, q − c} − r}}, 0}. (11.19)

Now, it is remaining to show that

inf{min{min{q − c, q − c} − r,max{q − c, q − c}} − r, 0}

≤ min{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r}. (11.20)

For this, we consider the following inequalities:

inf{min{{min{q − c, q − c} − r,max{q − c, q − c} − r}}, 0}

≤ inf{min{q − c, q − c}, r}, 0}

≤ inf{min{q − c, q − c}, r} − inf{r, r}

= inf{min{q − c, q − c}, r} − r. (11.21)
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and

inf{min{{min{q − c, q − c} − r,max{q − c, q − c} − r}}, 0}

≤ inf{min{q − c, q − c}, r}, 0}

≤ inf{max{q − c, q − c}, r} − inf{r, r}

= inf{min{q − c, q − c}, r} − r (11.22)

From (11.21) and (11.22), we have

inf{min{min{q − c, q − c} − r,max{q − c, q − c}} − r, 0}

≤ min{inf{min{q − c, q − c}, r} − r, inf{max{q − c, q − c}, r} − r}. (11.23)

Again, from (11.19) and (11.23), we have

inf{Q⊖gH C,R} ⊖gH R ⊆ inf{(Q⊖gH C)⊖gH R, 0}.

□

11.3 Proof of Lemma 1.8

Proof: Let Q = [q, q],R = [r, r],S = [s, s]. Then, we have

− ϵ ⪯ (Q⊖gH R)⊖gH S

=⇒ − ϵ ⪯ [min{q − r, q − r},max q − r, q − r]⊖gH [s, s]

=⇒ − ϵ ⪯ [min{min{q − r, q − r} − s,max{q − r, q − r} − s},

max{min{q − r, q − r} − s,max{q − r, q − r} − s}]

=⇒ − ϵ ≤ min{q − r, q − r} − s and − ϵ ≤ max{q − r, q − r} − s

=⇒ [s, s] ⪯ [min{q − r, q − r},max{q − r, q − r}]⊕ ϵ

=⇒ S ⪯ (Q⊖gH R)⊕ ϵ.

□

11.4 Proof of Lemma 1.9

Proof: Let Υ = [γ, γ],Υ1 = [γ
1
, γ1],Υ2 = [γ

2
, γ2].
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(i) We note that

lim inf
z→z̄

{−1⊙Υ(z)}

= lim inf
z→z̄

{−1⊙ [γ(z), γ(z)]}

= lim inf
z→z̄

[−γ(z),−γ(z)]

= [lim inf
z→z̄

(−γ(z)), lim inf
z→z̄

(−γ(z))]

= [− lim sup
z→z̄

γ(z),− lim sup
z→z̄

γ(z)]

= − 1⊙ [lim sup
z→z̄

γ(z), lim sup
z→z̄

γ(z)]

= − 1⊙ lim sup
z→z̄

Υ(z).

(ii) Note that

lim inf
z→z̄

{Υ1(z)⊖gH Υ2(z)}

= lim inf
z→z̄

{[min{γ1(z)− γ2(z), γ1(z)− γ2(z)},max{γ1(z)− γ2(z), γ1(z)− γ2(z)}].

(11.24)

provided limz→z̄Υ2(z). We know if limz→z̄ γ2(z) exists, then

lim inf
z→z̄

{γ
1
(z)− γ

2
(z)} = lim inf

z→z̄
{γ

1
(z) + (−γ

2
(z))} = lim inf

z→z̄
γ
1
(z)− lim

z→z̄
γ
2
(z).

(11.25)

Similarly, if limz→z̄ γ2(z) exists, then

lim inf
z→z̄

{γ1(z)− γ2(z)} = lim inf
z→z̄

γ1(z)− lim
z→z̄

γ2(z). (11.26)

With the help of (11.25), (11.26), from (11.24), we have

[min{lim inf
z→z̄

γ
1
(z)− lim

z→z̄
γ
2
(z), lim inf

z→z̄
γ1(z)− lim

z→z̄
γ2(z)},

max{lim inf
z→z̄

γ
1
(z)− lim

z→z̄
γ
2
(z), lim inf

z→z̄
γ1(z)− lim

z→z̄
γ2(z)}]

= lim inf
z→z̄

Υ1(z)⊖gH lim
z→z̄

Υ2(z).

□
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12. Appendix D
Example 12.0.1 We consider a ZDT1-type [194] SOP involving a set of 100 objective

functions, given by

F (x) := {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : Rn → R2 is given by

f i(x) =

(
f1(x) + (0.05 + 0.05 ∗ (cos16( 4πi

100
))) cos( 2πi

100
)

g(x)h(f1(x), g(x)) + (0.05 + 0.05 ∗ (cos16( 4πi
100

))) sin( 2πi
100

)

)

with

f1(x) = x1

g(x) = 1 + 9
n∑
i=2

xi

h(f1, g) = 1−

√
f1
g
.

We consider 4 different versions of this example for n = 2, 5, 8, 10. For randomly

sampling 100 initial points, we consider the box region S of the form [L,U ], where

L = [0, 0, 0 . . . , 0] and U = [1, 1, 1, . . . , 1].

Example 12.0.2 We consider ZDT4-type [194] SOP involving n-variables and a set

of 100 objective functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)}.

where, for each i ∈ [100], the objective function of the SOP, f i : Rn → R2, n = 10, is

given by

f i(x) =

(
f1(x) + (1 + (cos( 4iπ

100
))16 cos( 2iπ

100
))

g(x)h(f1(x)g(x)) + (1 + (cos( 4iπ
100

))16 sin( 2iπ
100

)),

)

with

f1(x) = x1

g(x) = 1 + 10(n− 1) +
n∑
i=2

(x2i − 10 cos(4πxi))



h1(f1, g) = 1−

√
f1
g
,

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [0, 0, . . . , 0], and U = [1, 1, . . . , 1].

Example 12.0.3 Motivated from Ex.4.3 in [93], we consider a SOP involving a set of

100 objective functions, given by

F (x) := {f 1(x), f 2(x), . . . , f 125(x)},

where, for each i ∈ [125], f i : R2 → R4 is given by

f i(x) = g(x) + (x1 +
1

10
sin(20ϕ1i) sin(20ϕ2i))


cos(ϕ1i)

sin(ϕ1i) cos(ϕ2i)

sin(ϕ1i) sin(ϕ2i) cos(ϕ3i)

sin(ϕ1i) sin(ϕ2i) sin(ϕ3i)

 .

with

g(x) = 100(x21 + x22 − 9)2


|x1|
|x2|

|x1 + x2|
|x1|

 .

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−10,−10] and U = [10, 10], and the set {(ϕ1i, ϕ2i, ϕ3i) : i ∈ [125]} is
an enumeration of the set {2π

5
(i1 − 1) : i1 ∈ [5]} × {2π

5
(i2 − 1) : i2 ∈ [5]} × {2π

5
(i3 − 1) :

i3 ∈ [5]}.

Example 12.0.4 We consider DTLZ1 [37] type SOP involving a set of 100 objective

functions, given by

F (x) := {f 1(x), f 2(x), . . . , f 100(x)},
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where, for each i ∈ [100], f i : R6 → R4, is given by

f i(x) = h(x) +



cos(ϕi) sin(ψi)

sin(ϕi) sin(ψi)

(cos(ψi) + log(tan( (ψi)
2
))) + 0.2 ∗ ϕi

0
...

0


with

h(x) =



(1 + g(xM))x1x2 . . . xM−1

(1 + g(xM))x1x2 . . . (1− xM−1)
...

(1 + g(xM))1
2
x1(1− x2)

1
2
(1− x1)(1 + g(xM)).


and

g(xM) = 100(|xM |+
∑
xi∈xM

(xi − 0.5)2 − cos(20 ∗ π ∗ (xi − 0.5))).

Here, last k = n−M+1 variables are represented as xM and the set {(ϕi, ψi) : i ∈ [100]}
is an enumeration of the set {π

5
(j − 1) : j ∈ [10]} × {π

5
(ℓ− 1) : ℓ ∈ [10]}. For randomly

sampling 100 initial points, we consider the box region S of the form [L,U ], where

L = [0, 0, . . . , 0], and U = [1, 1, . . . , 1].

Example 12.0.5 We consider DTLZ3 [37] type SOP, involving a set of 100 objective

functions, given by

F (x) := {f 1(x), f 2(x), . . . , f 100(x)},

where for each i ∈ [100], f i : Rn → Rm, n = 5,m = 4, is given by

f i(x) = h(x) +



sech(ϕi) cos(ϕ2)

sech(ϕi) sin(ψi)

ϕi − tanh(ϕi)

0
...

0


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with

h(x) =



(1 + g(xM)) cos(x1π
2
) . . . cos(xM−2π

2
) cos(xM−1π

2
)

(1 + g(xM)) cos(x1π
2
) . . . cos(xM−2π

2
) sin(xM−1π

2
)

(1 + g(xM)) cos(x1π
2
) cos(x1π

2
)

...

(1 + g(xM)) sin(x1π
2
).


and

g(xM) = 100 ∗ (|xM |+
∑
xi∈xM

(xi − 0.5)2 − cos(20 ∗ π ∗ (xi − 0.5)))

0 ≤ xi ≤ 1, for i = 1, 2, . . . , n

Last k = n−M + 1 variables are represented as xM and the set {(ϕi, ψi) : i ∈ [100]} is
an enumeration of the set {π

5
(j − 1) : j ∈ [10] × π

5
(l − 1) : l ∈ [10]}, and for randomly

sampling 100 initial points, we consider the box region S of the form [L,U ], where

L = [0, 0, . . . , 0], and U = [1, 1, . . . , 1].

Example 12.0.6 We consider FDSa [56] type SOP involving a set of 100 objective

functions, given by

F (x) := {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : R2 → R3 is given by

f i(x) =

G1(x) + (1 + cos(ϕi) cos(ψi)

G2(x) + (1 + cos(ϕi) sin(ψi))

G3(x) + sin(ϕi)


with

G1(x) =
1

n2

n∑
i=1

i(xi − i)4

G2(x) = exp

(
n∑
i=1

xi
n

)
+ ∥x∥22

G3(x) =
1

n(n+ 1)

n∑
i=1

i(n− i+ 1) exp(−xi).

For randomly sampling 100 initial points, we consider the box region S of the form
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[L,U ], where L = [−2,−2], and U = [2, 2].

Example 12.0.7 We consider DTLZ5 [37] type SOP involving a set of 100-objective

functions, is given by

F (x) := {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : Rn → Rm is given by

f i(x) = h(x) +



5ψi/2π

λ cos(ϕi)/10

λ sin(ϕi)/10

0
...

0


with

h(x) =



(1 + g(xM)) cos(θ1(π/2)) . . . cos(θM−2π/2) cos(θM−1π/2)

(1 + g(xM)) cos(θ1(π/2)) . . . cos(θM−2π/2) sin(θM−1π/2)

(1 + g(xM)) cos(θ1π/2), . . . sin(θM−2π/2)
...

(1 + g(xM)) sin(θ1π/2)


,

and

θi =
1

2(1 + g(xM))
(1 + g(xM)xi), for i = 2, 3, . . . , (M − 1),

g(xM) =
∑
xi∈xM

(xi − 0.5)2,

0 ≤ xi ≤ 1, for i = 1, 2 . . . , n,

Last k = n −M + 1 variables are represented as xM and the set {(ϕi, ψi) : i ∈ [100]}
is an enumeration of the set {π

5
(j − 1) : j ∈ [10]} × {π

5
(ℓ − 1) : ℓ ∈ [10]} and for

randomly sampling 100 initial points, we consider the box region S of the form [L,U ],

where L = [0, 0, . . . , 0], U = [1, 1, . . . , 1]. We consider three different version of this

problem where (n,m) = (3, 3), (5, 3), (7, 5).

Example 12.0.8 We consider DGO1 [44] type SOP involving a set of 100-objective
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functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where for each i ∈ [100], f i : R→ R2 is given by

f i(x) = g(x) +

(
sin(2πi/100 + cos(2πi/100))

cos(2πi/100 + sin(2πi/100))

)

with

g(x) =

(
sin(x)

sin(x+ 0.7)

)
.

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−10,−10], U = [13, 13].

Example 12.0.9 We consider DGO2 [44] type SOP involving a set of 100 objective

functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : R→ R2, is given by

f i(x) = g(x) +

(
sin(2πi/100 + cos(2πi/100))

cos(2πi/100 + sin(4πi/100))

)

with

g(x) =

(
x2

9−
√
81− x2.

)

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−9,−9], and U = [9, 9].

Example 12.0.10 We consider Hil type [87] SOP involving a set of 100 objective func-

tions, given by

F (x) := {f 1(x), f 2(x), . . . , f 100(x)},
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where for each i ∈ [100], f i : R2 → R2 is given by

f i(x) = g(x) +

(
10((9 + exp(sin(4πi/100))− sin(4πi/100) + 2(cos(8πi/100))2)/128) cos(2πi/100)

10((9 + exp(sin(4πi/100))− sin(4πi/100) + 2(cos(8πi/100))2)/128) sin(2πi/100)

)
.

with

g(x) =

(
cos((2π/360)[45 + 40 sin(2πx1) + 25 sin(2πx2)](1 + 0.5 cos(2πx1))

sin((2π/360)[45 + 40 sin(2πx1) + 25 sin(2πx2)](1 + 0.5 cos(2πx1)).

)

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [0, 0], and U = [5, 5].

Example 12.0.11 We consider JOS1a [98] type SOP involving 100 objective functions,

given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where for each i ∈ [100], f i : R50 → R2 is given by

f i(x) = g(x) +

(
0.1 cos(2πi/100)

50 sin(2πi/100)

)

with

g(x) =

(
1
n

∑n
i=1 x

2
i

1
n

∑n
i=1(xi − 2)2

)
.

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−2,−2, . . . ,−2], and U = [2, 2, . . . , 2].

Example 12.0.12 We consider Rosenbrock [176] type SOP involving a set of 100-

objective functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : R4 → R3 is given by

f i(x) =

 100(x2 − x21)2 + (x2 − 1)2 + (r2(cosϕi cos(ψi) sin(ψi)))

100(x3 − x22)2 + (x3 − 1)2 + (r2(cosϕi sin(ψi) sin(ψi))

100(x4 − x23)2 + (x4 − 1)2 + (r2(cosϕi sin(ψi) cos
2(ψi))

 .

For randomly sampling 100 initial points, we consider the box region S of the form
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[L,U ], where L = [−2,−2, . . . ,−2], U = [2, 2, . . . , 2]. We set r = 16 and the set

{(ϕi, ψi) : i ∈ [100]} is an enumeration of the set {π
5
(j− 1) : j ∈ [10]}× {π

5
(k− 1) : k ∈

[10]}.

Example 12.0.13 We consider Brown and Dennis [147] type SOP involving a set of

100 objective functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where for each i ∈ [100], f i : R4 → R5 is given by

f i(x) =

 (x1 +
1
5x2 − exp

1
5 )2 + (x3 + x4 sin(

1
5 )− cos( 15 ))

2 + cos(ϕi) sin(ψi)

(x1 +
2
5x2 − exp

2
5 )2 + (x3 + x4 sin(

2
5 )− cos( 25 ))

2 + sin(ϕi) sin(ψi)

(x1 +
3
5x3 − exp( 35 ))

2 + (x3 + x4 sin(
3
5 )− cos( 35 ))

2 + (cos(ψi) + log(tan(ψi

2 ))) + 0.5ϕi

 .

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−25,−5,−5,−1], and U = [25, 5, 5, 1]. The set {(ϕi, ψi) : i ∈ [100]}
is an enumeration of the set {2π

5
(j − 1) : j ∈ [10]} × {0.01 + 0.98

10
(k − 1) : k ∈ [10]}.

Example 12.0.14 We consider Trigonometric [147] type SOP involving a set of 100

objective functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : R4 → R4 is given by

f i(x) =


(1− cosx1 + (1− cosx1)− sinx1)

2 + cos(ϕi) sin(ψi)

(2− cos(x1 + x2) + 2(1− cosx2)− sinx2)
2 + sin(ϕi) sin(ψi)

(3− cos(x1 + x2 + x3) + 3(1− cosx3)− sinx3)
2 + (cos(ψ) + log(tan(ψi

2 ))) + 0.2ϕi

(4− cos(x1 + x2 + x3 + x4) + 4(1− cosx4)− sinx4)

 ,

For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−1,−1, . . . ,−1], and U = [1, 1, . . . , 1]. The set {(ϕi, ψi) : i ∈ [100]}
is an enumeration of the set {2π

5
(j − 1) : j ∈ [10]} × {0.01 + 0.98

10
(k − 1) : k ∈ [10]}.

Example 12.0.15 We consider Das and Dennis [36] type involving a set of 100 objec-

tive functions, given by

F (x) = {f 1(x), f 2(x), . . . , f 100(x)},

where, for each i ∈ [100], f i : R5 → R2, is given by

f i(x) =

(
(x21 + x22 + x23 + x24 + x25 + (sin( 2iπ

100
) + cos( 2iπ

100
))

(3x1 + 2x2 − x3
3
+ 0.01(x4 − x5)3 + (sin( 2iπ

100
) + cos( 2iπ

100
))

)
,
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For randomly sampling 100 initial points, we consider the box region S of the form

[L,U ], where L = [−20,−20, . . . ,−20], and U = [20, 20, . . . , 20].
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[6] Qamrul Hasan Ansari, Elisabeth Köbis, and Pradeep Kumar Sharma. Characteri-

zations of set relations with respect to variable domination structures via oriented

distance function. Optimization, 67(9):1389–1407, July 2018.

[7] Qamrul Hasan Ansari and Pradeep Kumar Sharma. Set order relations, set opti-

mization, and ekeland’s variational principle. In Optimization, Variational Anal-

ysis and Applications: IFSOVAA-2020, Varanasi, India, February 2–4, pages

103–165. Springer, 2021.

[8] Tadeusz Antczak. Optimality conditions and duality results for nonsmooth vector

optimization problems with the multiple interval-valued objective function. Acta

Mathematica Scientia, 37(4):1133–1150, 2017.

[9] AY Azimov and RN Kasimov. On weak conjugacy, weak subdifferentials and

duality with zero gap in nonconvex optimization. International Journal of Applied

Mathematics, 1(2):171–192, 1999.

[10] Kwan Deok Bae and Do Sang Kim. Optimality conditions and duality for a class

of nondifferentiable multiobjective programming problems. Taiwanese Journal of

Mathematics, 13(2B):789–804, 2009.



[11] Alina-Ramona Baias and Delia-Maria Nechita. Looking for an exact difference

formula for the dini-hadamard-like subdifferential. Studia Universitatis Babes-

Bolyai, Mathematica, 57(3), 2012.

[12] Truong Q Bao and Boris S Mordukhovich. Set-valued optimization in welfare

economics. In Advances in mathematical economics, pages 113–153. Springer,

2010.

[13] David Barilla, Giuseppe Caristi, and Nader Kanzi. Optimality and duality in

nonsmooth semi-infinite optimization, using a weak constraint qualification. De-

cisions in Economics and Finance, 45(2):503–519, 2022.

[14] Barnabás Bede and Sorin G Gal. Generalizations of the differentiability of fuzzy-

number-valued functions with applications to fuzzy differential equations. Fuzzy

sets and systems, 151(3):581–599, 2005.

[15] Ajay Kumar Bhurjee and Geetanjali Panda. Efficient solution of interval opti-

mization problem. Mathematical Methods of Operations Research, 76:273–288,

2012.

[16] John R Birge and Francois Louveaux. Introduction to Stochastic Programming.

Springer Science and Business Media, 2011.
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[88] N Hoseini and S Nobakhtian. A new trust region method for nonsmooth noncon-

vex optimization. Optimization, 67(8):1265–1286, 2018.

282



[89] Masuo Hukuhara. Integration des applications mesurables dont la valeur est un

compact convexe. Funkcialaj Ekvacioj, 10(3):205–223, 1967.

[90] Alexander D Ioffe. Calculus of dini subdifferentials of functions and contingent

coderivatives of set-valued maps. Nonlinear Analysis: Theory, Methods and Ap-

plications, 8(5):517–539, 1984.

[91] Hisao Ishibuchi and Hideo Tanaka. Multiobjective programming in optimiza-

tion of the interval objective function. European journal of operational research,

48(2):219–225, 1990.

[92] Grigorii E Ivanov and Lionel Thibault. Infimal convolution and optimal time con-
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[109] Refail Kasımbeylı and Gonca İnceoğlu. The properties of the weak subdifferen-

tials... Gazi University Journal of Science, 23(1):49–52, 2010.

[110] Refail Kasimbeyli and Musa Mammadov. On weak subdifferentials, directional

derivatives, and radial epiderivatives for nonconvex functions. SIAM Journal on

Optimization, 20(2):841–855, 2009.
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