9. Appendix A

9.1 Proof of Lemma 1.1
Proof: Let X = [2,7], Y = [y,7], and Z = [2, 7]

(i) (XaY)oum (YOZ)

= min{(z+y)—(y+2),( @+7) - F+2)} max{(z+y) — (y+2), @T+y) - (T +2)}
= [min{z — 2,7 -z}, max{z — 2,7 -z} = X 6,1 Z.

(ii) Since, X =Y & Z,
2,7] = [y,7]® (27 = 2=y +2, T=9+Z = 2—y=2,T—§=2

Hence, X ©yg Y = Z.



10. Appendix B

10.1 Proof of Lemma 1.2

Proof: Let W = [w,w], Y = [y,7y] and Z = [z, Z]. From the gH-difference, we have

the following four possible cases:

(i) Given that e X (WounY)SuZ =[w—y—2w0—y—2 . Sincew —y > z+e
and W —y > Z+e¢€ we have 2+ ¢ < Z+ ¢ < w—7y. This implies z + ¢ <

min{w — y,w —y}. Also, Z+ € <w —y < max{w — y,w — y}. Clearly we have
[z+¢€,Z+¢ X [min{w—y,W—7y}, max{w—y, w—7}] and hence ZGe < WO, Y.

(i) WeyunY)euwZ=[w—-—7y—2zw—y— z]. Thus, the proof is straightforward

and identical to Case (i).

(iil) WoumY)SyuZ=w—-§—2z,w—y—7%. Sincew -7
we have z + € < Z+¢€ < w—y. This implies z + €

€
Also, Z+ ¢ < w —y < max{w — y,w — y}. Clearly we have [z + €,Z + ¢ =

[min{w —y,w — ¥}, max{w — y,w — 7}] and hence ZS e < WS,z Y.

(iv) WeunY)oun Z =[w—y—Zw—7y— z]. Thus, the proof is identical to Case

(iid). -

10.2 Proof of Lemma 1.3

Proof: Let X = [z,7],Y = [y,7], Z = [2,Z] and W = [w,w]. Then,

(XDY)Oyn (ZDW)
=min{fz+y-z2-w,T+7-Z-w},max{z +y—z—w,T+y—Z— W}

=min{z —z4+y-w,T-z+y—whmax{z —z+y—w,T—z+y—w}. (10.1)

We have

min{z —z+y—w,7—-Z+y w0}y >min{z — 2,7 —Z} + min{y —w,j —w}
(10.2)
and max{z —z+y—w,T—-Z+y - w} <max{z — 2,7 — Z} + max{y —w,y — W}.
(10.3)



By (10.2) and (10.3), from (10.1), we write

(X®Y)ouu (ZoW)
=min{z —2+y-w,T-Z+y-Wlmax{z —z2+y - w,T—-Z+7y— W}
C min{z — 2,7 -7} + min{y — w,y — W}, max{z — 2,7 — 7} + max{y — w,y — w}]
= [min{z — 2,7 -z}, max{z — 2,7 — Z}| + min{y — w,y — 0}, max{y — w,y — w}]

= (X Ogn Z) & (Y Ogu W).

10.3 Proof of Lemma 1.4

Proof: Let W = [w,w], Y = [y,7] and Z = [z,%]. Then, ~-160W = [-w, —w], -1 O
Y =[5,y - 10 Z = [-7,—2].

From Definition of gH-difference of two intervals, we have

either ~-1OW O,y —10Y =[f-w,y—wjor -10WS,y -10Y = [y —w,7—w|.
Then, one of the following holds true:

(a) (F1OW) S (-10Y) S (-10Z)=[J-0+Z,y —w+z
(b) (F1OW) 6y (-10Y)) 6y (-10Z)=y—w+27—W+7
(€) ((F1OW)6uy (-10Y)) 6y (-10Z)=y—w+Zz,5— W+ 2]
(d) (F1OW)6un (-10Y)) 6 (-10Z) = -w+zy —w+7]

From this, we have

(a) 0 {((-1OW)6yn (-10Y))Syn (-10Z)} =w—-y—2zW—-y—7
(b) 06r {((-10W)Seu (-10Y))Sgn (-1O0Z)} =[w-Y—-Zw—y—2
(€) 06r {(-1OW)Eun (-10Y))Sen (-102Z);} =[w—-y-zw-y—7
(d) 05 {((-10W) S (-10Y)) S (-10Z)} =w—-—y—Zw—y -2

On the other hand,
(a) WouY)oumZ=[w-y—20—-7—7

(b) (W@gHY)@gHZ:[E—@—Zw—g—z]

(c) WeyuuY)oyunZ=[w—7—z,w—y—Z



(d) WeuwY)oumZ=w—y—2w0—-7—z.

Hence, the desired result follows.

10.4 Proof of Lemma 1.5

Proof: Let X = [z,7],Y = [y,7y| and Z = [z, Z].

(i) Let us consider the following four representations:

(a) Xy Y)SuZ=[z—y—2T—7y—7,
b) XouY)ouZ=[z—-y—27T-7—2|,
() XeuY)ouZ=[T-y—z2—y—7,
(d) XouY)ouwZ=FT-7—Z,z—y—Z

Ogg—gandogf—y
—0—z2<z-y—zand0-2z<7T
—=[0-20-2z]z—y—27T-7

2,

|

|

(10.4)

So, from (10.4), we have 0 6,5 Z = (X Syn Y) Sgu Z .

e Case 2. Similarly, we will arrive at this conclusion (10.4). So, from (10.4), we have

0c,nZ = (XSuY)Suu Z.

e Case 3. This case can be proved by using the same steps as Case 1.

e Case 4. This case can be proved by using the same steps as Case 2.

(ii) Let W = [w,w|. By the definition of gH-difference, there may be the following

four cases.

(a) Xy Y)eumW=[z—y—wT—7y—u
(b) Xy Y)ouugW=[z—y—u0T—-7— w)
(¢c) XeyuY)ouuW=T—-7J—w,z—y—w
(d) XeumY)ouuW=F-y-w,z—y—uw

The following two cases are needed to consider for the representation of these

above four cases.
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e Case 1. Since Z < X S,n Y, we have

z<z—yandz<T-7y
¥

— z—w<z-—

T<T—§—0
= either [z —w,Z -] 2 [z -y —w,T -7 — ) (10.5
orZ-wz-w 2 T-y-w,z—y—w) (10.6)

From (10.5) and (10.6), we have Z S,5p W < (X S,n Y) O, W.

e Case 2. Similarly, at the last step, we have

either [z —w,Z—W| [T -7 —w,z —
or[Z-wz-wl 2 fz—y
From (10.7) and (10.8), we have ZS,z W =< (XS, Y) ©yu W.
(iii) Given that X ©,4 Y < [L, L]. From the formula of gH-difference of intervals,
Q—QSL and T —y <L
— —L<y-z,-L<y-<T
— either [-L,—L] =< [Q — 2,7 — 7]
or [=L,~L] 2 [ — T,y — z].

Hence, [-L,—L] X Y ©,u X.

(iv) Given that [—y, —y] < X &, Y. From the formula of gH-difference of intervals,

—y—v<zandy—-7<7T
— y—77—-7] =2z, 7]

Hence, Y Syp [7,7] = X.

(v) Given that Z < X &Y. Then,



Hence, ZSgp Y X X.

10.5 Proof of Lemma 3.1

Proof: Let y' ®C =D and D = [d, d]. Note that
Dl rry = max{|d], |d[}. (10.9)
On the other hand,

IDlig) =11 ©C1 By ©® Co & - By, © Co| 1wy
< lyn © Cillzwy + [ly2 @ Collimy + -+ + Yn © Coul 1wy
= ||| Cill 1) @ [y2l|Callr®) + - + [Ynll| Cull1m)

< [yl D ICillrw
=1

= [ly[ll[Cll 1y~ (10.10)
Then, taking into account (10.9) and (10.10), we obtain

d] < [YlICllzgy and [d] < [[ylllICllr)-
~[lyllICllzey+ < d and — [[y|C]l sy < d
~llyIICllrey < |dl and — [[y[l|Cllz@y- < Id]
~[lyIlICllszyr < max{[d], |d|}

—9llIC @ < 1D

AR

Thus, we arrived at the desired result. 0
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11. Appendix C

11.1 Proof of Lemma 1.6

Proof: Let Q = [¢,q],C = [¢,¢],R = [r,7]. From Definition of gH-difference of two

intervals, we have

inf{Q,ReC} e,nC
=inf{[q,q], [r + ¢,7 + 7} Ogu [c, T

=[inf{g,r + c},inf{q,7 +¢}] Ogu [c, ]
=[min{inf{q,r + ¢} — ¢, inf{q,7 + ¢} — ¢}, max{inf{q,r + c} — ¢, inf{q,7 + ¢} — ¢},

(11.1)
and
inf{Q 6,4 C,R}
= inf{[min{q — ¢, — ¢}, max{q — ¢,q — ¢}, [, 7]}
=[inf{min{q — ¢, — ¢}, r},inf{max{q — ¢,7 — ¢}, 7}]. (11.2)

In order to show inf{Q,R& C} &,5 C C inf{Q o,y C, R}, we first need to show that
inf{min{q — ¢, —¢},r} < min{inf{q,r + ¢} — ¢,inf{g, 7 + ¢} — ¢}, (11.3)
and
max{inf{q,r + ¢} — ¢, inf{q,7 + ¢} — ¢} <inf{max{q —¢,7—7¢},7}. (11.4)
To show (11.3), we first have that

inf{min{q — ¢,q — ¢},1}
< min{q — ¢, 1}
= inf{g — ¢, 1}
< inf{g,r + ¢} — inf{c, c}
=inf{g,r+c} —c (11.5)



Similarly,
inf{min{q — ¢,q —¢},r} <inf{g,7 +¢} —¢ (11.6)
Combining (11.5) and (11.6), we have

inf{min{q — ¢,q —¢},1}

< min{inf{q,r + c} — ¢,inf{q,7 + ¢} —¢}. (11.7)
Note that
inf{g,r +c} —c<q—c<max{qg—cq—7c} (11.8)
and
inf{g,r +c} —c<r<r. (11.9)

From (11.8) and (11.9), we have
inf{q,r + c} — ¢ < inf{max{q — ¢,q — ¢},7}. (11.10)
Similarly,
inf{g,7 + ¢} — ¢ < inf{max{q — ¢,q — ¢},7}. (11.11)
Combining (11.10) and (11.11), we have
max{inf{q,r + ¢} — ¢, inf{q, 7 + ¢} — ¢} <inf{max{q —c,7—¢c},7}. (11.12)
Accumulating (11.7) and (11.12), we have

inf{Q,R®C} o,y C
= [min{inf{q,r + ¢} — ¢, inf{q,7 + ¢} — ¢}, max{inf{q,r + ¢} — ¢, inf{q,7 + ¢} — ¢}]
C [inf{min{g — ¢, — ¢}, r},inf{max{qg — ¢, 7 — ¢}, 7}]
inf{Q &,# C,R}.
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11.2 Proof of Lemma 1.7

Proof: Let Q = [¢,7],C = [¢,¢],R = [r,7]. From Definition of gH-difference of two

intervals, we have

inf{Q o,y C.R} o,n R

= inf{[min{g — ¢,q — ¢}, max{q — ¢,q - ¢}, [r, 7]} Sgn [, 7]

= [min{inf{min{q — ¢, —¢},r} — r,inf{max{q — ¢,q — ¢}, 7} — 7},
max{inf{min{q — ¢, 7 —¢},r} —r,inf{max{qg — ¢,7 —¢},7} — 7}]

On the other hand, from the similar gH-difference definition,

inf{(Q Sy C) ©yn R, 0}
= [inf{min{min{q — ¢, — ¢} — r,max{q — ¢, — ¢} — 7},0},
inf{max{min{g — ¢,7 — ¢} — r,max{qg — ¢,g —¢}} — 7,0}

Next, we can have two following inequalities:

inf{min{q —¢,q —¢},r} —r

inf{min{q — ¢,q —¢},r} —inf{r,r}

< inf{min{g —¢,q —¢} —r,0}
< minf{g —¢,g—¢} —r
< max{min{q — ¢,q — ¢} —r,max{q —¢,q— ¢} —T}. (11.13)
and
inf{max{q —¢,g—¢},r} —r
= inf{max{q — ¢,q— ¢}, r} — inf{r,r}
< inf{max{q — ¢, — ¢} —r,0}
< max{q—¢q—7C}—r
< max{min{q — ¢,q — ¢} — r,max{q — ¢,q — ¢} —T}. (11.14)

By combining (11.13) and (11.14), we have

max{inf{min{q — ¢,q —¢},r} — r,inf{max{q — ¢,q — ¢}, 7} — T}
< max{min{q — ¢, — ¢} —r,max{q —c,q — ¢} —T}. (11.15)
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Next, we can make other two inequalities:

inf{min{q —¢,q—¢},r} —r
= inf{min{g — ¢, —¢},r} —inf{r,r}
< inf{min{g —¢,g—¢} — 1,0}
< 0.

and

inf{max{g —¢,q—C}}—T
= inf{max{g —¢,q—c}, 7} —inf{7, 7}

IN

inf{max{q —c,q —¢} — 7,0}
0.

IN

By combining (11.16) and (11.17), we have
maX{inf{min{g —Cq— E}? E} -r inf{max{ﬂ —Cq— E}? F} - F} < 0.
Therefore, accumulating (11.15) and (11.18), we have

max{inf{min{q — ¢, 7 —¢},r} —r,inf{max{qg — ¢,7—¢},7} — 7}

<inf{max{min{q — ¢,q — ¢} — r,max{q — ¢,q — ¢} —7}},0}.
Now, it is remaining to show that

inf{min{min{g — ¢,g — ¢} — r, max{g — ¢,g —¢}} — 7,0}
S mln{lnf{mln{g — G, a - E}) Z} -r, inf{max{g — G, q - 6}7 7_“} — F}

For this, we consider the following inequalities:

inf{min{{min{q — ¢, — ¢} —r,max{q — ¢,7 — ¢} —7}},0}
<inf{min{q — ¢, —¢},r},0}
<inf{min{q — ¢, —¢},r} — inf{r,7}
=inf{min{qg —¢,g—¢},r} —r.
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and

inf{min{{min{q — ¢,q — ¢} — r,max{q — ¢,g — ¢} —7}},0}
<inf{min{q — ¢,g —¢},r},0}
<inf{max{gq — ¢,g —¢},7} — inf{7, 7}
=inf{min{q —¢,q—¢},7} - T (11.22)

From (11.21) and (11.22), we have

inf{min{min{g — ¢, — ¢} —r,max{g — ¢,7—¢}} - 7,0}
< min{inf{min{q — ¢,q — ¢},r} — r,inf{max{q — ¢, —¢},7} — T}. (11.23)

Again, from (11.19) and (11.23), we have

mf{Q @gH C, R} @gH R g mf{(Q @gH C) @gH R, O}

O
11.3 Proof of Lemma 1.8
Proof: Let Q = [¢,q],R = [r,7],S = [5,5]. Then, we have
—¢ 2 Qe R)Sym S
= —€= [mln{g_ﬂaa_F}aman_zaa_F] @gH [§7§]
= — ¢ = [min{min{q —r,q 7} — 5, max{q —r,q — T} — 5},
max{min{q —r,q —7} — s,max{q —r,q — 7} — 5}]
= —e<min{g—r,¢—7}-sand —e<max{qg—r,q—7} -3
= [5,5] 2 [min{g — 7,7~ T}, max{qg — 1,7 T} De
O

11.4 Proof of Lemma 1.9

Proof: Let Y = [,7], Y1 = [v,, 71}, Y2 = [1,. 72)-
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(i) We note that

liminf{—1® Y(z)}

= liminf{~16 [y(2),7(=)]}
= lim inf[—7(2), =7(2)]
= [lim inf(—5(2)), lim inf(—(2))]

= [~ limsup7¥(z), — lim sup y(2)]

2—Z 2=z

= — 10O [limsupy(2), limsupF(z)]

z—Z 2=z

= —1®limsup Y(2).

2=z

(ii) Note that

liIZn_glf{Tl(Z) Sgn Ya(2)}

= lim inf{[min{m(2) = 7,(2), 7(2) = 72()}, max{3(2) = 2, (), 7 (2) = 7a(2)}:
(11.24)

provided lim,_,> Ya(z). We know if lim_ > v 2(2) exists, then

lim inf{y, () = 7,()} = Hminf{y, () + (=3,()} = liminf 7, (2) = im (=),

(11.25)
Similarly, if lim,_,; ¥,(z) exists, then
lign_}glf{ﬁl(z) —72(2)} = 111;11_};11071(2) - y_%72(2)~ (11.26)
With the help of (11.25), (11.26), from (11.24), we have
pmin{limnf 7,(2) ~ i, 2), imnf 7, (2) ~ lim 7a(2)}
max{lim inf y, (2) — lim 5, (2), lim inf 7, (2) — lim 7,(2) }]
= liminf Y4 (2) Sy im Yo(z).
zZ—Z Z—Z
U
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12. Appendix D

Example 12.0.1 We consider a ZDT1-type [19/] SOP involving a set of 100 objective

functions, given by

where, for each i € [100], f*: R™ — R? is given by

Fe) ( fi(2) + (0.05 + 0.05  (cos'®(4i))) cos( 2z )
g(x)h(fi(x),g(x)) 4+ (0.05+ 0.05 = (00816(%))) sin(%)

with
fi(z) =z
gzr) =1+ 9Za7i
=2

]
h(fl;g)_l \/;

We consider 4 different versions of this example for n = 2,5,8,10. For randomly
sampling 100 initial points, we consider the box region S of the form [L,U], where

L=100,0,0...,0] and U = [1,1,1,...,1].

Example 12.0.2 We consider ZDT4-type [194] SOP involving n-variables and a set
of 100 objective functions, given by

F(z) = {f'(x), f(x),.... (@)}

where, for each i € [100], the objective function of the SOP, f: R"™ — R2? n = 10, is

given by
fi(x):< fulir) =+ (14 (cos({55)' cos(F)) )
g()h(fi(x)g(x)) + (1+ (cos(165)) " sin(355)).
with

fi(z) =z

glxr)=1+10(n—1) + Z(J:ZZ — 10 cos(47x;))

=2



hl(flag)zl_\/§7

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L =10,0,...,0], and U = [1,1,...,1].

Example 12.0.3 Motivated from Ex.4.3 in [93], we consider a SOP involving a set of

100 objective functions, given by

F(z) = {f(z), f*(x),..., [P (=)},
where, for each i € [125], f*: R* — R* is given by

cos(¢y;)
‘) =gz T isim 13) sin 2i einif1e) cos(gn)
f(@) = g(z) + (z1 + 10 (20¢1;) sin(20¢2:)) sin(¢1;) sin(¢g;) cos(ds;)
sin(¢y;) sin(¢pe;) sin(gs;)

with

|21
g(x) = 100(22 + 22 — 9)? 2]
|1 + 22|

|J71|

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [—10,—10] and U = [10,10], and the set {(P1:, P2i, P3:) : @ € [125]} is
an enumeration of the set {3 (iy — 1) iy € [5]} x {2 (ia — 1) 1 4p € [B]} x {Z(i5 — 1) :
iz € [5]}.

Example 12.0.4 We consider DTLZ1 [37] type SOP involving a set of 100 objective

functions, given by

F(z) = {f'(x), f*(z),.... [P (2)},
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where, for each i € [100], f': R% — R*, is given by

cos(¢;) sin ()

sin(¢;) sin(v;)

(cos(1;) + log(tan (w;) )+ 0.2 % ¢
0

with

(I+g(zp))z122 . Tpr 1
(1+g(xp))r1ze. .. (1 — 200 21)

(1+ g(zn)) 521 (1 — 2)
5(1—a1)(1+ g(zn)).

and

g(xar) = 100(|zpr| + Z (z; — 0.5)* — cos(20 * 7 * (x; — 0.5))).
T, €T\
Here, last k = n— M+1 variables are represented as xy; and the set {(¢;, ;) : @ € [100]}
is an enumeration of the set {¥(j —1) :j € [10]} x {F({ —1) : £ € [10]}. For randomly
sampling 100 initial points, we consider the box region S of the form [L,U], where
L=100,0,...,0], and U = [L,1,...,1].

Example 12.0.5 We consider DTLZS3 [37] type SOP, involving a set of 100 objective

functions, given by

where for each i € [100], f*: R™ — R™ n =5m = 4, is given by

sech(¢;) cos(¢s)
sech(¢;) sin(t;)
¢; — tanh(¢;)
0
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with

(1+ g(zar)) cos(57) ... cos(= 5 =) cos(=H5H)
(14 g(war)) cos(HF) . .. cos(=52) sin(=4527)
h(z) = (1 + g(war)) cos(557) COS(%)

(1+ g(zy)) sin(5F).

and

g(xar) =100 % (lzar| + ) (25— 0.5)* = cos(20 # 7 * (z; — 0.5)))

HAASH AV S

0<z; <1, fori=1,2,....n

Last k =n — M + 1 variables are represented as xp; and the set {(¢p;, ;) : i € [100]} is
an enumeration of the set {Z(j —1):j € [10] x £(I —1) : I € [10]}, and for randomly
sampling 100 initial points, we consider the box region S of the form [L,U], where
L=100,0,...,0], and U =[1,1,...,1].

Example 12.0.6 We consider FDSa [56] type SOP involving a set of 100 objective

functions, given by

F(m) = {fl(x)’ f2<£L‘), S floo(x)}>
where, for each i € [100], f*: R? — R3 is given by

| G1(z) + (1 + cos(¢;) cos(1;)
fi(x) = | Ga(z) + (1 + cos(¢;) sin(e;))
Gs(x) + sin(¢;)

with

=1
n

Ga(z) = exp ( :f;) + ||5f||2
Gs(z) = ﬁ ZZI i(n—i+1)exp(—z;).

For randomly sampling 100 wnitial points, we consider the box region S of the form
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[L,U], where L = [-2,-2], and U = [2,2].

Example 12.0.7 We consider DTLZ5 [37] type SOP involving a set of 100-objective

functions, is given by
F(x) . {fl(x)> f2(.%'), R floo(x)}a

where, for each i € [100], f': R™ — R™ is given by

Acos(¢;)/10
A sin(¢;
Pla) =) + | O
0
with
(14 g(ar)) cos(0:(7/2)) . . . cos(Onr—am/2) cos(Brr_17/2)]
(1 + g(xpr)) cos(01(m/2)) ... cos(Opr_om/2) sin(Oy_17/2)
h(xz) = (14 g(zpr)) cos(bhm/2), . ..sin(Oy_om/2) ,
I (14 g(zpr)) sin(by7/2) |
and
0; = ;(1 + g(zp)a;), fori=2,3,..., (M —1),

b 21+ g(aw))

g(zy) = Y (z:—0.5)%,

T, €T s

0<x; <1, fori=1,2...,n,

Last k = n — M + 1 variables are represented as xp; and the set {(¢p;, ;) =i € [100]}
is an enumeration of the set {Z(j — 1) : j € [10]} x {£(¢ —1) : £ € [10]} and for
randomly sampling 100 initial points, we consider the box region S of the form [L,U],
where L = [0,0,...,0,,U = [1,1,...,1]. We consider three different version of this
problem where (n,m) = (3,3),(5,3),(7,5).

Example 12.0.8 We consider DGO1 [4] type SOP involving a set of 100-objective
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functions, given by

F(z) = {f'(z), f*(x),..., f*(2)},
where for each i € [100], f* : R — R? is given by

(2) + sin(27i/100 + cos(2mi/100))
g cos(2i/100 + sin(2ri/100))

with

B sin(z)
9lw) = ( sin(z + 0.7)) '

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [—10,—10],U = [13,13].

Example 12.0.9 We consider DGO2 [44] type SOP involving a set of 100 objective

functions, given by

F(x) = {f'(x), f*(x),.... [P (2)},
where, for each i € [100], f* : R — R?, is given by

) = gla) + < sin(27i /100 + cos(2m'/100))>

cos(2mi /100 + sin(47i/100))

with

9lw) = ( 9 — /81 —:c2.>

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [—9,-9], and U = ]9, 9].

Example 12.0.10 We consider Hil type [87] SOP involving a set of 100 objective func-

tions, given by
F(z) = {f'(x), f*(2),.... ["(2)},
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where for each i € [100], f: R? — R? is given by

F(2) = glo) + ( 10((9 + exp(sin(47i/100)) — sin(4i/100) + 2(cos(87i/100))2)/128) cos(27ri/100)> |

10((9 + exp(sin(47i/100)) — sin(47i/100) + 2(cos(87i/100))?)/128) sin(2mi/100)

(z) = cos((27/360)[45 4 40 sin(27xq) + 25 sin(27wx2)](1 + 0.5 cos(2mxy))
= sin((27/360)[45 + 40 sin(27xq) + 25sin(27x2)](1 + 0.5 cos(27z1)).

For randomly sampling 100 wnitial points, we consider the box region S of the form

[L,U], where L =10,0], and U = [5,5].

Example 12.0.11 We consider JOS1a [98] type SOP involving 100 objective functions,
given by

F(z) ={f"(2), f*(x),.... (@)},

where for each i € [100], f*: R — R? is given by

Fe) = g(a) + ( 0.1 cos(2m/1oo)>

50 sin(2mi/100)

with

_ %Z?:l 7
o) = < LS (- 2>2> |

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [=2,—-2,...,=2], and U = [2,2,...,2].

Example 12.0.12 We consider Rosenbrock [176] type SOP involving a set of 100-

objective functions, given by

Fa) = {f'(z), f*(x),..., ")},
where, for each i € [100], f : R* — R3 is given by

| 100(z2 — 23) + (22 — 1)% 4 (r?(cos ¢; cos(¢;) sin(vy;)))
fi(z) = 100(z5 — 23)* + (z3 — 1) + (r*(cos ¢; sin(¢);) sin(v;))
100(zg — 23)* + (x4 — 1)* + (r2(cos ¢; sin(¢);) cos® (1))

For randomly sampling 100 wnitial points, we consider the box region S of the form
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[L,U], where L = [-2,-2,...,=2],U = [2,2,...,2]. We set r = 16 and the set
{(¢s,¢i) =i € [100]} is an enumeration of the set {F(j—1):j € [10]} x {F(k—1) : k €
[10]}.

Example 12.0.13 We consider Brown and Dennis [147] type SOP involving a set of
100 objective functions, given by

F(z) = {f'(2), f*(x),.... [ ")},

o Gl

where for each i € [100], f*: R* — R5 is given by
)2 + (23 + 24 sin( (%)) + cos(¢;) sin(t;) )
n .

. (1 + Ty — €xp %)
[rx) = (21 + 22 — exp3)® + (w3 + wasin(2) — cos(3))? + sin(¢;) sin(t;)
(z1 + 223 — exp( ))? + (x5 + z4sin(2) — cos(%) + (cos(¢;) + log(tan(%))) + 0.5¢;

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [—25,—5,—5,—1], and U = [25,5,5,1]. The set {(¢;,1;) : i € [100]}
is an enumeration of the set {35 (j — 1) : j € [10]} x {0.01 + %¥(k — 1) : k € [10]}.
Example 12.0.14 We consider Trigonometric [147] type SOP involving a set of 100

objective functions, given by

F(z) = {f'(x), f*(x),.... [P (2)},
where, for each i € [100], f* : R* — R* is given by

(1 —coszy + (1 —coszy) —sinzy)? + cos(¢;) sin(v;)
(2 — cos(z1 + 22) + 2(1 — cos wa) — sinwy)? + sin(¢;) sin(v;)
(3 — cos(z1 + z2 + x3) + 3(1 — cosz3) — sinz3)? + (cos(v) + log(tan(%))) +0.2¢;
(4 —cos(xy + 22 + 23 + x4) + 4(1 — coszy) — sinxy)

fiz) =

)

For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [-1,—1,...,—1], and U = [1,1,...,1]. The set {(¢;, ;) : i € [100]}
is an enumeration of the set {35 (j — 1) : j € [10]} x {0.01 + %¥(k — 1) : k € [10]}.

Example 12.0.15 We consider Das and Dennis [36] type involving a set of 100 objec-

tive functions, given by
F(a) = {f'(2), f*(2),..., f*(2)},
where, for each i € [100], f* : R® — R?, is given by

fi(z) = (23 + a3 + 23 + xF + 22 + (sin(3%) + cos(3X)) |
(3zy + 219 — 2 + 0.01(z4 — 25)* + (sin(3x) + cos(3%))
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For randomly sampling 100 initial points, we consider the box region S of the form
[L,U], where L = [—20,—20,...,—20], and U = [20, 20, ...,20].
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