Chapter 4

A fully discrete method based on
cubic splines for time-fractional
reaction-diffusion equations with

smooth and non-smooth solutions

In this chapter, we consider the following time-fractional reaction-diffusion equation

(TFRDE)
(OCDta —|—$) v(z,t) = F(z,t), (x,t) € Q:=(0,b) x (0,71, (4.1)

with initial and boundary conditions

v(z,0) = g(x), x€]l0,b)],
v(0,t) =0, te (0,7, (4.2)
u(bt) =0,  te(0,T]

where 0 < a < 1, F € C(Q), g(z) € C[0,b], &£ = —,udaa—; + q(t) with pg > 0 the
diffusion coefficient, ¢(t) € C[0,T], and ¢ > 0. Here, § D? denotes the Caputo frac-
tional differential operator defined in equation (1.14). The existence and uniqueness
of the solution of problem (4.1)-(4.2) have been discussed in [73, 103]. It is worth

noting that near the initial time ¢ = 0, the solution to problem (4.1)-(4.2) has an
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initial layer, and the derivative of the solution satisfies the following bound [103]

‘%(z,t}‘ < c(1+t*1), forall t € (0,7). (4.3)

It is evident from equation (4.3) that the derivative of the solution with respect
to time blows up as t — 0%. So, the formulation of numerical schemes for solving
such TFRDEs encounters serious practical and theoretical problems. Therefore,
formulating and analyzing suitable numerical methods for problem (4.1)-(4.2) is a

difficult and challenging task.

Several authors, such as [35, 36, 47, 72, 109], have discretized the TFRDE on uniform
meshes. In these papers, the reaction term is considered to be constant. Further,
they have ignored the layer at £ = 0 and discussed convergence analyses under the
assumption that v is smooth on the closed domain [0,b] x [0,7]. So, the numeri-
cal methods proposed in these papers cannot produce optimal convergence in the
temporal direction for non-smooth data. Therefore, to overcome this difficulty and
improve the performance of the numerical methods, time graded meshes were con-
sidered [103]. The authors used the central difference scheme in spatial direction

and proved convergence of the numerical method.

The main objective of this chapter is to develop and analyze a new fully discrete
numerical method to solve problem (4.1)-(4.2) with smooth and non-smooth solu-
tions. The numerical method combines the L1 scheme on a uniform or graded mesh
to discretize in time and a cubic spline difference scheme on a uniform mesh to dis-
cretize in space. A graded mesh in time is considered to resolve the initial layer at
t = 0. The stability and convergence analysis of the method for both the smooth

and non-smooth solutions are given separately.
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The outlines of the present chapter are as follows. In Section 4.1, the regularity of
the solution of the considered problem is discussed. In Section 4.2, a fully discrete
numerical scheme solving problem (4.1)-(4.2) is developed. Stability and convergence
analysis of the scheme for both smooth as well as non-smooth solutions have been
established separately in Section 4.3. Further, the numerical results of the proposed
numerical method are discussed in Section 4.4 with the help of two test problems.

Finally, Section 4.5 concludes the chapter.

4.1 Regular behaviour of the solution

In this section regularity of the solution will be discussed. First, to obtain bounds on

the derivatives of the solution to the considered problem, we provide some definitions.

Definition 4.1. The fractional power £ of the operator £ is defined following
[40]:

o

D) = {v e La0.0): v o <oof. weR

k=1

here {(Me, ¢x) : k = 1,2,...} denote the eigenvalues and eigenfunctions for the

Sturm-Liouville two-point boundary value problem
Lo = —pad + qbr = M, on (0,0) with ¢(0) = ¢y, (b) = 0.

Definition 4.2. If 1) € D(.£?2), then

~ 1/2
[¥]lev = (Z 5‘2V|(¢7¢k)|2> :

k=1



Chapter 4. A fully discrete method based on cubic splines for time-fractional
reaction-diffusion equations with smooth and non-smooth solutions 106

Theorem 4.1. For eacht € (0,T), let us assume that g € D(£3), F(.,t) € D(£%),
Fy(.,t) and Fu(.,t) are in D(£?) with
<C,

IFC 05 + 1B Oy + EI a0y

for some constant ¢ < 1, where C is a constant independent of t. Then, problem

(4.1)-(4.2) has a unique solution such that

!
%(w,t)‘ < ¢ for 0<1<4,
z
8ZU a—l1
w(m,t) < c(1+t*), for 0<1<2,

where ¢ is a constant.

Proof. See [103] for proof. O

4.2 Fully discrete numerical scheme

In this section we will obtain the fully discrete numerical scheme approximating

problem (4.1)-(4.2).
4.2.1 Discretization of Caputo derivative on non-uniform
meshes

Let V; be an positive integer. We divide the interval [0, 7] into N; subintervals with

O=to<ti <---<tn, =T, At, =t, —t,—1 for 1 <n < N, where
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Here, # > 1 is the constant mesh grading. For § = 1, we will have a uniform mesh.

Caputo fractional time derivative defined in (1.14) is approximated using the L1

method at t = t,, for 1 <n < Ny, as follows

1 o
CDv(x,t,) = W/ (tn, — s)a%(x, s)ds,
n—1 t
1 e o [v(@, teg1) — U(%%)]
= - tTL — S @ dS + Rn?
i~ o) Z/ N v

xt —vxt o —a n
Q_QZ{ ’“*Altm( ’“)} [(tn = 1) = (tn = trsn) '] + BT,

LS Yot i) + (g, ) —
_ W, — Wpi) V(T —v(x,t,) — —————
L2 —a)& * YT TR - a) I(2—a)

v(x,to) + R", (4.5)

where R" denotes the truncation error term, and the coefficients w, ; are given by

(tn - tn—k)l_a - (tn - tn—k+1)1_a
Wk = . 4.6
. Aty g1 (4.6)

Lemma 4.1. The coefficients w, . satisfy [103]
(@). wn1 = A~

(0). wpe>0, 1<k<n-—1.

(€). Wnpgt1 <wWpg, 1<k<n-—1.
(
(

n—1
k=1 (wn,k - wn,k—i—l) + Wp,p = Wp1-

d).

)
e). (1—a)tn—tni) *<wpp <1 —a)tp—tpigt1)® 1<k<n-—1

Lemma 4.2. The bound of the truncation error term R™ is given in two cases as

follows:
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(a). For sufficiently smooth solution v(x,t) of (4.1)-(4.2) on uniform time spacing

with mesh width At, there exists a constant ¢ such that

|R"| < A, Vt, € (0,T). (4.7)

(b).  For non-smooth solution v(z,t) of (4.1)-(4.2) satisfying Theorem 4.1 on non-

uniform graded time spacing defined in (4.4), there exists a constant ¢ such that

|Rn| < Cnfmin{2fa,0a}7 th c (07T] (48)

Proof. See [60] for the proof of (a) and [103, Lemma 5.2] for the proof of (b). [

Now consider problem (4.1) at time level t,,, 1 < n < N,. Using the time discretiza-

tion of Caputo derivative given in (4.5), we have

n—1

wn K+l wn k) Wn1 Wnpn 82U($,tn)
t, — (2, t,) — —— v, ty) — frg——
,; Te_ay Wht pa vt - go el ) — g0
+q(ty)v(z,t,) + R" = F(x,t,), 1 <n <N, (4.9)
v(z,to) = g(x), x € [0,0],
b(0.t,) =0,  1<n<N, (4.10)
v(b,t,) =0, 1<n< N,

4.2.2 The spatial discretization

In this section, we introduce a cubic spline approximation method [81-83, 90] for the
spatial discretization of (4.9)-(4.10). Let N, be an positive integer. We divide the
interval [0, b] into N, subintervals with 0 = zg < 7 < -+ < xy, = b and x,, = mh,

0<m< N,, and h = N% Let ,,S,(z) be the cubic spline interpolate defined on
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each subintervals [z, Zp41] for all 0 < m < N, — 1 and at the time level ¢, for the
given values (V)2 of the function v(z,t,) at the nodal points wo, z1, . .., zy,. We
have

(Trmg1 — x)g (z — xm>3 h? (Tmi1 — )

h? — T
+ (V£+1 - EM:;;H) (:v—hx)7 V€ [TmTmu], 0<m <N, —1,

(4.11)

where M = ,,S/(2), 0 < m < N, —1. The following cubic spline identity relation

can be obtained using the above equation:

| VAL ) VAL V4L 1 1 1
m+1 h;n+ m—1 :éMn +6Mn +6Mn+1’ 1 SmSNx_L (412)

which ensures the continuity of ,,S/,(z) at the interior nodes.

The semi-discrete problem (4.9) at = z,,, can be written in the following form

82 ((L’m, n) 1 Wnp,1 W n — wn k+1 — Wy k)
-~ 0 = - - m7tn —_ —’ m7
Ox? e F(Z—Q)U(x ) ['2—-a) (z +; I'2—a)
X V(T tnk) + q(E0)0( T, tr) — F(pm, t,) + R"|. (4.13)

Since the exact solution v(z,t) of problem (4.1) at ¢t = t,, is approximated by the

cubic spline ,,,S,, (), it follows that ,,,S" (z,,) = M, is an approximation to %

Hence, from equation (4.13) we set

(wn,k—i-l - wn,k)

['2—a)

1 Wn1 Wn n
Mn I ) n 5
"o [ TR=a) ™ T(2-a)

VOt VR () V"

— Flam,ty)|. (4.14)
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Thus, we have

O?( Ty, th)
Mn — yn
m 0x?

+ R (4.15)

Now substitution of equation (4.14) in equation (4.12) yields the following cubic

spline approximation method for the solution v(z,t,) at x,,’s :
wn,l n wn,n 0 1 - n—k 2y/n
L gy M VO e S (W — wa) HVE T — 182,
F<2 —Oé) m P(2 — Oé) m T o (w k41— W J€> m Hd0z Vi,

k=
+q(t,)HV!=HF" 1<m<N,—1,1<n<N, (4.16)

VO =g(z,), 0<m<N,,
V=0, 1<n<N, (4.17)

Vi =0, 1<n<N,

where
SV sVt 5V, 1Sm <N -1,
Hyn =0 e (4.18)
Vo m = 0or N,,
and
I A VAL S VA
o2V = = L (4.19)
Note that
h2
HV, = (I + gﬁ) Vi, 1<m<N, -1 (4.20)

Lemma 4.3. Let T;LL be the local truncation error of the numerical scheme (4.16)-

(4.17). Then
!
O(h?, At?~2), for smooth solution on uniform time spacing,
TrZ = 4 O(h?, n~min{2=afe})  for non-smooth solution on non-uniform graded
time spacing.

(4.21)
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Proof. Note that equation (4.12) is equivalent to equation (4.16). So, the local

truncation error of equation (4.12) is given as

n, 1 n
" = ﬁ['v(l‘m_i_l, tn) — 20(m, ty) + V(Tp1,tn)] — H.M (4.22)

which on using equation (4.15) yields

) 1 *v(Tm, tn
" = ﬁ[v(l‘m_i_l, tn) — 20(Xpm, tn) + 0(Tpm1,tn)] — HC% + R".
Now using Taylor expansions, we have the proof. O

4.3 Stability and convergence analysis

In this section we provide the stability and convergence analysis for both smooth

and non-smooth solutions.

4.3.1 Stability and convergence analysis for smooth solution

First, we introduce some notation and prove a few lemmas that will be useful for

stability and convergence analysis for the smooth solution.

Let Dy, = {u|(ug, w1, ,un,),up = uy, = 0}. Then, for any u, ¥ € Dy, we define

the discrete inner product, £ norm, H' semi-norm, and £, norm as follows:

Nz—1
<u779>h =h Z Uy, - Uy “uHh =V <uau>h7
m=1

Ny

2
1ol = \[ 1D (St ) ulloe = _max ]

1<m<Np—1

m=1
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o (Um - Um—l)
where 0y, 1 = — (4.23)

Similarly, we can define ||02u||;, and ||H.ul|,. Now we define the inner product (,)g

for any grid functions u, ¥ € D), as follows

Na p2 Nel
(u,9)g = hn;éxum_é s,y = h ; 52Uy, - 620, (4.24)
and the corresponding norm is defined by
[ulls = v/ (u, u)s. (4.25)

Lemma 4.4. For any grid function u € Dy, the following inequality holds
Vb
lulloe < =5 l1dwulln.

Proof. See [95] for the proof. O

Lemma 4.5. For any grid function u € Dy, the following inequality holds
1 2 2 2
lowully < llulls < [|zullj.

Proof. From equation (4.24) we have

RS Y CEM RS Sy
n;\zl 2 m=1
< hmzl ((5xum 1) ,

= [[dzulls.
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Now
) N, 2 p2 Naol L
lulls = hz ((5 u,, %) - Eh (62um)”,
m=1 m=1

h2
= Ndeulli = Z 5wl

v

1 2
gHéqu,zl, <using the inverse estimate||d2ul|; < EH(SIuHh) :

Thus, we have the proof. O

Lemma 4.6. For any grid functions u,9 € Dy, the following result holds
No—1
s=—h Y (Heoi) - (620m).
m=1
Proof. We proceed as follows

Ny—1 N,—1 L
~h " (Hot) - (820) = —h Z (1 + —52> Uy = 020,
m=1
Nx—l N,—1
=—h > Uy 00 — h252m52
m=1
Using the discrete Green’s formula and vy = un, = 9 = Iy, = 0, we get

Ny—1 No 2 Nal

—h Y (Hott) - (6205) = by Oty 1+ 0,0, 1 — h Z 2+ 620,
m=1 m=1

= <u, 79>S

]

Theorem 4.2. The solution of the discrete problem (4.16)-(4.17) on uniform mesh
satisfies

V73 < VO3 + ¢ max | HoF|l. (4.26)
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Proof. 1t follows from equation (4.16) that

i
L

W, W, 1
—H Vo — — =" _H, VO P — n — Wy, HCV”"“ — go2vn
F(Q — ) 1—\(2 — ) F(Q — a) (U) k41 w 7k) m HdOy Vi, +

1

B
Il

q(t,)HV" = H.F".

Multiplying the above equation by —2h§2V", summing over m form = 1,2,..., N, —

1, and using Lemma 4.5, we have

i
L

2
" T(2-0a)

2wy 1 2Wpn

m” an—m(VO Vs =

(wn,k - wn,kJrl) <Vn7k7 Vn>5

1

e
Il

—2pall0zV" M5 — 2q(E) V5 — 20HE™, 07V,

which gives
n—1
(wn,k - wn,k—i—l) <Vn—k7 Vn>S

anl 2 2 2 2
—— 4+ 2q(t, Ve + 2 oovhli = —

['2-—a)
2wy

0 n\ n $2y/n
+F(2—O[) <V 7V >S 2<HCF 75:1:‘/ >h-

Thus

n—1
n n 1 n—
IV 2082V € s S (e = ) (V713
k=1

2wn 1
P2 —-a)
Wp,n

ni|2
+ HV HS) + F(2 _ Oz)

n n 1 mn
(VOIS + IVS) + 2uallozV ||i+2—“d||HcF 17

Hence,

2wn71 Wn,1

n—1
v 2 n, n. Vn k v 2
VIR < gy s IV IV

Whn

VO 2 . HCFn 2
—m_a>n I+ 5 lHFE,
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which is equivalent to

—

n—

n n— F(Q — Oé) n
Wad VIS < D (W = Waesd) VG + won VO + —5— I HFl5.
1 2414
Equivalently,
- I'(2-a)
a1V £ X (s = 00gs) IV 0 |1V + o .
k=1 n,n
Noticing that w,,, > m, we have
n—1
wo V1% < (wos = wprn) [VHI
k=1
T(1 —a)(T(1 —a))?
s 013+ U= EO= ) )
Hd
We denote
T(1 —a)(T(1 —a))?
02 12
= H.F'||;.
X = IVOIE + - . (HE
Hence, from equation (4.27), we get
n—1
Wad [VIIE < D (wak = Waess) [V IS + winx. (4.28)
k=1
Now we prove by induction that
IV*E<x, 1<n<N,. (4.29)

Put n =1 in equation (4.28) to get

VIS < x,
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which is identical to (4.29) for n = 1. Now let us assume that (4.29) holds for

n=12,...,5 —1, that is

VE<x, 1<n<j-1 (4.30)

The inequality (4.28) together with assumption (4.30) yield

j—1
wir VN5 < ) (win — wiesn) V78§ +wigx,
k=
j—1
< (Wjge — Wiks1) + Wi | X = wjnx.
k=1
Thus, (4.29) holds for all n. Hence, we have the proof. O

Now we will prove the main convergence theorem.

Theorem 4.3. Let v(z,t) be the sufficiently smooth solution of problem (4.1)-(4.2)
and let {V",0 < m < N,,1 < n < N;} be the solution of the discrete problem

4.16)-(4.17) on uniform mesh. Then, the following result holds
( g
lv(., 1) — Voo < c(h® + A7),

Proof. Recall that the exact solution of the considered problem (4.1)-(4.2) is v(2y,, t,)
at © = x,, and t = t, and V" is the approximate value of v(x,,,t,). Now we define

el = v(Tm,ty) — V" for 0 <m < N, and 1 <n < N,. Since v(x,,,t,) is the exact

solution, from (4.16) we have

n—1
wn,l

I'2-a)

W,y 1

mHCU(xm, to) + =——— (Wn k1 — Wn k)

Hc m7tn -
vl ) I'(2-a) =

X Hoo(p, th—k) — ,udéﬁv(xm, tn) + q(tn) Hoo(xm, t,) = H.E) + T,:fb,

1<m<N,-1,1<n<N,. (4.31)
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Using (4.16)-(4.17), it is evident that the error equation is given by

n—1
Wn,1 1 —k 2 -
: ch n — Wn ch — padge, ln ch:Tn’
F(Q — (X) Cm T F(Q — O./) (w k41 — W Jﬂ) €m Hd0yCp, + Q< ) Cm m
k=1
1<m<N,—1,1<n<N, (432
e =0, 0<m< N,
G=0, 1<n<N, (1.3

Now applying Theorem 4.2 for the error equation (4.32)-(4.33) we have

12 < [)2 <n<N,.
e Hs_clg}gggtHT 5, 1<n<N

Now for the smooth solution on the uniform mesh, Lemma 4.3 implies that

max ||TY], < e(h? + At>9),
1<I<N,

™15 < c(h? + At?~*)2. (4.34)

Thus, using Lemmas 4.4 and 4.5 with equation (4.34), we have
b 3b
le™ll% < Zlowully < Flle™lls < e(h® + A7),

Hence,

[v(stn) = V™Moo < c(h® + A7),

Thus, we have the proof. O
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4.3.2 Stability and convergence analysis for non-smooth so-

lution

Now we provide the stability and convergence analysis of the numerical scheme
(4.16)-(4.17) on a non-uniform graded mesh for the non-smooth solution. Owing
to the presence of the cubic spline difference operator, we were unable to pursue
the analysis on a graded mesh as recommended in [103]. Instead, we employed
the Fourier analysis method to investigate stability and convergence of the discrete

problem (4.16)-(4.17) on the non-uniform graded mesh.

Let the scheme (4.16)-(4.17) having a perturbed solution {‘7727 1<m<N,—-1,1

IN

n < N;}. Then, we will examine how the perturbation (" = V" — ‘~/m", 1 <m<
N, —1, 1 <n < N, evolves over time. Note that (] satisfies the following error

equation

wn,l

w 1 -
T Ho (= H G = > (Wagt — W) He G — p1ad2C
INCE) m Cm+r( hfw$ﬂ Wnge) HeGo™™ — p1adz G

['2-—a) 2 —a)

+q(tn)HLC, =0, 1<m<N,—1,1<n<N, (4.35)
(ang(mm)—g(:ﬁm), 0<m< N,
=0 1<n<N, (4.36)

Cy, =0, 1<n< N,

where g(x,,) = ‘7,2 Further, utilizing the Definition 4.18, we could easily obtain the

following scheme

—_

Lo
I'2—a)

* M * M * N wnm
AiGmg + AsGn T ALGy = T2 —a)

m

Hccgn + (wn,k - wn,k+1>

1

£
Il

x HCF 1<m <N, (4.37)
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where
1 Wn,1 Hd 41 wnpa 214
Al == |——— )| — =, A== |——"— tn —. (438
=5 [Fte )] - =g et e+

For 0 < n < N,;, we define the following grid function

n ifxe(x T ],1§m§Nx—1,

a)=9 " e
0, if z€[0,4]U(an, —2 2n,].

The Fourier series expansion of the grid function ¢"(z) is defined by

@)= 3 ek (4.39)

k=—00

where £"(k) is the Fourier coefficient of ("(x) and is given by

ew = [ oW e

«TNQC

To facilitate our analysis, we define the following norm

Ny—1 1/2
1¢" 1 = (Z h|<;2|2) , 0<n <N,
m=1

With the help of Parseval identity, we obtain

. 1/2
1<)l = [xzvx > |§"(k)|2] , 0<n <N (4.40)

k=—o00

We assume the solution of the equation (4.35)-(4.36) takes the following form

(= Ererm, (4.41)

m
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where i = /=1, p = 2% Substituting (4.41) in (4.37), we could easily obtain

n—1
n * % * * —1 1 n—
& (Al + A+ Aje™") = TZ—a) 2 (W ke — Wngr1)E" " 4wy, n§0]
1 401
X(?M+6+Eemv’1§n<M

Using Euler’s formula, we simply obtain

n—1
1 1
€" (2A7 cos (ph) + A3) = = (2cos (ph) + 4) (Wnk — Whget1)E —k
6 ['2—a) P
Wn,n 0
1<n<N.
+ F(Z _ a)g ] ) n t

The above equations can be simplified to

Wn,n n—1 n—
[F(Qia)fo + F(Zl—a) > ket (Wnk — Wnk1)€ k]

"= ;
W, 124 _(1—cos(ph))
[—F(Q_la) +a(ta) + 5545 cos?(();hﬁ;+4)}

1<n<N,. (4.42)

In the following lemma, we analyze the solution £” in order to establish the stability

of the numerical scheme (4.16)-(4.17).

Lemma 4.7. Consider £" to be the solution of equation (4.42). Then,
€ < 1€, 1<n < N,

Proof. We shall establish the validity of this statement by employing the principle

of mathematical induction. By substituting n = 1 into equation (4.42), we obtain

w1,1 0
€' = fa=o)d

w1,1 t 12ug (1—cos(ph)) < |§0|7
I'(2—a) + q( 1) + h?  (2cos (ph)+4)
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since, ¢ > 0 and pg > 0. Now, let us assume that

€' < [€°], forall 1 <1<n—1. (4.43)

Next, for | = n, from equation (4.42) with Lemma 4.1 and assumptions (4.43), we

get
Wn,,n n—1
162+ Ty 2ohet (W — Wakr) |[€°]
"] < o) < [¢°,
W, 12 1—cos
r(z_la) + q(tn) + 5 (2 cos (pis+4)
Thus, we have |€7| < |€°], for all 1 < n < N;. O

Theorem 4.4. The cubic spline difference scheme given by (4.16)-(4.17) on a non-
-uniform graded mesh for the mon-smooth solution, for solving the model problem

(4.1)-(4.2) is unconditionally stable.

Proof. By considering equation (4.40) and Lemma 4.7 together, one can obtain the

following inequality

293 léo(k)IZI = [¢"ln, 1< <N

k=—o00

1" 1 = lm > |£“<k>|2] <

k=—o00

(4.44)
Thus, [|[("||ln < |I€°)ln, 1T < n < N;. Hence, the numerical scheme given by (4.16)-

(4.17) is unconditionally stable. O

Recall that the exact solution of the considered problem (4.1)-(4.2) is v(x,, t,) at
r =z, and t = t, and V" is the approximate value of v(x,,,t,). Now we define
el = v(Tm,tn) — V' for 0 <m < N,, and 1 <n < N,. Since v(x,,t,) is the exact

m

solution, from (4.16) we have

i
L

Wnp 1

['2-a)

Wy, 1

Ho(zp,t,) — chU(xm:tO) + m

(wn,kJrl - wn,k)

e
Il
—
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X Hoo(zm, tak) — uddiv(:vm,tn) + q(tn) Hoo(xm, t,) = H.F + T:}l,

1<m<N,—1,1<n<N, (445)

Using (4.16)-(4.17), it is evident that the error equation is given by

—_

n—

Wn,1 1

@ ey 2 (W = wni) Heep ™ = puadiey, +qta) Heey, = T,

1

B
Il

1<m<N,—1,1<n<N, (446)

e =0,0<m<N,,
ey =0,1<n<N, (4.47)

e =0,1<n <N,

Equation 4.46 can be restated as

1 1 1 (wn n—k+1 — Wn n—k’) k
gt Hen : nk) g
ro—a) T Heen t oy kz_; Wn s e
= M 2en g ) < <N, —1,1<n<N, (4.48)
Wn,1

where T = % Now combining Lemma 4.1, Lemma 4.3, and a result from [103,

Eq. (5.1), p.1069], we arrive at

n 2 — min{2—a,0a} h? — min{2—a,fa}
| = I Sc(h +n ):c( +n )
wn,l Wnp,1 Atga

<c (h2 + Atzn— min{2—a,9a})

O
<c (h? +(CT)° (%) n" min{Q—aﬁa}>
t

2 af M min2-ada) — min{2—a,0a}
<c|h"+(CT) N n ’ :
t
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since ﬁt < 1 and C'is a generic constant independent of time and space step-lengths.
Therefore, we write

T < ¢ <h2 LN min{Hﬁa}) . (4.49)

Moreover, in view of cubic spline operator H. defined in (4.18) we obtain the fol-

lowing equivalent form of the scheme (4.48)

n

-1
1
Asen T Asen, + Asen, = w5 —— (w1 — wn,k‘-i-l)HcEnm_k + T
2 —a) &=
1<m<N,—1,1<n<N,  (450)
where
1 1 q (tn) Jd 4 1 q(tn) 244
Af = = _ A* = — .
U6 (T(2-0) + Wh, 1 } w, h? Tt 6 | T(2—a) + Wh, 1 + wy, 1h?
(4.51)
Further, for 0 < n < N;, we define the following grid functions
en, if z € (xm_;,mer;} , 1<m< N, —1,
57},(:1:) — 2 2
O, if xe [07%}U(INQC—%,ZL‘N$],
and
Jr, it x e (mmfl,xm#] , 1<m<N, -1,
W(ZL’) — 2 2
0, if xe [0, %] U (xNz — %,xNJ .
The Fourier series expansions of €"(z) and T"(x) are defined by
e _2mka
)= D ke (4.52)
k=—0oc0

and
@)= 3 v (k)e N (4.53)

k=—0oc0
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where the respective Fourier coefficient ¢"(k) and v"(k) are defined by

1 TNy _ 2mkx
o" (k) = —/ e"(x)e “Nedz,
0

:IZ'NI

and
1 2rkx

v (k) = —/ ’ T"(z)e N+ dx.
0

[L’Nz

By virtue of the L£s-discrete norm definition and Parseval’s equality, we have

k=—o0

N1 1/2 - 1/2
le™lln = (h > |€ZZ|2> = [xm > |90”(7f)|2] , 1<n< N,  (454)
m=1
and
N1 1/2 ~ 1/2
1T = (h I‘J',?L|2) = [xm > W‘(k)|2] , 1<n< N, (4.55)
To proceed further, we assume that
(pnezpmh (‘T:ln — Unezpmh7 (456)

where i = /=1, p = ZE_ Substituting (4.56) into (4.50), we could easily obtain

n—1
(A* iph +A* A* —lph) — 2 — [Z Wnk — Wn, k+1)30n_k]
Oé k=1 m1
1. 4 1 _;
X (éemh + 6 + ée_wh) + 'Un7 1 S n S Nt.

Further, Euler’s formula yields

* n—1

'I.Un k— Wy k+1)¢n_k + Un
§ )

k:l Wn,1

©" (2A5 cos (ph) + A)) =

2—a
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where Af = w. The above equations can be simplified to
Af n—1 (Wp g —wy n— n
F(2—5a) [ A ( ,kwnyl,kﬂ)sp k] + v

A3 |:1"(217a) T Z,Etn)} + gz (1 — cos(ph))

n,1l wn,1h2

. (4.57)

The series presented in equation (4.55) converges. Hence, there exists a positive

constant C] such that

[v"] = [v™(k)| < CL AV, (4.58)
where we set At = max Af,.
1<n<N;
Lemma 4.8. Forn=1,2,..., Ny, we have
lo™| < 30(2 — a)Cy(1 + AD)"|v!]. (4.59)

Proof. We shall establish the validity of this statement by employing the principle
of mathematical induction. By substituting n = 1 and using ¢° = 0 into equation

(4.57), we obtain

1

v
o S Era— m—— (4.60)
A [ty 2] + 2 (1~ cos(oh)
Moreover, for n > 1, note that
1 q(ts) 24t Az 1
A 1— n) > > (461
| Te—a) wn,l} T L eosPh) 2 5T 2 are Ty (6D

Therefore, using (4.61) in (4.60) for n = 1, we get

' <30(2 — ) [o!] <302 — a)Ci(1 + At)[o'. (4.62)
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Now, let us assume that

'] <302 — a)Cy(1 + Ao, forall 1 <1 <n—1. (4.63)

Next, for | = n, from equation (4.57) with Lemma 4.1, equation (4.58), and equation

(4.61) we get

n—1
AE (wn,k - wn,k—i—l) max | j|
I'(2—a) =t W1 1<j<n—1 B
|S0n| < — A% + T
L(2—a) 3r(2-a)

Further, using the assumptions (4.63) with Lemma 4.1, we get

n

<3I(2 — a)Ci (1 + A" Ho'| + 30(2 — ) Oy (1 + At) [0

I
=3T(2 — a)C; ((1+A8)" " + (14 At)) [v'].

Ultimately, we write

" < 30(2 — a)Cy (1 + At)*|v!].
Thus, we have the lemma. O

Theorem 4.5. Let v(x,t) be the non-smooth solution of problem (4.1)-(4.2) and let
{Vir.0 <m < N,,1 <n < N} be the solution of the discrete problem (4.16)-(4.17)

on non-uniform graded mesh. Then, the following result holds
o = Vil < e (B2 4 Ny ).
Proof. Utilizing both equation (4.49) and the first equality of (4.55), we arrive at

1T < ev/Noh <h2 TN min{*a’ga}) . (4.64)
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By invoking Lemma 4.8, along with equations (4.54), (4.55), and (4.64), for 1 <n <

Ny, we can deduce the following estimate

Il =an, Y " (k)

k=—o00

<y, > (3T(2—a)Ch)* (1 + AL o' (k)|

k=—0o0
= (302 = )C1) (1+ At | T3
. 2
< ENA 2 = a)Cr) (1+ A (24 N mnEme0))

2

<N,h (3T(2 — a)C1)? exp(2nAt) (h2 TN mi“{2—a"’“})
Moreover, by noting the fact that nAt < T, we obtain
||€th S c (h2 + Nt—min{2—o¢,9a}> )

This completes the proof. [

4.4 Numerical results

In this segment, we present results for two numerical examples to assess the practical
performance of the proposed numerical scheme. If v(x,,,t,) and V(z,,,t,) are the
exact and approximate solutions of problem (4.1)-(4.2) respectively at the point
(Zm, t,), then the accuracy of the numerical solution will be measured as follows

Loo(h,Al) = ||lv = V]|oo = max  max |v(Tm,t,) — V(Tm, tn)], (4.65)

1<n<N; 1<m<Nz—1

Ngz—1

Lo(h,At) = |lv — V]l = max ,|h Z (V(Zms ) = V (s 1)) (4.66)

1<n<N;
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The following formula is used to evaluate the order of convergence

logs (§§EZ§2§> , in time,

cov.order =

(4.67)

logs (éigg;ig) , in space,

where [ = 2 or oo.

Example 4.1. Numerical calculations are performed for an example on the assump-
tion that the function v(z,t) = (1+t2+t37*) sin(wz) is the exact solution of problem
(4.1)-(4.2) with b =1, T'= 1, and coefficients p1g = 1, q(t) = 1 —sin¢. This text ex-
ample is corresponding to the smooth solution, so we have solved it using a uniform

mesh.

Tables 4.1, 4.2, 4.3, and 4.4 represent the numerical results obtained for Example
4.1. Tables 4.1 and 4.2 show the L.-error, Lo-error and the respective orders of
convergence for multiple values of fractional order o with N, = 2000. From these
tables, it can be seen that as the partition number N, increases, the errors decrease
as expected. Also, these tables indicate that the order of convergence in the tem-
poral direction is numerically calculated almost as (2 — «), which is in agreement
with Theorem 4.3. Table 4.3 display the £-error and respective spatial orders of
convergence that are evaluated for N; = 1000, and different spatial mesh spacing h
with a = 0.5. Similarly, Table 4.4 shows the Ls-error and the corresponding orders
of convergence with V; = 4000 and o = 0.8. From Tables 4.3 and 4.4, we observe
that the numerical results are similar for both schemes (marginally better for the

present scheme).

In Figure 4.1, a comparison between the exact solution and the numerical solution
of Example 4.1 is shown at different time levels when o« = 0.8 and N, = N, = 100.

From the graph, we can observe that the numerical solution matches well with the
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exact solution. In a similar manner, Figure 4.2 represents the numerical solution of

Example 4.1 for various fractional orders o at x = 0.1.

Example 4.2. Numerical calculations are performed for an example on the as-
sumption that the function v(x,t) = (t* + t3)sinz is the exact solution of problem
(4.1)-(4.2) with b = 7, T'= 1, and coefficients uq = 1, ¢(t) = 1 —sint. This test
example is corresponding to the non-smooth solution, so we have solved it using the

non-uniform mesh defined in (4.4).

In the case of non-smooth solution the order of convergence in temporal direction is

N, min{2-a.fa}, So, if we take 8 = 1, then we obtain the convergence order as a. If
we choose 0 = (22_—aa), then we obtain the convergence order as (2_70‘), and if we take

0> (2?70‘), then we have the optimal order of convergence (2 — «). So, for solving

Example 4.2 we have considered 6 = (Q?Ta)

Tables 4.5, 4.6, 4.7 and 4.8 display the numerical results obtained for Example
4.2. Table 4.5 represents the £ -error and the respective order of convergence for
multiple values of the fractional order a. The results of this table indicate that on a
non-uniform mesh, the order of convergence in the temporal direction is numerically
calculated as Nt_(Q_a), while on a uniform mesh, it gets reduced due to the singularity
present in the derivative of the solution. Similarly, Table 4.6 represents Lo-error and
the respective order of convergence in temporal direction for multiple values of the
fractional order a. The results obtained on both uniform and non-uniform meshes
are compared in this Table, showing that the latter provides convergence order

Nt_(Q_a) that validates the theoretical findings.

Tables 4.7 and 4.8 show that the £ -error and Lo-error evaluated for N; = 4000 and
different spatial mesh spacing h with a = 0.3 and « = 0.6 respectively, decrease by

decreasing the mesh spacing h. These tables also show that the convergence order
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TABLE 4.1: (Example 4.1) L-error and corresponding temporal order of con-

vergence with h =

1

3000
N, 10 20 40 80 160
a=01 3.6130e-04 1.0854e-04 3.1671e-05 8.8258e-06 2.1473e-06
1.7350 1.7770 1.8434 2.0392
a=0.2 9.6852e-04 3.0566e-04 9.4224e-05 2.8357e-05 8.1730e-06
1.6639 1.6978 1.7324 1.7948
a=04 3.5431e-03 1.2458e-03 4.2926e-04 1.4579e-04 4.8849e-05
1.5079 1.5371 1.5580 1.5775
a=0.6 9.8524e-03 3.9060e-03 1.5212e-03 5.8606e-04 2.2416e-04
1.3348 1.3605 1.3761 1.3865
a=0.8 2.4366e-02 1.0970e-02 4.8636e-03 2.1383e-03 9.3573e-04
1.1513 1.1734 1.1855 1.1923
a=09 3.7217e-02 1.7877e-02 8.4686e-03 3.9824e-03 1.8654e-03
1.0578 1.0779 1.0885 1.0941

in the spatial direction is two, and this is in agreement with the theoretical order
of convergence. Moreover, from both these tables, we observe that the numerical

results are similar for both schemes (marginally better for the present scheme).

Figure 4.3 represents the surface plots of the absolute error on both uniform and
non-uniform meshes with N, = N; = 60 and o = 0.5 for Example 4.2. It can
be seen from this graph that towards the initial time, the error increases, and our
method provides much better results on non-uniform meshes than on uniform ones.
In Figure 4.4, a comparison between the exact solution and the numerical solution
of Example 4.2 is shown at different time levels when o« = 0.4 and N, = N; = 100.
From this graph, we can observe that the numerical solution matches well with the
exact solution. In a similar manner Figure 4.5 represents the numerical solution of
Example 4.2 for various fractional orders o at x = 0.1. We observe here that as the

fractional order o decreases, the layer becomes sharper at starting time ¢ = 0 in the

solution.



Chapter 4. A fully discrete method based on cubic splines for time-fractional

reaction-diffusion equations with smooth and non-smooth solutions 131
TABLE 4.2: (Example 4.1) Ly-error and corresponding temporal order of conver-
gence with h = WIUO'
N, 10 20 40 80 160
a=0.1 2.5548e-04 7.6750e-05 2.2395e-05 6.2408e-06 1.5184e-06
1.7350 1.7770 1.8434 2.0392
a=0.2 6.8485e-04 2.1613e-04 6.6626e-05 2.0052e-05 5.7792e-06
1.6639 1.6978 1.7324 1.7948
a=04 2.5053e-03 8.8091e-04 3.0354e-04 1.0309e-04 3.4541e-05
1.5079 1.5371 1.5580 1.5775
a=0.6 6.9667e-03 2.7620e-03 1.0756e-03 4.1441e-04 1.5851e-04
1.3348 1.3605 1.3761 1.3865
a=0.8 1.7229e-02 7.7568e-03 3.4391e-03 1.5120e-03 6.6166e-04
1.1513 1.1734 1.1855 1.1923
a=0.9 2.6316e-02 1.2641e-02 5.9882e-03 2.8160e-03 1.3191e-03
1.0578 1.0779 1.0885 1.0941

TABLE 4.3: (Example 4.1) L-error and corresponding spatial order of conver-
gence with a = 0.5, N, = 1000.

Proposed work

Method in[103]

N,  L-error cov.order,, L ,-error cov.order,,
23 3.3226e-02 - 3.3644e-02 -

24 8.3785e-03 1.9943 8.3785e-03 2.0056

2° 2.0820e-03 2.0020 2.0975e-03 1.9980

26 5.1539e-04 2.0142 5.2947e-04 1.9860

27 1.2362e-04 2.0598 1.3760e-04 1.9441

TABLE 4.4: (Example 4.1) Lo-error and corresponding spatial order of conver-

gence with a = 0.8, N; = 4000.

Proposed work

Method in[103]

N,  Ly-error cov.order,, Ly-error cov.order,,
23 2.2849e-02 - 2.3141e-02 -

24 5.7267e-03 1.9964 5.7711e-03 2.0035

25 1.4227e-03 2.0091 1.4517e-03 1.9911

26 3.4527e-04 2.0428 3.7334e-04 1.9592

27 7.5822e-05 2.1870 1.0383e-04 1.8463
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FIGURE 4.1: Numerical solution (starred line) and exact solution (solid line) of

X

Example 4.1 with o = 0.8 and N, = N; = 100 at different time levels .

TABLE 4.5: (Example 4.2) Lo-error and corresponding temporal order of con-
vergence.
Uniform Non-uniform
mesh mesh

« N, =N; L -error cov.order; L -error cov.order;
0.3 20 3.4921e-02 3.4958e-03

27 3.0265e-02 0.20644 1.2167e-03 1.5226

28 2.6020e-02 0.21803 4.0890e-04 1.5732

29 2.2196e-02 0.22933 1.3439e-04 1.6053

210 1.8797e-02 0.23974 4.3748e-05 1.6191
0.6 20 1.4920e-02 4.5285e-03

27 1.0285e-02 0.53674 1.7910e-03 1.3383

28 6.9937e-03 0.55642 6.9722e-04 1.3611

29 4.7098e-03 0.57041 2.6878e-04 1.3752

210 3.1504e-03 0.58010 1.0298e-04 1.3840
0.9 20 8.5141e-03 1.0276e-02

27 3.9694e-03 1.1009 4.8262e-03 1.0903

28 1.8403e-03 1.1090 2.2567e-03 1.0966

29 8.5019e-04 1.1141 1.0529¢-03 1.0999

210 3.9180e-04 1.1177 4.9066e-04 1.1015
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FI1GURE 4.2: Numerical solution of Example 4.1 for different o at = 0.1.

TABLE 4.6: (Example 4.2) Lo-error and corresponding temporal order of conver-

gence.
Uniform Non-uniform
mesh mesh
« N, =N; Lo-error cov.order; Lq-error cov.order;
0.3 26 4.3766e-02 4.3814e-03
27 3.7931e-02 0.20644 1.5249e-03 1.5226
28 3.2611e-02 0.21803 5.1248e-04 1.5732
29 2.7818e-02 0.22933 1.6844¢e-04 1.6053
210 2.3559e-02 0.23974 5.4862e-05 1.6183
0.6 26 1.8700e-02 5.6756e-03
27 1.2890e-02 0.53674 2.2447e-03 1.3383
28 8.7653e-03 0.55642 8.7383e-04 1.3611
29 5.9028e-03 0.57041 3.3687e-04 1.3752
210 3.9485e-03 0.58010 1.2907e-04 1.3840
0.9 26 1.0671e-02 1.2879e-02
27 4.9749e-03 1.1009 6.0487e-03 1.0903
28 2.3064e-03 1.1090 2.8284e-03 1.0966
29 1.0656e-03 1.1141 1.3196e-03 1.0999
210 4.9105e-04 1.1177 6.1495e-04 1.1015
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TABLE 4.7: (Example 4.2) L-error and corresponding spatial order of conver-
gence with oo = 0.3, N; = 4000.

Proposed work Method in[103]
N, L oo-error cov.order,, L o-error cov.order,,
23 1.3521e-02 - 1.3546e-02 -
24 3.3735e-03 2.0029 3.3935e-03 1.9970
25 8.3599e-04 2.0127 8.5577e-04 1.9875
26 2.0159e-04 2.0521 2.2135e-04 1.9509
27 4.3312e-05 2.2186 5.8081e-05 1.9302

TABLE 4.8: (Example 4.2) Lo-error and corresponding spatial order of conver-
gence with o = 0.6, Ny = 4000.

Proposed work Method in[103]
N, Lo-error cov.order,, Lo-error cov.order,,
23 9.2952e-03 - 9.3135e-03 -
24 2.3111e-03 2.0079 2.3413e-03 1.9920
2° 5.6608e-04 2.0295 5.9704e-04 1.9714
20 1.2989¢e-04 2.1237 1.5758e-04 1.9217
27 2.0844e-05 2.6396 4.2217e-05 1.9002
x107
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(a) On uniform mesh (b) On non-uniform mesh

FIiGURE 4.3: surface plots of absolute error of Example 4.2 with N, = N, = 60
and a = 0.5.
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FIGURE 4.5: Numerical solution of Example 4.2 for different o at = 0.1.
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4.4.1 Applications

Here, we provide applications of the considered time-fractional reaction-diffusion

model.

e Through heterogeneous media, we can summarize tracer transport by using
the following time-fractional convection-diffusion model [106]:

2
0% (x,t) N aaﬁ(:c,t)

5070w 1) ~ pa— -

=0, (z,t) € (0,b) x (0,T], (4.68)

where p4 is the diffusion coefficient, a is the mean flow velocity and «(t) € (0, 1)
is the temporal fractional order of differentiation which may be a variable or
a constant. As we know the transient dispersion generalizes the transient
anomalous dispersion. In [106] it is stated that the model (4.68) can also
summarize a transient sub-dispersion. Thus, by taking «(¢) = a and using the

following exponential transformation
Iz, t) = e/ 2y (z 1) (4.69)

in equation (4.68), we can get the following time-fractional reaction-diffusion

model

0*v(x,t)

(?D?U("L‘at) — Hd 81'2’ + CLU(ZE,t) =0, (I’,t) € (Oa b) X (OvT]a (470)

where 0 < a < 1. The model problem (4.70) is a particular case of the
time-fractional reaction-diffusion model (4.1) with variable coefficients. There-

fore, we can easily solve the model problem (4.70) by the proposed numerical
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method (4.16)-(4.17) to describe the anomalous uranine transport in a pseudo

one-dimensional fractured porous medium.

» To model gas transport through heterogeneous soil and gas reservoirs, Chang

et al. [16] used the following time fractional convection-diffusion equation:

619(x,t)+ 0%9(z,t)
“ox P g2

SDM)(2,t) = — 0<a<l, (4.71)

where ¥ is is the gas concentration, a is the average pore velocity and g
is the diffusion coefficient. In [16], the authors first considered the integer
order convection-diffusion model, and since fractional derivatives can reflect
the history dependence and path of the mass particles, therefore to model gas
transport in natural media without mass insertion, they generalized it to the

fractional order model.

Further, we can use the exponential transformation given in equation (4.69)
and obtain the time-fractional reaction-diffusion model (4.70), which can be
solved using the proposed numerical method (4.16)-(4.17) to model gas trans-

port through heterogeneous soil and gas reservoirs.

4.5 Conclusion

The present numerical scheme with the L1 approximation method in time discretiza-
tion on a non-uniform graded mesh and the cubic spline approximation method on
a uniform mesh in spatial discretization is a satisfactory way of solving the time-
fractional reaction-diffusion equation. The cause behind the use of a non-uniform
graded mesh is that for the typical (non-smooth) solution, we are required the grad-

ing of the mesh in a way that the mesh should be finer near ¢ = 0 for handling the
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singular behaviour of the solution near ¢ = 0. We have observed that a non-uniform
mesh used for the typical (non-smooth) solution gave good results than a uniform
mesh. The proposed method is shown to be unconditionally stable. In addition,
convergence analysis is given separately for both smooth and non-smooth solutions,
and it is shown that the proposed method gives optimal convergence results for
both smooth and non-smooth solutions. The robustness and accuracy of the pro-
posed method are demonstrated with the help of two test examples. The obtained
numerical results show that the method accurately approximates the problem and

the results are in line with the theoretical analysis.

— 0 ——————



