Chapter

Higher-order stable numerical algorithm
for the variable-order time-fractional

subdiffusion equation

In this chapter, we have designed a higher-order stable numerical algorithm for the variable-
order time-fractional subdiffusion equation by finite difference method. We have applied
the newly designed approximation of the variable-order Caputo derivative and a central
difference scheme for the spatial derivatives. The full discrete scheme for the problem is
constructed, and its matrix representation is given in Sect. 3.2. The theoretical stability
of the numerical scheme is discussed in Sect. 3.3. The numerical results and discussion
of different cases are covered in Sect. 3.4. The comparative studies are also provided to
show the effectiveness and accuracy of numerical scheme. The chapter concludes in Sect.

3.5.
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3.1 Introduction

In this paper, we proposed a new numerical approximation for variable order Caputo
fractional derivative of order 0 < «a(s¢,t) < 1 by using the idea of interpolation. Later, a
numerical scheme is presented by using finite difference approach for variable order time

fractional sub-diffusion equation (VOTFSDE).

3.1.1 Formulation of the problem

Consider the following variable-order time-fractional subdiffusion equation (VOTFSDE)

[64]:

R

du(r,t) 1—a(r) | 9*u(r,t)
rD 5,2 +f(r,t) (3.1)

with initial condition

u(r,0) = o(r), (3.2)
and the Dirichlet boundary condition

u(0,t) = Uy(t), u(L,t) = Uy(t). (3.3)

For the function f(r,t), the Riemann-Liouville integration of order a(r,t) > 0 is given as
[13]
ReDL () =

L — )= (r s5)ds
Ty / (t—s) £(r, 5)ds. (3.4)
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Applying Riemann-Liouville integration in time in (3.1), we obtain

—(1—a(r,1)) au(r,t) _ 8211(7”,1'_) —(1—o(r,t))
RLDO,t T T + RLDO,t f(r,t). (3.5)
Now, using the property
_ n . t— a)a(r,t)—j
p-or (L paltrd gy 4y - platr=ig ( .
RLZat (RL at ) (rt) Z [RL at (T’t)}t:a T(a(r,t)—j+1)

j=1
(3.6)

Here, (n — 1) < a(r,t) < n. For the function f(r,t), the relationship between the Caputo

and Riemann-Liouville derivative is given by [13]

n—1
T 1 Z zZ— T
RLDZ(tT"t)f(T,t) = CD(C;.(t 7t)f(7”, t) + Z Tz +1—a(r t))f (r,a)(t—a) a(rt), (3.7)
z=0 ’
For n = 1, The form of the relationship is
a(r, a(r, 1 —a(r
RLDa,(t f(r,1) = CDa,(t VE(r,1) + mf(rﬂ)(t —a)7Y, (3:8)

After using the relation (3.8) and (3.6) in eqn. (3.5), we obtain

0%u(r,t)

CD(c)x’(tr,t)u(r? t) = 7

+ Do (). (3.9)

Hence, the problem (3.1) has been transformed to the following VOTFSDE

o*u(r,t)

9,2 +g(r,t) (3.10)

CD&(tr’t)u(T, t) =

with initial and Dirichlet boundary conditions

u(r,0) = ®(r), (3.11)

u(0,t) = y(t), u(L,t) = Po(t). (3.12)
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where

(rt) = oy DOy 1 t_f(rm)
A8 = ) = i |,

Here CD& (tr’t) denotes the VO Caputo type differential operator of order a(r,t), where
(0 < a(r,t) < 1). The VOCD is defined as

1 t
‘ e [t —s)" O (r s)ds, n—1 < ar,t) <n,
CD&(J ’t)u(T’, t) = I'(n—a(r,t)) °

u'(r,t), o«(r,n)=necN.

(3.13)

The main contribution of this chapter are given below.

We have used the 1.-123 approximation [188] of the VOCD of order (0 < «(r,t) < 1).

e A difference scheme is designed for solving variable-order time-fractional subdiffusion

equation. The scheme has been proven to be completely stable.

e Computational algorithm is also provided for a better understanding of proposed

numerical scheme.

e Three numerical examples are tested to validate the proposed numerical method.

Precise and higher order of convergence can be shown in numerical results.

e A comparative studies with [1, 35] are also provided to show the accuracy and

effectiveness of the proposed numerical scheme.
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3.1.2 L-123 approximation for the variable-order Caputo

derivative
The L-123 approximation for the variable-order Caputo fractional derivative of order

a(r,t) € (0,1) is provided in [188]. Let Df (%) pe the approximation of the variable-

order Caputo derivative § Dy (nte)g (r,t), therefore,

]D)Oé(f‘ntz)f . _ Fl=a(nts) n, tz)é z ba rtz) S
t (T’,) Za tf I7] )+Z (t(H]l)

t=t, I[(2—a(n,t,)) =

T‘.,tJ 3 "‘ZBQ(T itz) 5t n»tj_é)_26tf(natj_§)+5tf(7"i>tj_g))>

(3.14)
1 a(r,tz)
_ a(ni;ts)
T T2 —a(mt,) ;T Oty ) (3.15)
Forists) alnts) k—1 ralnty) _ palnes)
= T a0t = 3 (TS - ()
1y 'z J:1
- Tff’{’t”f(r.,to)) (3.16)

Lemma 3.1.1 ([188]). For any a(n,t,) (0 < a(n,t,) < 1), we have

° ﬁj(a(h»tz)) >0, J <0;

o pot)

) decreases strictly monotonically for j =0,1,2...z — 1.

Lemma 3.1.2 ([188]). For any a(n,t,) (0 < a(n,t,) < 1), and Tj(a("”tZ)) 0<j<z-1l,z>

4) defined, it holds

)

. it 5 platn),

2. T 50,5 £ 1

3. TEOWD) 5 plabie)) 5 5 plate),
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4. rletntd) o pla),

5. Yoy 1) = (-l

Proof. The proof follows [185]. O

Theorem 3.1.1. Suppose f(r,t) € C?f([(), L] x[0,t,]). For any a(n,t,), ]ﬁ)f("’tz)f(r,t)h:tz
is defined in (3.14). R(f(n,t,)) is showing the truncation error, |R(f(7,t,))|

= OCD?(n’tZ)f(r,t)h:tz — @?(n’tz)f(r,t)h:tz. Then we get

alfiyts)  yofalnit) g £ (1), (3.17)

[R(f(n,t1))] < B = a(n, b)) to<t<ts

a(n,t,) 1 Z —a(nts)—1 A43
» < — a(rjtz A
|R(f(7|7t2))| — F(l (nytz)) (12 tOIISl?JSth |f (t)l(t2 t]-) t

1 1 1 1
— - : f (t At3—a(7‘|,tz)

(3.18)

|R(f(n,t.))

a(r,ty) 3 B 9 1 B B
< b2 19(t, — a(n,t,)—1 f A3+ = L — a(nts)—1
| = F(l — Oé(?”i,tz)) ( (t tl) tgréltagxtl | (t)| 7+ 8(t t2)

max [ (t)|At* +
to<t<to

7_|_7

1 127—10a(n,t,) +al(n,t,)?
<2 12 P (afri, t,)i) )

to<t<t,

max |f4(t)|At4_a(”’tZ)>, z> 3. (3.19)

Proof. Similar described in [185]. O
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3.2 Numerical algorithm for the variable-order time-

fractional subdiffusion equation (VOTFSDE)

We have suppose the domain U(r,t) = [0,L] x [0, T]. Let’s suppose h = L/M and 7 =
T/N, where M and N be the number of grid points in both space and time, respectively.
rn=1ih,i=0,1...Mand t, =27, z=0,1...N. Where nr, and t, stand for space and time

grid points.
The VOTFSDE at the any grid point (7;,t,) can be expressed as:

0%u(n,t,)

OCD?(n’tZ)f(T,tﬂt:tz = 5,2

+gf, (3.20)

where boundaries are u! = ®(n),i = 0,1,2...M; u) = Vi(ty); iy = Ya(ty), z =

i
1,2,...N, and g’ = g(n,t,). The central difference approximation for the second order
spatial derivative is given by
u(n,t,)  u(ripr,ty) — 2u(n,t) +u(rioi,t,)

52 = 3 + O(h?). (3.21)

Here we are using the suggested L-123 approximation (3.15) for the VOCD in (3.20).

z—1

—a(7,ts) . . Z o 4 ?
o a(nta)p i+l gy Y AW T W, 399
MR ate) o e RN (322)
—a(nita) ol . Z . ou? 4 y?
T o(nitz), z a(rn,tz) a(ntz)y j a(ntz) 0 Wiy u; -+ u;_q
o | P — Yot i _ v o —
F(2 — 04(7“,, tz)) 0 Ui ;( z—j—1 z—] )U‘I z—1 Ui 52

+ g (3.23)
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—2uf fup )

z—j—1 z—]j

z—1
2 1 nts oty t, (u7,
" _Ta(rtz) Z(TQ(' -l )) + 71, (7\ : u? | = palm ) S h2
0 j=1

+ p(n, b))l (3.24)

F(2 - O‘(nv tz))

H ty) = ———
e ,LL(T“,, Z) T—a(n,tz)’rg(ﬂ,tz)

. Then the designed scheme 3.24 can be written as,

i1 —2uf +uf 1 =
ot =t M =R ) S ey vetg)d e

13 TQ 1tz j:l
+ p(ni;ts)gr- (3.25)

The matrix form of above equation (3.25), we obtain
LR (patnt)  patnt) ()
k z __ a(r,tz a(n,ty j a(7i,t2) 110 z
U* + BEU” = o Z; (000 =t Ul U0 +BGE. (3.26)
j=

Where U, = [uf,u3,... ,uﬁ/l_l]T and G, = [g7,¢5, .. .,gj/[_l]T.

M(rlatz) 0 e O
0 TQth 0
B=| 8 : | : . o
i 0 0 ce N(7M—1’ tZ)- M—1xM-—1
2 -1 0 0
-1 2 -1 0
1
E=5 |0 -1 2 ... 0 - o
i dM-1xM-1
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3.3 Stability of the numerical scheme

Theorem 3.3.1. The error estimation of the proposed scheme is

1¢7]12 < [1¢°lo- (3.29)

This proves the stability of our scheme.

Proof. Suppose Ui* and @" be the approximate and the exact solution of numerical scheme.
The error is is showinged by ¢¥ = u#—U?. The difference scheme (3.26) will also be satisfied
by this error

z—1

Z Z 1 Z Ti,tz j Ti,tz

CHBEC = R S VA TSR viVETel I (3.30)
0 j=1

Since H is an orthogonal matrix such that E is a symmetric matrix.
= H” AH, (3.31)

where A = diag(\1, M, -+, Ap—1) is a diagonal matrix with eigen values of E and H7is
the transposed version of matrix H. After left multiplication of both side of (3.30) by H
and Using (3.31) we get,

z—1

Z aﬁ: ti) O((T;,tz))]H[Cj + ’rgﬁq’tz)HCO . (3.32)
J:l

HC* + BHHT AHC? =

oartz

Let H(” = (%, then the above equation becomes

z—1

= = 1 a(r,ty, a(r,ty a(rity)

G BAC = oy |20 (UG - )+ ree ). (3.33)
0 j=1
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Since H is orthogonal matrix it follows that ||C?||2 = ||(*||2, then the theorem will be proved

if we show that

1€7]l2 < 1€°]los (3.34)

for every i,i=1,2,...,M —1 in (3.32), we have

z—1

— 1 7.tz =i Ti,tz)
(+ W) & = oy | Do (10 - )0+ e @.39)
0 j=1

We now demonstrate from (3.35) that the following inequality holds for each occurence of

Li=1,2,.... M—1,
G2 < 13- (3.36)
Clearly for z = 1, we have

(14 p(m, t)N) ¢ = O (3.37)

1

~0
T+l tx] .

Ct =

we have

—1 <1 3.39
T almen =& (3:39)
G <10 (3.40)

Now, assume that the inequality given below holds for j =0,1,2,...,z — 1.

1) < |¢0). (3.41)
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Therefore, we reach the following conclusion for j = z through mathematical induction.
z—1
= 1 a(n,ts) a(r,tz)\ 5j a(r,t,) 0
|CZ| = a(n (Tzf‘liz - Tzf'll ’ )CJ + Tz—lll ’ C ’ (342)
(1+ (. 1)) 15 ; e
z—1
1 a(n,tz) a(r.tz) =i a(r,tz)
< (55 =) O]+ [ (8] (3.49)
(L gl £2) ) G le T
z—1
1 a(n,ty) a(n,tz)\ | | 70 a(ntz) | | 70
= (Tz—'”—z - Tz—'lr ’ ) ¢ | + ‘TZ—” ’ |C ’
(L4 (i, £)N) TG ; Homa) i
(3.44)
1 _
_ al. (3.45)
(14 p(n,t)\i) TS‘(“’tZ) |
which means
&7 <1¢°, z=0,1,....N. (3.46)
It is implied by the result (3.46)
1E 2 < 10, 2 =0,1,...,N. (3.47)
Therefore, the numerical scheme is unconditionally stable. |
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The algorithm for solving by the proposed numerical scheme (3.26) is given below.

Algorithm 2: Assessment of the VOTFSDE numerical solution (3.1)-(3.3)
Input: The domain U = [0,L] x [0,T], M, h=L/M, N, 7=T/N, initial

condition ®(r), boundary conditions Wq(t), ¥o(t) and a(n,t,) € (0,1)
Output: The numerical solution at each discretization point (7,t,)

for Numerical solution of VOTFSDE by difference scheme do
Step-1.1 Consider the step length in time and space variables

t,=zr, z=0,1,...,N, n=ih, i=0,1,..., M.

Step-1.2 Convert the problem (3.1)-(3.3) into the problem (3.10)-(3.11) by using
the transformation (3.6)-(3.8).

Step-1.3 Apply 1-123 approximation (3.14) to discretized the VOCD in time and
the central difference scheme in spatial direction.

Step-1.4 Use the boundary conditions u(0,t,) = ¥ (t,), and u(1,t,) = Pa(t,) to
calculate the value of u) and u}y, respectively.

Step-1.5 Calculate the numerical solution u?, z > 1, by using the difference
scheme (3.25).

Step-1.6 Repeat step (1.4) and (1.5) and use all the values of u? at each previous

time levels till we get the discrete solution of VOTFSDE at cach discretised

points (7}, t,).

end
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3.4 Numerical results and discussion

In this section, The accuracy of the proposed scheme for both cases is demonstrated by

the following error norms

1/2
(Z{L hlu(n,T) — U(TLT)|2) , LoNorm

lln = Ull = (3.48)

mazo<i<y|w(n,T) —U(r,T)|, LocNorm,

where u(r,t) and U(r,t) are exact and numerical solutions of the FDEs.

3.4.1 Numerical examples for the VOTFSDE

Example 3.1. Consider the variable-order time-fractional subdiffusion equation with ho-

mogeneous boundary conditions,

a(r d*u(r,t
oDy (1, ) = % +f(r,t), (r,t) €[0,1] x [0, 1], (3.49)
u(r,0) =10r%*(1—r), 0<r<1, (3.50)
u(0,t) =0, u(l,t)=0, 0<t<1. (3.51)
with the source term
t2—a(r,t) tl—a(r,t)

f(r,t) = 2072(1 — ) —20(t+1)%(1 = 3r). (3.52)

T3 —a(rt)  T2—a(n)

The exact solution of VOTFSDE in Ex. 3.1 is given by [35],
u(r,t) = 10r%(1 — r)(t +1)% (3.53)

The outcomes of Ex. 3.1 are as follows:
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1. At time t = 1, figure 3.1 is showing the maximum absolute error (Max. Abs. Error)
for various «(r,t), when (h,7) = (1/50,1/32). In both the spatial and temporal
directions, it can be seen that the Max. Abs. Error achieved accuracy upto 10~ on
a extremely small grid point. Up to third order is reached in the temporal order of

convergence. (see Table 3.1).

2. At time t = 1, figure 3.2 is showing the Max. Abs. Error at time for various «a(r,t),
when h% = 7 ie. (h,7) = (1/16,1/256). Here accuracy achieved upto 10~'2. Up to

6th order is reached in the spatial order of convergence. (see Table 3.2).

3. Table 3.3-3.4 compares the maximum error performance with the reduction in time

and space grid size by scheme (3.26) and scheme given in [35].

4. Table 3.5 is showing the comparative study of maximum error at each spatial grid
point. Figure 3.3 is showing the point wise Max. Abs. Error at time t = 1 for

a(r,t) = 3(2 + sin(rt)), when h% = 7 i.e. (h,7) = (1/10,1/100).

5. It can be observed from Tables 3.3-3.5 that the proposed scheme gives highly accu-

rate results and convergence order than the existing scheme in [35].
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FIGURE 3.1: Max. Abs. Error of Ex. 3.1 for various a(r,t), h =1/50, 7 =1/32.
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—O6— qa(x,t)=e™Y300
—%— a(x,ty=(2+sin(xt))/400
a(x,)=(1+2xt)/300
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FIGURE 3.2: Max. Abs. Error of Ex. 3.1 for various a(r,t), h% = 7.
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—5— alx H)=(2+sin(xt))/4|
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2 4 sin(rt
FIGURE 3.3: Point wise Max. Abs. Error of Ex. 3.1 for «a(r,t) = +Si+(r),

T =1/100, h =1/10.

TABLE 3.1: At time t = 1, Ly, Lo, error of Ex. 3.1, when h = 1/50.

Scheme (3.26) Scheme (3.26)

a(r,t) T Ly Error  Order Lo Error Order
1/4  4.819e-07 - 6.859e-07 -

Z;);t 1/8 5.604e-08 3.104 7.977e-08 3.104

1/16 6.776e-09 3.047 9.644e-09 3.048

1/32 8.336e-10 3.023 1.186e-09 3.023

1/64 1.034e-10 3.010 1.472e-10 3.010
1/4  1.597¢-06 - 2.281e-06 -

2—1—%%(7"() 1/8 1.857¢-07 3.104 2.652¢-07 3.014

1/16  2.245e-08 3.048 3.206e-08 3.048
1/32 2.762¢-09 3.023 3.945¢-09 3.023
1/64 3.425e-10 3.011 4.893e-10 3.011
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Scheme (3.26) Scheme (3.26)

a(r,t) T Ly Error Order L. Error Order

1/4 1.802e-06 - 2.584e-06 -
14 2rt
300

1/8 2.095e-07 3.104 3.003e-07 3.104
1/16 2.532¢-08 3.048 3.630e-08 3.048
1/32 3.115e-09 3.023 4.465e-09 3.023
1/64 3.863¢-10 3.011 5.538¢-10 3.011

TABLE 3.2: At time t = 1, Lo, Lo error of Ex. 3.1 for various «(r,t), when

h?=r.
Scheme (3.26) Scheme (3.26)
a(r,t) h Ly Error Order L., Error Order
1/4  7.114e-09 - 1.008e-08 -
20: 1/8 1.046e-10 6.087 1.482¢-10 6.088
1/16 1.607¢-12  6.025 2.277c-12 6.024
1/4  2.350e-08 - 3.266e-08 -
%I;(Tt) 1/8 3.466¢-10 6.083 4.873c-10 6.066
1/16 5.344e-12  6.019 7.636e-12  5.996
1/4  2.647¢-08 - 3.634e-08 -
! ;—O?)Tt 1/8 3.909¢-10 6.081 5.560¢-10 6.030

1/16 6.016e-12 6.022 8.604e-12 6.014
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TABLE 3.3: At time t = 1, comparison of Max. Abs. Error for Ex. 3.1, when

h = 1/100.
In [35] Scheme (3.26)
a(r,t) T Maximum Error Order Maximum Error Order
1/4 1.0408¢-02 - 1.1863¢-04 -
2 + sin(rt)

1 1/8 4.1086¢-03 1.34 2.4118¢e-05 2.2985

1/16 1.1602e-03 1.36 3.4297e-06 2.8142
1/32 6.1590e-04 1.38 5.0707e-07 2.7580

TABLE 3.4: At time t = 1, comparison of Max. Abs. Error for Ex. 3.1, when

W =r.
In [35] Scheme (3.26)
a(rt) h Maximum Error Order Maximum Error Order
1/4 1.625¢-03 - 3.7020e-06 -
9 .
%ﬁt) 1/8 2.492¢-04 2.70 8.0049e-08 5.53

1/16 3.720e-05 2.74 2.0794e-09 5.26




Chapter 3. Higher-order stable numerical algorithm...

79

TABLE 3.5: Numerical solution, exact solution, the pointwise Max. Abs. Error

_ 2+sin(rt)

for a(r,t) = , T=1/100,t =1, h = 1/10.
In [35] Scheme (3.26)
hi Numerical Exact Max. Abs. Error Numerical Max. Abs. Error
0.10 0.36002996 0.36000000 2.9960e-05 0.36000000 6.9981e-09
0.20 1.28005972 1.28000000 5.9720e-05 1.28000001 1.3487e-08
0.30 2.52008803 2.52000000 8.8030e-05 2.52000001 1.8899e-08
0.40 3.84011251 3.84000000 1.1251e-04 3.84000002 2.2678e-08
0.50 5.00012981 5.00000000 1.2981¢-04 5.00000002 2.4368¢-08
0.60 5.76013595 5.76000000 1.3595¢e-04 5.76000002 2.3659¢e-08
0.70 5.88012705 5.88000000 1.2705e-04 5.88000002 2.0514¢-08
0.80 5.12010048 5.12000000 1.0048e-04 5.12000001 1.5144e-08
0.90 3.24005643 3.24000000 5.6430e-05 3.24000000 8.0524e-09
Example 3.2. Consider the VOTFSDE,
2 (.
oD ) = 2 gﬁg” +f(r,t), (r,t)e0,1] x[0,1], (3.54)
u(r,0)=r(1—-r), 0<r<1, (3.55)
u(0,t) =0, u(l,t) =0, 0<t <1, (3.56)
where the source term is
6t3—a(r,t) 3
f(r,t) = r(l_r)l“(él—oz(r,t)) + 2t (3.57)
The exact solution is given by
u(r,t) = r(1 —r)td, (3.58)
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FIGURE 3.4: Max. Abs. Error of Ex. 3.2 for various a(r,t), 7 = 1/32, h = 1/50.

The outcomes of Ex. 3.2 are as follows:

1. At time t = 1, figure 3.4 is showing the Max. Abs. Error for various a(r,t), when
(h,7) = (1/50,1/32). Tt can be seen that the Max. Abs. Error achieved accuracy
upto 107! on a extremely small grid point in both spatial and time direction. Up

to 4th order is reached in the temporal order of convergence. (see Table 3.6).

2. At time t = 1, figure 3.5 is showing the Max. Abs. Error for various a(r,t), when
h?* = 7 ie. (h,7) = (1/16,1/256). Here accuracy reaches upto 10~!4. Up to 8th

order is reached in the spatial order of convergence. (see Table 3.7).
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FIGURE 3.5: Max. Abs. Error of Ex. 3.2 for various a(r,t), h? = 7.

TABLE 3.6: At time t = 1, Ly, Lo, crrors of Ex. 3.2, when h = 1/50.

Scheme (3.26) Scheme (3.26)

a(r,t) T Ly error  Order Lo, error Order

1/4  9.435e-08 - 1.330e-07 -

—rt

300

1/8 4.880e-09 4.273 4.878e-09 4.273
1/16 2.826e-10 4.110 3.983e-10 4.110
1/32 1.706e-11 4.050 2.404e-11  4.050
1/64 1.050e-12 4.021 1.480e-12  4.021

1/4  2.831e-07 - 3.988e-07 -
2 + sin(rt)

100 1/8 1.464e-08 4.273 2.062e-08 4.273

1/16 8.474e-10 4.110 1.194e-09 4.110
1/32 5.115e-11  4.050 7.206e-11  4.050
1/64 3.144e-12 4.024 4.429e-12  4.024

1/4  3.056e-07 - 4.317e-07 -
14 2rt
300

1/8 1.580e-08 4.274 2.231e-08 4.274
1/16  9.142e-10  4.110 1.291e-09  4.110
1/32 5.517e-11 4.050 7.793e-11  4.050
1/64 3.391e-12  4.024 4.790e-12  4.024
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TABLE 3.7: At time t = 1, Ly, Lo errors of Ex. 3.2, when h% = 7.
Scheme (3.26) Scheme (3.26)
a(r,t) h Ly error  Order L, error Order
1/4  2.954e-10 - 4.136e-10 -
—rt
¢ 1/8 1.061e-12 8.121 1.487e-12 8.119
300
1/16 1.193e-15 9.795 4.774e-15 8.283
1/4  8.866e-10 - 1.247e-09 -
2 + si
-1—4%0(7”() 1/8 3.180e-12 8.123 4.478e-12 8.121
1/16 1.242e-14 8.000 1.754e-14 7.996
1/4  9.566e-10 - 1.343e-09 -
L ;)_O?)Tt 1/8 3.430e-12 8.123 4.822e-12 8.121
1/16 1.305e-14 8.038 1.837e-14 8.035
Example 3.3. Conisder the VOTFSDE with non-homogeneous boundary conditions
ou(r,t)  1_a(ry0?u(r,t)
T 0Dy o + f(r,t). (3.59)
u(r,0)=0, 0<r<1, (3.60)
u(0,t) =t u(l,t) =et?, 0<t<1 (3.61)
and source term is
i, t1+a(r,t) )
The exact solution is [1]
u(r,t) = e"t?. (3.63)

The outcomes of Ex. 3.3 are:
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1. Fig. 3.6, is showing Max. Abs. Error in Ex. 3.3 for various «(r,t). Table 3.8 gave
the Ly and Lo, error and temporal order of convergence at extremely small grid

points.

2. Table 3.7 gives the comparison of Ly and Lo at t = 1 for various a(r,t) with the
scheme given in [1] when h = 1/100. It can be observed from this table that the

scheme provide high accuracy as compared to the existing scheme.
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FIGURE 3.6: Max. Abs. Error of Ex. 3.3 for various a(r,t), 7 =1/32, h = 1/32.



Chapter 3. Higher-order stable numerical algorithm...

TABLE 3.8: At time t = 1, Lo, Lo errors, order of convergence in time for Ex.

3.3.
Scheme (3.26) Scheme (3.26)
a(r.t) (7 1) Lo Error Order L, Error Order
11
- = .238e-04 - .853e-04 -
11 7.238e-0 9.853e-0
<" L1 1.823e-04 1.989 2.476e-04 1.992
300 33 .823e . 476e )
1 1
6 16 4.565e-05 1.998 6.240e-05 1.988
1 1
353 1.141e-05 1.999 1.561e-05 1.999
11
11 7.253e-04 - 9.873e-04 -
2 + sin(rt) 11
_— -, = 1.825e-04 1. 2.478e-04 1.994
100 33 825e-0 990 8e-0 99
1 1
—, — 4. - 1. .242e- 1.
616 565e-05 998  6.242e-05 989
1 1
—, — 1.141e- 2. 1.561e- 1.
39’ 39 e-05 000 561e-05 999
L1 7.255e-04 9.876e-04
11 .255e- - .876e- -
14 2rt 11
— 1.825e-04 1.991 2.478e-04 1.994
300 8’8 ¢ ¢
1 1
6 16 4.566e-05 1.999 6.242e-05 1.989
1 1
—, = 1.141e- 2. 1.561e- 1.
5 3 e-05 000 561e-05 999
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TABLE 3.9: Comparison of L, and Lg errors by scheme (3.26) and scheme given
in [1] for Ex. 3.3.

L. error Ly error
o(rt) T In [1] Scheme (3.26) In [1] Scheme (3.26)
1/4  6.0309¢-03 2.722e-06 4.4044e-02 1.994e-06
ZO: 1/8 1.5166e-03 1.730e-06 1.1078e-02 1.265e-06
1/16  3.7704¢-04 1.615¢-06 2.7545e-03 1.180¢-06
1/32  9.3918e-05 1.602e-06 6.8622e-04 1.170e-06
1/4  6.0281e-03 5.213e-06 4.4023e-02 3.801e-06
%I(l)(rt) 1/8 1.5171e-03 2.019e-06 1.1081e-02 1.474e-06
1/16 3.7741e-04 1.650e-06 2.7572e-03 1.205e-06
1/32  9.4057e-05 1.605e-06 6.8721e-04 1.173e-06
1/4  6.0318e-03 5.657e-06 4.4051e-02 4.108e-06
! ;’Of)” 1/8 1.5182e-03  2.069-06  1.1089e-02  1.510e-06
1/16  3.7762e-04 1.656e-06 2.7587e-03 1.210e-06
1/32  9.4079e-05 1.606e-06 6.8736e-04 1.173e-06

3.5 Conclusion

In this chapter, we have developed a higher order stable numerical approach for the
variable-order time-fractional subdiffusion equation. For different values of the a(r,t),
three numerical examples are used to validate the proposed scheme. The data reported
in Table (3.1-3.9), as well as the numerical results shown in Figures (3.1-3.6), were found
to be highly accurate with higher order of convergence. A comparison study with the
present scheme is also provided in Table (3.3-3.5) and Table 3.9 to show the effectiveness

and accuracy of the proposed scheme. For some numerical instances, this method provides
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very high precision even with a relatively small number of grid points. The theoretical
unconditional stability of the proposed numerical scheme is also discussed. The scheme is

applicable to a wide range of other variable-order temporal fractional nonlinear problems.
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