CHAPTER 2

SOME FIXED-TIME STABILITY
THEOREMS FOR IMPULSIVE SYSTEMS

2.1 Fixed-Time Stability of Dynamical Systems with

Impulsive Effects

2.1.1 Introduction®

The objective of the present chapter of the thesis is to discuss some theoretical results on
the stability of nonlinear impulsive dynamical systems within the fixed-time. Different
from the Lyapunov stability theory and finite-time stability theory, fixed-time stability
(FxTS) can ensure that the system’s state trajectory converges to the equilibrium state
after some fixed-time, which is called the settling-time function. The settling-time
function is bounded and independent of the system’s initial condition. Polyakov [78]
first introduced the theory and derived a sufficient condition on FxTS of nonlinear
systems as well as an estimation of settling-time. Subsequently, some interesting results
have been obtained for FXTS of nonlinear systems [79, 80, 101]. The authors here have
derived their results for the nonlinear systems without any impulsive effects. Recently,
a significant number of articles [71, 94, 102, 103] have addressed the FTS/FxTS of

nonlinear impulsive systems in which several results have been derived. It is worth

!The content of this subchapter is published in Journal of the Franklin Institute, 359 (7),
3164-3182 (2022)
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mentioning the important studies on the stability of systems having stabilizing impulses
as reported in the references [87, 89, 104, 105]. However, the effects of destabilizing
impulses on FxTS are not explored in [87, 89]. Therefore, it is worth contributing to
the analysis of the result of FxTS of impulsive systems with destabilizing impulses. The
current chapter consideres two different problems in this respect that are presented in
two subchapters. In the first subchapter, a new Lyapunov inequality has been designed
to find several results for FxTS of nonlinear impulsive systems. The second subchapter
addresses some results for the Cohen-Grossberg bidirectional associative memory neural
network under destabilizing impulses. Based on the proposed Lyapunov inequality,
we have designed the controller such that Cohen-Grossberg bidirectional associative
memory achieve stability within a fixed-time. Moreover, we have verified the sufficient

condition under which the system achieves FxTS under destabilizing impulses.

The present subchapter deals with the FxTS analysis of the nonlinear dynamical
systems with impulsive effects. A novel criteria has been derived to achieve the FxTS of
nonlinear systems under the effects of stabilizing and destabilizing impulses. The FxTS
analysis due to the presence of destabilizing impulses in a dynamical system, that
leads to behaviour of perturbing the systems’ stability, has not been addressed much
in the existing literature [87, 89]. Based on the concept of Lyapunov functional and
average impulsive interval, two novel FxTS theorems are constructed here for stabilizing
and destabilizing impulses separately to estimate the fixed-time convergence precisely.
The theoretical derivation shows that the estimated fixed-time in this study is less
conservative and more accurate as compared to the classical FxTS result presented in
[87]. Further, the theoretical results are applied to the impulsive control of general

neural network systems to guarantee the FxTS.
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2.1.2 Problem Formulation and Preliminaries

Let us consider the dynamical system with impulsive effects described by

;

a(t) = f(t,z(t)), t# ty,
Ax(t) = Ji (b, x(ty)), t=ty, keN, (2.1.1)
x(ty) = o,

\

where z(t) € R™ denotes the state variable of the system (2.1.1) at instant ¢, f :R, x
R™ — R™ and J; : Ry x R® — R" are continuous functions, and f meets the Lipschitz
condition with respect to . Ax(ty) = z(t}) — z(t;,), where z(t}) = t_l)itir}rox(t) and
z(t,) = . _l)ltrkn_ Ox(t). Without any loss of generality, it is assumed that x(t,) = z(tx),
k € N, i.e., the solution of system (2.1.1) is left continuous at t;. The impulsive time
sequence ¢ = {ty ren satisfies 0 < tg <t <to < -+ <t <tpg1 < ---, Withl}Lrgotk =
+00.

We recall following definitions to establish our main results:

Definition 2.1.2.1. (See [50]) The function W : R, x R™ — R, belongs to the class

Wy if

1. the function W is continuous on each of the sets [tx,tx+1) X R™ and for z € R",

keN, W(tf,z)= lim W(ty) exists.

(t,y)—=(t] @)

2. W is locally Lipschitz in z.

Definition 2.1.2.2. (See [87]) The origin of the system (2.1.1) is said to be globally
finite-time stable (FTS) if it is globally Lyapunov stable and there exists a bounded
function 7' : R™ \ {0} — (0,00), such that x(t,zo) = 0 for all ¢ > T'(zo,{tx}). The

function 7' is called the settling-time function.
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Definition 2.1.2.3. (See [87]) The origin of system (2.1.1) is said to be globally FxTS
if it is globally FTS, and the settling-time function 7" is independent of xy, i.e., there
exists 0 < Tjpae<00 such that T'(zg, {tx}) < Tinae for all zp € R™.

In this subchapter, the FxTS of nonlinear impulsive system (2.1.1) is based on the class
of impulsive sequences which satisfies the following definition.

Definition 2.1.2.4. (See [106]) Suppose N¢(s,t) is the number of impulsive time of
the impulsive sequence ( = {t1,ts,t3,...} in the interval (¢,s). If there exist a positive
real number 7, and a positive integer Ny, then the upper and lower bounds of N¢(s, t)

can be estimated as

—t —t
S Ny < Ne(s,t) <2

Ta Ta

+ Ny, Vs >t >0,

where the average impulsive interval of impulsive sequence ¢ = {#;},. is equal to 7,.

2.1.3 Main Results

The goal of this subsection is to derive certain sufficient conditions to guarantee the

FxTS of system (2.1.1) under both the stabilizing and destabilizing impulsive effects.

Theorem 2.1.3.1. (Theorem on FxTS of systems with stabilizing impulses):
For the system (2.1.1), if there exists a function W (¢, z(t)) € wy and some positive
constants wy, wsy, a, my, Mo, M3, q1, ¢2, @ satisfying ¢ > 1, 0 < ¢ < 1 and impulsive

strength 0 < o < 1 such that the following conditions hold:

(1) wi[fz(@)]|* < W(E,2(1)) < wol[x()]|, for t € Ry, 2z € R,
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(ii) when ¢ # #;,

(

—moWe(t, z(t)) — msW(t,z(t)), 0<W(tz(t)) <1,

W(t, () <4 —maW(t,a(t)) — mWa(t,z(t)), Wt z(t) > 1,

0, Wit z(t)) = 0,

\

(iii) when t = ty,, W(t}], x(t])) < aW (tg, x(ty)),

then the system (2.1.1) is FXTS, and the associated settling-time 7" is estimated as

No(1—q2)
In|1+ mi :| ln|: maa
Ina Ng(1— —Np(1— Ina No(1—
T = (ma=tgp JaMolm00 o NOU792) (my — 12 ) +mgaNo U1 02) for 0 < a < 1 and
(ma—122) (g —1) (22 —m3)(1-go) ’

my __m2

— ln[1+m3] _ ln[m3+m2] fora =1
m3(q1—1) mz(1—q2) ’ ’

Proof. Consider the following comparison system proposed as

( (

—mo V2 (t,x(t)) —msV (t,z(t)), 0<V(tz(t)) <1,t#ty,

V({tx(t) = S —maV(t, 2(t) — miVa(t,a(t), V(o) >1, ¢4,

9 0, Vt,z(t) =0, t#t,

\

V(5 a(t))) = oV (ty, (t)), t = t,

V(0,z(0)) = V.

\

(2.1.2)

Comparing the conditions (ii) and (iii) with Eq. (2.1.2), one can easily find that 0 <
W(t,xz(t)) < V(t,z(t)). Therefore, W(t,z(t)) = 0 if V(¢,z(t)) = 0. Now, it is therefore
needed to prove the results corresponding to the problem of system (2.1.2) to establish
the FXTS of system (2.1.1).

For convenience, denote V(t) = V(t,z(t)). When V(¢) > 1, the term —m3V(t) —
m, V% (t) will be a dominating one in the system (2.1.2). Let S(t) = V79 (¢), which

implies that S(t) — 1 as V(t) — 1, and S(t) — 0 as V(t) — oo. The equation satisfied
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by S(t) can be obtained as

St) =ms(q — 1)SE) +ma(q — 1), 0<8(t) <1, t#t,

St = arS(tr), t = ty,

S(0) =Sy =Vy ™,

\

(2.1.3)

where a; =a'™% € [1,00). Note that V() — 1is similar to S(t) — 1. Let us investigate

the system (2.1.2) for the following two cases: 0 < o < 1 and o = 1.

Firstly, for the case of 0 < o < 1, one has a3 € (1,00). Based on the formula of

variation of parameters, one can obtain
t
S(0) =V (£0SO) + mila, 1) [ Vits)ds. t >0
0
where

Vit,s) = ems(@—1)(t—s) H ay

s<tp<t

= 6m3((11—1)(t—s)ai\7g(t,s)‘

Substituting V (¢, s) in Eq. (2.1.4), we obtain

t
S(t) =ems @Dt N0 g0y 4y (g — 1) / ema(@—1)t=9) o Neh3) g 4 > .
0

Using the transformation S(t) = V179 (¢), the Eq. (2.1.5) can be written as

t
Vet < em3(Q1_1)t0/1V<(t’0)Vl_Q1 (0) +mq(q1 — 1)/ em3(q1_l)(t_s)af]<(t’s)ds
0

— L+ N,
< emmsla g NOyat (),
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N
V(t) <e [m3+m} <q191)v(0)

No
<oV (0). (2.1.6)

From condition (i) and inequality (2.1.6), the solution of the system (2.1.1) is therefore
Lyapunov stable. Now, we will proceed to show FxTS of the nonlinear impulsive system

(2.1.1).

In view of Eq. (2.1.5), it is clear that S(0) < 1, therefore lim S(t) = oo and S(t) is

t—o00

monotonically increasing on [0,00). This implies that there exists a 77 > 0 such that

lim S(t) = 1 where 0 < S(t) < 1 for 0 <t < T). Now, for t > T} , we have S(t) =

t—T,

Therefore, it can be derived from Eq. (2.1.5) that

¢
emsla—1jt aivg(t’O)S(O)%—ml(ql — 1)/ e_m3(Q1_1)saiV<(t’s)ds =1, (2.1.7)
0

which implies that

¢
mi (g — 1)€m3(q1_1)t/ e~ma(@—1)s Nc(tsd <1. (2.1.8)
0

Considering the definition of N¢(¢, s), one can derive from Eq. (2.1.8) that

t
my (Q1 . 1)€m3(q1_1)t/ e—m3(q1—1)s@17-a NOdS S]_,
0

t

. _ _ Inaj o . In g

i.e., a7 Mmy (g — 1)ems @ Dte t/ e~ lmal@ D+ s o <
0

1 ma(qn — 1) + lnTﬂ
La7m@—D+n%P§m1+ ﬁf )t
Ta Oél Dml(ql — 1)
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ire |yl — 1)+

Y

m —1) 4 b
In 041} < |1 3_(]%1 ) + 22
a; ’may(qr — 1)

o0 (mi(qu 1)+ 221 )}

Ta
mi(q1—1)

1.e.,t <

Ta

[m3(Q1 -1+ M}

Substituting o; = a!7%, the above inequality leads to

In [1 + O“NO““)(’”B—T;“)}

mi

(o) (@1

t< (2.1.9)

In|1+

oNo(1—q1) (m?’*l%&)
my

Assume T = (ms—122) (g1 1)

In view of the system (2.1.3), it is easy to obtain

em3(q“1)taivc(t’0)5(0) +my(q — 1) fot em3(q1_1)<t—5)aiVC(t’s)ds, 0<t<Ty,

1, t= T17
(2.1.10)
In 1+aN0(17q1:n(1m3‘l?Ta)
where T} = Ty

When 0 < V() < 1, the dominating term will be replaced by a new term —myV'%(t) —
m3V (t). Let S(t) = V17%(¢), when 0 < V(t) < 1. Since 0 < ¢ < 1, it follows that

S(t) — 1 when V(t) — 1 and S(t) — 0 when V(¢) — 0. Therefore, the corresponding
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equation for S(t) is as follows:

(

S(t) = —ma(1 — qo) —ma(1 — q2)S(t), 0<S(t) <1, t#ty, t>T,
S(ty) = aaS(tr), t=ty, t>T, (2.1.11)

S(Ty) = S(T1;0,5) =1,

\

in which ay = o'=%2 € (0,1]. Note that V(t) — 0 is similar to S(¢) — 0. In the case
when 0 < o < 1, one has a3 € (0,1).

Now, from the formula of variation of parameters, we get
t
S(t) :V(t, T1>S(T1) — m2<1 — QQ) / V(t, s)ds,
0

where

V(t,s) :e—mg(l—qg)(t—s)aévc(t,s)

Y

V(t, 0) :e_mg(l—qz)taé\/g(t,o)‘

When 0 < S(t) < 1, it can be derived from system (2.1.11) that

t
S(t) =e TGy g1 — gy) / e e me=g s, (2.1.12)

T

Since S(T1) = aéVC(Tl’Tl)S (T1) = 1 and S(t) is monotonically increasing on [0, c0), there

exists a T > 0 such that tlim S(t) =0.

—Ts

When 0 < a < 1, it follows from the Eq. (2.1.12) and the definition of N¢(¢, s) that

t
S(t) = 6—m3(1—Q2)(t—T1)aévc(t,TﬂS(Tl) — ma(1 — q2)/ e—mg(l—qg)(t—s)aé\f((t,s)dS,
T1

t=T1 _p t t=s
< e_m?’(l_QZ)(t—Tl)OéQ a o m2(1 _ Q2)/ e—m3(l—Q2)(t—s)a2ra OdS
T
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t—T-

t
ie. S(t) < e—m3(1—q2)(t—T1)a2-rTl_N0 B mg(l . qQ)e_m3(1_q2)ta2fa+No/ e[mg(l % )_m]sds
T

- _ o [mai—a2) =22 (t-11)
= e_mS(l_qQ)(t_Tl)O‘;T%_No —ma(1l — 92)04§V0 boe e ln(])z 1
m3(1 —gq2) — =22
gty (= 0)a” | eg-ez)eeny _ma(l = g)ay
- 2 no nosg
ma(1 — gp) — 2 ma(1 — gp) — o2
(2.1.13)

Considering A = ay ™ + % and B = %, we can note that A > B
m3(1l— m3 2

and Ae” [s(1—a2) =22 (6= T1) is continuously decreasing, i.e., the right-hand side of Eq.

(2.1.13) must be zero after some time. We therefore have

—[ma(1—g2)-=22] (¢-11) _ ma(1 — ga)ay’

Oé;NO (m3(1 — QQ> 1na2) + m2(1 — QQ)

e

N
ma(1— 42)0‘2 0

1
N LzNO(ms(l g2)— 222 ) +ma (1-g2) vy ©

In o

22 —mg(l — go)

} + 1.

1.e.,t =

Substituting o = a!7%, the above inequality leads to

1 mzaNO(l q2)
1 a7N0(1*‘12)( ln&)+m2a1\’o(1*q2)
t = T (2.1.14)

<li—aa - ms) (1 —¢qo)

In m2aN0(1 a2)
a—NO(l_q2)(m3—ln—a>+m2aN0(l q2)

(B2 —ms ) (1-a2)

Therefore, in view of Eq. (2.1.11), we can write

Assume T, =

p
efmg(lfqg)(thl)aéV( (t:Tl)S(Tl) 7

S(t+T150,5(T1) =4 —ma(1 — o) fﬁ emma(l=a)(t=5) o) g g <t <, (2.1.15)

O, tZ T27

\
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mQQNo(lfqz)
where Ts — _a—No(l—qz)<m3,127aa)+m2aNo(1—q2)_
2 (22 —mg)(1-go)
Ta

In

On the basis of the above discussions, when 0 < o < 1, one may see that S(¢;0,5,) =0
for all t > T7 + T5. It is therefore found that for any initial value Vy > 0, a fixed time

T, + Ty exists which is independent of V > 0, such that ) l%rriT V(t)=0and V(t) =0
—A1+12

for t > T1 + Ty. Since ||z(t)]] < (/W(t’x(t)) < ‘\‘/V(t’x(t)) ,one has  lim |jz(¢)]| = 0
w1 w1 t—T1+T>

and ||z(t)|| = 0 for t > T7 + T5. Hence, the system (2.1.1) is FxTS, and the associated

settling-time 7" = T7 + T is estimated as

|1+ aNo(l=a1) (g —Ine) In moaNo(1—a2)
mi a—No(l—fm)(m3_M)+m2aNo(1—fJ2)

+ .
(ms - th—aa) (1 —1)

(h;—aa - ma) (1—q2)

T =

(2.1.16)

Secondly, when o = 1, it can be observed that a; = 1 and ay, = 1, and fromEq.
(2.1.5), we have
In [1 + m]
mi

T, @ =1 (2.1.17)

According to Eq. (2.1.12),

In | ;]

Ty = .
2T —ma(1 - g)

(2.1.18)

Further, when o = 1, for any initial value V5 > 0, lim V(t) = 0 and V(t) = 0
t—T1+Ts

for t > T} + T». Hence, the system (2.1.1) is FxXTS, and the associated settling-time

T =T, + T, is estimated as

I
T— _ (2.1.19)

ma(qn—1)  ma(l—q)

For any initial value Vy > 0, we know that based on the above analysis for two instances,

there exists a 7' > 0 such that tlinr%V(t) =0and V(t) =0 for t > T. Tt is followed by
—
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the condition ||z (¢)|| < ¢/ %f(m < y/ V(tw—‘i(t)) that }IH%I(t) =0and z(t) =0 fort>T.
—

Hence, the system (2.1.1) is FxTS, with T as the settling time. The proof of Theorem

2.1.3.1 is therefore completed here.

Remark 2.1.3.1. Theorem 2.1.3.1 establishes a novel result on FxTS of impulsive
system (2.1.1) which is different from the existing results as reported by Li et al. [87].
A less conservative and higher-precision estimate of settling time is provided in the
proof of the Theorem 2.1.3.1. Since Lyapunov inequality has one more term than
the inequality in [87], the convergence rate of FXTS of system (2.1.1) is faster than the

convergence rate in [87]. The claim is verified in the numerical section of the subchapter.

Corollary 2.1.3.1. For the system (2.1.1), if there exists a function W (¢, z(t)) € wy
and some positive constants wy, wq, a, my, me, Mms, q, q1, g2, « satisfying qq; > 1,
0 <qgy <1 and 0 < a <1 such that the following conditions hold:

(1) wiflz(B)[|* < W(E, 2(t)) < wallx(®)]|* for t € Ry, z € R,

(i) when t # ty,

W(t,x(t) < — (myWD(t, 2(t)) + maWe (¢, 2(t)) + msW (t, ()",

(iii) when t = ty,, W(t}, x(t])) < aW (tg, x(tx)),

then the system (2.1.1) is FxTS, and the associated settling-time 7" is estimated by

No(1- _
. 1+a o(1 qql)(mg,l%a) . mdaNo(1-4a2)
m‘11 DéiNO(liqu)(mgfilga)ergaNO(l*qlm)
T = 7 Tna + e , when 0 < a < 1, and
(”33— - )(qfh—ql) (ﬁ—ms)(l—qlh)
- In 14%?} In mg"f 2] . X
- - wnen o = 1.
mg(q1—1) mi(1—g2) ’

Corollary 2.1.3.2. Consider the following scalar system as
£(t) = —musign(z(1)| 2O — masign(=())|=(0)|” — msign(2(D)2(8)], ¢ # b,

2(t7) = az(ty), k €N,
(2.1.20)
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where m; > 0, mo >0, m3 >0, ¢ > 1,0 < ¢ < 1,0 < a < 1. Then the system

(2.1.20) is FxTS, and the associated settling-time 7" is estimated by

In

1
+ my a—No(l—qz)(m3—1£Ta)+m2aNo(1—q2)

aNo(lql)(mB_th;l)} 1n|: myaNo(1=42)
" (%o —ms) ()

T =

(o2 Y (1) , when 0 < a < 1, and
ln[l—i—%] aln[im["fm ]
T == mg(qlfll) - ms(ifq;) y When o = 1-

Remark 2.1.3.2. It should be noted that the impulsive effects are of two types
viz., stabilizing impulsive effect and destabilizing impulsive effect. For 0 < o < 1,
the impulses are beneficial in stabilizing the systems. It is clear from Theorem 2.1.3.1
that the impulse effects considered are stabilizing impulses. Can the impulsive systems
maintain FxTS if the impulses are destabilizing? This problem will be solved by the

following theorem.

Theorem 2.1.3.2. (Theorem on FxTS of systems with destabilizing im-
pulses): If all the assumptions of Theorem 2.1.3.1 are satisfied except that the im-
pulsive strength 0 < a < 1 is replaced by a > 1, and if the following condition is

satisfied:

Ta >_7 (2121)

then the system (2.1.1) is FxTS, and the associated settling-time 7' is estimated by

In o
37T ) m a_NO(l_qQ)
In|l14+—~—F—r"2 /" 1 2
n +m1aN0(l—q1):| n|:aN0(1q2)(m3hrlf)erzozNO(qu)
(ma ) (5]

Proof. Consider the following proposed comparison system:
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( 4

—ma V@ (t,x(t)) —msV (t,z(t)), 0<V(tz(t)) <1,t#t,

V(tx(t) = $ —maV(t, 2(t) — miVa(t,a(t), V(o) >1, t#t,

0, V(t,z(t)) =0, tF#t,

\

V(5 x(ty)) = oV (ty, x(t)), t = ty,

V(0,2(0)) = V.

\

(2.1.22)

Then by comparing conditions (ii) and (iii) with Eq. (2.1.22), we can easily obtain that
0 <W(t,z(t)) < V(t,z(t)). Therefore, W(t,xz(t)) = 0if V(¢,2(¢)) = 0. Hence, in order
to establish the FXTS of system (2.1.1), we have to prove the same corresponding to
the problem of system (2.1.22).

For convenience, let us assume that V(t) = V(¢,2(t)). When V(¢) > 1, the term
—mgV (t) — m;V%(t) will be the dominating term in the system (2.1.22). Let S(t) =
V1=a(¢), then we have S(t) — 1 when V(¢) — 1 and S(¢t) — 0 for V(¢) = oo . The

equation for S(t) can be obtained as follows:

(

S(t) =ms(qn — 1)SEt) +ma(q — 1), t# t,

S(0) =8 =V, ",

(
where a; =a!'~% € (0,1). Note that V(¢) — 1 is similar to S(t) — 1.
Now, from the formula of variation of parameters, when 0 < S(t) < 1, one can derive

from (2.1.23) that

t
S(t) =em3 @Dt N0 g0) 4y (g — 1) / s =1 (=s) Nelbs) g o (2.1.24)
0
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Since S(t) = V179 (t), therefore Eq. (2.1.24) can be written as

t —1
Varlt) < emg(ql*l)taivg(t’o)vlfql(0) +my(q — 1)/ emS(ql*l)(t’s)aiVC(t’s)ds
0

Se—m3(lJ1—1)ta;%7NO ya-l (0) :

In o

ie., V(t) <e I willg 7 ”V(O)

<a; “UV(0). (2.1.25)

From condition (i), and inequalities (2.1.21) and (2.1.25), the solution of the system
(2.1.1) is Lyapunov stable. Now, we will proceed to show the FxTS of the nonlinear
impulsive system (2.1.1). It follows from Eq. (2.1.24), when 0 < ay < 1, there exists
Ty > 0 such that tlin%lS(t) =1land 0 < S(t) < 1for 0 <t < T; and also considering the

definition of N¢(t,s), we have

t
ems(qll)tml(ql_l)/ e~ (@D Nelt) g g
0

t t—s
: _ _ _1)s E24N
i.e., mi(q — 1)em@ 1)t/ emma@—Nsg e T s <1,
0

[eY t Ina
i.e., mi(qn — 1)adoems@—Lte mlt/ e~ [mala =1+ s <1,
0

elmatm—D+522 ]t 1 1
Ina S N + Ina
my(qn— 1)+ 22 "o mi(qn — 1) ms(q— 1)+ =

Ta
(i~ 1)+ 2 }

1.€.,

9

In |1 =
Il[ + 0‘1 Omq(q1—1)

re,t <

malan = 1)+ 22
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Substituting oy = o'~ % into the above inequality, we get

In [1 o Amo) }

1aNo(l—q1)

_(mg—lﬁ—aa> (Q1—1).

(2.1.26)

In view of system (2.1.23), we obtain

emf‘(ql_l)taivg(t’o)S(O) +my(q — 1) fot em?’(ql_l)(t_s)aivg(t’s)ds, 0<t<T,

1, t= Tla
(2.1.27)
In 1+7(m17;?7a))
myaNo(1—a1
where T7 = (mg—lln—a)(ql—l) . When 0 < V() < 1, the dominating term will be replaced

by a new term —myV %2(t) — m3V (t). Now from the previous theorem, we have

;

S(t) = —ma(1 — q2) —ms(1 —q2)S(t), 0<S(t) <1, t#ty, t>T1,

S(ty) = ca2S(te), t=ty, t > T, (2.1.28)

S(Ty) = 5(13;0,5) = 1,

\

where oy = o'™%2 € (1,00). Note that V(¢) — 0 is similar to S(¢) — 0. Now, from
the formula of variation of parameters, when 0 < S(¢) < 1, it can be deduced from the

system (2.1.28) that

t
S(t) =e s T N TG ) iy (1 — gy) / om0 s, (2.1.29)
T

It follows from Eq. (2.1.29) that when 1 < as < oo, there exists a 75 > 0 such that

tlirg S(t) = 0 and also considering the definition of N¢(t,s), we have
—12
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t

R(t) =e (@M T S(Ty) — my(1 - go) / et g

?

T
04N, t tos
§67m3(1*q2)(t*T1)a27‘a +No ma(1 — (JQ)/ efm3(17q2)(tfs)a2m °ds
T
o O{NO —I'— m2(1 - q?)a;NO 6—[m3(1—q2)—%](t—7ﬂ1) - m2(1 — q2)a2_NO
- 2 no nos
ms(l—(h)—lT—aQ mg(l_QQ)_lT_az
(2.1.30)
N, _N
malzglay © g g o= Mm@y © e coon that A > B

. N,
Taking A = a5°
g 2 + m3(17q2) In ag m3(17q2)71n7—2¢2)

Ta

Ina
and Ae‘[m(l_qz)_TQ](t_Tl) is continuously decreasing, i.e., the right-hand side of Eq.
(2.1.30) must be zero after some time. Therefore, we have

No

—
Inas ?

m3(1 —go) — =2

No
Qg + In ao

m2(1 - CI?)O‘Q_NO 6—[m3(1—q2) lna?](t—ﬁ) _ m2(1 - q2)a2_
mz(1 —q2) — T

In ma(1gz)a; ™
ay 0 (ma(1—g2)— 222 ) fma(1—g2)ay O

i.e., t = T + Tl‘
(lnﬂ - ms) (1 - 92)

Ta

Substituting a, = a!7% into the above inequality, we obtain

1 m2a7N0<1*‘Z2>
1 aNo(l—q2)(mg_liia).kaa—No(l—qz)
t— : T (2.1.31)
<h;—aa - ms) (1-g)
In view of Eq. (2.1.28), we obtain
(
efmg(lfqg)(thl)aé\/v( (tyTl)S(Tl),
S(t + Tla 07 S(Tl)) = —m2(1 — QQ) f;l €_m3(1_qQ)(t_S)Oé;VC(t78)d8, 0 S t < TQ, (2132>
07 t Z T27
\
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moa—No(1—42)
oNo(1—aq2) (mS,M)erQa—No(l—qz)

where T, = — (m_n;;)(l—qz)

In

Now, on the basis of the above discussions, when o > 1, one may see that S(¢;0,Sy) = 0
for all t > T} + T5. It is found that for any initial value V5 > 0, a fixed time T + T5

exists which is independent of V; > 0 such that lim V(¢) = 0 and V(¢) = 0 for

t—T1+T>

t > T + T5. Since ||z(t)|| < ‘\‘/W(t’x(t)) < (/V(t’x(t)), one has lim |z(¢)|| = 0 and
w1 w1 t—T1+1>
l|z(t)|] = 0 for t > Ty + T>. Hence, the system (2.1.1) is FXTS, and the associated

settling-time 7" = T7 + T is estimated as

In
(mg—i) m a_NO(l_q2)
N " Ta J 2
In [1 + mlaNO(l—ql):| In LNO(qu)( 3_M)+m2aN0(1q2):|

+ 2
(s~ 22 (0~ 1)

o (E—f—m3> (1—¢q)

(2.1.33)

For any initial value V;j > 0, based on the above analysis it is known that for a > 1,
there exists a 7" > 0 such that tlianl\/(t) =0and V(t) =0 for t > T. It is followed by
%
the condition ||z(t)|| < ¢/ W < ¢/ V(t—ﬁ(t)) that thrr%x(t) =0and z(t)=0fort > T.
1 w _

Hence, the system (2.1.1) is FxTS, with T" as the settling time. The proof of Theorem

2.1.3.2 is thus completed.

Remark 2.1.3.3. It is to be mentioned that Theorem 2.1.3.2 deals with the prob-
lem towards achieving the FxTS in the presence of destabilizing impulsive effects, i.e.
a > 1. We have found the condition 7, > 1:1—?, with the help of condition (ii) and
definition of average impulsive interval, for which the system (2.1.1) will be FxTS even
under the influence of destabilizing impulses. It is to be noted that it had been claimed

in [87] that FxTS of system (2.1.1) is not possible for destabilizing impulses.

Corollary 2.1.3.3. For system (2.2.1), if there exist a function W (¢, z(t)) € wo and
some positive constants wq, wq, a, my, Mo, M3, q1, g2, a satisfying qq; > 1, 0 < qqo < 1

and a > 1 such that the following conditions hold:
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(1) willz@)]]* < W, 2(t)) < wellx(®)]|* for t € Ry, = € R,

(ii) when t # ¢y,

W(t,z(t)) < — (maWe(t, z(t)) + meWe(t, x(t)) + msW(t, z(t)))?,

(iii) when t = ty,, W(t}, x(t])) < aW (tg, x(tr)),

then the system (2.2.1) is FXTS, and the associated settling-time 7" is estimated as

In 1+4(m§‘137“) In mja” NO(Z012)
T — m‘{aNo(l—qql) aNo(l—qqz)(mg_l%a)_Fmga—No(l_qqz)
(mi— =) (gq—1) (22 —mg) (1—qa2)

Corollary 2.1.3.4. Consider the following scalar system as

£(t) = —masign(z(2))|2(8)[" — masign(z(2))]2(4)[* — masign(z())[z(1)], € # t,

2(t5) = az(ty), k€N,
(2.1.34)

where my >0, ma >0, m3 >0, ¢ > 1,0 < gy <1, a>1, then the system (2.1.34) is
FxTS, and the associated settling-time T is estimated as

Ina
m377) m a_NO(l_QQ)
Inl1 (77‘1 1 2
T " +m1aN0<1‘I1):| nLNo(ltu)(ms13;!)+m2aN0(1QQ)
(ma—122) (g1 —1) (22 —my)(1—g2)

2.1.4 Numerical Simulation and Discussions

The objective of this subsection is to demonstrate the effectiveness of the proposed
theoretical results. For this, following two numerical examples have been considered for

presentation.
Example 2.1.4.1. Consider the system
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() = —masign(2(2))|2(8)[™ — masign(2(1))[2(4)|* — mssign(z(2))[z(2)], t # b,
2(t5) = az(ty), k € N.
(2.1.35)

From Corollary 2.1.3.2, the system (2.1.35) is FxXTS for stabilizing impulses. The impul-
sive sequence is defined as a = 0.5, Ny = 1, 7, = 2. The numerical results corresponding
to this example is plotted in Fig. 2.1.1 (a) and 2.1.1 (b) under two sets of parameters,
which are chosen as follows:
(a) my =4, my =3, m3 =2, ¢ = 1.3, g = 0.7, (b) my = 0.1, mg = 2, mg = 3,
q1 = 2.5, ¢ = 0.3. By carrying out computation on the basis of our results, we find the
settling time 7"~ 1.88 under the first set (a) and 7" ~ 1.63 is obtained under the second
set (b). This verifies that the proposed estimation is less conservative as compared to
the previous results as reported in Ref. [87].
Similarly, we can obtain from Corollary 2.1.3.4 that the system (2.1.35) is FxTS for
destabilizing impulses. The impulsive sequence is defined as a = 1.1, Ny =1, 7, = 2.
With the help of computational work, we find the settling time 7" ~ 1.58 under the
first set (a) and 7' ~ 1.28 under the second set (b). The simulated results for state

trajectories are shown in Fig. 2.1.2 (a) and 2.1.2 (b) under two sets of parameters.

Example 2.1.4.2. Consider a general neural network with three nodes described by

#5(8) = —Das(t) + Bf (w:(t)) + wi(t), ¢+ b,
(2.1.36)
Aﬂfz(tk) = dlﬂfl(tk), ke N,

where Iz(t) = (le(t)a sz'g(t), xig(t))T, and D = dlag{l, ]_, 1},
f(ai(t)) = (filza (1), folma(t)), fs(zs(t))" with fi(2) = 5(lz + 1] — [z = 1)),
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0 05 1 15 2

2.1.1 (a)

0 05 1 15 2

2.1.1 (b)

Figure 2.1.1: (a) State trajectories of system (2.1.35) with stabilizing impulses for the

first set of parameters (b) State trajectories of system (2.1.35) with stabilizing impulses
for the second set of parameters
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2.1.2 (b)

Figure 2.1.2: (a) State trajectories of system (2.1.35) with destabilizing impulses for
the first set of parameters (b) State trajectories of system (2.1.35) with destabilizing
impulses for the second set of parameters
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0 10 20 30 40
t

Figure 2.1.3: State trajectories of system (2.1.36) without control.

1.25 —3.2 —-32
B=1|-32 11 -—-44
—-32 44 1

Here the controller is considered as
wi(t) = —®y2i(t) — Bzt (t) — Dyz? (1), (2.1.37)

where @, 5, ®3 are positive numbers and u, v, p, ¢, are odd positive numbers, satisfying
v <uandq>p.

Here, this novel controller has been used to handle the FxTS problem of the neural
network with continuous dynamical function [107]. This controller is novel as compared
to that applied in [108] and it is more simpler and can be applied to the systems more
conveniently.

The simulated results for the state trajectories of the system (33) without using the
control are plotted in Fig. 2.1.3, which indicates that the neural network (2.1.36) can

not be stable without control protocol (2.1.37).
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Figure 2.1.4: State trajectories of system (2.1.36) with stabilizing impulses.

Now, considering d; = —0.7, it is followed as in [87] that o = 0.8. Hence the impulses
are now stabilizing. In view of the Theorem 2.1.3.1, taking Ny = 1, 7, = 2, and setting
the parameters as m; = 3, mg =2, mg =1, ¢ =2, g2 = 0.5, the system (2.1.36) with
stabilizing impulses can be FxTS under the fixed-time control protocol given by (2.1.37)
with &3 =25 & =10, p=7,¢g=v =9, u = 11. It is derived from (2.1.16) that
the system (2.1.36) is FxTS within settling time 7" &~ 1.29. The corresponding state
trajectories are shown in Fig. 2.1.4 and verifies the results as obtained in Theorem
2.1.3.1.

On the other hand, when d; = 0.3, one can find o = 2.8, and hence the corresponding
impulses are destabilizing. By Theorem 2.1.3.2, it is easy to show from (2.1.33) that
the system (2.1.36) is FxTS under the control protocol (2.1.37) and the settling-time

T =~ 2.91. The results in this case are further shown in Fig. 2.1.5.

2.1.5 Conclusion

In this subchapter, the FXTS for nonlinear dynamical systems with impulsive effects
has been investigated. Two theorems for FXTS of the system (2.1.1) with stabilizing

and destabilizing impulses have been constructed using the Lyapunov functional and
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——x0
(0
——x0] |

Figure 2.1.5: State trajectories of system (2.1.36) with destabilizing impulses

average impulsive interval. Contrary to the claim given in [87, 89] that FxTS of system
(2.1.1) cannot be possible for destabilizing impulses, here the condition 7, > 1:;—? is found
to achieve the FxTS of the system (2.1.1). It is also verified in the numerical section
of this subchapter that the estimated settling-time functions are more effective than
that reported previously in literature. Finally, two numerical examples including one
as general neural network, are considered and the numerical simulation results show the
effectiveness of the proposed approach. One can be optimistic that the present results
will be beneficial for the researchers to understand FxTS of impulsive dynamical systems

in different situations. The future works will be focused on the FXTS of delayed systems

or hybrid systems via feedback control situations ([109, 110]).
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2.2 Fixed-Time Stability of Cohen-Grossberg BAM

Neural Networks with Impulsive Perturbations

2.2.1 Introduction?

In this present subchapter, the problem of FxTS of a Cohen-Grossberg bidirectional
associative memory neural network (CGBAMNN) with destabilizing impulsive effects
is derived. A novel sufficient condition for impulsive dynamical systems to be FxTS for
destabilizing impulses is obtained. Different from the usual Lyapunov inequality, we
obtain the results under perturbation. Based on the average impulsive interval and the
comparison principle, a novel sufficient condition 7, > % for the impulsive dynamical
systems to be FXTS for destabilizing impulses is obtained. Contrary to the claim in
the previous articles [87, 88, 89, 96, 111], that the results of FxTS are not possible
to obtain for destabilizing impulses, we have extended their results for destabilizing
impulses by using a new type of Lyapunov inequality that contains three terms to
obtain the results under impulsive perturbation. Based on the new type of Lyapunov
inequality, we constructed two different continuous controllers by following [89]: one
with signum term and another without signum term and applied them to FxTS of
CGBAMNNSs with destabilizing impulsive effects. The settling-time functions obtained
in this subchapter depend on the class of impulsive sequences which relax the drawback
of the settling-time obtained in [89]. Finally, two numerical examples, one as a cyber-
physical system with deception attacks and another one as a neural network, are given

to validate the efficiency of the obtained theoretical results.

2.2.2 Model Formulation and Mathematical Preliminaries

Let us consider a CGBAMNN with impulsive effects as

2The content of this subchapter is published in Neurocomputing, 550, 126501 (2023)
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(

(1) = —ar(a(0) {brwn (1) = Ty bl (0) = L} tE bt E Ry,

ys(t) = _Cs(ys<t)) {ds(ys(t)> - :}:1 wsrgr(xr(t)) - Js} ) t 7é tl7 te R-‘ra

(2.2.1)
Az, (t;) = ox, (1), l €N,
Ays(tr) = oys(t), l €N,
where r =1,2,...,1; and s = 1,2,...,i5 be the number of neurons in the X-layer and

the Y-layer, respectively; z,(t) and y,(t) are the state variables; a,(x,.(t)) and ¢,(ys(t))
represent the amplification functions; b,.(z,.(t)) and ds(ys(t)) denote appropriately be-
haved functions; h,, and ws, represent the connection weights; fs(ys(t)) and g.(z.(t))
represent the activation functions of the s-th neuron in X-layer and the r-th neuron
in Y-layer, respectively; I, and J; denote an external inputs to the r-th neuron in X-
layer and the s-th neuron in the Y-layer, respectively. Here for all r and s, Ax,.(t;) =

Z‘T(tl—"_) - xr(tl) and Ays(tl) = ys(tl—’—) - ys(tl)a where -Ir(tl—'—) = hIlIl xr(tl) and ys(tl—’—) =

t—1;+0
lim y,(#;). Without loss of generality, we assume that z,(¢;7) = lim z.(t) = z,.(4)

t—t+0 t—t;—0

and ys(t,) = . litm Oys(tl) = ys(t;), i.e., the state of system (2.2.1) is left continuous at

—t—

every impulsive point ¢;; the impulsive strengths p and o are taken as positive constants.

The impulsive sequence ¢ = {t;},en satisfies 0 < tg < t; <ty < -+ < t; < ---, with

it = oo Let a(t) = (1), 22(0), 70 ()7 9(0) = (10, 92(0), -9 (1))

w(t) = (xT(t)v yT(t))T = (wl(t)7 wQ(t)7 ooy Wigtip (t))T'

For convenience, let us take the following fundamental assumptions.
Assumption 2.2.2.1. The amplification functions a,(z) and ¢s(y) are continuous and

bounded, i.e, they satisfy a, < a,(z) < @, and ¢ < ¢5(y) < ¢, for all z,y€ R, where

a, G, ¢s and ¢, are some known positive constants.
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Assumption 2.2.2.2. The appropriately behaved functions b,(x) and ds(y) are mono-
tonically differentiable, i.e., this satisfy b, < br(x) < b, and d, < ds(y) < d,, for all

x,y € R, where I;r, by, d, and d, are some known positive constants.

Assumption 2.2.2.3. The activation functions f(.) and g.(.) satisfy the Lipschitz cri-
terion, i.e., there exist positive Lipschitz constants A; and B, such that | fs(z) — fs(y)| <
Az =yl lgr(z) = g:(y)| < Bylw — g, for all z,y € R.

We also recall the following definitions and lemma:

Definition 2.2.2.1. (See [89]) A function W: R“**2 — R, is said to belong to class
wo, if it satisfies

(1) W is continuous on each of the sets [t;, ;1) x R and for v € R [ € N and
W(tf,u)=lim W(t,y) exists.

(ty)— (" u)

(2) W is locally Lipschitz in w.

Definition 2.2.2.2. (See [89]) The origin of system (2.2.1) is said to be globally FTS
if

(i) the origin of system (2.2.1) is Lyapunov stable;

(ii) the origin of system (2.2.1) is finite-time convergent that means for any initial state
ug € R there exists T : R2t2\{0} — (0,+00), such that lim wu(t,up) = 0 and

t—)T(uo)

u(t,up) = 0 for all ¢ > T'(ug). The function T is said to be settling-time function.
Definition 2.2.2.3. (See [89]) The origin of system (2.2.1) is called to be FxTS if
it is FTS and settling-time function 7'(uy) is bounded, i.e., 3 Ty,a > 0 such that
T(t0) < Tynaes ¥ g € R1H2,

Lemma 2.2.2.1. (See [112]) Let vy, va, ..., vj;4i, > 0,0 < m < 1, n > 1, then the
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following inequalities hold

i1+12 11+12 Mg+ i1+12 n
E vt > E U , E vZZ(i1+i2)1_” E vg | .

k=1 k=1

2.2.3 Main Results

2.2.3.1 Fixed-Time Stability for Nonlinear Impulsive Dynamical Systems

In this subsection, the sufficient conditions of FxT'S are provided for nonlinear impulsive
dynamical systems (2.2.2) with destabilizing impulsive effects. The obtained results will
be used to design continuous controllers for FxTS of CGBAMNN under the effects of
destabilizing impulses.

The following nonlinear dynamical system is considered with impulsive effects:

ut) =F(ut)),  t#b,teRy,

Au(ty) = J(u(t)), €N, (22.2)

U(to) = Ug,
\

where u(t) € R+ represent the system’s state of (2.2.2) at time ¢, F,J : R1T2 —

R"*%2 are locally Lipschitz with F(0) = 0 and J(0) = 0. For all [ € N, Au(t;) = u(t]") —

u(t;), where u(t;") = . lig'x}r Ou(t). Without any loss of generalization, we will assume that
-l
the solution u(t) is left continuous at the impulsive point, i.e., u(¢;) = . litm Ou(t) = u(t).
—t—

Theorem 2.2.3.1. Suppose the function W (u(t)) € wy be positive definite and radially
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unbounded which satisfies the following conditions:

W(u(t)) < —aW®(u(t)) — bWP(u(t)) — W (u(t)), t#t,

W (u(t")) < EW (u(t)), t=1,

where a, b, ¢ >0,0<a <1, 3>1,&>1, then the system (2.2.2) is FxTS if

Ing

Ty > (2.2.4)

In|1+ )] ag” T0(1=2)
peNo(1—B) No(1=0) (¢ &) 4g=No(1=0)
(e (2o i) /

The estimated settling-time function is given by T =

where N, is a positive integer.

Proof. For the purpose of comparison principle, we consider the auxiliary differential

equations ) )
—aMO(t) — eM(t), 0<M(t) <1,t#1,
M(t) = S —pMP(t) — eM(t), M(t) > 1,t # 1,
0. M(t) =0,t £ 1, (2.2.5)

Comparing system (2.2.5) with system (2.2.3), we get 0 < W (¢) < M(t). Consequently,
if there exists a 7" > 0 such that th_{I%M(t) =0and M(t) =0Vt > T, then 1}1_{%1/1/(15) =0
and W(t) = 0 V¢t > T. In order to establish the FXTS of system (2.2.2), it is now
necessary to consider the corresponding problem of systems (2.2.3).

Define P(t) = M'?(t) when M(t) > 1. Thus we have P(t) — 1 as M(t) — 1 and

P(t) — 0 as M(t) — oo, we have
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Pt)=c(B—=1P{t)+b(B—1), 0<P(t)<1,t#t,

Pt =&Pt), t=1, (2.2.6)

P(0) = Py= M, ",

where & = £17% € (0,1). Tt is simple to see that M(¢t) — 1 is similar to P(t) — 1.
Using the transformation P(t) = M'~%(t), where 0 < M(t) < 1, it can observed that
P(t) - 1 as M(t) — 1 and P(t) — 0 as M(t) — 0. Therefore, we have the following

equations as

(

P(t) = —a(l—a)—c(l —a)P(t), 0< P(t)<1,t#t,
N P(t)) = &P(t), t =1, (2.2.7)

P(0) = 1,

\

where & = 7% € (1,00). It follows that M (t) — 0 is similar to P(t) — 0.

Now from the above discussion, the FXTS of system (2.2.5) have been transformed into
the following two problems (i) the solution of system (2.2.6) tends to 1. in the fixed-
time 77 and (ii) the solution of system (2.2.7) converge to 0 from 1 in a fixed-time T5.
When the initial value of system (2.2.5) is less than 1, then the FXTS of system (2.2.5)
is similar to the corresponding problem of system (2.2.7). In other words, the FxTS of
system (2.2.5) can be attained within the settling-time 7" = T} + T5. The above (i) and

(i) will be considered in the case of impulsive strength £ > 1.

From the formula for variation of parameters, when 0 < P(t) < 1, the solution of

system (2.2.6) can be written as

t
P(t) =01 O p(0) +b(8 - 1) / ee(BD(t=s)gNe(t:) g (2.2.8)

0
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From Definition 2.1.2.4, Eq. (2.2.8) and P(0) < 1, one can observe that P(t) is increas-
ing and tlim P(t) = oo, when 0 < & < 1. There exists 77 > 0 such that thr%l P(t) =1
—00 -4

and 0 < P(t) <1V 0<t<T thatis

t
0

Note that
b(B — 1)ec?~ 1”/ Jsg et g <1,
i.e., b(B—1)e 51)t/e H+0d5§1,
0

. [e(B-1) L]t 1 1
1.€e., )
(c(B—1)+29) “ETHE-D (g 1) 4 28

{(5 1) ln&}tq 1+<c(5_1)+%)

1.e., [c(p — + — ,
a &8 —1)

e(B-1)+"2L)
m |14 CEDEEY)
n[ T e ]

i.e., t S :Tl-

(8 —1) + 2]

Substituting & = 77, we get

beNo(
T = . (2.2.9)

(e-2) -1

1+ )]

Similar to Eq. (2.2.8), one has the following from Eq. (2.2.7)
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t
Plt) =0 P(0) —all — ) [ 0G an 210

0

From Definition 2.1.2.4, 1 < & < oo and P(0) = 1, we get

P(t) zgévc(t,o)e—c(l—a)t —a(l - 04)/G_c(l_a)(t_s)févg(t’s)ds

£ 4 Np _
§££a+ 76(1 a _ 1 — / 1 a)(t S)é— Ta dS
0

CL(l — Oé) Q_NO e—[c(l—a)—h:_%]t o CL(l — a)fQ_NO )
c(l—oz)—w c(l—oz)—w

Ta Ta

20+ (2.2.11)

a(l—a)é; —[e(1—a)—1nE a(l—a)e; N
Let h(t) = {5\104_%} e~ lei=) m2]t—%,thenwehave h(0) = &30 >0,

c(1—a) =2 c(1—a)— .

h(+00) = % < 0, and h(t) < 0. From the fundamental concept of calculus,

there exists a unique 75 > 0 such that h(73) = 0. This implies h(t) is decreasing. Since

Ta

P(t) < h(t) and P(t) > 0 then P(t) — 0 as t — T5. From inequality (2.2.11), we obtain

a(l- 0‘)52
ln Lé“)(c(l—a) ‘*‘§2)+a<1 )&, NO}

(%—c)(l—a}

Substituting & = £17¢ in the above equation, we get

ln |: a§7N0(17a> }
Npo(1— _Ing¢ —Ngo(1—
£No( a)(c o )+a§ o(1—a)

(%—c)(l—a)

From Eq. (2.2.9) and Eq. (2.2.12), M(t) is approaching to 1 in fixed-time 7} and ap-

T2 -

(2.2.12)

proaching to 0 in fixed-time T5. Therefore, the system (2.2.2) is FxTS with the settling-
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o-1nt | ac—No(1-a)
' ' T T Il 1+ Na—m n o) (o) 1 oe Mol ) Theref
— — L i L Ta i
time given by [ = 17 + [y = —— ey 5 1) + (mE )1 a) . erefore

the proof is completed.

Remark 2.2.3.1. Different from Theorem 2.2.3.1 in [89], a new Lyapunov inequality
has been taken in Theorem 2.2.3.1 of this subchapter. Based on the inequality, a novel
sufficient condition for system (2.2.2) to be FxTS has been derived under the influence
of destabilizing impulsive effects. If we consider ¢ = 0, £ = 1 in Eq. (2.2.3) then we
get the same results as obtained in [89]. Therefore, the obtained extended results have
been obtained in comparison with [89]. In [87], the authors have claimed that FxTS
results of system (2.2.2) are not possible for destabilizing impulses when we consider
the Lyapunov inequality W (u(t)) < —aW®(u(t)) — bW#(u(t)), 0 < a < 1, # > 1. This
motivates us to consider a linear term in the inequality due to which here a sufficient

condition 7, > % is derived for system (2.2.2) to be FxTS with destabilizing impulses.

Remark 2.2.3.2. As we know FxTS is a special case of FTS. The term —aW*(u(t)), 0 <
a < 1 in Theorem 2.2.3.1 is sufficient to get the F'TS of the impulsive dynamical sys-
tems. To realize FxTS, the second nonlinear term —bW#(u(t)), B > 1 should be added
which pulls the trajectory of the system with stabilizing impulses into a ball of radius
one in a fixed-time, (see |87, 88, 89, 96, 111|). However, in the case of impulsive per-
turbation to the system, a linear term —cW (u(t)) should be added to the Lyapunov
inequality. For sufficient value of control gain ¢ > 0 such that 7, > %, the controller
compels the system’s trajectory to converge into a ball of radius one in a fixed time.
Otherwise, impulsive perturbation destroys the system’s stability which is verified nu-

merically in the numerical and simulations section of this subchapter.

Remark 2.2.3.3. In |71, 72, 73, 74, 98|, the impulsive strength is dependent on the
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parameters of the continuous Lyapunov inequality, i.e., W (u(t]")) < ¢ mW(u(tl)),
where 0 < o < 1 and 8 > 1, which is conservative discrete time behaviour of Lyapunov
inequality. However, here an impulsive strength is chosen, which is independent of the
parameters of the continuous Lyapunov condition o and 3, i.e., W (u(t;")) < EW (u(t;)).

Therefore, the obtained results in this article are less conservative.

Corollary 2.2.3.1. Consider a scalar system with impulsive effect

u(t) = —au%ll(t) — bu%(t) —cu(t), t#t,teRy,
(2.2.13)

u(t) = &ulty),l €N,
where a, b, ¢ > 0 and £ > 1;aq, By, s, B2 are odd positive integers such that oy < fy,

g > By If 74 > % then system (2.2.13) is FxTS and the estimated settling-time

B1—ay
= . ag‘NO( )

3 c—l_'r‘—>+a5_NO<Bll;1a1)
They(2-B) T
(C Ta )( ﬁ2 )

function is given by T=

Remark 2.2.3.4. In Corollary 2.2.3.1, a simple scalar impulsive system is con-
sidered with destabilizing impulses and shown that for the appropriate parameters
a,b,c,ay, B, s, fs we can estimate the settling-time for the system to be FxTS if suf-
ficient condition 7, > lan holds. On the other hand, in [89], the settling-time can not

be estimated for £ > 1. This demonstrates the superiority of our results.

2.2.3.2 Fixed-Time Stability for Impulsive CGBAMNNSs with the First

Continuous Controller

In this subsection, a drive is taken to control CGBAMNNSs with destabilizing impulsive
effects to the equilibrium point (z*, *) similar to [113]. To control the system, we design
a continuous controller based on the Lyapunov inequality (2.2.3). Thus, the equilibrium

point (z*,y*) can be shifted to the origin using the translation p.(t) = z,(t) — x*

T
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qs(t) = ys(t) — vy which satisfy the following system:

(

Plt) = = (pr(1) {5, (0 (D) = T2 b fu@ (@) |0 A1t € R,
i(t) = 2 (0) {(0(0) = T w1 |, ¢ A1t €Ry,

Ap,(t1) = opr(t1), l €N,

(2.2.14)

| Aas(t) = 0g5(t), €N,

where r = 1,2,...,41, s = 1,2,... d9;a,(ps (1)) = a.(p-(t) + x¥), by (pr-(t)) = b.(p,(t) +
2%) = be(@2), Fulgs() = Fulga() + 42) = fo(u2), Eulaa(t) = calaslt) + u2), da(as(t) =
ds(qs(t) +y2) —ds(y2), g-(pr(t)) = g-(pr(t) +x5) — g, (x). For convenience, we can write
p(t) = (p1(t), p2(t), .- pia ()7, a(t) = (@ (t), @2(F), -, 4 (1)), W(E) = (" (1), ¢" (1))" =
(W1 (t), Wa(t), ..., Wi (t)T.

From Assumption (2.2.2.2), function b,(x) and ds(y) are differentiable, i.e., they satisfy
0<b < br(a:) < b, and 0 < d, < ds(y) < d,, for all z € R and y € R2. From mean

value theorem, we get

by (x,) = bp(a) = b2 4 L(w, — 22)) (2 — 27),0 < £ < 1,

b (py (1)) = b (2 + Lp,(£))p,(1),0 < £ < 1. (2.2.15)

Similarly, we obtain

dy(ys) — ds(y?) = do(y" + Lys — y2)) (ys — ¥2), 0 < £ < 1,

du(qs(1)) = dy(y? + Las(1))gs(t),0 < € < 1. (2.2.16)

In order to control the system (2.2.14), the first kind of continuous controller is designed

as
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u(t) = —kip,(t) — kisign(p, (1)) Ip-()|* — kasign(p, (1)) |p, ()17,
(2.2.17)

Us(t) = _miqs(t) - mlsign(qs(t))|qs(t)|a - mQSign(qs(t)”qs(t)lBa

where 0 < a < 1, 8 > 1 and ky, kg,m;,my are positive constants and k!, m! denote
control gains for all r and s.

Using the controllers (2.2.17) in the system (2.2.14), we get

.

pr(t) = =, (00 (0) (s (1) = 2, B fu(aa(0) } +n(t), A1t € Ry,
0.(t) = =2 (0.(0) { (@) = i wad o () | +0t), t At Ry,

Ap,(t) = op,(t), l €N,

\AQS<tl) - UQS(tl); [ e N.
(2.2.18)

Theorem 2.2.3.2 Suppose that Assumptions (2.2.2.1)-(2.2.2.3) hold and the control

gains k! and m! satisfy

kD > 302 EBJwe| — ab,,

(2.2.19)
ml >0 4, Alhys| — éyds,
then the system (2.2.1) can achieve FXTS under controller (2.2.17) if
1
7> DT? (2.2.20)

5 l;jf —Np(l—a)
In |:1+~~N0(1 ﬁ):| In |:§~NO(1_Q)6:_1:_1%)+¢5—N0(1—a)
T ln.f + lng S ’
(6-128) (5-1) (25-6)(1-a)
where € = max {|1+o|, 1+ 0|} > 1, 5 = k' — 32, ¢.Bo|we| + ayby, p1s = m! —

The estimated settling-time function is given by

ZT 1 GrAglhys| + ¢ydy and § = min{min, 7,, ming y}.

Proof. Choose the following Lyapunov function as
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11+12

W(t) = lek |—Z|pT |+Z|qs (2.2.21)

Differentiation of W (t) along the solution of system (2.2.18) for ¢ # ¢, is as follows:

Zleign(pr(t)) [_ar(pr(t))gr(pr + a,(pe(t Zhrsfs qs(t)) + up(t)

+ 22 Sign(Qs (t)) [_ES(QS (t))g ( + Cs QS Z wsrgr pr + US(t)

(2.2.22)

From inequalities (2.2.15), (2.2.16) and the Assumptions (2.2.2.1)-(2.2.2.3), we get

W(t) == a(pe ()b (x} + o, () lp, (¢ I—Zklpr

- Z kalpr ()] — Z k. (1)]°

+ Z Zar D) hes (Fu(0: () + 47) — o) sign(p. (1))

r=1 s=1
12
—ch (qs(1))da (¥} + g4 (1)) 4s(t) I—Zmllqs I—Zmllqs © = malg.(t)]
s=1
+ Z Z WsrCs(qs(1)) (97 (pr () + 27) — g, (7)) sign(gs (1)),
s=1 r=1
26 W Zarb ’pr |+ZZGTA |hr5HQS ’_Zklypr |_Zk1|pr
r=1 s=1

2 i1

—Zkalm chd )]+ 33 6B fw|Ip, (¢ \—Zmlyqs
r=1

s=1 r=1

i2
- Zmﬂqs(t)’a - Zm2|q8(t)|ﬂv
s=1 s=1
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i1 12 i1 i1
e, W)=Y <_d,.br +) B we| - k,%) e ()] = EFalpe ()] =Y kol ()]
r=1 r=1

r=1 s=1

12 i1 @9 2
.S (—esds P A - m;) 0] =SS mla®lF = S mala )
s=1 r=1 s=1 s=1
(2.2.23)

If k& > Z_lcsB \wep| — Gyb, , m! > Zr L Ag| s — eods, 7 = 1,2,... i1, s =

1,2,...,175 , then we obtain

i1 i2
Z elpe(8)] — Z kalpr ()] — Z k2’pr(t)|ﬁ - Z 1s1qs ()
=1 r=1 r=1 s=1

12

Z 1gs(1) Zmzlqs 8, (2.2.24)
s=1

=1

where 7, = k! — 222:1 ¢sBywye| 4 arby, > 0 and py = ml — 22}21 Gy Ag|hy| + E5dy > 0.

Let n= minr{nr}7 Hs = mins{:us}7 § = min{na M}7 ¢ = min{klyml}a ¢ = min{k27m2} 9

then we have

11412 i1 +1i2 11+1i2

) <=6 [a(®) — o Y @) — ¢ Y ()]’ (2.2.25)
k=1 k=1 k=1
According to Lemma 2.2.2.1, we can derive the following inequalities:
11+12 11+12 @ i1+1i2 11412 B
Z |@k(t)|a Z (Z |7:Uk( > Z ]wk |B > 21—|—Z2 (Z \wk > .
k=1 k=1
From Eq. (2.2.25) and Eq. (2.2.26), one can get

i1+io i1+i2 @ i1+io p
W(t) < =6 Z |wi(t)] — ¢ (Z |@k(t)|> — (iy + )" 7 (Z |@k(t)|>

k=1 k=1

< —OW(t) — W (t) — WO (1), (2:2.27)
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where ¢ = Y(iy +ig) 177,

When t = ¢;, it follows from Eq. (2.2.21) that

Wth) =Y It + ) las(t])]

r=1

1 Z.2
= [+ ollpe (8] + > 1+ ollgs()]
r=1 s=1

11+12
< Z Slwg(t)| = EW (1), (2.2.28)
k=1
where € = max {|1 + ¢|, |1+ o]}
According to Theorem 2.2.3.1, the origin of system (2.2.1) can achieve FxTS under the
controller (2.2.17) with the estimated settling-time as given by

In [1+u]

PENo(1=5)

(5-25) -1

n qsg—No(l—a)
ENO(I—Q) <5_1:7g>+¢g—N0(1—a)

(l;l—f—(s)u—a)

T =

n (2.2.29)

Therefore the proof is completed.

2.2.3.3 Fixed-Time Stability for Impulsive CGBAMNNSs with the Second

Continuous Controller

The second type of continuous controller based on the Lyapunov inequality (2.2.3) is

designed as follows:

X1

w(t) = —Bup,(t) — kapt (1) — kapi® (1),
(2.2.30)

1

21 a2
vi(t) =  —W,q(t) — msqs (t) — mags” (t),

where k3, k4, ms3, my are positive constants; ay, as, f1, P2 are odd positive integers

satisfying ay > (5, a1 < 1 and ®,., ¥, denote control gains for all r and s.
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Theorem 2.2.3.3. Suppose that Assumptions (2.2.2.1)-(2.2.2.3) hold and the control

gains @, and ¥, satisfy

i2 Ab hrs Bdwsra ~
O, > Y2 | Akl y Bedrlurley g jy |

(2.2.31)
\Ij > Z (A br‘h'rs‘f + Brdr|wsr|> . ésds,

2¢e

where 0 < €,e < 1, then the system (2.2.1) is FXTS under controller (2.2.30) if

o> & (2.2.32)
e

_ 51
~ N

In 1+M In B1— 5 O< )
& ([3226;2> ._NO( 2f31 )(é 1n§)+ 5 0( 2B1 L)

The estimated settling-time is given by T——=— —
N g A CE 25)(%55,2) (B-0) ()
where £ = max{(1+0)%,(1+0)*} > 1,79 = &, — Zs e Sa;lh”| + BTCT|wST|E) + a,b,,

Ao = U, — Zil_ (Asag‘h"sle + BTC"““") + ¢.d, and O = 2 min{min, 7,, ming A\ }.

r=1

Proof. Choose the following Lyapunov function as

1i1+i2 1 i1 1 12
t) == w2(t) = = 2(t) + = 2(t). 2.2.

0 [—Eir(pr(t)) (E(pr(t)) -y hrsﬁ(qs(t))ﬂ

# 3 5et) [~ lt) — ko ) - b 0]
+ D as(t) [ —C(as(1)) (cﬁ(qs(t)) =) WG (pr(t))>]
# 3 0l0)|-0a0) - maal 0 - mia )]
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i1 i1 12
=2 @bl + ) Y A el (0)llas(t \—Z@pr
r=1 r=1 s=1
11 a1+81 2! PRy 2 -
S MNCE SR WP
r=1 r=1 s=1
9 101
£33 Bdunlla. 0] bt |—Z‘1’sqs
s=1 r=1
12 a1+pB1 i2 agthy
N SRR e ')
s=1 s=1
. it 2 A sQyp hrs Brér Wsr|E a7 Sl
Wi <3| 2‘6 | ‘2 SRS é’”] 0=t d e
r=1 [s=1 =1
11 a2+52 A aT’|h’I’S| Brér|ws7«| S
-3 3 Sl Bl
r=1 s=1 Lr=1
2 aj48; 2 ag+fy
— mgzqs o (t) — m4ZQS 7 (t) <2234)
s=1 s=1

A B s ~ 7 i Asar|h B-ér|lws ~ 7
If @ > Z sa7|hrs| + rcr‘w r‘E) a/rb'ry \IIS > Z:}:l( sar2‘ rs‘e + rcr‘w r‘) _ Csds; r =

2¢e

1,2,...,121, s =1,2,...,19, one can obtain

O<1+f31 i1 ag+B

i1
—Z’WT k?3Zpr . —k4Zpr 72 (t)
r=1 r=1
i2 2 a4y 12 agtpy
“ D ANGO =ms > g () —mad g (B), (2.2.35)
= s=1 s=1

WheI‘e /-yr — @ _zs 1( sd;lhrs| _|_ BTCT‘wST‘E)—i_aTb > 0 and )\ — \Ij Z ( slir2|hrs|6 +

Brér|wsr N
%) + éydy > 0.

Let v = min, {7}, A = ming{ A}, © = min{y, A}, x = min{ks,ms}, p = {ks,m4} .

Therefore, we get
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i1+12 11412 cx1+['31 i1+142 oz2+ﬁ2

W(t)< -0 wi(t) - x Z o, (t)—p Z 0, > (2.2.36)

k=1

In view of Lemma 2.2.2.1, we obtain

t1ti2 oy 48 t1+12 o146 t1+12 aéglﬁl
Yo, )= (@) o= Y @) 7 (2.2.37)
k=1 k=1 k=1
v - - ag;%
-tz ay4+8y 11+i2 a0t f By—ay [ 12 2
No@ ()= (@) T > (i i) (Z wzw) S (223
k=1 k=1 k=1
Using inequalities (2.2.36), (2.2.37) and (2.2.38), we get
L L a1 +h) o ag+B2
) 11112 _ 11+12 B 2B1 By—ag 11412 B 282
W(t)< -0 ap(t)— x| > wi(t) —pliv+iz) 7 (> W)
k=1 k=1 k=1
a1 +8 as+p Ba—a as+p
< 20W (1) — 2 B W (1) — p2 B (1) + i) e W R (1)
~ o e1tf g +62
= —OW(t) — xXW %1 (t) — pW 2%z (1), (2.2.39)
a1t+b1 ag+Bo Ba—ag
where © =20, Y = X2 21, p=p2 %2 (i) +ip) %
When t = ¢;, it follows from Eq. (2.2.33) that
+ ¢ 201y 4 L < 21+
1 &
_ 2 2
——21+Q pi(t) + 2;(1+0)qs(tz)
5 T i1+i2
Z WAt = EW (1), (2.2.40)

where € = max {(1 4 0)2, (1 + 0)2}.
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From Theorem 2.2.3.1, the origin of system (2.2.1) can achieve FXTS under controller

(2.2.30) with the estimated settling-time given by

( *hlg) In X8 o

In |1+ o BL—oq ~ ~ B1—aq
. Ba—ag ~No( (5 In ~—No( )
Frackeom g0 (@f%)+xi 028

(655 (52) CEOICS

(2.2.41)

Therefore the proof is completed.

Remark 2.2.3.5. As we know that the stability of the impulsive system is a subject
to the class of impulsive sequence. In Theorem 2.2.3.2. and Theorem 2.2.3.3, the

estimated settling-time is dependent on the impulsive sequence with the conditions

Ta > % and 7, > % respectively. Intuitively, the conditions state that the occurrence

of impulsive perturbation to the system must be separated by the length of lower
bounds of 7, for the system (2.2.18) to be FxTS. In [89], the lower bounds of control
gains like the inequalities (2.2.19) and (2.2.31) of this subchapter have been derived
corresponding to both the continuous controllers. However, the settling-time functions
in [89] are independent of impulsive sequence which is not realistic for the applications

of impulsive systems.

2.2.4 Numerical Simulations and Discussion

In this subsection, two numerical examples are provided to verify the stability results
and to discuss the superiority of the obtained results in comparison to the existing

results.

Example 2.2.4.1 Consider a model of the cyber-physical system with impulsive de-

ception attacks that can be described as
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.

t1(t) = 0.1sin(za(t)) + ui(t), t# 1,

To(t) = 0.1sin(z1(t) + ua(t), t#1,

(2.2.42)
n(t) = En (b)), t=1,
| 22(8) = wa(tr), t=1,
where uy(t),us(t) are the controllers given by
up(t) = 0.4sign(zy ()] ()% — 1.2sign(xy (t))|z1(8)]1° — 0.224(2), ( )
2.2.43

us(t) = 0.4sign(zo(t)) | (t) "0 — 1.2sign(wo(t))|z2(6)]1° — 0.224(2),

The nonlinear impulsive model (2.2.42) is a particular case of the model investigated
in [114], where random cyber attacks on the system at the impulsive times have been
considered. In our case, we considered that perturbation with magnitude & > 1 occurs to
the signals x1(t), xo(t) at deterministic moments of the impulsive sequence. The signals
without deception attacks and the controller for the initial states x1(0) = 0.2, 25(0) =
0.1 are shown in Fig. 2.2.1 (a). Consider the impulsive sequence {t;},cn from [106] that

can be described as

0, if mod(l, Ny) # 0,
T (2.2.44)

N()(Ta — 9) + 0, if mod(l, No) = O,

where 6 and N, are positive numbers satisfying 6§ < 7, and Ny € N, then 7, and Ny
are the average impulsive interval and elasticity number of {t;},cy respectively. When
perturbations occur at the impulsive times of the impulsive sequence (2.2.44), then the
signals become unbounded and unreachable to the receptor that can be seen in Fig.

2.2.1 (b). In order to make the signals to reach the receptor, the continuous controller

79



CHAPTER 2. Some fixed-time stability theorems...

(2.2.43) is applied to the states. In Fig. 2.2.1 (b), it can be seen that the signals

achieved steady states in a fixed-time.

Choose the Lyapunov function W(t) = |x1(t)| + |z2(t)|, then the derivative of W(t)

along the solution of the system (2.2.42) for ¢t # ¢, is

W(t) < =0.2(|z1(8)] = |22(t)]) — 04|22 ()] + a2(8)|**) = L.2(J21 ()" — |22 ()]"?)
+ 0.1(sin(zq (t) + sin(x2(t))),

ie, W(t) < =0.1(Jxr(t)] = [e2(t)]) — 0.4(|21 () + |22(8)|°®) = L2(Jaa (8)] " — [aa ()] ).

From Lemma 2.2.2.1, we get

W(t) < —0.1W(t) — 0.4W°5(t) — 0.8W (1),

and W(t/) = EW(t;) when t = #;. Hence, all the conditions of Theorem 2.2.3.1 are
satisfied with @ = 0.4, b = 0.8 and ¢ = 0.1. The impulsive sequence is taken as Ny = 2,
f# = 0.1 and the impulsive strength as £ = 1.2 so that we get % = 1.82 and choose
To = 2 such that 7, > %, thus, sufficient condition of Theorem 2.2.3.1 is satisfied.
Hence, FXTS of the system (2.2.42) is achieved with the settling-time estimated by

T =10.07.

Remark 2.2.4.1. One of the main scientific contributions in this subchapter is the

derivation of a sufficient condition 7, > % which assures that if the impulsive systems
experience perturbations at the impulse moments separated by at least % , then the
solutions to the impulsive systems must be FxTS. Otherwise, the impulsive system may
loss the stability due to having perturbations at the impulse times. This statement can

be numerically verified from Fig.2.2.2 (a) and 2.2.2 (b).
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Figure 2.2.1: (a) Oscillatory states of the system (2.2.42) without controller (2.2.43) and
the impulsive perturbation (b) States of the system (2.2.42) without controller (2.2.43)

but having impusive perturbations & = 1.2 at the moments of impulsive sequence
Ta =2, Ny =2,and 0 = 0.1
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Figure 2.2.2: (a) A plot to demonstrate fixed-time stability of system (2.2.42) with
sufficient condition 7, = 2 > 1.82 and the controller (2.2.43) (b) The states of sys-
tem (2.2.42) for 7, = 0.1 < 1.82,,i.e., without sufficient condition and with controller
(2.2.43).

Example 2.2.4.2. Consider a numerical model of CGBAMNN with impulsive effects

as
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4

T (t) = —a,(z,.(t {b x.(t)) — ZS L hesfs(ys(t)) — 1 } t#£t,teR,,
Us(t) = —eq(ys(t {d ys(t Zf L Wergr (e (1)) — Js } t#£t, teRy,
(2.2.45)
Ax,.(t;) = ox,(t;), leN,
Ayy(t) = oys(t), leN,

where r,s = 1,2, a1($1(t)> = 0.8 + T() CL2(Z‘2<t>) = 0.6 + HT()’ Cl(yl(t)) =

1.4 + 1+ z(t) co(ya(t)) = 0.74 + o bl(xl( )) = 0.5z1(t), ba(xa(t)) = 0.74xo(t),
25 05
di(y1(t)) = 0.2y1(1), da(ya(t)) = 0.3y2(t), M = {hyshaxe = , D =
03 —15
04 —1.3
{we boxz = L0=0050=01,1 =.J,=0.
1.5 —0.4

Let the activation functions are defined as g, (z,.(t)) = 3 tanh(z,(t)),fs(ys(t)) = 2 (Jys(t)+
1|—lys(t)—1|), which satisfy Assumption (2.2.2.3) then we have A} = Ay = B; = By =1
and obviously 0.8 < ai(z1) <1, 0.6 < as(x2) < 0.9, 1.4 < ¢1(y1) <2, 0.74 < co(y2) <
1.34, by(z1) = 0.5, bo(x5) = 0.74, dy(11) = 0.2, d(y) = 0.3, which satisfy the Assump-
tions (2.2.2.1)-(2.2.2.2). Without any controller, the system’s trajectories are shown in

Fig.2.2.3. According to Theorem 2.2.3.2, the control gains k!, r,s = 1,2 should

57

satisfy

2 2
ki > Y éBilwal — aiby =241, k) > & Bo|wga| — asby = 2.83,

s=1 s=1
2 2

m% > ZCVLTA1|hT1| — éldl == 249, m% > ZdrA2|hT2| — égdg = 1.63.
r=1 r=1

Now, we can choose ki = ki =4, ml =mi =3k =m; =125 ky=my =4, a =038
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and § = 1.8, so that we have ¢ = 1.25, @Z = 1.3, 6 = 0.5. The impulsive strength is
taken as E: 1.3, so that we get 1an =0.524 < 7,. Choose 7, = 0.8, Ny = 2, and 6 = 0.4.
Then sufficient condition 7, > h}—g is satisfied and the system (2.2.45) with controller
(2.2.17) achieves FxTS that can be seen in Fig.2.2.4 (a). Now the settling-time is
calculated as T = 5.89 based on the given values of the parameters. In Fig.2.2.4 (a), it
is observable that the system (2.2.45) is FxTS before 7' = 5.89. On the other hand, if
the sufficient condition 7, > 1an is not satisfied then there exists 7, so that the system
(2.2.45) will not be FxTS. Further, let 7, = 0.03 < 0.524, Ny = 2, and § = 0.02 then
it is clear from Fig. 2.2.4 (a) that the system’s trajectories are not stable. Hence, the
effectiveness of our sufficient condition to achieve FXTS of the impulsive systems with
destabilizing impulses is numerically verified.

For the second type of the continuous controller (2.2.30), let us choose k3 = ms = 0.5,

ky=my =15 a1 =3, 01=7,a, =9, By =5, ¢ =¢ =0.5. According to Theorem

2.2.3.3, the control gains @, and ¥, r,s = 1, 2 should satisfy

2

Asdllhls’ B161|w‘1]5 ~ D
o> oty ) — @b =355,
s=1

2
Aol hog Bolalwgsle
®2>Z( 2!2’+ 2Co|Wgo|

> )~ agby = 1.79,

s=1

2

Aibelhale | Bedy|wy,|,
Uy > (o ) — ady =047,
r=1

2 ~ ~
Asb,|hpole  Byd,|wa,
\1’2>Z( 20, || N ! 2\)

2 2e

— éydy = 0.85.

r=1

To satisfy the inequalities, the control gains are chosen as &1 = &3 =4, U = Uy = 2,

and we obtain by a simple calculation O = 047, X = 0.8, p = 2.25. The impulsive
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sequence is taken as Ny = 1, # = 0.2 and the impulsive strength is assumed to be
5: 1.2. We calculate % = 0.388 and choose 7, = 0.5 such that 7, > %. Hence,
sufficient condition of Theorem 2.2.3.3 is satisfied. The settling-time is estimated by

T =2.62. From Fig. 2.2.5 (b), it can be observed that the system (2.2.45) is FxTS. If

sufficient condition 7, > % is not satisfied then there exists 7, such that the system
(2.2.45) can not be FxTS, which is demonstrated in Fig.2.2.5 (a) for
To = 0.08, Ny = 1, and 6 = 0.05. Hence, the sufficient condition is also effective with

the second controller under the destabilizing impulsive effects to the system.

Remark 2.2.4.2. As discussed in the Remark 2.2.3.1 that two terms of Lyapunov
inequality W (u(t)) < —aWe(u(t)) — bW¥(u(t)), 0 < a < 1, 8 > 1 is not sufficient to
achieve FxTS for the impulsive systems with destabilizing impulses. This can be veri-
fied numerically. For example, let the second continuous controller (2.2.30) is written

without the control gain term as follows:

u(t) = —kapt (t) — kap?® (1),
(2.2.46)
o] a2
vs(t) = —msgd (t) — mag® (t).

Using the same parameters values as given above, it can be verified from Fig.2.2.3, that
the system (2.2.45) is not FxTS. Hence, the obtained results in Theorem 2.2.3.1 of this
subchapter are an extension of the previous articles [87, 88, 89] in which only stabilizing

impulses have been considered.
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X, 05, 0,05,

X, 0.9, 0%,0.9,0

2.2.3 (b)

Figure 2.2.3: (a) Time evolution of state trajectories of system (2.2.42) without any
controllers (b) Trajectories of the system (2.2.45) with controller (2.2.46) and 7, =
0.5, Ng =1,and # = 0.2.
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Figure 2.2.4: (a) Time evolution of system (2.2.45) with controller (2.2.17) and 7, =
0.03 < 0.524 (b) Time evolution of system (2.2.45) with controller (2.2.17) and 7, =
0.8 > 0.524.
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2.2.5 (b)

Figure 2.2.5: (a) Time evolution of system (2.2.45) with controller (2.2.30) and 7,
0.08 < 0.388 (b) Time evolution of system (2.2.45) with controller (2.2.30) and 7,

0.5 > 0.388.

2.2.5 Conclusion

This subchapter investigates the effects of destabilizing impulses on FxT'S of impulsive

dynamical systems. A novel sufficient condition to achieve FxTS under the influence
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of impulsive perturbations to the systems has been obtained by using a new Lyapunov
inequality. The comparison method and the concept of average impulsive interval have
been applied to derive the results in this scientific contribution. From the sufficient
condition, it is concluded that if the impulsive perturbations to the systems activate
at the impulsive times which are separated by a certain length then FxTS of impulsive
systems is possible to obtain. Two continuous controllers in which one contains signum
terms and another does not, have been constructed based on the Lyapunov inequal-
ity to investigate FXTS of CGBAMNNSs. The settling-time functions obtained in this
subchapter depend on the parameters of impulsive sequences. This implies that the
desired settling-time value can be set for FxTS by taking different classes of impulsive
sequences. Finally, two numerical examples are given. First one is a cyber-physical
model and the second one is a neural network to show the effectiveness of proposed the-
oretical results. In future work, it will be interesting to investigate FxTS of time-delayed

impulsive systems with hybrid impulses.
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