PREFACE

The concept of calculus of variations (CVs) originated during 17th century while
optimizing a functional which was later known as brachistochrone problem. These
functionals are generally expressed as integrals involving one or more functions and
their derivatives. This mathematical domain has gained significance due to its di-
verse applications in practical scenarios, arising from its ability to address problems

of extremization, be it in the form of minimization or maximization.

Fractional variational calculus is a contemporary mathematical field focused on op-
timizing functionals that involve fractional operators, encompassing both integrals
and derivatives. This area was pioneered by Riewe in 1996, where the traditional cal-
culus of variations was extended by incorporating fractional derivatives [1, 2|. This
extension enables the derivation of the conservation laws in presence of nonconser-
vative forces, such as friction. Subsequent research has delved into various aspects
of fractional calculus of variations exploring different fractional operators such as
Riemann—Liouville, Caputo, Griinwald—Letnikov, Weyl, Marchaud, or Hadamard

fractional derivatives [3, 4, 5, 6, 7].

Sturm-Liouville problems (SLPs) were developed in the 19th century by French
mathematician Jacques Charles Francois Sturm and Joseph Liouville. SLPs are a
certain type of second-order linear ordinary differential equation with specific bound-
ary conditions (BCs). It has wide applications in mathematics, science, and engi-
neering. Notably, SLPs have been prominently utilized in classical and quantum
physics. In the past decade, there has been a notable extension of SLPs by incorpo-
rating fractional derivatives. This has sparked significant interest among researchers,
leading to the generalization of theories of integer order SLPs to the fractional-order

SLPs.
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In this thesis, we develop approximation methods for solving the fractional vari-
ational problems (FVPs). Furthermore, using the variational approach, we study
the main properties of FSLPs. Various forms of fractional integrals and derivatives
have been established in the literature. However, this thesis explicitly investigates
FVPs and FSLPs utilizing Caputo fractional derivatives (CFDs), Riemann-Liouville

fractional derivatives, and the generalized fractional derivatives [§].

The initial focus of this thesis involves solving FVPs with several dependent variables
expressed in the context of CFDs. Chapter 2 employs the Jacobi poly-fractonomial
and adopts the Rayleigh-Ritz method to address this problem. Further, three nu-
merical schemes are discussed in chapter 3 for solving the isoperimetric constraint

fractional variational problem (ICFVP) defined in terms of generalized fractional

derivative (GFD).

Chapters 4 and 5 are based on solving the FSLPs by using variational theory. The
higher-order FSLP is considered in chapter 4. Variational and numerical approxi-
mation methods are used to study the properties of FSLP. Utilizing the variational
approach, we demonstrate that FSLP exhibits an infinite increasing sequence of
eigenvalues. Additionally, for each eigenvalue, there exists a distinct eigenfunction,
and the collection of these eigenfunctions constitutes an orthogonal set. The numer-
ical results corresponding to the problem are also presented, aligning well with the
theoretical findings. Chapter 5 deals with the higher dimensional FSLPs. Here, we
also prove the existence of infinite eigenvalues for N-dimensional FSLP as presented

in chapter 4.
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