Chapter 5

Quasi-projective synchronization of inertial complex-
valued recurrent neural networks with mixed time-

varying delay and mismatched parameters

This chapter investigates the quasi-projective synchronization of inertial complex-
valued recurrent neural networks in the presence of mixed time-varying delay and
mismatched parameters. Firstly, inertial in neural networks have proposed by Bab-
cock and Westervelt [116] in 1986. They have added inertia to an RLC circuit that
connects a neuron’s output to its input, and analyzed its dynamical behavior. In
consequence of the analysis, they found that the addition of an inertial term to the
rate equation of a simple electronic neural network consisting of one or two neurons
may exhibit complex dynamic behaviors, including spontaneous oscillation, instabil-
ity, ringing around the equilibrium point, and chaotic responses to periodic drives.
These behaviors are similar to those observed in real biological neurons. The findings
of this research highlight the importance of inertial effects in controlling nonlinear
dynamical behaviors and suggest possible avenues for further studies on the stability
of nonlinear electronic networks. It is necessary to have systems with chaotic na-
tures or complex dynamic behaviors in engineering applications. Chaotic systems,
for example, increase the security strength of signals passing from a transmitter

to a receiver in secure communication. Therefore, the synchronization problem of
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inertial complex-valued recurrent neural networks has been paid much attention to

researchers [117, 118, 119, 120, 121].

Using the concept of inertial neural networks, sufficient criteria have been derived
for achieving synchronization between nonidentical complex-valued recurrent neural
networks in the presence of mixed time-varying delay. In the end of this chapter, two
numerical examples are considered, which have discussed the efficiency of obtained

results.

5.1 Preliminaries and System Formulation

This chapter is concerned with the following inertial CVRNNs with mixed delay as

drive system as

Oy (t) = — dytoy(t) — cuwy(t) + zn:l Ay fo(wy (1)) + Zn: buvgu (Wy (t — 0,(1)))

v=1

+ épm /tt hy(wy(s))ds + 1,(t), (5.1.1)

—Tu(t)
under the initial conditions  w,(s) = ¥, (s), wu(s) = du(s), s € [—7,0],

which can be rewritten in compact form as

(t) = — Dio(t) — Cus(t) + Af(w(t) + Bglw(t — o)) + P [ hlew(s))ds + I(£),

t—7(t)

(5.1.2)

where u € T 2 {1,2,....n}, w(t) = (wi(t),ws(t),...,w,(t))T represents the state
vector of the neuron at time ¢. D = diag(d;,ds, ...,d,) and C' = diag(cy, ¢, ..., Cp)
are non-negative constant vectors, A = (ayy)nxn € C™ ™ is the connection weight

matrix of the neuron at time t. B = (byy)nxn and P = (Puy)nxn € C™™ denote
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the neuron connection weight matrix at t — o(t) and ¢t — 7(¢), respectively. f(w(?))
= (fi(wi(t)), fo(w2(®)), .oy falwn ()T, glw(t — o (1)) = (g1(wi(t — 01(t))), ga(wa(t —
(1)), - gn(wn(t =0 (t))))" and h(w(t)) = (ha(wi(t)), ha(wa(t)), ..., hn(wa(t)))" are
the complex-valued nonlinear activation functions of the neurons at time ¢, time-
varying discrete delay ¢t — o(t) and distributed delay ¢t — 7(t). 0,(t) and 7,(¢) denote
the bounded discrete and distributed time-varying delays, respectively satisfying
0 <o) <oand 0 < 7(t) < 7 with 6= mazx{o,7}, I = (I, I5,...,I,)T denotes
external input vector of the neuron at time ¢ satisfying |, (t)| < I, for all u =
1,2,3,..n. ¢ = (¢1, da, ..., ¢,)T and ¥ = (1, 1)s, ..., 1) T are bounded and continuous
functions in C([—a,0],C™).

The following variable transformation is considered as

w(t) = w(t) + Ew(t).
Choosing £ € R, the equation (5.1.2) may be transformed into

W(t) = — Ew(t) + w(t),

w(t) = —yw(t) + ow(t) + Af(w(t)) + Bg(w(t —o(t))) + P - h(w(s))ds + I(t),

(5.1.3)
where v= D — &, 0=~ — C.

The corresponding response system is described as

Gult) = — dGsu(t) — Eult) + Z L (G (8)) + z B gu(@elt — ou(1)))

+ Zpuv / ho(@o(s))ds + I, (t) + Q(t), (5.1.4)

t—7u (1)

under the initial conditions @y (s) = u(s),Wu(s) = du(s), s € [=7,0],
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which can be rewritten in compact form as

5(t) = — DI(t) — C'a(t) + A'F(@(t)) + Blg(@(t — o(t))) + P’ / " h(@(s))ds

t—7(t)

I + Q) (5.1.5)

O(t) = (@1(t),@a(t),...,w0n(t))T represents the state vector of the neuron at time

t. D' = diag(d},d,,...,d)) and C' = diag(c,c), ...,c,) are non-negative constant

b

vectors, A" = (ai,,)nxn € C™™ is the connection weight matrix of the neuron at

time t. B’ = (b),,)nxn and P' = (Pl )nxn € C™" denote the neuron connection
weight matrix at ¢ — o(t) and t — 7(¢), respectively. €(¢) is control input to be

designed.

Considering the variable transformation as
w(t) = w(t) +Ea(t),
by choosing some scalar £’ € R, the equation (5.1.5) may be transformed into

wW(t) = — €w(t) +a(t),

B(t) = = D) + TD(L) + AS@W) + Bg@(t - o)+ P [ h@(s)ds

t—7(t)

+ I'(t) + Q(1), (5.1.6)

where v'= D' — ¢, §'=v'¢' - C".

Suppose w(t) = a(t) +if8(t), w(t) = u(t) +iv(t), a(t), f(t),u(t) and v(t) € R. Now

separating equations (5.1.3) and (5.1.6) into real and imaginary parts, the drive
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system (5.1.3) can be written as

a(t) = — Ealt) + ult),
i(t) = — yu(t) + da(t) + AR FR(a(t), B(1) — AT f(alt), B(t))
T Bt — o(1)), B(t — o (1)) — B'g"(alt — o (1)), B(t — o(t))

+ PR /:T(t) hR(Oé(S),ﬁ(S))ds _ pf /:T(t) hl<a(8),ﬂ(8))ds + IR(t), (5.1.7)

Bt) = = &B(L) +v(d),
0(t) = —yu(t) +88(t) + A" (a(t), B(t)) + A" fH(a(t), (1))
+ B! (alt — (1)), Bt — o (1)) + B'g"(a(t — (1)), B(t — (1))

+ PR /tiT(t) hI(a(S),ﬁ(S))dS —+ PI /tt hR(a(s),ﬁ(s))dS + Il(t). (518)

—7(t)

The corresponding response system of equation (5.1.6) is

a(t) = - ga(t) +alt),
a(t) = —"a(t) + o'a(t) + AT a), B(t) — AT @), 5(t)

+ B g™ a(t — o(1), Bt — o (1)) — B"g'(a(t — o (1)), B(t — o (1))

+ P /;(t) nf(a(s), B(s))ds — P”/ K (@(s), B(s))ds + I'R(t) + QR (1),

t—7(t)

(5.1.9)
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B(t) = — €5(t) + o(t).

(1) == y'0(t) + 9'B(t) + A f (@), (1) + AT FR@(), B(¢))
+ BTy (@t - o(1)), 5(t — o (1) + B"g"(@(t — a(t)), Bt — o(t)))
P o M (@0, Bls)ds + P /t o M@0), Bls)ds + (1) + 07 (0)

(5.1.10)

Let us consider projective error as €®(t) = a(t) — ra(t), €/(t) = B(t) — rB(t), é(t)
= u(t) — ru(t), e'(t) = v(t) — rv(t) and the control input vectors Q%(¢) and Q! (¢)

are defined by

QL (1) = — kel (1), (5.1.11)

where k = diag(k1, K2, ..., Kn)-

Therefore from equations (5.1.7) and (5.1.9), we get

ef(t) = — (1) + R (t) + Ny (1),
(1) = =/ (t) + (6" — r)e (1) + ATFR(ER(), € (1) — AT F1 (R (1), €' (1))
+ BTG (e (t — o(t), €' (t — o(t)) — BTg"(¢"(t — a (1)), €' (t — o (1))
e /t_m) B (ef(s), el (s))ds — P’ /H(t) B (eR(s), ¢! (5))ds + M (1).
(5.1.12)

Also from equations (5.1.8) and (5.1.10), we get

e(t) ==& (t) + e (t) + Nao(t),

€(t) = =€ (1) + (0 — r)e!(t) + ATFI(R(2), € (1)) + AT F(eM(2), € (1))
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+ By ("t — a(1), €' (t — (1)) + B"g"("(t — o (1)), (t — o(1)))

4+ PR /ttT(t) hI(eR(s),eI(s))dS 4+ pt /tT(t) hR(eR(s),e[(s))ds LML), (5.1.13)

where

Ni(t) =r(€ — &)alt),

My(t) =r(y =¥ )u(t) + (8" = 8)a(t) + r(AT — AF) fR(a(t), 5(t))
+r(AT = A [ (a(t), B(t) + (B = B)g(alt — o(t)), B(t — (1))
+r(B" = BNg'(a(t — o(1), B(t — o(t))) + (P — PT)
X /t_T(t) hf(a(s), B(s))ds +r(P" — PT) /t_T(t) h'(a(s), B(s))ds

+ I'R(t) — rI7(1).
Using the norm on both sides, we have

1N <l = Ml
1M <l =)Wl + 1716 = )l o)
I = AT £ ae), B + [ 1(AT = ADIF (aft), B
(B = B lg" (alt — o (1)), 5t — o)
8" = Bl (alt = o (2)), Bt — o)
I = PO Ias). () ds

NPT = POIL[ [0 (a(s). Bs)lds + (17+ 7).

INL @I <[PICEN -+ 1€,
MO <P+ 111D + 1+ 1810 + (LA + | ARIDILy

+ A+ [ATDI Ly + [r| (1B + 1B )0 Ly
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+Ir|(IB 1 + 1B YLy + [r[(I1 P + [ PH{) 79 La

+ [ (1P| + 1P 70 Ly + .
Therefore
[IN(t)]] < Ky, || Mi(1)] < ko. (5.1.14)

Now

No(t) =r(& = &)B(1),
My(t) =r(y =7 )v(t) + (8" = §)B(t) +r(A™ — A%) fl(a(t), B(¢))
+r(AT = AN R (a(t), B() + (B = B)g' (at — o (t)), Bt — o(1)))

+r(B" = Bg"(a(t — a(t), B(t — o (1)) + r(P" = PR)/ W' (a(s), B(s))ds

t—T7(t)

Fr(pt - | tT@ WR((s), B(s))ds + I'(t) — I (),

N <Irll€ = €)MBEN,
(0 Iy = V@] + I = DB+ Il (A% = AR (@ (t), B
AT = AN, 50)]
B = BR g (ot = o (1), Bt = o))
B = BY 9" (alt = o(t). Bt~ o0)]
FIET =P [ (a(s). 5(5)) s

P = PO It ats), s+ (121 + 1.

N2 (O <[ CEN+ 1€,

Mo ()1 <[rI T+ 1Y 1D+ 11N+ 18109 + I (LAR ]+ LAROL
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+ | (AT + [ATDOL s + [ (1B + (| B0 Ly,
+ B+ 1B DILy + (1P + [ PFI) 79 L

+ [P+ P70 La + o
Thus
IN2(8)]| < Ky, [ Ma(8)]] < K. (5.1.15)
From equations (5.1.12)-(5.1.15), we get

0(t) = — £0(t) + 0(t) + N (¢),

6(t) = — 30+ 66(t) + A, [i(6(1)) + Axo(6(1)) + Buga (8t — o(1))) + Baga (0t — o(1)))

FP [ Ta(B()ds + P /t o Pel0())ds + M (1), (5.1.16)
01 I O FAE(E). € (1)
where 0(t) = ,0(t) = , f1(0(t)) =
e'(t) é'(t) SRR (), €' (1))
i FHER (), € (1)) gt (et —o(t), €' (t — a(t)))
f2(0(1) = ,1(0(t—o(1))) =
F1(™(t), €' (1)) g (e (t —a(1), €' (t — a(1)))
g' (et —a(®),e'(t—a®)) | R (R (t), €' (1))
G0t —a(t)) = , ha(0(¢)) =
g (et —o(t)),e'(t — a(t))) hE(e(t), € (1))
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RI(ef(t), €' (1)) Ni(t) ¢ 0 7 0
ha(0(t)) = , N(t) = , §= , = ,
hI(ef(t), €' (1)) Na(t) 0 ¢ 0 «
0 — kK 0 AR 0 AT 0 B® 0
SZ ) Al_ ) AQZ ) Bl_ )
0 0 —k 0 A" 0 AR 0 BT
-BT 0 PE 0 P10 M, (t)
32— ) Pl— > Py= ) M(t> =
0 BR 0o P! 0 PR My(t)

Assumption 7. [122] Let us consider z(t) = v(t) + in(t), and Z(t) = v(t) + in(t),

then the state activation functions of ith neuron can be expressed in the following

forms:

fi(z) = ffw,m) +iff (von), gi(2) = gf (v.m) +igi (v,n), hi(2) = hi*(v,n) +ihi(v,n),

where fR(v,n), f1(v,n), 9% (v,n), gl (v,n) € R, and for any v,v,n,1, there exist posi-

tive constants PEE PRI pIR pIl QRE QORI QIR OQII [RE [RI IR I sych that

the following inequalities hold:

£ (v,n) = fF(0,0)] < Py — o + Pn — 7],
|ff(v.n) = f{(@,0)] < By -]+ Bl n -1,
97 (v.n) — gl (0, 0)] < Qv — v + QY [n — 1l,
9! (v,n) — 9] (7, 1)) < Qv — 7|+ Qf"|n— 7,
W (v,n) — W (0, 0)] < RFF|lv — o] + R |n — 7],

| (v,m) = hi(7,0)] < Ry — o] + Ri'|n — 7.
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For the convenience, we have

PEE = diag{ PER PEE .. PREY PRI — djag{ P} P} .. PRI}
PR = djag{ P, PJT ..., PIR} P! = diag{P]', P{*, ..., P11}
Q" = diag Q. Q" .. Q). Q" = diag Q' Q... QI,
Q' = diag{Q{™, Q4. .. QI Q" = diag{QI", Q.. Q'},
RER = diag{ RI'E RER .. REEY REI = diag{ RF' RI .. RE}
R = diag{RIE RIE .. RIE} RU = diag{RI RL .. RI}.

Assumption 8. For any u,v € R and g;(.) : R — R, then there exist constants
[; >0,i=1,2,...,n such that

0< M < Z“VZ: 1727-”7”"
u—"v

Lemma 5.1.1. [117] (¢, inequality). For all v,n € R, ¢ > 0, the inequality (|v| +

N7 < ¢,(lv]? + |n]?) holds, where

1,0<qg <1,

2071 g > 1.

Lemma 5.1.2. [113] Based on Assumption 8, suppose ||.||, be an induced norm
on R™™ and pu,(.) be the corresponding matrix measure with q = 1,00. Then
1A (0(1))) < 1g(A°L) for L = diag(if 1§ ., 1),

G1(0(t)) = diag{ D) 2} with g(0) = 0 for u,

0(t) = diag(x1(t), xo(t), ..., xn(1)), A = (@) € RV, A* = (af,) € R™" with

max{0,al, },u=wv,

ar,,u #v.
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5.2 Main results

Theorem 5.2.1. Suppose the Assumption 7 holds. The trajectories of the systems
(5.1.16) will be quasi-projective synchronized within a small region €, if there exists
a matrix measure f,(.) for ¢ = 1,2, 00 and the controller given in (5.1.11) , so that

it satisfies the condition (; > (; > 0, where

Gu=— (g (H)+2U]| Aullg+20'| Asll), Go= (2m| Bullg+2m/[| Bellg+2n]| Prllg 420 P2l ),

£ T
and H = = maz{PEE PRI I = max{P™® P} m = max{Q? Q®*},

o =7

m' = max{Q™ Q"}, n=max{R?E R} n' = maz{RE, RIT}.

The attractive region is estimated as

Q= {Z(t) € Rt |Z(t)||, <w = k}

Proof. Define Z(t) = (6(t),(t))T. Now taking the upper right-hand Dini derivative

of ||Z(t)]|, along the system (5.1.16), we obtain

12+ W, - 126
h—0+ h
_ 12 + hZ(t) + O(h?)|l, — 121l

h—0+ h

DT (1Z#)l,)

(5.2.1)
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Now,
0(t)
1Z(t) + hz(t) + O], =l +h
0(t)
—£
<||Z(t) + h
8]

0(t)
+O(?) |,
10,
I
Z(t) g + hll Al A (O g
—5

+ hl| Azllgll £2(0))llg + 2l Billgllgn (0(t — o (t) I

+ BBl (0 = o))l + RIP, [ n(0(3)) s

_ t _
+ h[| P2l 172(0(s))llqds + Al lg + 1Ol
t—7(t)

(5.2.2)

From Assumption 7 and Lemma 5.1.1, we have

LA(0@))II < 2ILA7 O < 2<PfRH€R(t)Hq + Pf’H@’@)!M)

< zzq(ne%)nq ; ||ef<t>||q)

< 2qzq(ueR<t>Hz " Hef(t)uz).
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Thus

LA(0@)lly < 2100)]lq < 20 Z(B)]],.

Similarly,

1£20))lq < 2010()lg < 201 Z(8)lo,

19:(6(t = a(O))llg < 2m]|6(t = a(t))[lq < 2m|Z(t = o (1))l
192(0(t = o ()llg < 2m/[|0(t — o ()l < 2m"| Z(t = o (1)) llo,
1h (Bl < 2n]l0()lly < 2nl1Z(#)]l4,

1h2(00)) g < 20 [10(8) ]l < 20/ Z(2) - (5.2.3)
Using equation (5.2.3) in equation (5.2.2), we get

12(6) + h2(2) + OU2) g I+ hHINZOll, + 20 Al | 20, + 2001 A 1 Z )
+ 2B Bl 26 = rODll + 20 BBl 2~ 7))l
2l Pl [ 1ZG6) s+ 2 |Paly [ 1Z(6)]ds
IS, + 1002,
ST+ |20+ 2 Al + V1 A1) 120,
+20(m| Bl + 0| Boll) |12t = o)
2l Al 1Bl [ 1Z()ads + BISO,

+ 00l (5.2.4)
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Substituting the equality (5.2.4) in equation (5.2.1), we get

D (|z()l,) =T I H =1

= lim
h—0+

+2(m|| Bully + | Ballo)[| Z(t — o (1),

1Z(#)llg + 20U Arllg + VIl Al Z (D)

<2l Pl + 1Pl [ 1Z)lads + G
< () + 200 Al + 2| BN Z @), + @l Bl + 2 Boll)

X sup gzl Z05)la + (2011Pill + 20| Pol)suprsocel Z(5)l + o
< (ol H) + 20| AL + 2 A ) IZ ), + @l Bl + 20| Bl

+ 20| Pyl + 20/ (| Palg) sup—r<s<il| Z (5) |l + C3

<= GlZ@)|lg + Gesupi—r<s<tl| Z(s)llq + G, (5.2.5)

where (1= —(pg(H) + 21| Aillg + 20| Asllg), o= (2m|Bilg + 2/ || Bsllq + 20| Pl +
20| Py l).
Then from the equality (5.2.5), we have 0 < {5 < (; and employing Lemma 3.1, we

have
1Z))ly £ sup_r<s<ollZ(3)]le ™ + CI'C:’)

As e(t) converges exponentially towards a desirable region Q = {Z(¢) : ||Z(t)]|, <
%}, therefore from Definition 1.5.2, we can conclude that the desired quasi-projective

synchronization between ICVRNNs (5.1.1) and (5.1.4) is achieved. O

Theorem 5.2.2. Let us consider that the Assumption 8 holds. The trajectories of
systems (5.1.16) will be projective quasi-synchronized under the controller (5.1.11)

if the following conditions are satisfied such that (; > (5 > 0,

where ¢, = —{MH) 4 g(AG) + AL + 3z—>},

Go= (1Bulla281* + [ Bell 250 + | Bill 25 + || Po28n0),
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and H =

Y
I

- Ap Ay

G~ dlag{l+ l+ o by ll 7l2_7 vy by 0,0,. 0} 7l+ = maxlﬁvﬁn{l;r}v [~ = maﬁlﬁvﬁn{l;}7

q = 1,00.

Y 'n Y n Y

Proof. Similar to the proof of Theorem 5.2.1, we obtain

D (12(H)lq) =

Suppose ()

HZ(Hh)IIq— 12()llg

h
ZHHZ(t) +hZ(t) + O]y — [1Z(t)llq
h—0+ h
_g I 0
< hlgg+ly\2(t) +h Z(t)+ h g
5 -y A1 f1(0(1)) + A2 fo(6(1))

we can define

Gy (u(t)) = dzag{fl(“é())) fQ;SZ?t()t))’ - fn,ii?t()t))}'

+ 1 Billallga (0t — o (0)lg + hl| Ballg[l92(0(t — o (£)))4

BB [ IO s+ blIPely [ Fa(8(s)) s

T o ||Z<t>||q]. (5.2.6)

= (pu1(), p2s oy (0)) T, f ()= (fr(p(1)), fo(pa(t)), ., fulpa(£)))", then
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Let G(0(t)) = diag{G1(u(t)), G2(u(t)),0,...,0}. Also under the Assumption 8, it

follows that

0 0 0 []fi(0()) 0
A f1(0(t)) + Aa fo(0(2)) Ay Ay | | f2(0(1)) Ay
G (ef(t))e"(t)
Ga(e'(t))e' (¢)
= A + A(X1 () — Xo(t) + Xs(t) + Xu(t))
0
0

< AG(O())E(t) + A(X1(t) — Xo(t) + X5(t) + Xu(t)),

As

Fra(t) = ffa(t)

Fia(t) = ffa(t)

FHB) = 1 (B()

FHB) = 1 (B(1))
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where

0 0
Fi@(t) = fHa(t) Fia()) = fal)
Xi(t) =  Xo(t) =
0 0
0 0
0 0
0 0
Xs(t) = L Xu(t) =
Fia(t) — f(a) 0
0 Fia()) = fat)

Now, from Assumption 8, we get

1X2 )l =7 @0) — PR,
:&1 FR@ ) — b))

Q=

m

S(X_:l(lﬂ&(t) —a@)))?)

< (lat) — a(®))))

v=1

Q=

Q=

=l @Ol < 12l (5.2.7)
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Similarly, we get
[ Xa2(B)llg N2l [ Xs(D)llq < N2 E)g, Xa@llg < N2,

and also we get

gri(@(t —o(t)) — gi'(a(t — o(t)))
1920t = 7())llq =Il lq

gri(@(t — o(t))) — gi'(e(t — o(t)))

Q=

(22191 (t —of )))_91( (t—o(t))

)

Q= \_/

(22l+|at—a ) —a(t—o(t )
<24 l+<22|at—a ) —a(t—o(t )

v=1

1
=240t ef(t — o (1))l < 2911 2(t — o (t)) |- (5.2.8)
Similarly, we obtain

1926t = )|y < 24071 Z(t = 7))
[ O®)lly < 20n*12(8)]l,

1h20®)) g < 2701 Z(2)],- (5.2.9)



Chapter 5. Quasi-projective synchronization of inertial CVRNNS... 152

Substituting the inequalities (5.2.7)-(5.2.9) in equation (5.2.6), we get

DH(1Z20)]q) < [I!Z( )+ h(H +AG(6(1))) Z(t) + A(X1(t) — Xo(t) + Xa(1)

+Xa()lg + 1Billall g1 (0t — a(0)))llg + 2l Ballallg2(0(t — (1))l

BB [ @) ads+ Pl [ [0 ods

+ h|S@)l - ||Z<t>||q]
e I 0+ ACOW)), 1

h~>0+ h

+ X5 (@) lg + 1Xa(Ollg) + | Billgllga (6 = o (@)l + | Ballgllga(8(t = o (D)),

1Pl [ IO ads+ 1Pl [ [Fa@)lads + SO

<Tm 11+ h(H + AhG(O( le =

Bl 2e 171 Z2(t = a(t)llg + 1Ballg20 17 Z(t = ()],

1Z@) g + 1Al (X2 ()l + 1Xa(0)]lq

2@, + 141, +30) 12,

1Pl [ 20126 s + 1Pl [ 2071205 s + o

<pa(H + ACONZ(0)], + 1Al (17 + 3r)nz<t>|rq +(I1Blla281F + Bl 2517)

<1200 = o)l + (1P + BP20n) [ 12(6) s + G
<{ater 4 261000 + VAL + 30 20N, + (B2 + Bl

<200 = o)l + (1P 250" + B 20n) [ 1Z(6) s + G
s{qu +AG(O®)) + [ All (0 + 3l>}uz<t>uq + (I1Bullg2e1 + | Bsllg2317)

X supeo<scill 2(5)lg + (| Pill2in* + Rl Pl 207 )sups—r<sctll Z(5)l + G
g{qu +AG(O(1))) + | Afl (1 + sz->}||z<t>||q + (1Bl 207 + 1| Bl 271

= 1 = 1
+IPl25n" + Bl Pallg21n ™) supe—r<a<e| Z(5)llg + G- (5.2.10)
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According to Lemma 1.3 and Lemma 5.1.2, the following inequality is obtained
fq(H + AG(H(t))) < pg(H) + MQ(AG(G(t))) < pg(H) + MQ(AG*)' (5.2.11)
Thus,

A(AGI g{qu) + 1 (AG) + | Al (1 + 3z>}uz<t>uq
_ 1 _ 1 — 1
+ (| Bull 20" + || Boll 210 + || Pyl 270"
— 1
+ 1Py g27n 7 ) supy_res<t|| Z(s) ||y + €

<= GllZ@®)llg + Gl Z(s)llg + G, (5.2.12)

where (; = —{mm 4 g(AGY) + A, 0 + 3z>}7

S el S 0 al = el = ol
G= ([Billg2e1" + [ Baflg290™ + | Prflg2em™ + [[ 2| g29m7).

Then from the condition (5.2.12), we have 0 < (» < ¢; and using Lemma 3.1, we get
1Z@)lly < sup—r<szoll Z(s)lge ™ + 4};

Accordingly, the error system e(t) converges exponentially towards a desirable region
Q={Z@1) :]|Z()|ly < £}. This means that from Definition 1.5.2, it is proven that

ICVRNNS (5.1.1) and (5.1.4) exhibit quasi-projective synchronization. O

Remark 5.2.1. The different values of &, can be selected in the matrices &, ¥ and
§ by using different variable transformations and existence of matrices &, 4 and ¢
determine whether the conditions of Theorems 5.2.1 and 5.2.2 will be hold. Theorems
5.2.1 and 5.2.2 introduce the free-weight matrix ¢ and make the results here less

conservative than those of a certain variable substitution.
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Remark 5.2.2. Throughout this chapter, Theorems 5.2.1 and 5.2.2 is proved by using
matrix measure method to ensure the quasi-projective synchronization between the
systems (5.1.1) and (5.1.4). Based on Lemma 1.3, 5.1.1 and 3.1, Assumptions 3
and 6, Definitions 1.4.4 and 1.5.2, the Theorem 5.2.1 is derived. But Lemma 5.1.2
and Assumption 8 are utilized in Theorem 5.2.2. Lemma 5.1.2 is invalid for ¢=2.
Therefore, Theorem 5.2.2 is invalid for ¢=2. So, Theorems 5.2.1 and 5.2.2 will

complement and enrich both.

5.3 Numerical Simulation

Here, two numerical simulations are given to demonstrate the effectiveness and via-

bility of the proposed quasi-projective synchronization scheme.

Example 5.3.1. Let us consider the following two-dimensional ICVRNN system

with mixed time-varying delay as the drive system as

(t) = — Dio(t) — Cus(t) + Af(w(t) + Bglw(t — o) + P [ hlew(s))ds + I(£),

t—7(t)

(5.3.1)
where w, () = a,(t) + i8u(t), ay(t), Bu(t) € R", u=1,2.

Here the parameters are taken as

03 0 04 0 02—-04 03+0.1z

0 04 0 0.5 0.140.2¢ —0.2+0.12
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0.3—-0.1s 0.1-0.2¢ —04—-0.12 0.2+4+0.2¢ 3 0

02404 —0.340.2¢ 04—-02: 0.340.5¢ 01

0.4sin(t) + i0.5cos(t)
I(t) = ,o(t) = 0.1+ 0.2sin?(t), 7(t) = cos?(t).

0.5cos(t) + i0.4sin(t)

The activation functions are taken as

fulwu(t)) = gu(wu(t)) = hulwu(t)) T 10(1 + exp(—alt ) +25(t)))

1 — exp(=2a(t) — 5(t))

001 1 eap(—20() — (1))

The three-dimensional plots of state trajectories wy(t) and ws(t) of the system (5.3.1)

are shown in Figure 5.1.

Plot 1 Plot 2

X0

1000 1000

o) 05 t

Figure 5.1: The plots of state trajectories wi(t) and wo(t) of the system (5.3.1)
for Example 5.3.1.
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The corresponding two dimensional response system is considered as

5(t) = — DI(t) — C'a(t) + A'F(@(t)) + Blg(@(t — o(t))) + P’ /:T(t) h(@(s))ds

+ I'(t) + Q(1),

with the following parameters

0.2 0.3 0
D' = C' = A
0 0.3 0 06
—0.2+0.2¢ 0.2—-0.3 0.3+0.2
B = P =
0.340.5¢ 0.2—-0.3 0.3+0.1:
0.2cos(t) + i0.3sin(t) 05 0
I'(t) K= :
0.3sin(t) + i0.2cos(t) 0 0.7
where Q(t) = —k(e(t)) is denoted as controller.
Let PEE = QRR RER — (. 1, PRI — QRI REI
— QU = R = (.2.

Let us also consider the initial conditions as

0.3 —0.5¢

0.1—-0.3¢

0.3 —-0.2¢

0.4+0.4i

=02, PIR =

(5.3.2)
0.440.2¢
0.2—-0.3:

4 0
¢ =

0 2
QIR RIR = 0. 4
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wi(s) = —0.15 + 0.457, wy(s) = —0.25 + 0.154,
w1(s) = —0.30 + 0.304, @ (s) = 0.30 + 0.25:. Choosing r = 0.2, we can find that
ky = 8.1227, ky = 0.2334, i.e., ky > ko, and ¢ = 5.8957.

Thus all the conditions of Theorem 5.2.1 hold. Hence the system (5.3.1) will be
quasi-projective synchronized with the system (5.3.2) having estimated error level

= (0.9294.

Figures 5.2 and 5.3 represent the state evaluation curves of the systems (5.3.1)
and (5.3.2) under the controllers with mismatched parameters. In Figure 5.4, Plot
1 shows the quasi-projective synchronization of the error system (5.1.16) without
controller and Plot 2 shows that of system (5.1.16) under controller with upper

bound = 0.9294.

ai(t), ai(t)

, Ga(t)

Ozz(t)

Figure 5.2: The plots of real state trajectories ai(t), aa(t) and ay(t), as(t) of
drive system (5.3.1) and response system (5.3.2) for Example 5.3.1.



Chapter 5. Quasi-projective synchronization of inertial CVRNNS... 158

1(t)

5y

Ba(t),

B2(t), Ba(t)
o
T
Y
/
\
/
s
S
]
N
N
\
I
N
N
\
1
]
/
¢
1 iy

Figure 5.3: The plots of imaginary state trajectories 31 (t), B2(t) and B (1), Bs (t)
of drive system (5.3.1) and response system (5.3.2) for Example 5.3.1.

2 T T T T T T
1.5F 8
= 4L J
T 1
0.5
0 1 1 1 1 1 1 I\ 1
0 50 100 150 200 250 300 350 400 450 500
t
Plot 2
2 T T T T T T T T T
150 ’ Estimated error bound =0.9294 ‘ 1

= | N ]
E1

05T WWWMWWJW
1 1 1 1 1 1 1 1

0 50 100 150 200 250 300 350 400 450
t

Figure 5.4: Plots of the error system (5.3.1) without controllers and with con-
trollers having error bound = 0.9294 for Example 5.3.1.
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Example 5.3.2. Let us consider the following parameters of the two-dimensional

ICVRNN system (5.3.1) with mixed time-varying delay as the drive system as

05 0
D — C =
0 0.3
0.3—-02¢ 02-0.3
B —
02+03 —04+0.2¢
0.6 +10.4
I1(t) =
0.7 410.5

The activation functions are taken as

fulwu(t)) = guwu(t)) = hulwu(t)) =

1.3

1.2

—0.5—-0.2¢

0.3—-0.2

0.3 —0.4¢

0.2+0.3i

0.2+0.37

0.3 —0.5¢

, o(t) = 0.1+ 0.2sin?(t), 7(t) = cos?(t).

1 — exp(—0.6cv,)

0.2+0.17

—0.2+ 0.3

1

2(1 + exp(—0.6cry,))

Z2(1 + exp(—0.85,))

The following parameters of the corresponding response system (5.3.2) are

04 0

DI

1.4

1.9

A=

0.3+ 0.44

0.5+0.3i

—0.5-0.2¢

0.2 -0.4
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—-0.240.2¢ 02+40.1z 03—-02: 03+40.22 3 0
02-03 —-03+0.2¢ 02+01s —02+0.3¢ 0 2
0.2+140.3 45 0
I/(t) = , K = )
0.3 +10.2 0 3.7
where Q(t) = —re(t) is denoted as controller.

The three-dimensional plots of state trajectories wy(t) and ws(t) of the system (5.3.2)

are shown in Figure 5.5

Plot 1 Plot 2

0.5

.u~""|‘l‘|‘|‘|"\‘||'
I

3,(t)
5,(t)

-0.5

200 200

B

o, (t) 2 0 t

Figure 5.5: The state trajectories wi(t) and wa(t) of the system (5.3.1) for
Example 5.3.2.

For [} =njf =0.15, [y =nj; = 0.1, let us consider the initial conditions as
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wi(s) = —0.15 + 0.457, wy(s) = —0.25 + 0.154,
&1(s) = —0.30 + 0.30i, @s(s) = 0.30 + 0.25i.

Suppose r = 0.2, we can find that k1 = 15.8427, ky = 1.4531, i.e., k1 > ko, ( =
7.3453. Thus all the conditions of Theorem 5.2.2 hold. Hence the system (5.3.1)
will be projective synchronized with the system (5.3.2) having estimated error level

= 0.8892.

Figures 5.6 and 5.7 represent the state evaluation curves of the systems (5.3.1) and
(5.3.2) under the controllers with mismatched parameters. In Figure 5.8, Plot 1
shows the quasi- projective synchronization to the error systems (5.1.16) without
controller and Plot 2 shows the similar thing under controller with error bound =

0.8892.

o (t)

al(t), &1(t)
N
/

)-, &2(t)

as(t

Figure 5.6: The plots of real state trajectories ai(t), aa(t) and ay(t), aa(t) of
drive system (5.3.1) and response system (5.3.2) for Example 5.3.2.
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1(t)

Q.

Ba(t),

Ba2(t), B2(t)

Figure 5.7: The plots of imaginary state trajectories 31(t), B2(t) and B (1), Bs (t)
of drive system (5.3.1) and response system (5.3.2) for Example 5.3.2.

2 T T T T T T T T T
15F
s 1r
L
0.5 4
ot 1 1 1 1 1 1 1 1 1 |
0 10 20 30 40 50 60 70 80 90 100
t
Plot 2
2 T T T T T T T T T
1.5F ’ Estimated error bound = 0.8892 ‘ .
§ 1r / 4
L
0.5 =
(s I I I I I I I I I 1

0 10 20 30 40 50 60 70 80 90 100

Figure 5.8: Plots of the error system (5.3.1) without controllers and with con-
trollers having error bound = 0.8892 for Example 5.3.2.
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5.4 Conclusion

In this chapter, the quasi-projective synchronization problem on the ICVRNNs with
mixed time-varying delay and parameters’ mismatched has been studied. The con-
sidered system has been transformed into the system of first order differential equa-
tions by implementing a suitable variable transformation. Applying matrix measure
approach with nonlinear Lipschitz activation functions, the quasi-projective synchro-
nization criterion of ICVRNNSs has been derived by constructing a suitable controller
and also the upper bound of synchronization error is estimated. Some sufficient con-
ditions are also furnished for some special cases. Two numerical simulation results
are demonstrated to show the unwavering and accurateness of the theoretical results

of the present chapter.

Kokokokokokook ok ko k>
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