A Numerical Study of a Class of Diffusion
Equations with Fractional Derivatives

Thesis submitted in partial fulfillment
for the Award of Degree
DOCTOR OF PHILOSOPHY

by

Rashmi Sharma

DEPARTMENT OF MATHEMATICAL SCIENCES
INDIAN INSTITUTE OF TECHNOLOGY
(BANARAS HINDU UNIVERSITY)
VARANASI -221005

Roll No: 18121521 October 2024


Department or School Web Site URL Here (include http://www.iitbhu.ac.in/cse)
University Web Site URL Here (include http://www.iitbhu.ac.in)
University Web Site URL Here (include http://www.iitbhu.ac.in)
University Web Site URL Here (include http://www.iitbhu.ac.in)

CERTIFICATE

It is certified that the work contained in this thesis titled “A Numerical Study of
a Class of Diffusion Equations with Fractional Derivatives” by Rashmsi
Sharma has been carried out under our supervision, and this work has not been

submitted elsewhere for a degree.

It is further certified that the student has fulfilled all the requirements of Com-

prehensive Examination, Candidacy and SOTA for the award of Ph.D. degree.

‘Ag/‘/’/u\oé \%a’)ru\

(Dr. Rajeev)

(Supervisor)

Associate Professor

Department of Mathematical Sciences
Indian Institute of Technology
(Banaras Hindu University)
Varanasi-221005



DECLARATION BY THE CANDIDATE

I. Rashmi Sharma, certify that the work embodied in this thesis is my own
bonafide work and carried out by me under the supervision of Dr. Rajeev from
January, 2019 to June, 2024 at the Department of Mathematical Sci-
ences, Indian Institute of Technology (Banaras Hindu University),
Varanasi. The matter embodied in this thesis has not been submitted for the
award of any other degree/diploma. I declare that I have faithfully acknowledged
and given credits to the research workers wherever their works have been cited in
my work in this thesis. I further declare that I have not willfully copied any other’s
work, paragraphs, text, data, results, etc., reported in journals, books, magazines,
reports dissertations, theses, etc., or available at websites and have not included
them in this thesis and have not cited as my own work.

Date: ' ' % |9/H Wg\'y\y

Place: Varanasi (Rashmi Sharma)

CERTIFICATE BY THE SUPERVISOR

It is certified that the above statement made by the student is correct to the best of

my /our knowledge.

A/%(P lo/U\

|4:06.2024

(Dr. RaJeev) (Prof. Sanjay Kumar Pandey)
Supervisor Professor and Head

Department of Mathematical Sciences Department of Mathematical Sciences
Indian Institute of Technology Indian Institute of Technology
(Banaras Hindu University) (Banaras Hindu University)
Varanasi-221005 Varanasi-221005

rarTegey JHEAD
Tore R fRren
Dopartmant of Mathematical Sciences
I Saiin=st weersy
indian Instituto of Technology
(zErel Tesg [asiraarey)
{(Banaras Hir ndu University)
sl sVaranasi-22 1605

il



COPYRIGHT TRANSFER CERTIFICATE

Title of the Thesis: A Numerical Study of a Class of Diffusion Equa-
tions with Fractional Derivatives.

Name of the Student: Rashmi Sharma

Copyright Transfer

The undersigned hereby assigns to the Indian Institute of Technology
(Banaras Hindu University), Varanasi all rights under copyright that may
exist in and for the above thesis submitted for the award of the Ph.D.

degree.

Date: |4-|06 [2024- (’@\WW

Place: Varanasi (Rashmi Sharma)

Note: However, the author may reproduce or authorize others to re-
produce material extracted verbatim from the thesis or derivative of the
thesis for author’s personal use provided that the source and the Institute

copyright notice are indicated.

1il



Dedicated

To
My Beloved Family



ACKNOWLEDGEMENTS

A thesis is not the product of one person’s work in its entirety. Its evolution has
been greatly assisted by many people. My doctoral career was filled with a great deal
of memorable highs and lows, as well as struggle, support, and faith. Numerous
individuals have greatly aided me along this journey. It is impossible to express
gratitude in a few sentences. Nevertheless, I would like to use this chance to thank

them from the bottom of my heart for their love, support, and compassion.

I owe a great debt of thanks to my respected supervisor, Dr. Rajeev, Assoctiate
Professor, Department of Mathematical Sciences, IIT(BHU), Varanas.
It has been a great pleasure to work under his mentorship. He listened my queries,
with utmost patience and curiosity, and then offered his perceptive that gave a new
direction to my research. I am very grateful to him for introducing me a fascinating
branch of mathematics. I owe the completion of this thesis to his great wisdom,
careful guidance, continuous encouragement, and unending patience over the past

year.

Besides my supervisor, I owe my special thanks to Prof. S. K. Pandey, Head of
Department, Dr. Anuradha Banerjee, Convener, DPGC of Department
and Prof. S. Das for their support throughout my research work. I would like
to express my deep sense of gratitude to the rest of my RPEC (Research Progress
Fvaluation Committee) members Dr. Rajesh Kumar Pandey and Dr. Hari
Prabhat Gupta, for their precious time, valuable suggestions and encouragement.
I also express my deep sense of gratitude to all faculty members and researchers of

the department for their assistance and support. I express my thanks to all non

v



teaching staff members of the department for their cooperation and help throughout

my research tenure.

Above all, I feel a deep sense of gratitude for my family members who formed part of
my vision and taught me good things that really matter in life. Their infallible love

and support has always been my strength.

I gratefully acknowledge University Grants Commission, India for providing

the fellowship in form of Junior Research Fellowship and Senior Research fellowship.

I am also grateful to my Institute, [IT(BHU), for providing necessary resources

throughout my Ph.D. program.

This acknowledgment would be incomplete if the name of great visionary Pt. Madan
Mohan Malaviya is not mentioned, who made this divine centre of knowledge.

Deepest regards to him.

Above all, praises and thanks to the God, the almighty, for his showers of blessings

throughout my research work, who has made everything possible.

Rashmi Sharma

vi



Contents

List of Figures xi
List of Tables xiii
Preface XV
1 Introduction 1
1.1 Porous Media . . . . . . . . . . ... 1
1.1.1  Porosity . . . . . . .. e 2
1.1.2  Permeability . . . . . . ... ... 2
1.2 Background of Porous Media . . . . . . . ... ... ... . ... 2
1.3 Diffusion . . . . . ... 3
1.3.1 Application of Diffusion Equations . . . ... ... ... ... 5)
1.3.2 Reaction-advection diffusion equation . . . . . . . ... .. .. 9
1.4  Fractional Calculus . . . . . . .. ... ... ... 10
1.4.1 Caputo Derivative of Fractional Order . . . . .. ... .. .. 12
1.4.2  Some Properties of Fractional Operators . . . . . . .. .. .. 13
1.4.3 Kronecker Product . . . . .. ... .. ... ... .. 14
1.5 Some Numerical Methods for Solving Fractional Diffusion Problems . 14
1.5.1 Non-Standard Finite Difference Method (NSFDM) . . . . . . 14
1.5.2  Spectral Collocation Method . . . . . . . ... ... ... ... 15

2 A numerical approach based on Vieta-Fibonacci polynomials to
solve fractional order advection-reaction diffusion problem 17
2.1 Introduction . . . . . . . . . ... 17
2.2 Preliminaries and Definitions . . . . . . . . .. ... ... L. 21
2.2.1 Shifted Vieta-Fibonacci Polynomials . . . . . ... .. .. .. 21
2.2.2  Shifted Chebyshev Polynomials of the Second Kind . . . . . . 24
2.3 Non-Standard Finite Difference Scheme . . . . . . .. . ... ... .. 25

vii



Contents viii

2.4  Appoximation of Caputo Derivative for

Fractional-Order . . . . . . . . . . . . . ... 25
2.5 Solution of the Problem . . . . .. ... .. ... .. ... ...... 27
2.6 Stability and Convergence Analysis . . . . . . . ... ... ... ... 31
2.7 Numerical Results . . . . . . . . . .. ... 36
2.8 Conclusion . . . . . . . . 46

3 A numerical approach to solve two-dimension fractional reaction
advection diffusion equation of variable-order with Vieta-Lucas poly-

nomials 49
3.1 Imtroduction . . . . . . . ... 49
3.2 Properties of Shifted Vieta-Lucas Polynomials . . . . .. .. .. ... 53
3.3 Approximation of an Arbitrary Function . . . . ... ... ... ... 55
3.4 Construction of Operational Matrix . . . . . . ... ... ... .... 57
3.5 Discription of the Present Method . . . . . . . .. .. ... ... ... 58
3.6 Convergence and Error Analysis . . . . . .. ... ... ... ... .. 60
3.7 Examples and Discussion . . . . . . .. ... 66
3.8 Conclusion . . . . . . . . ... 73

4 An operational matrix approach to solve a two-dimension variable-
order reaction advection diffusion equation with Vieta-Fibonacci

polynomials 75
4.1 Introduction . . . . . . . .. .. 75
4.2 Properties of Shifted Vieta-Fibonacci Polynomials . . . . . ... .. 79

4.2.1 Approximation of an Arbitrary Function . . . . . .. ... .. 79

4.2.2  The Operational Matrix for the Derivatives of Variable-Order 80
4.3 Discription of the Present Method . . . . . . . .. ... ... ..... 83
4.4 FError and Convergence Analysis . . . . . . .. .. ... ... .. ... 86
4.5 Numerical Examples and Discussion . . . . . . .. ... ... ..... 93
4.6 Conclusion . . . . . . . . ... 101

5 Numerical study of the dynamics of travelling waves through fourth-
order nonlinear time-space fractional sub-diffusion equations of variable-

order 103
5.1 Introduction . . . . . . . . . ... 103
5.2 Shifted Airfoil Polynomials and their Properties . . . . . . . ... .. 108
5.3 Function Approximation . . . . . . .. ... ... ... .. ... ... 109
5.4 Construction of Operational Matrix for Variable Derivatives . . . . . 110
5.5 Solution Methodology . . . . . . . .. ... ... L. 113
5.6 Error and Convergence Analysis . . . . . . .. . ... ... ... ... 116
5.7 Numerical Simulation . . . . . . . . ... ... ... ... .. 128

5.8 Conclusion . . . . . . . . 132



Contents ix

6 Conclusion and future work 133
6.1 Conclusion . . . . . . . . . 133
6.2 Future Work . . . . . . . . 136

Bibliography 139






List of Figures

2.1

2.2

2.3
24

2.5

2.6

2.7

2.8

2.9

3.1
3.2
3.3
3.4
3.5

4.1
4.2
4.3
4.4
4.5
4.6
4.7

5.1
0.2

Numerical solution for example 2.7.1 at t = 1 with the help of SVFCM

and CCM. . . . . .. o 38
Numerical solution for example 2.7.2 at ¢ = 1 with the help of SVFCM

and CCM. . . . . ..o 40
Plot of logio|error| vs. degree of polynomial m at t=1 and a =1. . . 41
Plots of solute concentration u(z,t) vs. = for non-conservative system

with different value of o at f=1.5, y=0.7, A=1 and t=0.5. . . . . .. 43
Plots of solute concentration u(z,t) vs. z for non-conservative system

with different value of g at «=0.7, y=0.8, A=1 and t=0.5. . . . . .. 44
Plots of solute concentration u(z,t) vs. z for non-conservative system

with different value of v at =0.8, f=1.6, A=1 and t=0.5. . . . . .. 44
Plots of solute concentration u(x,t) vs. x for conservative system

with different value of o at f=1.5, y=0.7 and t=0.5. . . . . ... .. 45
Plots of solute concentration u(z,t) vs. x for conservative system

with different value of g at a=0.7, y=0.8 and t=0.5. . . . . .. . .. 45
Plots of solute concentration u(x,t) vs. x for conservative system

with different value of v at a=0.8, f=1.6 and t=0.5. . . ... .. .. 46
Absolute error at «(z,y,t)=0.1 for example 3.7.2. . . . . ... .. .. 68
Absolute error at «(z,y,t)=0.3 for example 3.7.2. . . . . ... .. .. 69
Absolute error at «(z,y,t)=0.5 for example 3.7.2. . . . . ... .. .. 69
Absolute error at «(z,y,t)=0.7 for example 3.7.2. . . . . .. ... .. 70
Absolute error at «(z,y,t)=0.9 for example 3.7.2. . . . . ... .. .. 70
Plots of numerical solution for Example 4.5.1 at m =11. . . . . . .. 95
Plots of absolute error for Example 4.5.1 at m=11.. . . . . . . . .. 95
Absolute error for example 4.5.2 at «(S,t) =0.5. . .. ... ... .. 96

S)=06. .. .. .. ..... 96
S =07 .. ... 97

Absolute error for example 4.5.2 at «
Absolute error for example 4.5.2 at «

N TN N TN

Absolute error for example 4.5.2 at «(S,t) =0.8. . . . .. ... ... 97
Absolute error for example 4.5.2 at a(S,t) =0.9. . ... ... .. .. 98
Numerical solutions for example 5.7.1 at different value of a(z,t). . . 129
Absolute errors for example 5.7.1 at different value of a(z,¢). . . . . . 130

X1






List of Tables

2.1
2.2
2.3

2.4

3.1
3.2
3.3

4.1
4.2
4.3

5.1
5.2

Comparison of Ly errors of u(x,t) for different values of ¢ at a=0.5 .
Comparison of Ly, errors of u(z,t) for different values of ¢t at «=0.5
Comparison of absolute error between our solution and solution given in
[1] for Example (2.7.2) . . . . . .. ..o

The convergence order for Example (2.7.2) at t=1 and a=1. . . . . . ..

Obtained Lo and L., errors for example 3.7.1. . . . . . . . . . ... ...
Obtained Lo and Lo, errors for example 3.7.2. . . . . . . . . . ... ...
The variation of Lo and L., errors with increasing value of degree of ap-

proximation for Example 3.7.3. . . . . . . . ... ..o

Obtained errors for example 4.5.1. . . . . . . . . . . . . ... ... ...
Comparison of maximum absolute errors for example 4.5.2. . . . . . . . .

Comparison of maximum absolute errors for example 4.5.3. . . . . . . . .

The computational error and CO for example 5.7.1 . . . . . . . . . ...
The computational error and C'O for example 5.7.3 . . . . . . . . . ...

xiil

67
68

71

94






PREFACE

This thesis is concerned with the construction and solution of various models of
reaction-diffusion problems by operational matrix approaches with collocation scheme.
This thesis contains six chapters. In chapter 1, an overview of the field’s literature
and some fundamental terminology are included. Since diffusion models are taken
into consideration in porous media, therefore first chapter starts with the brief dis-
cussion of porous media. Additionally, a brief explanation of the advection-reaction
diffusion equation is provided, because the solution of this kind of diffusion equation

is the main goal of the work.

In second chapter, the author provides the numerical solution for a non-linear
reaction-advection diffusion equation with fractional-order space-time derivatives
in a finite domain. In the proposed scheme, time fractional derivative in Caputo
sense is approximated by using the non-standard finite difference method and the
fractional space derivative is specifically approximated by using Vieta-Fibonacci
polynomials. These approximations generate a system of ordinary differential equa-
tions which is converted into an equivalent system of algebraic equations by using
collocation method. Finally, the obtained system of algebraic equations is solved to
find the dependent variables (unknowns) of the considered problem. The stability
and convergence related to the time discreatization of this approach are also dis-
cussed. In this chapter, the effectiveness and precision of the proposed scheme are
analyzed with the help of examples, and it is observed that the proposed scheme
is sufficiently accurate and efficient technique. Also, the effects of fractional-order

derivatives on concentration profiles are discussed.

In the chapter 3, the author presents a novel numerical algorithm based on the oper-
ational matrix and collocation approach for solving the two-dimensional non-linear

XV



fractional reaction-advection diffusion equations of variable order that is related to
the groundwater pollution problem. In this chapter, the operational matrices of
variable-order derivatives are derived with the aid of Vieta-Lucas polynomials for
two-dimension problem which is used in the proposed algorithm. To find a solution
to the considered problem, the terms are approximated by a series of triple-shifted
Vieta-Lucas polynomials to construct the residual of the reaction-advection diffu-
sion model. Then collocation technique is applied to transform the problem into
algebraic equations, which is solved by Newton’s method. Moreover, the conver-
gency and upper bound of the derived error formula for the approximate solution
are discussed. Finally, some examples are presented to show the efficiency of the
considered scheme, and the results are shown by using graphical presentation and

tabular representations.

In chapter 4, the author presents a reaction-advection-diffusion model which de-
scribes many physical phenomena, such as the transportation of particles, ground-
water pollution, viscoelasticity, and many others. In this chapter, a well-known
fractional operator of variable order is used to present the space-time variable-order
reaction-advection-diffusion equation. The operational matrix of the variable order
derivative is developed with the aid of shifted Vieta-Fibonacci polynomials. This
operational matrix is used in the approximation of derivatives of variable order to
construct residual associated with the considered problem, and then it is collocated
at some points in the domain, which generates a system of non-linear algebraic equa-
tions. Newton’s method is applied to solve the obtained system of non-algebraic
equations. To validate the precision of the proposed scheme, some problems are
solved by the proposed scheme, and its comparisons are made with the existing
analytical solution, which clearly indicates the improved accuracy of the proposed
method. The convergence of the scheme and error analysis are also discussed in this

chapter.
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In the chapter 5, the one and two-dimensional nonlinear fractional fourth-order sub-
diffusion models with neumann boundary are discussed. The numerical solution of
the problems are obtained by using a novel approach which depend on shifted Air-
foil polynomials of second kind and collocation technique. An operational matrix
of differentiation for shifted Airfoil polynomials is derived and applied to deal with
the time and space fractional derivative of variable-order. The convergency of the
scheme for presented numerical solution and error analysis are also discussed. In this
chapter, the author also analyze the order of convergence for the solution of consid-
ered problem. For validation, this numerical approach has been discussed with some
illustrative problems. The results of the error analysis are also presented through

tables, which clearly indicate the improved accuracy of the proposed method.

In the Chapter 6, overall work has been concluded and also the future scope of the

related works has been furnished.
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