Chapter 3

A numerical approach to solve two-dimension
fractional reaction advection diffusion equation of

variable-order with Vieta-Lucas polynomials

3.1 Introduction

It is well known that the non-integer calculus is used by many researchers in vari-
ous fields like wave propagation, porous media, turbulence, signal processing, fluid-
dynamic, colored noise, solid mechanics, viscoelasticity, etc. Non-integer calculus
was initiated by Leibniz and L’ Hopital, and was extraordinarily explored by many
great mathematicians like, Abel, Euler, Laplace, Liouville, and Riemann [94]. It can
be seen that the non-integer calculus has gained great advantages in many physical
problems which display the dynamical behavior of a system where the succeeding
state of the system depends not only on its present situation but also on all its
preceding conditions ([95], [96]). This turns out the non-locality nature of the par-
tial differential equations of fractional order. These partial differential equations
with fractional order derivatives in space-time or space or in time describe certain
phenomena and processes in the fields of viscoelasticity, electromagnetics, diffusion
procedures, electrochemistry, etc. ([97], [98], [99]). The theories of fractional calcu-

lus and its applications are well covered in ([53], [100], [101]).
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Despite the beneficial attributes of fractional partial differential equations, finding
the analytical solutions of these equations are generally difficult ([102], [103], [104]).
Therefore, several numerical or approximate approaches have been developed for
solving such types of equations in the last few decades. Some of the approaches are
variation iteration method [105], Galerkin method [106], finite difference method
[107], collocation method ([108], [109]), homotopy perturbation technique [110], etc.
An implicit method is discussed by Langlands and Henry [111] to solve the fractional
diffusion equation, and they also discussed the stability and accuracy of the scheme.
In 2014, Wang et al. [112] applied a Haar wavelet method to find the solutions of
fractional partial differential equations. In 2016, a compact alternating direction im-
plicit method has been proposed in [113] to solve two-dimension diffusion equations
involving time-fractional derivative. In 2018, the Galerkin method is successfully
applied by Li et al. [114], to solve the multi-dimensional non-linear reaction sub-
diffusion equations. Singh et al. [115] discussed a two-dimension fractional reaction
advection diffusion equation in their study, and they applied a non-standard finite
difference scheme and collocation approach to solve their problem. In 2022, Craciun
and Singh [116] presented an algorithm based on operational matrices of Lucas poly-
nomials and collocation scheme to solve the nonlinear fractional reaction advection

diffusion equations.

In the last decade, the researchers ([117], [118]) who are working in the field of
fractional calculus have generalized the fractional differential operators from the
constant-order to the variable-order because variable-order fractional differential op-
erators have the potential to explain various physical situations. In the variable-order
fractional differential equation, the orders of fractional derivatives may be a function
of time and/or space. The fundamental of variable-order operators can be seen in

Lorenzo and Hartley [56]. The applications of variable-order operators can be found
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in ([119], [120]). Some applications of variable-order fractional derivatives in diffu-
sion processes can be seen in (Shen et al. [121], Sun et al. [122], Wei et al. [123], Wei
et al. [124]). Recently, several mathematicians have investigated fractional reaction
advection-diffusion equations of variable-order due to its wide range of applications
in many complex physical problems of energy and mass transfer, fluid transport in
porous media, various chemical reactions, transport of water vapor in the atmo-
sphere, etc. In 2020, Li and Wu [125] presented a novel meshless approach to solve
the time-fractional reaction advection diffusion equations of variable-order. Dwivedi
et al. [126] discussed a fractional reaction advection diffusion equations of variable-
order in the heterogeneous medium, and presented the solution of the problem by
finite difference method and Fibonacci collocation approach. Hosseininia et al. [127]
presented a two-dimension model of reaction advection diffusion equations with a
time-fractional derivative in the Heydari-Hosseininia sense, and a hybrid method is
discussed to solve the problem. In 2022, Jaiswal et al. [128] presented a Legen-
dre collocation scheme to solve two-dimension fractional differential equations with
Dirichlet boundary conditions. Kheirkhah et al. [129] established a numerical ap-
proach to solve the RADE with Caputo fractional derivative. In 2023, Partohaghighi
et al. [130] presented a model of one-dimension advection-dispersion equation with
HH time derivative of variable-order and discussed a numerical solution to the prob-

lem which is based on the shifted Vieta-Lucas polynomials.

In order to analyze the diffusion of the solute in porous media in two-dimension,
the author present two-dimensional physical model in this chapter with the help of
the theory of fractional differential operators which paves the way for exploiting the
classical models of integer orders to fractional orders. The physical interpretation
of fractional orders describes the behavior memory feature of dynamical processing

which may not be supported by actual the local limit such as anomalous transport
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processes and difusion. The non-local character simply means that the evolution of
solution at the present time level stacks up its solution at all prior time levels which
saved in storage at every time levels. The following model is showing the physical
behavior of a two-dimensional advection-reaction—diffusion phenomenon for solute

profile in porous media:

PEO(S, 1) (PSS 1) SHu(S, t)
oreSn U\ T gppsD 5y7SD

Sy (S, t) 7 SHu(S, t)
— K < n 92050 + u” 5770 ) + Mp(u, S,t),  (3.1)

with the following conditions:

u(z,y,0) = filz,y),
u(0,y,1) = fa(y, 1),
u(ly,t) = f3(y,1),
u(z,0,t) = fy(z,t),

u(z, 1,t) = f5(z,t). (3.2)

where 0 < a(S,t), §(S,t), o(S,t) < 1,1 < 5(S,t), v(S,t) < 2, is an arbitrary
fractional variable-order, t > 0, § = (z,y), (z,y) € [0,1]x[0,1] and u(S,t) is the
concentration of solute in fluid, a(S,t) is the time fractional derivative of variable-
order, B(S,t), v(S,t), §(S,t) and o(S,t) are the space fractional derivatives of
variable=order, ¥ (u) is the forced term, fi(x,y) is a known function which represents
the initial solute concentration, fo(y,t), f3(y,t), fa(z,t) and f5(x,t) are the known
functions which represent the solute concentration at the boundary points at any

time t and v, k, A are constants.
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This chapter aims to present a numerical algorithm that depends on the approxi-
mation of variable-order Caputo fractional derivative with the operational matrix
of shifted Vieta-Lucas polynomials, and collocation approach. First, the opera-
tional matrices of shifted Vieta-Lucas polynomials are constructed for the fractional
derivative of variable-order, and then the proposed scheme is applied to solve the
fractional time-space reaction advection diffusion equations of variable-order which
is the generalisation of fractional reaction advection diffusion equations of constant
order. The convergence and error bound of the scheme are also theatrically anal-
ysed, and it is found that the approximate solution converges rapidly to the exact
solution as the number of approximating polynomials (Vieta-Lucas polynomials)
increases. To show the accuracy and efficiency of the proposed algorithms, some
examples of reaction advection diffusion equations of variable-order are considered

and the obtained results are discussed through graphs and tables.

The following is a breakdown of the chapter’s structure. In section 3.2, the fea-
tures of the shifted Vieta-Lucas polynomials are described. The approximation of
an arbitrary function is mentioned in section 3.3. The operational matrices for dif-
ferentiation of the shifted Vieta-Lucas polynomials are constructed in section 3.4. A
brief description of the scheme for the general case is discussed in section 3.5. Section
3.6 will wrap up the conversation on convergence and error analysis. The numerical
computation of this study is described in section 3.7, and finally, the conclusion is

presented in section 3.8.
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3.2 Properties of Shifted Vieta-Lucas Polynomi-

als

The Vieta-Lucas polynomials lies in the interval of [-2,2] and is characterized by the

following recurrence relation:
VELn(x) =2V L0y 1(x) = VL ox), m=23,..,
where
VLy(z) =2, VIi(z)=uz.

The Vieta-Lucas polynomials (V' L,,(x)) are orthogonal on [-2,2] w.r.t. the weight

function \/ﬁ as given below

0, ml#m2#0,
2
1
(VL1 (), V Lina(2)) = /2 ﬁVLml(HJ)VLmz(ﬂ?)dﬂ? =4r, ml=m2=0,

2, ml=m2 #0,

where m1, m2 € NU{0}.

In order to use a new class of Vieta-Lucas polynomials on the closed interval [0,1],
we can define the tranformation x=4x — 2 for [0,1]. Let us denote the shifted Vieta-

Lucas polynomials V' L;(4z — 2) as (VL;(z)). Then VL;(z) can be calculated as

VL ()= (4o —2)VL; (z) - VL _,(x), m=2,3,..,
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where V L§(z)=2 and V L} (x)=4x — 2. The series form of the V' L!(x) is given below:

i o AT (2m —4) .
L (z) =2 —1)° m=i =23, ... :
or
- » 4T (m + 1) :
L (z) =2 —1)m : =23, ... 4
VL, (x) n;( ) Tm—it s’ ™ )3, (3.4)

The orthogonality condition for the polynomials VL (z) w.r.t. weight function

x(x) = \/xl_? is given by

1
(VI (@), V() = / @)V Lo @)V (@) = 4 4r. 1= m2 — 0.

3.3 Approximation of an Arbitrary Function

Let us suppose @(t) = [VLE(L), VL(L),..., VL, ()] € L2[0,1] is the set of shifted
Vieta-Lucas polynomials. Then a function u(t) € L?[0,1] can be represented in

terms of shifted Vieta-Lucas polynomials as
u(t) =Y VL), (3.6)

=0

where ¢; are given as

L u(VL() .
i fO Vi 2 dt, 1 = 0, (3 7)

1 plu@®VLI() C_
gfo V2 dt, 1 = 1,2,...,m.

C; =
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Let us truncate the series (3.6) as
u(t) =Y VL (1) = C(t), (3.8)
i=0
where T represent the transpose, and
C = [Co, Clyenny Cm]T s
p(t) = [VL5(1), VLi(t), ., VL3, (0] . (3.9)
The polynomials ¢(t) can be written as
p(t) = VP(t), (3.10)

where P(t) = [1,t,t2,...,t™], and the matrix V is (m+1) x (m+1) has the following

form:
0,0 0 0 0 tee 0
V1,0 V1,1 0 0 te 0
V= V20 V21 V22 o - 0
Um0 Um1l Um2 Um3 " Unmm

where entries of the matrix ) are given by

(

2m(—1)"" 4T (m+4)
I(m—i+1)(2i+1)

(i j)o<ij<m = i >,

\

2, 1=7=0,

0, otherwise.

(3.11)

(3.12)
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Also, Eq. (3.10) can be rewritten as

P(t) =V 'p(t). (3.13)

Similiarly, an arbitrary function u(z,y,t) € L?[0,1] x L?0,1] x L?[0,1] can be ex-

pressed in terms of shifted Vieta-Lucas polynomials as

m

SN VL (@)VL(y)V L)

=0 j=0 k=0

P (DA(p(2) ® @(y)), (3.14)

| l

u(w,y,t)

where A=[c;;;] is the (m + 1) x (m + 1)? matrix whose entries are

1 u(zy,t)VL ()VLI(y) VL] . .
ddydt 1=7=k=0,
51 fo fo N B e (3.15)

@fo fg .- xi//i V;\(/;v; (yt)VtL* dxdydt, otherwise.

Cijk =

where Q has the following form :

o, wheni#0, j#0, k+#0,

Q= 16#, wheni#0, j#0, or j #£0, k#0, or k#0, i #0,
555, when i #£0, or j#0, or k#0.

3.4 Construction of Operational Matrix

From Eq. (3.10), we have

DySYp(t) = DSV (VP(t)) = VDS, 82, T (3.16)
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According to Eq. (3.3), Eq. (3.16) becomes

['(2)
[(2—p(S,1))

I'(m+1)
TT(m+1—u(S,t))

tm_ﬂ(svt)

Do) =V |0, oS

Dy Yp(t) = VRHSIP(1),
where

0 0 0 0
I'(2) —u(S,
0 syt " 0 0

w(St) I'(3) —pu(S;t) ...
R 0 0 ey L 0

L(m+1) —u(S,t
0 0 0 F(m—‘,—l—u(s,t))t w(St)

Substituting Eq. (3.13) in Eq. (3.17), we get
n(S,t) _ w(S,t)yy)—1
D™ p(t) = VRMZDV (1),

where, VRSV~ is the required operational matrix.

Consequently, for the Eq. (3.14), we have

DI Iu(8, 1) ~ DI (T (1) A(p(z) @ ¢(y)))

— DESO (T (1) Alp(a) © o(y))

= (VRSIV (1)) Ap(2) @ ¢(y)).

T

(3.17)

(3.18)

(3.19)
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3.5 Discription of the Present Method

Here, we apply operational matrix scheme associated with the shifted Vieta-Lucas
polynomials to find the approximate solution of a nonlinear variable-order fractional

reaction advection diffusion equations (3.1)-(3.2):

Firstly, we shall approximate u(S,t) by shifted Vieta-Lucas polynomials as
u(St) = D D enVLi(@VLy)VLi), (3.20)

where c¢;j;, are the unknown coefficients for ¢ = 0,1,...,m, j = 0,1,...,m and k =
0,1,...,m.
Now, we write

u(S,t) = ¢" ()A(p(z) ® ¢(y)), (3.21)

where A = [¢;;i] is the (m + 1) x (m + 1)? matrix whose entries are unknowns and

o) = [VL(t),VLi(t),..,VL:, (#)]" is a column vector.

Now, substituting the following approximations

aa(S,t)u N
S = (DEPT (1) A el@) © ().

0% SDyu(S,t
axms(—,t) )T )a (DX Do) ® p(y)

oSy (S, t
WW =¢" (A (¢(2) ® D} o(y)) ,

%S Dy (S, ¢
axa(é,t) ) =p" (t)A (Dg(s’t)<ﬁ($) ® ¢(y))
7SNy (S, t)

e ¢ WA (p(2) @ DI0%())
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in the Eq.(3.1), we get

(D9 (1)) A (p() © ()
= v (A (DI () @ (y))) +ve” (DA ((p(x) ® D) Ve(y)))
— kg’ () Ap(x) ® p(y)e” (DA (D3 0(2) @ ¢(y))
— kg’ () Ap(2) @ p(y)¢” (A (p(2) © Dy p(y))

+ M (" (1) Ap(z) ® ¢(y)) - (3.22)

From the conditions Eq. (3.21) and the Eq. (3.2), we get

P (0)A(p(z) ® p(y) =fi(z,y),
P (Ap(0) @ (y)) =faly, 1),
P (Ap(1) @ (y)) =fs(y, 1),
¢! (DA(p(z) @ 9(0)) =fulz, 1),

o (A (p(x) ® (1)) =fs(, ). (3.23)

Now, we collocate Eq. (3.22) and Eq. (3.23) at collocation points x; = y; = t; =

2i—1
2m+1

that produce (m — 1) x (m — 1) X m equations, and (m + 1)? + 4m? equations,
respectively. This step produces a system of (m + 1) nonlinear algebraic equations.
The solution of that non-linear system produces matrix A. In this way, we can get a

numerical solution of our consider fractional reaction advection diffusion equations

of variable-order (3.1)-(3.2).
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3.6 Convergence and Error Analysis

Theorem 3.1. Suppose that ¢ (£)A(¢(r) @ p(y)) is the approximation of u(z,y, t)
by shifted Vieta-Lucas polynomials. If the function u(x,y,t) has sixth-order contin-

uous derivatives, then

llcoool] < Lo,

Lsoo Loapo Lo,z
. < "y . < 1< < bl b
HCZOOH = (Z _ 1>27 HCOJOH = (] _ 1)27 HCOOkH = (k’ _ 1)27
Loy Looo Lo
lewoll < G - ool < o= ool = G =
L222 ..
1] < — 3 ) 7k > 17
HCJkH = (2—1)2(j—1)2(k—1)2 f07’ (2W)

Looo = mazx {|lu(z, y, t)| - (z,y,t) € [0,1] x [0,1] x [0, 1]},

Lo oo = max {|uae (2, y, 8[| - (x,y,) € [0,1] x [0,1] x [0,1]},
Loz = mazx {[luy,(z,y, )| : (z,y,t) € [0,1] x [0,1] x [0, 1]},
Loz = mazx {|lun(z,y,0)|| : (z,y,t) € [0,1] x [0,1] x [0,1]},
Lo 20 = maz {{|uaeyy(z, y,1)|| - (2,y,1) € [0,1] x [0, 1] x [0, 1]},
Loz = mazx {[luyyu(z,y,t)|| : (z,y,1) € [0,1] x 0,1] x [0, 1]},
Lyo2 = max {|uaen(z, y, )| : (2, y,1) € [0,1] x [0,1] x [0, 1]},

Ly oo = max {||ugzyyee(z, y, )| : (x,y,t) € [0,1] x [0,1] x [0,1]}.

Proof. From Eq. (3.15), the coefficient ¢y is given by

(x,y, ) VL(x)V Li(y)V L§(t)
Co00 = / / / Vi — Vi dxdydt. (3.24)
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Using the following variables
2r — 1 = cos(&1),2y — 1 = cos(&s), 2t — 1 = cos(&3), (3.25)

in Eq. (3.24), we obtain

/ / / (cos &)+ 1, COS(%) + 1, COS(%) + 1) dé,déydes. (3.26)

Cooo = 6473

From Eq(326), we have ”COOOH < LO’(]’O.

From Eq. (3.15), the coefficients cqo for £ > 0 are computed as

(x,y,t)VLi(x)V Li(y )VL*()
Cook = / / / Vo= g = s dxdydt. (3.27)

By using the Eq. (3.25) and the following property

VL (s) =cos((r+1)s), s= %, (3.28)

in Eq. (3.27), we get

/ / / (cos &)+ 1’ cos(&;) + 17 COS(&;) + 1) cos(kés)dé déydés.

Cook = 3973

(3.29)

Now, integrating Eq. (3.29) twice with respect to &3, we get

1 T opmopT 008(51) +1 COS(§2) +1 005(53) +1
3273 /0 /o /0 Yests ( 9 ’ 9 ’ 5 ) Q% (€3)dE1dExdEs,

(3.30)

Cook =
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where
sin(k — 1)& sin(k+1)&\ .
Q = — 3.31
k(&’)) ( k(k _ 1) k(k + 1) Sln(£3)7 ( )
which implies [|coox|| < 725%.

Similarly one can conclude ||¢;o|| < 62 1z and l|cojoll < Lo—i)%

Again considering Eq. (3.15) for the coefficient ¢;;o, which gives

(2, y, )V L (x)V L (y )VL*()
Cijo = T 3/ / / NN dxdydt. (3.32)

From Eq. (3.25), (3.28), (3.32), we have

cos(§1) +1 cos(§) +1 cos(&3) + 1
G0 = 167r3/// ( T2 T 2 )

X cos(i&) cos(j&s)dEdEadEs. (3.33)

After integrating (3.33) twice with respect to & and &, we get

S 1 /”/”/”u cos(§1) +1 cos(§2) +1 cos(&3) + 1
EANNE DT Ry A A A 2 2 2

Qi(€1)82(&2)dE1dE2dS3. (3.34)

Now from Egs. (3.34) and (3.31), we have [|¢;jol| < (z_f)é% Similiarly, it can be

Looo Lao,2

computed that [|coji|| < G555z and ||cioe]| < Gz Moreover, foré, j, k> 1,

we have

cos 51 +1 cos(&) +1 cos(&s) +1
Cigk = 87r3/ / / T2 T 2

x cos(i&1) cos(j&s) cos(kés)dé déadEs, (3.35)



Chapter 3. A numerical approach to solve a two-dimension fractional reaction
advection diffusion equation of variable-order 66

and applying the above process, we get

1 [ [ [ cos(&1) +1 cos(§p) +1 cos(&s) + 1
Cijk = —3 Ugiga83 9 ’ 92 ’ 2
™ Jo Jo Jo

Qi(&1)825(&2) Q2 (&3)dE1 dEodEs, (3.36)

and consequently

Lo

(i —1)2(j — 1)2(k — 1)> (3.37)

lcijll <

Theorem 2.2. Let ¢” (t)A(p(z) ® ¢(y)) be the approximation of u(z,y,t) in the
terms of shifted Vieta-Lucas polynomials. If the function u(x,y,t) has continuous

derivatives of sixth order, then
[u(@,y.t) — " (OA(p(z) ® eW))]| 1o < VG0, 5, k),

where

G(i, j, k) =327° Z 002 -+ 327 Z —|—327r3 Z i

k= m+1 j= m+1 i= m+1

+ 167° Z Z § 2 +167ng Z Lz .

]m-l-lkl jlk:m—i-l (k—1)
+ 167° Z Z 2“ +167T3Z Z ?202 oL

i=m+1 k=1 =1 k= m+1

L%zo L22o

+ 167° Z Z S+ 1677 Z Z

zm+1]1 11]m+1 )j_1>

+877322 Z (i—1) j—2212) ik — 1)

le 1km+1

+ 87° Z ZZ T ]jQS T (3.38)

i=m+1 j= 1k:1
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Proof. Let us assume that
o 2
Q(i, 4, k) = [Ju(z,y.t) — " () Alp(x) @ v(¥))]| . - (3.39)

So, from Eqs. (3.14) and (3.39), we get

1 oo 0o o0

Q(i, j, k) = //O/O ;ZO];%VL* 2)VLi(y)VLj(t)

“SONTN G VELH @)V L)V L) x (2)x () x () dwdyt,

i=0 j=0 k=0

+ Z ZZ%M* WL (y)VLE(E) X (@) x (y) x (t) dadydt,
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By using orthogonality condition of shifted Vieta-Lucas polynomials in Eq. (3.40),

we get

Q(i7ja k?) :327T3 Z Ci00+327T3 Z C()j0+327Tg Z Cook

i=m+1 j=m+1 k=m+1

+87T3ZZ Z Ciji + 8m° Z chijk

i=1 j=1 k=m+1 i=m+1 j=1 k=1

+ 167 i i Ciox + 167 i i Ciok

i=m+1 k=1 =1 k=m+1

+167T3 i icij0+167r3i i Cij0

i=m+1 j=1 i=1 j=m+1

+167° )Y e 167> Y cop. (3.41)

j=m+1 k=1 j=1 k=m+1

Theorem 3.1 and Eq. (3.41) give rise to

Q(i, j, k) <32r° Z 002 — + 327° Z 020 +327r

km+1
+ 1673 222_12”_1 +167rzz 2_1”2_1)
i=m+1 k=1 =1 k=m+1
220 L%ZO
+ 167 Z;UZI =) = 1) +167T3221];+1 i —1)4(j — 1)
+ 167° Z Z 022 —|—167r3z Z 0“
Jm+1kz1 k1) i m U DR 1)

D) S S e

zl]lkm+1

+ 87 Z ZZ T “3(1{: L (3.42)

i=m+1 j=1 k=1

Finally, square root of Eq. (3.42) gives the required result.
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3.7 Examples and Discussion

In this section, we take the following examples to show the accuracy, efficiency, and
applicability of the proposed approach for solving the fractional reaction advection

diffusion equations of variable-order:

Example 3.7.1 Considering the following reaction advection diffusion equations

[131] on a finite rectangular domain [0, 1] x [0, 1]:

02w u(z, y,t)  Pula,y,t)  Pu(z,y,t)  Ou(r,y,t) du(z,y,t)

ote(y.t) N Ox? oy?  Ox oy
2t2foz(:p,y,t)

2 2u — 4 3.43
TBa@yy) T L B8

with the initial condition
u(z,y,0) = 2 + 12,

and Dirichlet boundary conditions in the form u(0,y,t) = y?+t u(z,0,t) = 2% +12,

u(l,y,t) =v*+ 2+ 1, u(z,1,t) =2 +t2+1, t>0.

The analytical solution to the Example 3.7.1 is
u(z,y,t) = 2> +y* + 12 (3.44)

For this problem the Ly and L, errors for u(x,y,t) are tabulated in Table (3.1) and

these are defined below

1 1
LF\/ || i) = oo, 0] dad, (3.49
0 Jo
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TABLE 3.1: Obtained Lo and L., errors for example 3.7.1.

alz,y,t) =0.5
t Lo [131] Lo (our method) Ly [131] Ly (our method)
0.2 2.9999x1075  5.1742x10°°  1.6997x10 %  1.1596x10©
0.4 3.1223x107%  1.5776x10™°  1.7686x107%  1.4466x10°°
0.6 3.1766x107°  3.1310x10™°  1.7975x107%  1.5938x10~6
0.8 3.2083x1075  6.7867x10™°  1.8144x10*  1.0583x107¢
1.0 3.2206x1075  3.1815x107%  1.8256x107%  2.2192x107°
a(z,y,t) =0.8
t Lo [131]  Le (our method) Ly [131] Ly (our method)
0.2 2.0416x10~F  52112x10°  1.1577x10°%  2.1149x10°°
0.4 2.1276x107*  3.5035x10™°  1.2020x107®  9.9906x10~°
0.6 2.1522x107*  5.8978x107° 1.2147x107%  1.1635x107°
0.8 2.1641x107*  3.7668x107° 1.2210x107%  7.8907x1077
1.0 21712x107%  4.7359x107°  1.2248x1073  1.0357x107°
a(z,y,t)
t Ly [131] Lo (our method) Ly [131] Ly (our method)
0.2 1.1668x107*  3.2174x10™°  6.6238x10~*  1.8182x10°°
0.4 1.2258%107*  1.2396x107°  6.9398x107*  3.6736x10°
0.6 1.2612x107%  1.1349x107°  7.1434x10*  7.2942x10°°
0.8 1.2974x107*  4.9678x107°  7.3611x107*  1.8193x107
1.0 1.3394x10™*  1.7013x107%  7.6200x107*  1.0468x1075
TABLE 3.2: Obtained Lo and L., errors for example 3.7.2.
alz,y,t) Ly error L., error alz,y,t) L, error L., error
Ol 43862E-16 1.1102E-16  Z—<=wh) 39195816 1.3322E-15
2‘*2—9(1-1/” 3.4961E-16 1.1102E-15 ~ 2370mlwt) 60791816 2.6645E-15
s 4 1372E-16  2.2205E-16 IS 3 4050E-16  3.3306E-16
ietultayt 5 0AR5E-16  9.9921E-16 el 6 5061E-16  1.2213E-15
Sty 9 7663E-16 5.5512E-15 et s’ 9 9433F 16 1.3323E-15
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FIGURE 3.2: Absolute error at a(z,y,t)=0.3 for example 3.7.2.

Lo = H o t) — tH 3.46
7 (0cac) (0cse1} u(w,g,t) = w (@, y.1) (3.46)

where u(x,y,t) and v (x,y,t) are the approximate and exact solutions.



Chapter 3. A numerical approach to solve a two-dimension fractional reaction
advection diffusion equation of variable-order 72

18<10712
161013
14210712
1.2x10713

1.0=107"
8.0x10""
8.0 <1071
40x107"

B I

20x107"

FIGURE 3.3: Absolute error at a(z,y,t)=0.5 for example 3.7.2.
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FIGURE 3.4: Absolute error at a(z,y,t)=0.7 for example 3.7.2.
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FIGURE 3.5: Absolute error at a(z,y,t)=0.9 for example 3.7.2.

TABLE 3.3: The variation of Ly and L errors with increasing value of degree of

approximation for Example 3.7.3.

m Ly error  order of convergence L., error  order of convergence
4 3.58359E-5 - 4.85726E-5 -

8 2.85745E-6 2.15131 3.96945E-6 2.13039

13 3.85924E-7 2.26561 5.37584E-7 2.26251

20 4.83692E-8 2.56098 6.84736E-8 2.54108

28 7.86356E-9 2.81409 9.97537E-9 2.98403

Recently, Tayebi et al. [131] proposed a messless mothod to solve this problem.

In Table (3.1), we present the numerical comparison of our result with the result of

Tayebi et al. [131] for three choices of a(x, y,t)=0.5, 0.8, and 0.8—0.1 cos(xt) sin(x)—

0.1 cos(yt) sin(y).

131].

This comparison show that our results are more accurate than
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Example 3.7.2 Let us take the following diffusion equation with variable-order time

fractional derivative:

0wy hy(z,y,t)  Pu(z,y,t)  Pu(z,y,t)  2alyi2-e@vh
ote@y:t) B O0x? 0y? '3 —a(x,y,t))

— 222%% — 2y°t2,

(3.47)

with following conditions

for all z € [0,1], y €0,1], t >0.

It is found that the exact solution to the problem (3.47)-(3.48) is u(z,y, t) = z?y*t*.
This problem is solved at time ¢ = 0.5 by utilizing the proposed algorithm for
different value of a(z,y,t). Table (3.2) shows the Ly and L., errors for different
types of functions a(z,y,t) which demonstrates the accuracy of our method. Fig-
ures (3.1)-(3.5) illustrates the characterization of absolute errors for a(z,y,t) =

0.1, 0.3, 0.5, 0.7, 0.9. These figures also depict the accuracy of our approach.

Example 3.7.3 Consider the following non-linear fractional-order advection dif-

fusion equations [132]:

o t 3,14 61.9 t 1.1,,3 81’6 t
U(l‘,y, ) — 7y u(x,y, ) + Ty u(x,y, ) . (1 +2x1'1y1‘4)6_tx2'9y2'6,
ot I'(3.9) 020 I'(3.6) oy's

(3.49)

subject to the initial condition

u(z,y,0) = z*%y*°, (3.50)
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and boundary conditions

u(0,y,t) = u(x,0,t) =0, (3.51)

u(l,y,t) = e 'y*%, u(z,1,t) = e 'z??. (3.52)

It can be easily verify that the analytical solution of above problem (3.49)-(3.52) is

given by,
u(z,y,t) = e 'a*9y*". (3.53)

In the Table (3.2), we present calculated error and rate of convergence of the pro-
posed method for Example 3.7.3 at t = 0.5. These obtained results show that the
proposed operational matrix method is sufficiently near with the analytical solution.
Example 3.7.4 Consider the following space fractional order diffusion equation as

Qu(z,y,t)  0%u(x,y,1) N u(z,y,1)

—q(z,y,t), (3.54)

under the condition

u(z,y,0) = 2%y,
u(0,y,t) =0,
u(l,y,t) = e™'y?,
u(z,0,t) =0,

u(z,1,t) = e 'z’ (3.55)



Chapter 3. A numerical approach to solve a two-dimension fractional reaction

advection diffusion equation of variable-order

76

TABLE 3.4: The computational error and convergence order (CO) for example

3.74

alz,y,t)

L, error

co

Lo error

co

0.55 + 0.2 sin(zyt)

o © o w3

1.31797 x 1072
2.33286 x 1073
4.73607 x 10~*
9.88480 x 107°
2.26724 x 1077

1.54712
2.23519
2.96673
3.56989

6.85639 x 1073
1.12119 x 1073
2.51221 x 1074
4.50153 x 107°
9.99515 x 1076

1.61789
2.09689
3.27661
3.62384

alz,y,t)

L, error

co

Lo error

cO

0.45 + 0.2 sin(zyt)

T © o w3

1.32565 x 1072
2.49937 x 1073
4.62574 x 1074
7.92367 x 1075
1.26462 x 107°

1.49071
2.36488
3.36244
4.41892

6.90407 x 1073
1.24364 x 1073
2.40196 x 104
3.03149 x 107°
5.60496 x 107°

1.53147
2.30510
3.94455
4.06471

oz, y,t)

L, error

cO

Lo error

cO

0.35 4 0.2 sin(xyt)

o © o w3

1.32990 x 1072
2.56670 x 1073
4.59114 x 1074
6.79059 x 1076
7.17396 x 1076

1.46982
2.41267
3.64222
5.41243

6.93080 x 1073
1.29467 x 1073
2.36583 x 101
5.10434 x 107°
4.83372 x 1076

1.49899
2.38272
2.92270
2.67585

The exact solution of this problem is u(z,y,t) = e ‘a?y? and the force function is

calculated from (3.54)-(3.55).

The computational error and convergence rated ofr this example is presented in table

3.4. Table 3.4 is analysing the Ly and L, errors with increasing order of approximate

polynomials for different space fractional which confirm the high accuracy of the

scheme.

3.8 Conclusion

In our work, an operational matrix of variable-order fractional derivative is derived

with the aid of Vieta-Lucas polynomials for the two-dimensions problems. Based on
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this operational matrix of Vieta-Lucas polynomials and collocation approach, a nu-
merical scheme is discussed to solve the two-dimension nonlinear problem involving
space-time fractional reaction advection diffusion equations of variable-order in the
Caputo sense. Convergence and error analysis of the proposed algorithm are also
discussed analytically and it is found that the error associated with the obtained
approximate solution rapidly tends to zero as number of polynomials or degree of
polynomials (Vieta-Lucas polynomials) enhances. The validity and applicability of
the proposed algorithms are demonstrated through three examples, and it is found

that the proposed algorithm is efficient and sufficiently accurate.

ookoskokok skokokskokok
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